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For the classical one-dimensional problem in the calculus of varia-
tions, a necessary condition that the integral be lower semicontinuous is
that the integrand be convex as a function of the derivative. We shall see
that, if the problem is properly posed, then this condition is also
necessary for the k-dimensional problem. For the one-dimensional prob-
lem this condition is also sufficient. For the k-dimensional problem this
condition is shown to be sufficient subject to an additional hypothesis.
For the one-dimensional problem there is an existence theorem if the
integrand grows sufficiently rapidly with respect to the derivative, and
this result also holds for the k-dimensional problem, subject to an
additional hypothesis. Some of these additional hypotheses are automati-
cally satisfied for the one-dimensional problem.

Let G be a bounded domain in R¥, 4 = G X RY, Z be the space of
(N X k)-matrices and F € C(4 X Z). If y: G - R” is smooth, let I.(y)
= [F(x, y(x), y'(x)) dx where y’(x) is the matrix of partial derivatives
of y.

If k=N =2 and if F(a, b, p) =|det p| then I is the area integral
which is lower semicontinuous though F is not convex in p for fixed
(a, b). Thus the one-dimensional results do not, apparently, generalize.

There are r = (/%) — 1 Jacobians of orders 1,...,min{k, N}. Let
Y =R There exists 7: Z - Y such that 7o y'(x) =J(y, x), where
J(y, x) =[J(y)l(x), and J(y) is the collection of all Jacobians of y,
whenever y is a smooth map. If f: A X Y — R and if f(0, 7( p)) = F(0, p)
for all (0, p), then, evidently, I(y) = I.(y) where I(y) =
S (y(x), J(p, x)) dx and y,(x) = (x, y(x)).

fu: VX W->Xandifv € Vietu, (w) = u(v,w) foreachw € W.

We define a class AC of transformations y for which each component
of y and each component of J( y), defined in a distribution sense, is in
L = L(G). We consider I( y) to be the basic integral, not I( y).

Let T = range 7. If k = 1 then T = Y and T can be identified with Z
so that f = F. In general, however, setting f; o 7 = F; defines fyon T C Y
where T # Y. Let us say that f is T-convex if f, can be extended to a
function which is convex over all of Y for each § € A. Please notice that
we do not require that f, be convex. What we do require is that there exist
a convex function over all of Y which extends f;. Then a necessary
condition that I be lower semicontinuous is that f be T-convex. If the
extended function is also continuous over 4 X Y, then the condition is
also sufficient.

In some applications f, rather than F, may be given initially [1].
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If kK > 1 then the parametric problem is not covered by the existence
theorem. Even worse, the dichotomy into parametric and non-parametric
problems no longer seems feasible. If k = N = 2 and if F(4, p) =|det p |
then 7 is not parametric. Since it is invariant under smooth area-preserv-
ing changes of variables, it has something of the distinguishing feature of
parametric integrals. Here » = 5 and f;(¢) depends upon a single compo-
nent of ¢. Thus f, does not grow with ||zl

The starting point of this paper is [S]. Morrey’s sufficiency condition
for quasiconvexity gave the idea of using f rather than F. That idea,
together with the notion of the Cesari-Weierstrass integral [2] and the
ideas used in [7] and [8] led to the sufficient condition. The compactness
results are familiar [6]. The consistent use of quasilinear functions to
approximate continuous functions, rather than Lipschitzian or smoother
functions, is standard in area theory, especially in Cesari’s papers.

2. If y is smooth then each component of J( y) is the determinant of
a submatrix of order k£ of y,, except possibly for sign. One of these
submatrices is the identity. Its determinant does not correspond to any
component of J( y). Thus J(y) has » components. Let Y = R".

If M=m let A(M, m) be the collection of all strictly increasing
m-termed sequences taken from {1,...,M}. Let s = min{k, N}. If j <y,
if i € A(N, j) and a € A(k, j), let p. = det[( p, Y"li<m.n<, and define
m Z->Yby(p)={p.|(i,a) € U (AN, 7)< A(k, J))}. We may
write [ ] for 7( p). Similarly, if ¢ is a (k X k)-matrix then the determi-
nants of the (k X k)-submatrices of [¢] are in 1-1 correspondence with
those of [ ]. (We delete the deterrmnant of the top matrix, of course.)

Ewdently there exists a unique linear map ¢: Y — Z such that
Y or(p)=pforeachp € Z.

If (i, 2) € Uj.zl(A(M, J) X A(k, j)) then there exists A, | <A <r,
such that

A(yh,...pY) Ayt (oA
d(xe,...,x%)  dx* =r(y)”

We can suppose that, if N =k and j = s =k, then r, = (V%) — () =
A<r.

The components of J( y) are, except possibly for sign, the components
of 7(y’). Thus there is no loss in generality in ordering the rows of the
submatrices in such a way that we can identify J( y) with 7(y’).

3. To obtain the necessary condition for lower semicontinuity we
require some information about .
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LEMMA 3.1. Let p, €ER, n=1,...,m, with 3p, = 1. If p,, p and
q € Z with Zp,1(p,) = 1(p) then Zp,(p,+q)' N+ N(p, +q) =
(P+ @' N N(p+gq) forj=1,... .k

Proof. We expand and get (p + g)! AN---A(p + q)/ =
pl A /\pj + E{;llz,ea,ipal Ao Ap%gn A - ANgh + ql A - /\qj
where 3’ is the sum over a € A(j,i) and y € (1,...,j) ~ {a}. Also,
&,; = *1. Then

Stupata) A A(p,+q)
m Jj—1
=P A AP D, D D P N AP A G e NG
n=1 i=1
+ql/\.../\qu(p+q)l/\'°'/\(p+q)j.
COROLLARY 3.2. 7(p + q) = 2p,7(p, + q).

LEMMA 3.3. Let y: R* > RY be quasilinear with compact support K and
simplexes of linearity §,,...,8,,. Let p,=y'(x) for x € Inté, and let
p, =|98,|/|K|. Then p,>0, Zu, = 1 and Zp,7(p,) = 0.

Except for notation, this is Lemma 4.4 [6].
It is not hard to verify that Y is the convex hull of 7.

Let us say that I is Isc if I(y) < liminf I( y,) whenever y, converges
uniformly to y, y, and y satisfy a uniform Lipschitz condition (which may
depend upon the sequence) and y, — y is quasilinear with support con-
tained in a cube contained in G. (See Def. 4.4.2, [6].)

If N=k and if f(0, q) = £(0,(0,...,0,.9",...,q")) for each § € 4
then we say that f depends only upon Jacobians of maximum rank.

LEMMA 3.4. Let f depend only upon Jacobians of maximum rank and
suppose that f, € C’ for each 8 € A. If I is Isc then then f is T-convex.

Proof. If fy(7(p)) = ZAg fy(7( pg)) whenever @ € 4, p, pg € Z, A\ >0,
2ZAg = 1 and ZA7( pg) = 7(p), then ¢ inf{ZAp7( pg) | ZAp7( pg) = t} is
an extension of the required type. If

fo(7(q)) = fo(v(p)) + f5(7(p))7(q — p)

for all§ € 4, p and g € Z, then by Corollary 3.2, ZA,7( pg — p) = 7(0) so
??ﬂ(fo()")'( Pe)) = ZAgfo(1(p)) + fi((PNEAgT(pg — p) = ZAgfy(7(p)) =
o\ 7(P))-
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Let Q=R'N{x|-3=x',...,x¥<1} and let 1>0. Let p € Z.
Then Q is partitioned into 3* cells by the hyperplanes x* = *h/2,
a = 1,...,k. Each of these cells, except hQ, is then subdivided into k!
simplexes whose vertices are contained in the set of vertices of the
containing cell. Let S be the set of all these simplexes. Now we define a
continuous (quasilinear) function ¢ on Q into R" by putting {(x) = px if
X €EhQ, {(x)=0 if x€9dQ and {|o is linear (affine) if o € S. If
x € Int o let {’(x) = p,. Thus, by Lemma 3.3, 7(p)h* + 2, cs7(p,) |0 |=
0. Also, for each ¢ € S there exists j € {1,...,k} such thatj columns of p,
are O(h) and | 6 |=0O(h*™/). By Theorem 4.4.2 [6],

f(r(0) = fQ f(r((x)) dx = f(r(p)R* + 3 fo(7(p,)) | o]

gEs

= fo(r(p)H* + 2 [f(7(0)) + £5(7(0)7(p,) + o(7(p,))] | 0]

= fo(r(p)h* + fo(r(0)(1 — h*) — f(1(0))7( p)h*
+ X 0(r(p,)) | 0|

so that fy(1(0))h* + f(1(0) 7(p)h* < fy(1(p)R* + Z,c50(7(p,)) | o] . If
f depends only upon Jacobians of rank k, then the last term on the right is
o(O(h*)) = o(h*) so that fy(7(p)) = fy(7(0)) + f(7(0))7(p).

COROLLARY 3.5. The lemma remains valid if the differentiability condi-
tion is dropped.

Proof. Let F; = fy o v and suppose that F, € C'. Then f; = Fjo ¥,
fo =(Fgo¥)¥ and fy € C'. If F; & C’ we mollify. Let B be the unit
sphere in Z, let p € C*(Z) be nonnegative with support contained in B
and fu(£¢) d& = 1.1f p > 0 let p (&) = 1/p™u(¢/p).

If y, >y then y, — § > y — § where, because of the definition of Isc,
we can suppose that y, — £ and y — § differ only on a compact subset of
G. A routine argument shows that y o [ F(y.(x), ¥y (x) — &) dx is Isc.
Thus

v [ F(ya(x), y'(x)) dx

R

is Isc where (6, p) = [,,F(6, p — £)1, | £) d&. Let £(6, q) = E,(6, ¥q).
Then ( f,), € C’ since (F,), € C’. Thus, by the lemma, f, is T-convex and
the corollary follows by letting p — 0.

THEOREM 3.6. Let I be Isc. Then f is T-convex.
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Proof. 1 6 € A let g(6,[5]) = g,(I2]) = fo(I}]. (See §2.) Now let

ofg]) <ol 2])

¢
p
Let Z,, Y, and ¥, correspond to Z, Y and ¥ with R¥** replacing R". Let
hy be defined over all of Y, by hy(q) = hy(r) if ¥,q = ¥,r. By this
construction # € C(A4 X Y,)), h is nonnegative and 4 depends only upon
Jacobians of maximum rank.
If (¢ y): G » R* X R” then let

I
Ih(§> y) :fh ya(x), §(x) dx
¢ y'(x)

= ro.| £} = 100

y'(x)
and I, is Isc. Thus 4 is T-convex. In a natural way ¥ = dom f; C dom h,.

Furthermore, h, extends f, | T. Thus gy = h,| Y is an extension of f, | T
which is convex over all of Y.

4. In this section we define a class of transformations, which we call
AC, on which I is defined. This class is probably not a vector space.

Let ) = CX(G), L = L(G) and L, = L (G) for p > 1. If B is one of
these spaces let ;B = B, FFB=0ifj > k and,if 1 <j <k, let

FB= {wlw = ¥ w,dx" whereeachw, € B}.
AEAK, )
As usual, dx* = dxM A -+« Adxh.
If @ € F,L and if there exists { € F, | L such that

Jonds=@1)""fsne

for each ¢ € Fk_j_,59, then we say that w € ijH and write dw for {. If dw
exists, then dw is unique.

By putting an appropriate norm on % H we can identify this space
with H = H}(G). Also, H, = H{ (G) is the closure, in H, of ) = .

If w, = Sw,, dx* and w = Jw, dx* are in F,L then w,—~w in F,L if
w,) — w, in L for each A, where — denotes weak convergence on compact
subsets of G.

LemMA 4.1. If w,~ w in F,L, if w, € . H and if do, —~§ in F, | L then
we@;Handdw=§'.
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Proof. Let ¢ € F,_,_%. Then

fw/\dq>=1imfwn/\d¢= (—1)j+1]imfdwn/\¢= D fe A,
LeMMA 4.2. If € G H then x°w € 3, H and
d(x*w) =dx* N o + x*dw.

Proof. Let ¢ € F,
and

%) and ¢ = x% so that dy = dx* N\ ¢ + x°d¢

fx"‘w/\dqb:fw/\[dzp—dx“/\qb]
= fondy+ ()" fax Aeong

= (—1)j+lf(x"‘dw +dx* A w) A g

LemMMA 4.3. If € G H then d*w = 0.

Proof. Let { = dw and ¢ € F,_;_,. Then [{ A d¢ = (-1)/fw A d*p
= 0 = (-1)//0 so that d’w = d{ = 0. .

If z € H then dz = 2, ¢ px,1)2, 4% Where {z,} is the set of distribu-
tion derivatives of z. Let M be a positive integer and s = min{k, M}.
Suppose that dz’ has been defined for i € A(M, j), j<s— 1. If hE
AM, j+1),m=nh andi=h~{m} € A(M, j) then we define dz", if
z™dz' € G, H, by dz" = d(z"dz").

If dz" is defined for i € A(M, j) and a € A(k, j) then we define z/,
by

dzi= ¥ zldx®
aEA(K, j)
so that, if z is smooth, z}, = (3(z",...,2%) /d(x™,...,x¥)).

Let y € LV and suppose that dy’ is defined for each i € A(M, s),
where s = min{N, k}, and thus for each i € U;ZIA(M, 7). Then we can
suppose that J(y) = {y,| (i, @) € U’_,(A(N, j) X A(k, j))} is an ele-
ment of L".

If J(y) is defined and if J(y) = 7(y’) almost everywhere then we say
that y € AC. By the definition of § H, the components of J(y) are
functions.

The following lemmas are immediate.



BASIC CALCULUS OF VARIATIONS 477

LEMMA 4.4. y, € AC if and only if y € AC and J(y) = {yis|i €
A(k+ N, j)and B = (1,...,k)}.

LemMa 45. Let j<s=min{N,k} and y € AC. If (i,a) €
A(N, j) X A(k, j) for 1 =<j < s then there exists h € A(k + N, k) such
that, except possibly for sign, yiz = y,.

Let y, € AC and y € LY with ym —>y” in L for each m €
A(k + N, 1). Suppose that if j<k and i € A(k + N, j) there exists
§' € F,L such that dy,, ~{'in F,L. If, in addition, y,% dy,, —~y+{'in F,L
whenever i € A(k + N, j), j<k, m € A(k + N, 1), and m & i then we
say that y, = y.

THEOREM 4.6. If y, =y theny € AC and J(y,)—~J(y) in L.

Proof. By Lemma 4.1, J(y) is defined. By Theorem 3.4.4 [6],
yo dyl, — y2dyl, in L(K) for each compact set K C G. Hence we can
suppose that y, dy., — yydy, almost everywhere in G. We can also
suppose that i # (1,2,...,k). Hence there exists m € {1,...,k}, m & i,
such that x"dy., - x'"dyfk so that dy,, — dy almost everywhere.

LemMA 4.7. If p and q are Lebesgue conjugate, if f, - fin L, and g, — g
in L, then f,g, - fg in L.

Proof. Let E be a measurable subset of a compact subset of G. Then
fE(f,,g,,—fg)dx:An+Bn

where 4, = [;f(8, — g&) dx and B, = [(f, — f)g, dx. By the weak con-
vergence, A, — 0 and { ;| g,(x) |?dx}'/ is bounded independently of n.
Thus B, — 0 by the Holder inequality.

If y € AC and if y*ﬁ EL, for each i € A(k X N, k), where B =

(1,...,k), then we set | J(P)Il , = Z;cpuxmipll Vgl -
Ifyo € AC let M(y,) = cn |y = 5, € (H)M).

THEOREM 4.8. Suppose that there exists M >0 such that for each
y € O(y,) either

@) Iyl = Mand | J(y)Il , < M for somep > 1, or

(ii) IIJ(y)II =M where q=2k/(k + 1). Then OM(y,) is=
sequentially compact

Proof. If (i) holds then || y ||} is uniformly bounded so that there exists
a sequence {y,} in M(y,) and { € (H,)" such that y, — y,—§ in (H,)".
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Thus y, —y,—= { in L. Let y =y, + {. By passing to a subsequence we
can suppose that y,(x) — y(x) a.e. By the bounded convergence theorem,
Yox = Vs in (L)Y where s = p/(p — 1) is Lebesgue conjugate to p. If (ii)
holds then there exists a sequence {y,} in 9N(y,) and ¢ € (H, )N such
that y, — y,—~¢{ in (H,,)". Thus, by Th. 3.5.3, [6], y, — y in L where
1/t=1/q—1/k= (k — 1)/2k so that ¢ is conjugate to g. The theorem
follows by induction, Lemma 4.1 and Lemma 4.7.

5. We make use of a type of convexity studied by Tonelli to show
that T-convexity is sufficient for lower semicontinuity.

According to Tonelli, a T-convex function f is semi-regular positive
semi-normal if for each § € 4, p, g € Y with g 5 0, there exists A € R
such that 2£(8, p) <f(0, p + Aq) + f(6, p — Aq).

For the following lemma see Turner [10].

LEMMA 5.1. A necessary and sufficient condition that f be semi-regular
positive semi-normal is that for each ¢ > 0 and each (0, p) € A X Y, there
exists §>0, v>0, { €EY* and p €R such that for all ¢ € A with
lo — @l <38,

@ f(e,9)=8q+ p+rvlig—pll foreachq € Y and

(d) f(d,q)=8q+p+eifilg—pll <8.

Let f be semi-regular positive. If { € Y* let
pi(0) =inf{f(0,9) —{q|q € Y}

for each @ € A. Thus f(0, p) = sup{{p + p,(0) | { € Y*}.
Let o,(¢) = liminf, 4 p,(6) where § and ¢ belong to 4, of course.
Then p, is upper semicontinuous, o, is lower semicontinuous and o; < p,.

THEOREM 5.2. If f is semi-regular positive semi-normal, then (6, p) =
sup{{p + 0,(0) | € Y*}.

Proof. Let ¢ > 0. By Lemma 5.1 there exist § >0, » >0, { € Y* and
p € Rsuch thatif ¢ € 4 and ||¢ — 8| <8, then

(@) f(¢,q) =8q+ p+ llg— pll foreach g € Y, and

(b) f(¢,9) =g+ p+eifllg—pll <é.
Hence p,(¢) = p for each ¢ € 4 with ||¢ — 8|l <& so that ,(8) = p and
f(6, p) ={p + 0,(0) + &

We say that f is V-convex if f(8, p) = sup{{p + o0,(0)|{ € Y*} for
each 8 € A. Thus fis V-convex if f is semi-regular positive semi-normal.

6. In this section we show that if f € C(A4 X Y) is nonnegative and
T-convex, then I is lower semicontinuous.
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Let {e*} be a dual basis for Y* = e’e
there exist {, € R such that { = e

Let & be the collection of all finite families ¢ of compact subsets
contained in G such that if K €0 and L €0, |K N L|= 0 whenever
K+#L.

Ify € AC, { € Y* and K is a compact subset of G, let A(S, y, K) =

§Cxd(y, x) dx) = [x§(J(p, x)) dx and
B(¢, y,K) = (inf{o;(y*(x))} |x € K) |K| .
Now we define § on AC by

$(y)=sup X sup [4(¢, y, K) + B(¢, y, K)].
0ES Keco $EY*

=8 fore, € Y. If { € Y*

m

LeMMA 6.1. Let y, and y, belong to AC with y,—y, € (H,)". If
Y, = y,=~SinH" and ifwesety =y, + { theny —y, € (H,)" and y, > y
in (L(K))" for each compact subset K of G.

This lemma follows from Theorems 3.2.1 and 3.4.4 [6].

LeEMMA 6.2. Let X be a measurable subset of G and { f,} be a sequence
of measurable functions with f(x) = f(x) a.e. in X. Let ¢ > 0. Then there
exists a compact set K C X with | X ~ K|<eg, f,| K continuous for each n
and f, | K - f| K uniformly.

This lemma follows from Egoroff’s Theorem and Lusin’s Theorem.

THEOREM 6.3. Let f be V-convex and suppose that y, and y are in
MAY,)- If (Vs J(¥a)) = (p, J(p)) in LY X L then §(y) < liminf §(y,).

Proof. Let K be a compact subset of G. By Lemma 6.1 we can
suppose that y, >y in L(K)" so that (passing to a subsequence if
necessary) y,(x) — y(x) for almost all x € K. Let M >0, ¢/(0) =
min{o,(6), M} and let f(8, p) = sup{{p + 6(0) | ¢ € Y*}. It is suffi-
cient to show that the theorem holds with f replaced by /. Hence we can
suppose that o,(6) = M for all (6,{) € 4 X Y*. Let € > 0. There exists
n € (0, /M) such that [ {(J(y.(x))) dx <e if E is a measurable subset
of K with | E|< 7. By Lemma 6.2 there exists a compact set C C K such
that | K ~ C|<m, y,| C is continuous and y, — y uniformly on C. Hence

B(5, 7,€) = ( int o(yu(x))) | €|

= ( inf oy(yu(x))) | C|= By, K) — .
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Also there exist x, € C such that o,(y,«(x,)) = inf, c-0.(y,4(x)). We
can suppose that x, - x € C. Now y,(x,) = y(x) so that o(y«(x)) =
lim inf 0,( y,4(x,)). Thus B({, y, C) = lim inf B(§, y,, C) while
A(S, ¥, C) = lim A(§, y,, C). The theorem follows.

THEOREM 6.4. Let f be V-convex. If y € AC then 3(y) = I( ).

Proof. Let K be a compact subset of G and { € Y*. Then
J1(s(x), Iy, %)) dx

= [ [$(0,2) + o a(x)) | dx 2 A, 3, K) + B, v, K)

so that I( y) = 9( y) and we can suppose that 9(y) < co. If L is an interval
containedin GletS, =& N {o| U, K C L} and let
o(L)=sup ¥ sup [A({,y,K)+ B({, y, K)].
6ES, KEo §ET*

Then @ is nonnegative, superadditive and of bounded variation. Let D®
be the Lebesgue derivative of ® with respect to cubes. Then D®(x) =
$(J(y, x)) + o.(y+(x)) so that D®(x) = f(y.(x), J(y, x)) almost every-
where in G. Evidently 9(y) = sup, s 2, P(E) where ' =5 N {00 is
a family of finitely many non-overlapping intervals}. Thus 9(y) =
SUP s 2y o [ f(Ya(X), J(p, x)) dx = I(y).

COROLLARY 6.5. The theorem holds if f € C(A X Y) and f, is convex
for each 8 € A. Thus 1 is Isc if f is continuous and T-convex.

Proof. Let ¢ >0 and g(4, q) = (0, q) + ¢llqll for each (8, q) €
AXY. Let I(y) = [:8(y«(x), J(y, x))dx. If J(y,)—=J(y) in L" then
there exists m >0 such that [|J(y,)ll <m for each n. Hence I(y) <
1(y) =liminf I (y,) = liminf{I(y,) + ell J(y )] < liminf I(y,) + me
since g is semi-regular positive semi-normal and hence V-convex.

The construction in Theorem 3.5 can be used to show that not only is
T-convexity a necessary condition that I be lower semi-continuous with
respect to the convergence of that theorem, but also with respect to the
convergence of Corollary 6.5.

The gap between the necessary and sufficient conditions for lower
semi-continuity can now be described by the fact that f can be 7T-convex
without being continuous (but see the paragraph preceding Corollary 7.3).

Since = is stronger than — , the following corollary is immediate.

COROLLARY 6.6. If y, =y in ON(y,) then I( y) <liminf I(y,).
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7. We conclude with an existence theorem and some minor generali-
zations.

THEOREM 7.1. Let f € C(A X Y) be nonnegative and f, be convex for
each 0 € A. If O(y,) is = compact and if inf{I(y)|y € M(y,)} < o
then I attains its minimum on OM(y,).

This result follows from Corollary 6.6.

COROLLARY 7.2. Suppose that there exists m > 0 such that for each
(8, s) € A X Y either

(1) There exists M >0 and p > 1 such that || y|l , <M and f(8, s) =
mlilsll?, or

(i) f(0, s) = mlls|| where g = 2k /(k + 1). If inf{I(y) |y € M(y,)}
< oo then I attains its minimum on ON(y,).

The corollary follows from Theorem 4.8.
Let Y, be a compact convex subset of Y. If y, € ACand if J(),, x) €
Y, for almost all x € G, then let

M (y,) =M(y,) N {y|J(y, x) € Y, for almost all x € G}.

Let f€ C(4 X Y,). If I is lower semicontinuous on 9N (y,) then, as
before, f must be T-convex, i.e., there exists g,: ¥; — R where g, is convex
and extends f, for each § € 4. Since Y, is compact, it follows that g is
continuous so, for this case, a necessary and sufficient condition that I be
lower semicontinuous is that f be T-convex. Thus the next corollary
follows from the preceding one.

COROLLARY 7.3. Let Y, be a compact convex subset of Y and f €&
C(A X Y,) be T-convex. If, in addition, f satisfies (i) or (ii) and
inf{I(y) |y € M(y,)} < oo then I attains its minimum on M (y,).

Let Y, be a compact subset of Y and f € C(A4 X Y,). Let Y, be the
convex hull of Y, and let g be defined on 4 X Y, by

2 }\if(aa Pi) |Pi €Y,

i=1

g(0,q9) = inf{

A, >0, 3\, =1,and DA, p, = q}.
If g € C(4 X Y,) is T-convex and if
inf{I(y) |y € My(y,)} < oo,
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where I(y) = [;8(y«(x), J(y, X)) dx, then, by Corollary 7.3, there exists
z € 9(y,) such that g(z) = min{I(y)|y € OMN,(»,)}- Then z is called a
relaxed minimizer for f on Y,.
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