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When 7 is an odd prime, the well-known Lucas-Lehmer
test gives a necessary and sufficient condition for primality
of 2"—1. In this paper,primality tests of a similar character
are developed for certain integers of the form Ab*"-Bb"—1
and a criterion which generalizes the Lucas-Lehmer test is
obtained.

1. Introduction. Let N =2" —1 where n is an odd prime.
The Lucas-Lehmer test for the primality of N reads as follows:

If we put T, = 4 and define T, (mod N) by setting T, = T; —
2 (mod N) for &k = 0, then N is prime if and only if N|T,_,.

(For proof, see [10, p. 443] or [13, p. 194]. This very elegant test
has attracted a great deal of attention (see Williams [17] for a
bibliography.) It is also the means by which the largest known
primes have been found over the past twenty years.

While the Lucas-Lehmer criterion would only be used when = is
a prime, it should be noted that it holds for any odd #» = 3. When
viewed in this way, it falls into a class of primality tests charac-
terized by the following three properties.

(i) The test is restricted to values of N given by some function
involving an exponent # which usually belongs to some fixed con-
gruence class and exceeds a certain bound.

(ii) A sequence {T,: h = 0} is employed, where T, is an easily
calculated integer and T,., is defined (mod N) for k=0 by T, =
f(T,) (mod N) where f is some polynomial such that f(Z) € Z.

(iii) Write T[k] for T, where k¥ = m,. Then N is prime if and
only if W(T[m;}: 1 £1 < 2) =0 (mod N) where b is a Z-valued poly-
nomial over Z“ for some ~=1 and the m, depend on n.

We say that any test with the properties i) through iii) is a
primality test of Lucas-Lehmer (or LL) type. Such tests have been
given for integers of the form Ac¢* — 1 with ¢ =2 (Lehmer [10, p. 445];
Riesel [11], [12]; Inkeri [5]; Stechkin [14] and with ¢ = 3 (Williams
[16]). In this paper, we develop some tests of LL type for integers
of the form Ab* 4- B"d" — 1 and in particular a criterion (Theorem 2)
is obtained when b = 2 which yields a large number of examples
including of original LL test (A = 2, B = 0) and the new case 4 = 2,
B = +3. Further, we are able to show that an LL primality test
exists even for integers of the form
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10 = 10" — 1.,

2. The Lucas functions: congruence and divisibility properties.
We define the Lucas functions to be

2.1) U,=U,(P,Q) = (" —p"(a—-p), V.=U.lU.,
where a and B are roots of the auxiliary quadratic
2 —Pr+Q@=0

and exclude the case ag =0, i.e. @ = 0. (Here and in the sequel all
latin letters denote integers unless stated otherwise.) U, and V, are
defined in the obvious manner when a =8 or a®= 3" so that
V() = 2.

REMARK. By virtue of Theorems 1,2, 64, we can also exclude
the case @ = 8 which holds if and only if P? = 4Q

In employing these functions (mod N) we frequently use the
following lemma connecting U,(P, @), V.(P, Q) and related Lucas
functions with second argument unity.

LemmA 1. We have U,,/U,€Z if t, m > 0. In particular U,,
V.e€Z for n >0 (and for n =0). If QP' = P*— 2Q (mod N) and
(@, N) =1 we have

(2~2) Uztm/Uzm = Q(t—”mUt’m/Ur; and ng = QmeKt; m > O)
where U, =Uy,(P, @), U, =U(P’, 1) and likewise for the V’s.

(Until further notice, all congruences hold (mod N).)

REMARK. When U, =0, and in particular » = 0, we interpret
U,/U, in the natural manner, i.e. as ta“ Y,

Proof. We have U,,/U, € Z[P, @] since it is symmetric in a and
B, 80 by (2.1) it remains only to consider the first part of (2, 2).
Determine v, by the conditions v + é = P, v0 =1, so that our
congruence is of the form A(a? 8% = A{Qv, Q5), where A(x, y) is a
symmetric Z-polynomial in # and y. Hence it can be expressed as
B(V,, @) = B(QP', Q) with B(z, y) € Z[x, y]. Since V, = P* — 2Q, this
completes the proof.

It is convenient to prove now the following result which is used
in §3. We have

PROPOSITION 1. The following three assertions are equivalent:
(i) UJP, Q) or U, (P',1) =0 for some (minimal) h > 0;
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(i) a®*=Qp or v = p respectively, where p is a primitive hth
root of 1 with h|4 or 6, h = 2;
(iii) P?®=cQ with ¢ £33, or —2 < P’ £'1 respectively.

For (Q, N) =1set P’ +2=¢, 0= ¢ < N sothat P*= ¢Q (mod N).
Then the two inequalities in (iii) are equivalent.

REMARK. Let a # 8. Then U, and V, are bounded if and only
if @ and B are roots of 1, this being an easy consequence of the
partial-fraction expansion of the respective generating functions.

REMARK. Since U, and V, are here of the form Q"*B(n), where
B(n) is uniformly bounded, it is intuitive on examining the later
Theorems and LL-type tests (§§3-5) that this case will be useless
therein. Hence it seems desirable to enumerate these “degenerate”
Lucas sequences in this paper. We will see that this case is excluded
in Theorem 2, but not in Theorems 1 and 4.

Proof. Set o =Qp so that B2 =Qp ™, p+ o' =P/Q —2=:a,
and P? = (a + 2)Q. (The discussion for v and é is the same so we
omit it.) We first show that (i) implies (i) and (ii) implies (iii).
We have p* =1 so that p has degree < min(2, ¢(k)) over Z and h|4
or 6. We require that a # 8 which holds if and only if p =1, i.e.
h = 2. Moreover acZ sothat —2=<a <2andc¢ <38. We now show
that (iii) implies (i). For each a above there existsa p+ o' =a
and o* =1 with & = 2.

The last assertion is trivial so the proof is complete.

REMARK. The discussion here is like that in [1, 35-36] but more
general.

In the sequel we use the following expansion of V,, in terms of
V. when @ =1 or m = 1. (We suppress the parameters P and @
of the Lucas functions when their values are obvious from or
irrelevant to the context.)

LEMMA 2. Define F, = F,(x) by setting F, =2, F, = ¢ and F, =
2F,_, — F,_, for all k. Then

(i) F_,=F, for all n;

(ii) Vuw = Q"F (V,.Q ™ for all n, m, where Q> is fized;

(i) Fo(@) = 3§ (=1 (n/(n— q»))(" - ")xﬂ—Zr for m =1, where j =
[n/2].

(iv) F,(x) = 2cosnz for all m, where x = 2cos z.



480 H. C. WILLIAMS

Proof. (i) Set Fi(x)(=x) =t + ¢t as a formal equality. Then
the above recurrence gives F,(x) = * + ¢ and (i) follows at once.

(ii) Choose any square roots of @ and g and set 6 = (a/Q)"~.
Then V,,.Q """ = 6™ + 6" = F (™ + 6~™) which gives (ii).

(iii) We find without difficulty that 3.7, F.(@)y" ' = >, (x — 2¥)
(xy — y»)* as a formal identity or as an absolutely convergent series
when |2y| + [¥*| <1, from which (iii) follows after term-by-term
integration in y.

(iv) This follows at once on setting t = ¢** above (and is of
course well-known).

The following lemma will play a crucial role in the later work.
We have.

LEmMA 3. Set W,(P, Q)= W,=(Usin-0,Usimse)[(Unse) and J(x,y)=
(Fyx) ~ F,(y)[(x — y) € Z[=, y]-
(1) For Q@ =1 we have

(2~3> Wt = Jt( Vzm; sz) .

(We define W, and J, by the above convention when a zero denom-
inator 0ccurs.)

(ii) For (Q, N)=1 set L, =V (P, 1) for P as in Lemma 1
and take t = 1. Then

(2.4) J(Ln, Ly) = Q"""W(P, Q) if 2|(m,7),
where Q* has the usual meaning (mod N) for k > 0.

REMARK. The expansion of J,(x, ¥) in x and y is obtainable at
once from (ii) of Lemma 2.

Proof. Our two formulas follow without difficulty from (2.1)
and (2.2) respectively.

In the rest of this section we present some divisibility and con-
gruence properties of the U, and V,. Though these results are known
(see [10] or [1]) we supply proofs for the reader’s convenience. For
a given m =1 such that (m, Q) =1 we define @ = w(m) to be the
least positive &k such that m|U,.

Define

(2.5) 4 =P —4Q = (a0 — B)

Then we have

Lemma 4. Q) If 2y m and m|U,(n > 0) then @w(m)|n.



A CLASS OF PRIMALITY TESTS FOR TRINOMIALS 481

(ii) w®@)|{p — (4]|p) where p is an odd prime (here and below)
and (4]p) denotes the Legendre symbol.
(iii) If (4|p) = —1 we have

(2.6) Viorrin = QV, = @"'V_, (mod p) .
REMARK. The conclusion of (i) hold also if 2|m but we will not

need that case.
In the proof we use the following simple identities:

(2.7) ZQkU -k = Und —'UkV,,L 9
(2.8) 2Un+k = Und + UkVn y
(2.9) 2V, =V, V, +4U0, U, .

(Observe that (2.7) becomes (2.8) on multiplying by @ * and replacing
—k by k in the result, and that (2.8) and (2.9) are essentially the
same.)

Proof of (). In (2.7) take k = hw > 0 wheren —k = r(0 < r < w).
It follows by Lemma 1 that m |U, so » = 0 by definition w.

Proof of (ii). By definition of & and 8 we assume that 2a =
P+ V4,28 =P — V4 for a fixed square root of 4. It follows by
a standard congruence for binomial coefficients and Euler’s criterion
that 2°U, = 2(4|p) or U, = (4|p) and V, = P =V,. (All congruences
hold (mod ») in this proof.) We thus obtain (ii) at once if p|4. Next
by (2.7) and (2.8) with n =p, k=1 we get 2QU,_, =V(U, —U) =
P((4|p) — 1) and 2U,,, = P((4|p) + 1). Hence the assertion follows
when p } 4 since p [ Q.

Proof of (iii). By (2.7) we get —2Q =U,.,V, —V,,, so that
Vi = 2Q by (ii). Suppose now that £ = 0. Then by (2.9) we obtain
the first part of (2.6) and the second part follows trivially. If % < 0
the result follows in the same way on interpreting Q% (mod p) for
k<0 asin (2.4).

In Theorems 2 and 4 we use the following simple corollary. We
have

LEMMA 5. [10, pp. 441]. If (4|p) = (Q|p) = —1, then p|V,
where m = (p + 1)/2.

Proof. Square V, and apply (2.6) with k& = 0.

LemMMA 6. Ifr,s =1, we have (U,/U,, U,) | rQ™ where m = [r/2].
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(We recall that this quotient is an integer by Lemma 1.)

Proof. Though we only need the case » a prime, the proof is no
more difficult for arbitrary ». Set C, = C.(z, v) = (&* — ¥5/(x — v)
(x # y) and C(x, x) = kx** so that Cy(a, B) =U, by (2.1), and deter-
mine A = A(x, y) by the condition

(2.10) Ceori(C,o/C)) — AC, = r(y)y™  (2e =1+ (—-1)).

The proof of our Lemma will clearly follow as soon as we show that
A(e, B e Z. Onsettingt = z°, u = y* we get (t — u)A = (x — y)AC, =
xD(t, w) — yD(u, t) where D(t, u) = t°C,(¢t, u) — r(fu)™. Since ¢ + r —
1 =2m we have D({,t) = 0 so that A(x, y)e Z[z, y]. By (2.10) we
have A(z, y) = A(y, x) and the assertion follows.

REMARk. If (P, @) =1 we can replace Q™ above by 7, but this
refinement is not required. Carmichael [1, p. 51] proves this latter
agsertion for » prime only and by a different method.

From this we derive a lemma similar to Theorem 5.3 of [10].

LEeMMA 7. If r is a prime such that (r, N) =1 and U,,/U, =
O(mod N) where s >0 and (Q, N) =1, then any odd prime divisor
p of N is = +1 (mod »i**) where 77 |s.

Proof. Let p|N so that pt U, by Lemma 6 and define w(m) as
in Lemma 4. Then w(p)|rs and @(p)ts which gives r**'|w(p) if
7*|| s where k = 5. The result now follows form (ii) of Lemma 4.

3. Some primality criteria for quadratic polynomials in powers
of an integer. We shall be concerned in what follows with primality
criteria for the numbers N such that

81 N=N,=A+Bb"—1;2/N;b=2;4,n, Nal>0,

Here A and B are fixed parameters and we can assume that Ab™*
and Bb~' are not both integers. In the following theorem we will
take b = ar where 7 is a (fixed) prime. (The references in §1 deal
with “linear polynomials” of this type, i.e. numbers of the form
Ab® — 1.) We exclude the following two cases since N is then com-
posite or trivial: B® + 44 a square; B=0, A = b = 3. Other exclu-
sions will be presented later.

We being with some sufficient conditions for N to be prime.

LEMMA 8. Suppose that b = ar with r* > Aa™ + |Bla". (Here
and later we take r > 0.) If some prime factor of N is = +1 (mod ")
then N ts prime.
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Proof. Set e =", C = Aa’™, D = Ba" (so that ¢ > 1). Let »| N
with p = +1(mod ¢) and assume that N is composite. We show that
e<C+|D|. Since N= —1 (mode) we have N = (he — 1)(je + 1) =
Ce* + De — 1 for some h,j >0, so that Ce + D = hje + h — j and
|C—hjle=|h —3—D|=<hj—1+ |D| as is easily seen. Set C —
hj =t so that ¢ = 0 since D* + 4C is non-square. Then |t{|e < C —
t—1+|D|<C+ |D|+ |t]| and the assertion follows.

(The reader can now pass on to the proofs of Theorem 1 and 2.)
Somewhat better results can be obtained for special classes of N as
follows, where N has a prime factor = &1 (mode). We note that
our hypotheses give ¢ > 1 below, as can be easily verified.

LEMMA 9. Suppose that r is odd n = 2. Then N is prime if

(i) e=(C—38)2+|D|,

(ii) 2|a,e > (C + 2|DJ)/8.

(Here and in the next Lemma we use the notation introduced
above.)

Proof. We assume that N is composite and follow the proof of
Lemma 8. Since ¢ and N are odd, we have 2|(h, 7). On setting =
2k, 7 = 2m we get (C — 4km)e = 2(k — m) — D. For ¢t as above this
gives ¢ — 1/2 < (e — 1/2)[t] £ C/2 + |D| — 2, which gives (i). If now
2|a and n» = 2 we have 4]|(C, D) and (ii) follows in the same way.

REMARK. The bounds for ¢ in the preceding Lemmas and in the
following one are exact, as can be shown without difficulty.

LEMMA 10. N is prime if 2|a, e = 1(mod 4), n =5 and ¢ = (C +
6|D| — 16)/24.

Proof. Assume N is composite. By hypothesis we can write
C = 32K, D = 32F with E = 32. (We only need £ = 7 in the following
proof.) The assertion to be proved can now be written as

(3.2) ¢ < (4E — 5)/3 + 8| F| .
As in the proof of Lemmas 8 and 9 we find that
(3.3) (8E — km)e = (k — m)/2 — 8F

for suitable ¥ and m > 0. Set 8E — km = wu, v = |u| so that u =
(C—hj)/4+0and e — 8|F| < ((k — m)sgn u)/2v. Hence (3.2) holds if

(3.4) ((k — m)sng w)/v < (8E — 10)/3 .
We have u = 0,1 (mod 4) by (3.3) since ¢ is odd and consider 3
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cases, namely v =24, u =1, u = —3.

(i) v=4. have |k —m| < km —1 £ 8F + v — 1, so (3.4) holds
if 8E — 1)/4 < (8F — 13)/3 and this is so for £ = 7, hence for E = 7.

(ii) w =1. Since e=1 (mod 4) we have u={(k—m)/2 (mod 4) for
all v by (8.8). For w =1 the left side of (8.4) increases with & and
k = 8K — 1. The choice k = 8F — 1 contradicts the last congruence
so (8.4) holds if (8F — 1)/3 — 8 < (8E — 10)/3 which is true.

(iii) # = —3. We maximize m in this case and argue as in (ii).

We are now ready to prove two related theorems, the second of
which will yield a large class of LL-type tests. It is convenient to
isolate part of the argument as the following

LEMMA 11. For any N > 0 and a, b, P determine T, (mod N) for
k=0 by

(3.5) T, = F(P), Ty = Fy(T))

for F.(x) as in Lemma 2. If d = gb"(k = 0) write V[d] for V, =
VP, 1) (here and later) to avoid subscripts with exponents. Then

(3.6) F.(T,) =Vi]cab*] (mod N).

Proof. By (2.1) we have P=V, so (3.6) follows by Lemma 2
and induction.

Let (.|.) denote the Jacobi symbol and define 4 by (2.5). We
present first a sufficient condition for primality, namely.

THEOREM 1. Let N = Ab™ + Bb” — 1 > 0 be odd where A, b, n >
0, b = ar with r prime and B* + 4A = [ (here and in the sequel).
Define T, (mod N) by (3.5). Assume that v~ > Aa™ + Ba™ and find
P such that (4| N) = —1 with @ = 1. If

J'r =1 JT(FZA(T27L—1) ’ FZB(TH—I)) = 0

where J, is given by (2.3), then N is prime. (Recall that Fyx) = 2.)
If
FTA(TZn—l) 5«_—" FTB(Tn—l)

then N is composite. (All congruences hold (mod N) in the rest of
this section.)

REMARK. We have F,, = F? — 2 and F,, = F.(F,) by Lemma 2.

REMARK. We prove in Proposition 3 below that the required P
always exists when N is a non-square, and likewise for P and @ in
the following Theorem 2.
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Proof. By (3.6) we get J, =W, for W, as in Lemma 3 with
U,=U(P, 1), m = Aab*™' and /= Bab"*, so if N|J,, any prime
factor of N is = £1 (mod »") by Lemma 7. Hence N is prime by
Lemma 8. (We note that m > |/| by the inequality for »".)

If N is prime we have V,, =V,, by by (2.6) so that F, (T,,_,) =
F (T,

REMARK. It is easy to see by Proposition 1 that if W, = 0, then
N < C as we would expect, where C is a universal constant. Thus
the above test when applied to a sequence {N,:%n > n,} satisfying
(38.1), and with P so chosen that W, =0, yields no information in
this trivial case, a fact which may be considered as a partial check
on the above proof.

We now employ Lemma 5 and the argument used to derive the
first part of Theorem 1 to obtain a necessary and sufficient condition
for the primality of N when b = » = 2 which includes the Lucas-
Lehmer test.

THEOREM 2. Let N=A-2" 4+ B-2" —~1 where 2" > A + |B|.
Determine P and Q such that (@ N) = (4|N) = —1 and set QT, =
P? — 2Q so that T, = F(P') = P’ for P’ as in Lemma 1. If we define
T, by (8.4) with a =1,b =2 and P’ for P so that

Tijn=Ti—-2 (G=z0),
then N is prime if and only if
J=:Fy(Ty,_) + Fs(T,_,) = 0(mod N) ,
where F,(x) = F_J(x) by (1) of Lemma 2.

REMARK. The Lucas-Lehmer test (see §1) is obtained by taking
A=2 B=0,Q =—2, P=2 and observing that (IV prime if and only
if N|Tz2_)) implies that (N prime if and only if N|T,,,). (We must
assume N = 31; the case N = 7 is not covered.)

Proof. Write L, and V, for V,(P’, 1) and V,(P, Q) respectively.
By (8.6) with P’ for P we have F,(T,) = Lfc-2*]. Set m = A.2™7,
/= B.2*!., By Lemma 3 and (2.1) it follows that J=L,+L, =
Jo(Lpy Le) = @™Vt Vpie, since (Q, N) =1. Thus if N|J then N
is prime as in Theorem 1. (We have 2|(m, <) since n = 1 gives 2 >
A+ |Blso A=1,B=0, and B* + 44 is a square.)

If N is prime then V,,. = 0 by Lemma 5 so N|J.

REMARK. In §5 we use Theorem 2 to construct further LL-type
tests.
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We now show the case U,(P, Q) or U,(P’, 1) = 0 for some % never
occurs in the above proof if » =3 so that the problem of zero
denominators does not occur. By Proposition 1 it suffices to verify.

PROPOSITION 2. Let N, P, Q be given by Theorem 2 with n = 3
or N= —1 (mod8). Then P*>=# ¢Q (mod N) for 0 <¢ < 3.

Proof. Since (@, N) =1 we can find ¢ such that P? = ¢Q. Then
(¢|N)=—1, and (¢ —4|N)=1 by (2.5). Since (2|N) =1, the
assertion follows.

REMARK. Suppose now that # =2 so that N =164 +4B -1
124 +12 — 1 < 47. Since 47 = —1 (mod 8) and N = —1 (mod 4) we
have P? # ¢@ if N > 43.

We close this section by showing that Theorems 1 and 2 are
“effective” in that the required P or P and @ can always be found
if a nonsquare. Note that in Theorem 2 it suffices to find P such
that (P* -+ 4|N) = —1, since we can then take @ = —1. We will
actually prove the following more general.

PrOPOSITION 3. Let m be odd, >0 and a nonsquare and take
d % O(mod m). Then there exists k such that (&* — d|m) = —1.

Proof. Set Cy(m)=4#{k(mod m): (k*—d|m)=—1}. We prove that
Cy(m) > 0 and begin with the case m = p, a prime. In GF(p) we
have k* — d = 4* for some j if and only if 2k = ¢ + d/e for some ¢, so
that min{C,(p), p — Cy(p)) = (p — 1)/2 > 0. Next let m = »*[[i-. p,,
where the p, are distinct primes and s = 1. By the Chinese Remainder
Theorem we can thus determine k such that (5* —d|»p) = —1 or 1
according as 7 =1 or 2 £ 1 < s, which completes the proof.

4. LL-type tests when b = a7, ¥ an odd prime, and the theory
of cyclotomy. There is, unfortunately, no simple analogue of Lemma
5 which holds for U,,/U, with &k = p +1 where » and » are odd
primes. However, we can use the theory of cyclotomy to obtain an
analogue of Theorem 2 that will be useful when » =3 or 5. We
employ here the method of Williams [15].

Let p, q, (=25 + 1) be odd primes such that p= —1, ¢=1 (mod »)
and let K = GF(p*'). As is customary write ¢ = indm =:ind, m
where m = ¢, 0<t<q— 2 and g is a fixed primitive root of g¢.
(Herein equality holds in K and Roman letters denote elements of Z
or GF(p) unless stated otherwise.) We use the well-known Gauss
sum (or Lagrange resolvent)
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4.1) € o) = S ekt

where & @ are primitive rth and gth roots of 1 in K respectively.
We require the following three lemmas.

LEmMMmA 12 [8, p. 278]. We have

4.2) & o™) = (& @)™ (m,q) =1
and
(4.3) & o) w)=q.

Proof. We use the fact that »|(¢ — 1)/2 which gives (4.2) at
once since indkm = ind k + ind m (mod ¢ — 1). Next write the left
member of (4.3) as a double summation whose general term is
ginde—indbgett for 1< a,b<q—1. Set a = bc (modg) and then sum
first on b, then ¢ to complete the proof.

LEMMA 13. Set n,(8) = D)2 ginti-ttninditd - Then we have
r—2 r—1
(4.4 6oy = ¢S ® =g =gSag,

so that a=a(g) 1s independent of p and the a; are uniquely determined.
If B = ale™) we have
(4.5) aB =q*.

Proof. For the proof of (4.4) see [8, p. 279] or [6, Chap. 8].
We get (4.5) at once form (4.3).

REMARK. In [8], (4.1)-(4.4) are presented as formulas in C,
however they clearly remain valid in K. (These functions 4 are
often called the Jacobi Functions.)

Define G,(x) by setting

Gy +y ) =W —-D/y -1
so that G,(x) =1 + 3¢ F,(x) e Z[x] (or K[x]), where F,(x) is defined

as in Lemma 2. On setting G_,(x) = —1, Gy(x) = 1, it follows easily
that
(4.6) G.(x) = 2G,_,(x) — G,_y(x) for n=1.

We temporarily let p be an arbitrary odd prime and prove

LEMMA 14. (i) » is @ prime divisor of G,(x) if and only if p =
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0, =1(mod~») [7, p. 199]. (ii) If p = +1(modr) we have G,(x) =
I (@ — p,) in GF(p) where po, = & + &%, and £ is a fived primitive
rth root of 1 in K, i.e. in GF(p?). [2]

Proof. If p =r we have p = G,(2). Suppose now that p = »
and let £ be a primitive »th root of 1 in H =:GF(p"™). Then we
have(y" —D/y—D =TI W - =1L —py+1) =y [Ii(@—p,) =
yY~°G,(x) over H where o, =& + &% Next, if p = p,e GF(p) then
y* — py + 1 splits over GF(p®) so that »|p* — 1. Conversely if this
condition holds we have 0** =1 in GF(p®) and p e GF(p).

We have o, = F,(o) for p =p, and 1 £ 7 < s by Lemma 2. Set
¢, =a;, = a,_;. Then by Lemmas 13 and 14 we get

(4.7) v =:a+ B =3lcp, = 3 cF(o) = 3 CU, r, 9)8: € GF(p)

where B = {8;} is any (integral) basis of Z(p), ¢ runs from 1 to s,
and the C(, r, q) = C(, r, ¢| B) (which we regard as lying in GF(p))
are independent of p. It seems most convenient simply to take
B; = p, for all ¢ so that

(4.8) T = Zj‘; C;0; 5y, € = C('L, Q) =0 + @, 0: = FZ(P) = Ei + Eﬁi

When » = 3 or 5, expressions for the C(4, 7, q) in (4.8) in terms of the
representations of ¢ by certain quadratic forms will be given in §5.
We use the preceding Lemmas to prove.

THEOREM 3. [15] Let D, q, r (=2s 4+ 1) be odd primes such that
—p=q¢=1 (modr) and p“* " #1 (mod q), and put P=3;C(, r, ¢)F:(R),
Q= q% where G,(R) =0 (modp). Consider U,=U,(P,Q) as an
element of GF(p) and set p + 1 = rk. Then we have

U, JU.=0,ie. U, =0, U, #0.

(Our two assertions are equivalent by Lemma 6.)

Proof. For some & we have R = ¢ + ¢ by Lemma 14. Thus by
(4.5) and (4.8) we have P=a + B8 and @ = aB. We now work with
(4.1)-(4.4) as follows and recall that 8 = a(¢™). Set j=indp. We
have (ga)* = (¢, 0)**' = (¢, w)(¢", *) = ¢&’, so that (¢B8)" =¢&™7. Hence
artt = gt and o # B* since p " % 1 (mod ¢). The Theorem follows
at once by the definition of U,, i.e. (2.1).

REMARK. Let R be a zero of G,(x) =0 (mod N) for any N > 0.
Since the zeros of G,(x) = 0 over C are Fy(p) for 1 £ ¢ <s where p
is a given zero, it follows that G,(x) has the s zeros F(R) (mod N).
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Moreover if we replace R = R, by R, =: Fy(R) for any 4, we permute
the ¢; in P = P, to give s formally different choices of P =: P, above
and in Theorem 4 below. (See (4.8).) We will not be concerned,
here or later, with determining when the B, and P, are all distinect
(mod N) and do not claim that the R, are all the zeros in question,
since N may be composite.

We note that the F,(R) are easily computable by means of the
recurrence in Lemma 2 and that P can be written as > d;R’ for
suitable d;.

We are now ready to prove the following analogue of Theorem 2.

THEOREM 4. Let N = Ab*™ + Bb" — 1 where A, b, n are all > 0,
2fN,b=ar with r an odd prime, and set e, C, D = r", Aa*, Ba™
respectively as in Lemma 9. Suppose that

(i) e=(C— 3)/2+ |D|
or

(ii) 2la,e>(C+ 2|D))/8, n = 2.

Let q be a prime such that ¢ =1 (mod ) and N7 0, 1 (mod q).
Define R, P, @ as in Theorem 3 with p replaced by N. Set

Ty = Fo(P') or Fop(P'), Tyyy = Fy(T,) (mod N) for h =0

according as (i) or (ii) holds, where QP' = P* — 2Q (mod N). Then N
is prime if

J =1 L (Fou(Tyn ), Fop(T, 1)) =0 (mod N) .

(Recall that F,.(x) has the same value for m = xj by Lemma 2.)

Proof. Assume that (i) holds. By Lemma 3 and (3.6) we get
J=Q""W(P, @) with m = 24ab*?, 7= 2Bab~*. Hence if N|J,
then N is prime by Lemmas 7 and 9.

If N is prime, then N|(Uy../U.) by Theorem 3 so that
N|(U,win/Us). Sinece 2(N + 1) = m + ~ we have N|J.

The discussion in case (ii) goes in the same way so we omit the
details.

REMARK. We can improve this Theorem in case (ii) whenr =1
(mod 4) by using Lemma 10.

5. Construction of LL-type tests by means of Theorems 2
and 4, and some numerical examples. We deal here with examples
only of the many possible different tests of LL-type which can now
be derived from the preceding theorems.

. We set
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(5.1) t=1T,,,, w="T,,.

and define J as in Theorems 2 and 4. It is convenient to list here
the values of F,(x) to be used in this section, namely

(5.2) Fyx) = o* — 2, Fiy(x) = o* — 3z, Fy(x) = «° — b2® + b

r=2. Let N=2"" +3.2" - 1(n=8), then A =2, B= +£3.
Putting P = —Q = 2, we get 4 = P* — 4Q = 12, and (Q|N) = (4|N) =
—1. Also T, =4 and J = Fy(t) + Fyu) =t* + «* — 3u — 2.

Thus, if

N = 2"+ 4 3.2" — 1 (n=3)
and

T,=14
Tiu=Ti;—2 (modN),

then N is a prime if and only if
T+ T, —8T,,—2=0 (modN).

Before presenting further LL-type tests we give here a general
formula for P’ (mod N). Let N =k (modq) where q is defined in
Theorem 4 and (h, ¢) = 1. Suppose that jz = —1 (mod g).

Then we have

(56.3) P' = P((jN+ 1)/q)"* —2 (mod N) .

r = 3. In this case we have a in Theorem 3 equal to (&) and
P= —-((, 8, q) (mod N). It is well known (see, for example, [4]) that
we have C(1, 8, ) = —x, where z is determined uniquely from the
congruence = 1 (mod 3) and the quadratic partition

(5.4) 4q = 2* + 27Ty* .

Take b = 3 so that ¢ = 1 and (i) of Theorem 4 holds. Set ¢ =
@ =7 and take n = 3m + 1. Then N=94 + (—1)"38B ~ 1 (mod 7) so
that N*=#0,1 if and only if 84 + (—1)"B#0, 3,5. We now take
A =1, B= %1 so that the last condition is satisfied. We can set
P=2x2=1. If B=1, then for n = 1, 4(mod 6) we have N = 4, 2 and
j=5,3 (mod7) respectively, and likewise if B = —1. Next we have
To= @GN+ 1)/7T—2 (mod N), Ty, = F(T,) and J = J(&* — 2, w* — 2)
where Jy(x,y) =2*+ 2y + ¥* — 3 by Lemma 3. We thus obtain a
set of 4 primality tests according as n =1 or 4(mod 6) and B = +1.

For example, let N = 3" — 1, where #n > 1and # = 1 (mod 6). If
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Ty=UN+DT—2=04-3"—4-3~ — 17)/7,
Tyrn = TW(T; — 8) (mod N),
then N is a prime if and only if
Toyo +To  + T2 T — 6Ty, — 6T, , +9=0 (mOd N).

r =5. In this case, we can easily verify by using standard
results on Jacobi Functions (see, for example, {3]) that

A = i (E)Yra(E)rs(8)
in Theorem 38 can be written as
(5.5) a = e (&) .

By using results [4] connecting the values of the a, in Lemma 18
with the values of =z, y, 2, w in the representation

16 = «* + 50u* + 50v* + 125w*
(5.6) aw = v' — u* — duw
x=1 (mod5).

it is a routine matter to deduce that

(5.7) P=cR, + R, (mod N), (i=1,2)

where G(R) = 0 for R=R,and R, , = Fy(R,)= —R;, — 1,¢, =:C(3, 7, Q)
(5.8) 2, =K+L, 2,=K~—1L,

and

8K = 8qx — x* + 625(v* — ud)w

6.9 (16/25)L = 10w(u® + v*) — 25w® — x(xw + Suv) .

It should be noted here that there are precisely four solutions
(x, w, v, w), (&, v, —u, w), (x, —v, u, —w), and (x, —u, —v, w) of (5.6).
These give us two possible solutions for (e, ¢,); however, since R,_; =
—R, — 1, we see that we have a valid value of P for either of these
values of (¢, ¢,). We also note that since Theorem 4 only requires a
value of P* (mod N), we have four possible values for P:

LR, — ¢, —LR, — ¢, —LR, + ¢, LR, + ¢, .

Since the choice of formula here is arbitrary we will specify P as
follows. Set M = min(|¢,}, |¢,]) so that M = |¢,| or |¢,| according as
sign KL < 0 or =0. Then we may redefine P by setting

(5.10) P=M+¢LRi =1,2)
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where ¢ = sign(L, — K) or sign(L + K) according as sign(KL) = 0 or
< 0.

We give some values of M, L, and ¢ in Table 5.1 below

TABLE 5.1
q % % v w K L[25 M 3
11 1 1 0 -1 89 1 32 —
31 11 2 1 -1 409 —5 142 +
41 -9 3 0 1 —981 —1 478 +
61 1 1 4 -1 1111 —11 418 +
71 —19 2 3 1 —~101 41 462 -+

When » = 5 we have the additional problem of finding a solution
of G,(R) = 0(mod N). For some values of N and » this can be done
as in Williams [18], but this rather complicated technique does not
allow us to calculate 7 easily. When » = 5, however, we can compute
a value of R for certain values of N with very little difficulty.

We note that if

(6.11) N=(E +ced —-dYV* +(c—2d)k —1, (¢,dk+1) =1
and
(5.12) ¢cR = (¢ +cd —d) —d (modN),
then
CGR)=c¢R*+ R~ =("+e¢d—d)N=0 (modN)

Since (¢, N) = 1, we have a solution R of G,(x) = 0.

We now construct some primality tests with the aid of Theorem
4, (5.1), (5.2), (5.3), (5.10), (5.11), (5.12) and Lemma 3 in §2. In each
case below we have a companion test obtained by replacing k by —%,
and in (i) no change in the values of n involved is required.

(i) e=1,d=0,k=5" sothatb=5,a =1, A=B=1 R =F,
and condition (i) of Theorem 4 holds. Take ¢ = 11, # =1 (mod5) so
that N=5"+5—1=7 and j = 3(mod 11). We have P = 32 — 25f,
T,= P =P(Bn + 1)/11)° — 2 (mod N), T\, = F(T,) and J =: J(£* — 2,
u* — 2), where (x — y)Jy(z, y) = (@ — ¥°) — 5(* — ¥°) + b(x — y).

For n =1 we have N =29, and the reader may verify that
J = 0(mod 29) in accordance with Theorem 4, where ¢t = T, u = T,.

(ii) ¢=1,d=0,k= —10", so that b=10,a =2 A =B =1,
R =k.

Condition (ii) of Theorem 4 says that 5 > (2*" + 2"*')/8 which is
true. Take g = 41, n = 3 (mod 5) so that N = 34 and j = 6 (mod 41).
We have P = 478 — 25k, T, = P*((6N + 1)/41)* — 2, T,,, = F\(T,) =
FXT,) — 2 (see Lemma 2), and J is the same as in (i). We obtain
a companion test on taking n = 2 (mod 5).
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Thus, when N = 10 — 10" — 1, # = 3(mod 5), (» > 0), put

T, = (418 + 25_10n)2<6-102n - 6-10" — 5)3 s

41
Toor = [TT} — 5T; +5)F — 2 (mod N) .

N is a prime if and only if

T + To o Ti + To T + T3, T0 + T,
- IO(TSn-—l + Tén—-lTi—x + T;n—lT;-—l =+ TnG—x)
+ 35(T;n—1 + Tgn—lTi-—l + T:—l) - 50(T§n—1 + Ti—1) +25=0
(mod N) .

If N=10" +10" ~ 1, n = 2 (mod 5), we can use this same test
except that

T, = (478 — 25-10( 2222 E = 19:107Y

Primes of the form 10*" + 10" 4- 1 have rather interesting digit
patterns. For 10* — 10" + 1, we have the pattern
999 ---9 000---01;

| [
7 nines n—1 zeros

for 10** — 10" — 1, we have the pattern
999 -.- 98999 ... 9;
Ny

N——————
n—1 nines 7 nines

and for 10 + 10" — 1, we have the pattern
1 000---0 999...9.

7 Zeros % nines

Lehmer [9] tabulated the four primes of the form 10 — 10" + 1
for n £10. Since these numbers have the form N, = (10°" + 1)/(10" + 1),
we see that if N, is a prime, then » = 2%3?, In fact, there are no
more primes of this type for » < 1000. Indeed, one would expect
such primes to be just about as scarce as Fermat primes. However,
primes of the form 10°"+10"—1, like the Mersenne primes, are some-
what more abundant. In Table 5.2 below, we give all those values
of m» < m such that N, = k¥ =k £ 1 is a prime with k& = 10",

TABLE 5.2

N, m values of n such that N, is prime

EF—-Ek+1 1023 2 46 8
E+k-1 500 123 5 67 9 13 26 42 153 183 282
B-k—-1 750 1 6 9 154 253
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