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Semigroups which are unions of groups are said to be completely
regular. They form a variety when considered as semigroups with an
operation of inverse. The variety of bands and the variety of completely
simple semigroups are subvarieties. The present paper reduces the word
problem for the free semigroups in each subvariety Y of the join of the
variety of bands and the variety of completely simpie semigroups to the
word problem for certain groups in V. In particular if the word problems
for the latter have a solution so does the word problem in V.

Semigroups which are unions of groups are said to be completely
regular. A completely regular semigroup S is provided in a natural way
with a unary operation of inverse by defining a~! for a € S to be the
group inverse of a in the maximal subgroup of S to which a belongs. This
operation satisfies the identities

(1) xx7'x = x,

(2) xx7b = x7lx,

(3) (x")"' =x.

In fact a completely regular semigroup can be defined as a semigroup with
a unary operation which satisfies these identities. The class of completely
regular semigroups is therefore a variety of (universal) algebras with one
unary and one binary operation. This variety is denoted by C%R. Two
important subvarieties are the variety of bands % and the variety of
completely simple semigroups C&. The join of these two varieties has
recently been described in [4] and [9]. It is the subvariety of G4 defined
by the identity

()°x%(2x)" = (xpxzx)’,
where as usual ° = uu~".

In [4] this variety is called the variety of pseudo orthodox bands of
groups. Following the terminology of [6] it might be called the variety of
pseudo orthocrypto groups. Here we will simply refer to it as B V ©5.

The present paper gives a solution to the word problem for the free
semigroups in each of the subvarieties of B V €5. A solution for the
subvarieties of % is known (see [3]). The free objects in C5 have been
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described (see [1] and [8]) and an algorithm for the word problem given in
[8]. Here we present another solution for the word problem for the free
objects of C&. It is given in terms of invariants on words in the free unary
semigroup. The subvarieties of C& are described in [8]. Using this descrip-
tion we can adapt our solution of the word problem for €§ to reduce the
word problem for the free objects in the subvarieties YV of €& to the word
problem for certain groups in V. Finally by showing that every subvariety
of B V €S is the join of a subvariety of % and a subvariety of C5, we
reduce the solution of the word problem for free objects in all subvarieties
Y of B V €S to the word problem for certain groups in V.

Section 1 gives preliminary results needed in the paper. In particular,
it describes the free unary semigroup on a set, and gives results on the
structure and congruences of completely simple (Rees matrix) semigroups.
The solution of the word problem for free objects in €5 is given in §2. In
§3 we derive the Clifford-Rasin model for the free objects in €. In §4 we
describe the word problem for free objects in the subvarieties of CS and in
§5 for the subvarieties of % V CS.

1. Preliminaries. The free unary semigroup on a set S provides a
natural setting for the study of word problems in semigroups with an
added unary operation (including groups). Let F be the free semigroup on
X U {(,)"") where ( and )" are treated as two new variables. The free
unary semigroup U(X) is just the smallest subset of F satisfying the
following properties.

(i) X C U(X),
(ii) w € U(X) implies (w)™' € U(X),
(iii) u,v € U(X) impliesuv € U(X).

This description can be thought of as an inductive definition of U( X') and
many of our proofs will be by induction on the number of operations
occurring in w, that is the number of times (i) or (iii) is used to build w
from variables (elements of X).

The class of completely simple semigroups is essentially the same
as the class of Rees matrix semigroups. A Rees matrix semigroup
M1, G, A; P) is given by two index sets I, A, a group G and a matrix
P =(py;), i €1, X € A of elements of G. Elements of the semigroup are
triples (i, g, A), i € I, g € G, A € A, and multiplication follows the rule

(i, g, M) (Jj, b, v) = (i, gp\ b, v).

The matrix P can be taken to be normalized at (i, A) foranyi € I, A € A
which means that p,, = p, ; = 1, the identity of G, forallp € A,j € I.
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Let M =9(I,G, A; P) be a Rees matrix semigroup. Let H be a
normal subgroup of G, and let » and 7 be equivalence relations on 7 and A
respectively. The triple (r, H, w) is admissible if and only if irj (respec-
tively Awy) implies p,, p;/'p,; p3; € H for all \, p € A (respectively for all
i, j €I). With each admissible triple there is associated a congruence
relation 8 = 6(r, H, =) defined by (i, f, A)0(J, g, p) if and only if irj, Amp
and p,,; fp\H = p,;8p,,H for some k€1, v € A. In fact every con-
gruence on M is the congruence associated with a unique triple. For
background on Rees matrix semigroups and, in particular, for a descrip-
tion of their congruences we refer the reader to [5] or [6].

2. The word problem for completely simple semigroups. Let X be a
set (of variables) and let z € X be a distinguished element. For every
x, y € X, let p,, be an element with the properties p,, = p,, = 1 for all
x € X and otherwise the p,, are distinct from each other and from the
elements of X. Let P be the matrix (p,,). Let G be the free group on
XU {p,,|x, y € X} where 1 is taken to be the identity of G. For
u € U(X), the free unary semigroup on X, let A: U(X) - X and
t: U(X) - X be defined by taking A(u) to be the first variable in # and
t(u) to be the last variable in u. Note that # and ¢ can be defined more
formally by induction. Let m: U(X) - G be defined by induction on the
number of operations occurring in u as follows.

m(x) =x forallx € X,
m(uv) = m(u)pt(u)h(u)m(v)s

m((“)-l) = pt—(:()h(u)[m(u)]_lptz}oh(u)'

It is necessary to show that m is well defined, that is to show that
uv = u’'v’ implies m(uv) = m(u'v’). By symmetry we may assume that
u'w = u and wo = v’ for some w. Also by induction we can assume that
m(u), m(v), m(u’), m(v’) and m(w) are defined. Then

m(uv) = m(u)Pz(u)h(u)m(U)
= m(u') Piurynomy™ (W) Prwyncoym(0),  since u = u'w
= m(u) pyunnym(v’), sincev’ = wo
= m(u'v’).
DerFINITION 2.1. Let w,w’ € U(X). Then w ~w’ if and only if
h(w) = h(w’), m(w) = m(w’) and t(w) = t(w’).

THEOREM 2.2. The semigroup U(X)/~ is the free completely simple
semigroup on the set X.
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Proof. 1t is straightforward to check that ~ is an equivalence relation
on U(X) and that w ~ w’ implies wu ~ w’u, uw ~ uw’ and w™' ~ (w’)7L.
The relation ~ is therefore a congruence relation on U( X).

To show that the unary semigroup U( X)/~ is completely simple, we
show that it satisfies the defining identities (1)—(3) given in the introduc-
tion, plus the identity x° = (xyx)°, where x° = xx~!, which defines CS as

a subvariety of C%R . This is of course equivalent to checking that
a~aala,

aa' ~ala,

a~(a")",
aa™' ~ (aba)(aba)”’

for all a, b € U( X).

The following arguments are shorter to write if we let #(a) = h and
t(a) = t. If w ~ w’ is one of the above expressions then A(w) = h(w’) = h
and #(w) = #{(w’) = ¢ and it is enough to check that m(w) = m(w’), for
each of the cases.

m(aa~'a) = m(a)p,m(a”')p,m(a)

m(a)p,, pi'[m(a)]™ p3'pum(a)

= m(a).
m(aa™') = m(a)p,m(a”')
= m(a)pypi[m(a)]” py!
=P
A similar calculation shows that m(a~'a) = p;' and so m(aa™) =

m(a~'a).
m((a™)”) = p3'[m(a™)] " p5'
= pi [ Pl [m(a)]' P3| i
= m(a).
m((aba)(aba)™') = m(aba)p,,m((aba)™)
= m(aba)p,, p;' [m(aba)] " p;
:pthl

= m(aa™"') asshown above.
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In order to show that U(X)/~ is free we show that any homo-
morphism x: U(X) » M = 9(I, H, A; Q) can be factored through
U(X)/~ . Itis in fact enough to show that wx = (h(w)a, m(w)y, t(w)f)
for suitable mapsa: X - I, B: X - A, v: G —» H and for allw € U(X).

Let xx = (xa, xv, xB). This defines «, 8 and vy on X. Extend y by
defining p,,Y = ¢,p ,,- Then v is defined on the generators of G and so
can be extended uniquely to a homomorphism on G. Clearly xx =
(h(x)a, m(x)y, t(x)B). The proof that wx = (h(w)a, m(w)y, t(w)B) for
all w € U(X) is by induction. If w = uv then

wx = (ux)(vx) = (h(u)a, m(u)y, t(u)B)(h(v)a, m(v)y, t(v)B)
= (h(W)“’ m(u)Y‘Iz(u)p,h(o)am(v)'Y, t(W)B)
= (h(w)a, m(w)y, t(w)B).

If w=u"! then

wx = (ux)” = (h(u)a, m(u)y, {u)B)™
= (h(w)a, qt_(zv)ﬁ,h(w)a[m(u)Y]”lqtz}v)B,h(w)a’ t(W)ﬁ)
(w)a, m(u™)y, t(w)B)

= (h
(h(w)e, m(w)y, t(w)B).

l

3. The Clifford-Rasin model. In [1] and [8] it is shown that the free
completely simple semigroup is isomorphic to M = M (X, G, X; P) nor-
malized at z. A proof of this result can be obtained from our work as
follows. Let ¢: U(X) — M be defined by

wy = (h(w), m(w), t(w)).

Clearly ¢ is a (unary semigroup) homomorphism with kernel ~ . To
establish the isomorphism of U(X)/~ with M it is therefore enough to
show that ¢ is onto. Let z° = zz7%.

(x.8 ) = (x,1,2)(z, 8, 2)(z, 1, y),
(x,1,2) = (x(zoxzo)_l)xp,
(z,1,5) = ((z%2°) " »)¥.

It remains to recognize (z, g, z) as an image under ¢ for any g € G. Since
G is generated by X and {p, }, it is enough to show that (z, x, z) and
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(2, p.,» z) are images under y. Indeed,
(z, x,z) = (2°%x2°)y,

(2, Prys 2) = ((2°%2°) " xp(292°) )y

These calculations are essentially those used by Clifford in the proof of
({1], Lemma 7.3).

4. The word problem for varieties of completely simple semigroups.
As is well known (see [2] page 163) there is a one-to-one correspondence
between the subvarieties of a variety and the fully invariant congruences
on the free object of the variety on countably many generators. The
description of the fully invariant congruences on free completely simple
semigroups given in [8] can therefore be interpreted as a description of all
subvarieties of CS.

Let FCS(X) = IM(X, G, X; P) be the free semigroup in €S on the
set X (as described in §3). In order to simplify notation let [x, y] stand for
Py, Let & be the set of all endomorphisms w of G for which there exist
transformations ¢ and ¥ of X such that

[x, y]o =[z¢, z9][x¥, z0] ' [x¥, yo][z¥, yo] .
A normal subgroup H of G is &-invariant if Ho C H for all € &.

THEOREM 4.1 (Theorem 3 of [8]). Let § = 6(r, H, 7) be a congruence on
FCS(X). Then 8 is fully invariant if and only if

(i) H is &-invariant and

(i) r,m € {V, A}
where A is equality and V is the equivalence which identifies every element
of X.

Let V'be a subvariety of CS. Let § = 6(r, H, 7) be the fully invariant
congruence on FCS(X), X countable, such that FV(X) = FCS(X)/0 is
the free semigroup on X in V. Let m«: U(X) — G/H be defined by

mq(w) = m(w)H.
There are four different situations depending on the values of » and .

Case l.r = o = A.
In this case (i, f, A)0(J, g, p) if and only if i = j, A = pand fH = gH.
It follows that

(h(w), m(w), t(w)) > (h(w), m(w)H, t(w))
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is the unique homomorphism of FCS(X) onto FV( X). Consequently if we
define ~ on U( X) by w ~ w’ if and only if

h(w) = h(w")
t(w) =t(w') and
ma(w) = mo(w)
it follows that U(X)/~= FV(X) and the invariants &, ¢t and m. give a

solution to the word problem for FV( X) in terms of the solution of the
word problem for G/H.

Case2.r=v,m=A.

In this case (i, f, A)0(j, g, n) if and only if A = p and p,, fp\, H =
D,;8Px H for some» € M k E I. Since (r, H, m) is admissible it follows,
in this case, that px,p",pwpxj € H for all i, j, A, p. Setting A =i =z
shows that p,. € H for all p, j. Since H is normal it follows that
(i, f,M)0(, g, ,u) if and only if A = p and fH = gH. Therefore

(h(w), m(w), t(w)) - (m(w)H, t(w))

is the unique homomorphism of FCS(X) onto FV(X). Consequently, if
we define ~ on U(X) by w ~ w’ if and only if

t(w) =t(w’) and
Mo (w) = me (W)

then U(X)/~= FV(X) and the invariants ¢ and m« give a solution to the
word problem FV(X) in terms of the solution of the word problem for
G/H.

Since Py € H for all p, j, it follows that m«(w) = wH in this case.
Thus the invariant m« is the same as for groups. In fact, each variety
with r = v and 7 = A is a variety of “right groups”, that is a variety in
which every semigroup is a product of a group and a right semigroup.

Case3d.r=A, 7= V.
This is similar to case 2 and each variety is a variety of left groups.

Cased.r=o = v,
In this case we have a variety of groups.

So far we have referred only to the word problem for semigroups on
countably many generators. However, the algorithm can be applied to all
the free semigroups without change. If there are only finitely many
generators we can add more variables to make up countably many. The
words we are interested in will not use any of these new variables. On the
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other hand, even if there are more than countably many variables, it
remains true that each word only involves finitely many variables and the
equality or inequality of words can be described with reference to counta-
bly many (or even finitely many) variables.

5. The word problem for subvarieties of % V CS.
LEMMA 5.1. If VC B V CS, then V= (VN B) V (VN CS).

Proof. 1t is shown in [4] (Corollary 5.5(ii)) that if S € V| then S is a
subdirect product of a band and a normal band of groups. Consequently
V=(VNRB)V (VN NRBE), where I BEG is the variety of normal bands
of groups. Since VN INBG is a subvariety of N RBE, it follows from [7]
(Theorem 4.7) that VN ARG = (VN NBE N Y) V (VN NBG N CS)
= (VN %Y) V (VN ES) where U is the variety of semilattices. Therefore
Y=(VNBY)YVVNAYV(VNECS) =(VNB) V (VN ECS).

This lemma enables us to discuss the word problem in each subvariety
Vof % V CS. It was shown at the end of §4 that we can restrict ourselves
to FV(X) with X countable. Let FV(X) = U(X)/~ . The congruence ~
can be thought of as giving the equations which hold in V. As pointed out
in [2] (page 47), the Galois connection between varieties and equations
shows that if V= VY, then &q(V) = &q(V)) N &g(V,) where
&q(V) is the system of equations holding in V. The congruence ~
therefore is just the intersection of the congruence describing the free
object in V' N % and the congruence describing the free object in V' N €8.
The latter congruence is described in §4. The former congruence is
essentially given in [3]. The solution of the word problem in each sub-
variety of 9 is given there but in terms of a congruence on S(X), the free
semigroup on X and not in terms of a congruence on U(X). Of course
S(X) is a homomorphic image of U(X), the homomorphism being given
by simply removing all ( and )~! from the expression in U(X). Thus the
congruence on U( X) which describes the free object in a subvariety of B
can be described by saying that two words in U( X) are congruent if after
removing all occurrences of ( and )~' they are congruent modulo the
congruence on S( X) which describes the subvariety of 9.

REFERENCES

1. A. H. Clifford, The free completely regular semigroup on a set, J. Algebra, 59 (1979),
434-451.

2. P. M. Cohn, Universal Algebra, Harper and Row, New York, 1965.

3. J. A. Gerhard, The lattice of equational classes of idempotent semigroups, J. Algebra, 15
(1970), 195-224.

4. T. E. Hall and P. R. Jones, On the lattice of varieties of bands of groups, Pacific J.
Math., 91 (1980), 327-337.



WORD PROBLEMS FOR FREE OBJECTS 359

5. J. M. Howie, An Introduction to Semigroup Theory, Academic Press, New York, 1976.
6. M. Petrich, Structure of Regular Semigroups, Lecture Notes, Université de Montpellier.
7. , Certain varieties and quasivarieties of completely regular semigroups, Canad. J.
Math., 29 (1977), 1171-1197.

8. V. V. Rasin, Free completely simple semigroups, Matem. Zapiski (Sverdlovsk) (1979),
140-151. (Russian)

9. _____, On the varieties of Clifford semigroups, Semigroup Forum.

Received October 13, 1980 and, in revised form, February 16, 1982. This research was
supported by NSERC of Canada.

UNIVERSITY OF MANITOBA
WINNIPEG, CANADA, R3T 2N2






PACIFIC JOURNAL OF MATHEMATICS

EDITORS

DONALD BaBBITT (Managing Editor) J. DUGUNDIJI
University of California Department of Mathematics
Los Angeles, CA 90024 University of Southern California

Los Angeles, CA 90089-1113
HuGo Rosst
University of Utah R. FINN and H. SAMELSON
Salt Lake City, UT 84112 Stanford University
C. C. MOORE and ARTHUR OGUS Stanford, CA 94305
University of California
Berkeley, CA 94720

ASSOCIATE EDITORS
R. ARENS E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YOSHIDA

(1906-1982)

SUPPORTING INSTITUTIONS

UNIVERSITY OF ARIZONA UNIVERSITY OF OREGON

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII

MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO

UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are
not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form
or offset-reproduced (not dittoed), double spaced with large margins. Please do not use built up fractions in the
text of the manuscript. However, you may use them in the displayed equations. Underline Greek letters in red,
German in green, and script in blue. The first paragraph must be capable of being used separately as a synopsis
of the entire paper. In particular it should contain no bibliographic references. Please propose a heading for the
odd numbered pages of less than 35 characters. Manuscripts, in triplicate, may be sent to any one of the editors.
Please classify according to the scheme of Math. Reviews, Index to Vol. 39. Supply name and address of author
to whom proofs should be sent. All other communications should be addressed to the managing editor, or
Elaine Barth, University of California, Los Angeles, California 90024.

There are page-charges associated with articles appearing in the Pacific Journal of Mathematics. These
charges are expected to be paid by the author’s University, Government Agency or Company. If the author or
authors do not have access to such Institutional support these charges are waived. Single authors will receive 50
free reprints; joint authors will receive a total of 100 free reprints. Additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $132.00
a year (6 Vol., 12 issues). Special rate: $66.00 a year to individual members of supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address should be
sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A. Old back numbers
obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

The Pacific Journal of Mathematics ISSN 0030-8730 is published monthly by the Pacific Journal of Mathe-
matics at P.O. Box 969, Carmel Valley, CA 93924. Application to mail at Second-class postage rates is pend-
ing at Carmel Valley, California, and additional mailing offices. Postmaster: Send address changes to Pacific
Journal of Mathematics, P. O. Box 969, Carmel Valley, CA 93924.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION

Copyright © 1983 by Pacific Journal of Mathematics



Pacific Journal of Mathematics

Vol. 104, No. 2 June, 1983

Leo James Alex, Simple groups and a Diophantine equation ............... 257
Herbert James Alexander and John Wermer, On the approximation of

singularity sets by analytic varieties ..............c.oiiiiiiiiiiiiio... 263
Waleed A. Al-Salam and Mourad Ismail, Orthogonal polynomials

associated with the Rogers-Ramanujan continued fraction ............. 269
J. L. Brenner and Roger Conant Lyndon, Permutations and cubic

BraPhS L 285
Ian George Craw and Susan Ross, Separable algebras over a commutative

Banachalgebra ........ .. ... 317
Jesus M. Dominguez, Non-Archimedean Gel’fand theory ................. 337
David Downing and Barry Turett, Some properties of the characteristic of

convexity relating to fixed pointtheory ............................... 343
James Arthur Gerhard and Mario Petrich, Word problems for free

objects in certain varieties of completely regular semigroups ........... 351
Moses Glasner and Mitsuru Nakai, Surjective extension of the reduction

107 053 10 361
Takesi Isiwata, Ultrafilters and mappings ...............cooiiiiiiiie. .. 371
Lowell Duane Loveland, Double tangent ball embeddings of curves in

Douglas C. McMahon and Ta-Sun Wu, Homomorphis
and generalizations of weak mixing ................
P. H. Maserick, Applications of differentiation of & ,-fun
semilattices ..........oiiiiiiii e
Wayne Bruce Powell and Constantine Tsinakis, Free pr|
of abelian [-groups ...,
Bruce Reznick, Some inequalities for products of power
C. Ray Rosentrater, Compact operators and derivations i
weighted shifts .......... ... ... ... L.
Edward Silverman, Basic calculus of variations ........
Charles Andrew Swanson, Criteria for oscillatory sublin
EQUALIONS .\ttt ettt e
David J. Winter, The Jacobson descent theorem .. ......



http://dx.doi.org/10.2140/pjm.1983.104.257
http://dx.doi.org/10.2140/pjm.1983.104.263
http://dx.doi.org/10.2140/pjm.1983.104.263
http://dx.doi.org/10.2140/pjm.1983.104.269
http://dx.doi.org/10.2140/pjm.1983.104.269
http://dx.doi.org/10.2140/pjm.1983.104.285
http://dx.doi.org/10.2140/pjm.1983.104.285
http://dx.doi.org/10.2140/pjm.1983.104.317
http://dx.doi.org/10.2140/pjm.1983.104.317
http://dx.doi.org/10.2140/pjm.1983.104.337
http://dx.doi.org/10.2140/pjm.1983.104.343
http://dx.doi.org/10.2140/pjm.1983.104.343
http://dx.doi.org/10.2140/pjm.1983.104.361
http://dx.doi.org/10.2140/pjm.1983.104.361
http://dx.doi.org/10.2140/pjm.1983.104.371
http://dx.doi.org/10.2140/pjm.1983.104.391
http://dx.doi.org/10.2140/pjm.1983.104.391
http://dx.doi.org/10.2140/pjm.1983.104.401
http://dx.doi.org/10.2140/pjm.1983.104.401
http://dx.doi.org/10.2140/pjm.1983.104.417
http://dx.doi.org/10.2140/pjm.1983.104.417
http://dx.doi.org/10.2140/pjm.1983.104.429
http://dx.doi.org/10.2140/pjm.1983.104.429
http://dx.doi.org/10.2140/pjm.1983.104.443
http://dx.doi.org/10.2140/pjm.1983.104.465
http://dx.doi.org/10.2140/pjm.1983.104.465
http://dx.doi.org/10.2140/pjm.1983.104.471
http://dx.doi.org/10.2140/pjm.1983.104.483
http://dx.doi.org/10.2140/pjm.1983.104.483
http://dx.doi.org/10.2140/pjm.1983.104.495

	
	
	

