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Non-linear massive representations of the Poincaré group are proved
to be equivalent, on certain sectors, to massive linear representations
with an energy of definite sign. As a consequence (for small initial data
in these sectors), the existence of global solutions for massive wave
equations is proved.

1. Introduction. The aim of this article is to study a family of
non-linear representations of the Poincaré group P = SL(2,C)-T,, the
universal covering of the inhomogeneous Lorentz group. By non-linear
representation of a real Lie group one means a non-linear local action, in
a vector space, which has a fixed point (say the origin).

Non-linear representations of the Poincaré group appear in a natural
way in the study of relativistic wave equations, where the one parameter
group of evolution is imbedded in a non-linear representation of the
Poincaré group.

A formal study of this aspect of relativistic wave equations can be
found in references [2-5]. The main results, there, are that the evolution of
a massless wave equation is intertwined by a formal power series with the
evolution of the corresponding free wave equation, and that this is also
true for the evolution of a massive equation in some sectors of the space
of initial conditions.

One now proves that, for massive fields, this intertwining series is
convergent in some domains which will be explicated later. The proof
steps will seem natural to those who are familiar with linearization,
without small denominators, of vector fields [9]:

1. Check that there is no cohomological obstruction (no resonance
condition on the eigenvalues of the linear part, in the language of vector
fields) in order to prove the existence of the intertwining formal power
series.

In the present situation this is obtained by extending the calculus to
the enveloping algebra of P where the existence of a resolvent for the mass
operator in a tensor product of representations permits to trivialize the
cohomology. The study of the resolvent of the mass operator is done in
part 3 and the construction of the formal intertwining in part 4.
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2. Prove the convergence of the intertwining series. For vector fields
this is easily obtained if there are no small denominators. In the present
situation, the analogous condition is a bound for the norm of resolvent of
the mass operator in a tensor product of representations. Convergence of
the intertwining series is proved in part 5.

The intertwining power series between the time evolution of the
non-linear wave equation and the evolution of the corresponding free field
can be viewed as an abstract wave operator the existence of which, in
some sectors, implies the existence of global solutions.

The wave equation O + m?p = J(¢), J analytic around the origin
and J(0) = J’(0) = 0, is given in part 6 as an example of a wave equation
with (non-zero) global solutions for small initial data in some sectors.
Though the formulation is given in a four-dimensional space-time, the
results are not sensitive to space-time dimension.

The author wishes to thank Professor M. Flato for interesting discus-
sions and valuable information, and Dr. D. Sternheimer for careful
reading of the manuscript.

2. Notations. Suppose given a Lorentz basis ( X, X, X2, X;), with
X, time-like, in the dual space T of T,. If p € T}, p = 3 _, p*X, one
uses the notation p = ( p°, p) withp = 2 -1 P’X,.

If m = 0 and ¢ = *1 one defines the surface

3
M(m, e) = {p =3 X, |(p) = (p°) — |F| = m? ep® > 0}-
n=0

One denotes by dv(p) = dp/|p°®| the invariant measure on M(m, ¢).
Given a unitary representation (¥, 2) of the stabilizer H of a point
P € M(m, ¢) in a Hilbert space Z, one denotes by U™ * the representation
of P induced by V on the space E(M(m, €)) = Lj,(M(m, ¢), Z). In what
follows ¢ = 1 or 2. On T, the representation writes

(U f)(p) = =P f(p) and (dU™f)(p) =i{x,p) f(p),

where f € E(M(m, ¢)), p € M(m, ¢), g € T, x € t, (the Lie algebra of
T,). U™* is norm preserving on E( M(m, ¢)). One denotes by E_(M(m, €))
(resp. E.(M(m, ¢))) the space of C* vectors of U™* (resp. U™*| ).
Given a compact set K C M(m, ¢), one denotes by E(K) the space of
functions in L7, (M(m, ¢), Z) with support included in K; obviously
E(K) C E(M(m, ¢€)). Denote by E (M(m, £)) = UKE(K) the union being

taken over all K, compact, in M(m, ¢).

Suppose that m > 0 and p € M(m, ¢); one denotes by A(p) the set
of the Lorentz bases for which p'= 0; if K is compact in M(m, ¢), define
A(K) U,cx A(p) which can be identified with a compact subset of
SO(1,3).
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Suppose that m; >0 and m, = 0; K, (resp. K,) being a compact
subset of M(m,, ¢) (resp. M,(m,, ¢)), define

= inf 0
c(K,, K,) pEKZ}geA(KI)(ep)

and

K,) = inf o—1p.
d(K,, K,) peKz}geA(Kl)(sp 171)

Given two topological vector spaces Y, Z, one denotes by &,(Y, Z) the
space of continuous n-linear symmetric mappings from Y” to Z and by
&(Y, Z) the space of formal power series from Y to Z of the form
f=2Z, 1 f"f"€Q,(Y, Z). When Y and Z are Banach spaces and A > 0,
9.(Y, Z) is the Banach space of formal power series f € F(Y, Z) such
that || fIl = 2, A"l "Il < + 0.

Given two topological vector spaces Y, Z, A € §(Y, Z), and B €
&(Y,Y), one defines 4 * B € §(Y, Z) by

AxB= 2( > AP( > Iq®B"_P+'®Ip_q-1)on)

n=1 \l=sp=n 0=¢g=p—1

where I, is the identity mapping on X A®,, .-+ ®, X (q times) and g, is the
symmetrization operatoron X ®, - - - ®, X (n times):

1
o,(p, ® - ®¢,) = P E ‘Po(l) " ®¢a(n)’
0cES,

&, being the group of permutations of » elements. Whenever Y = Z one
defines [4, B], = A * B — B = A. Given two Banach spaces X and Y, the
norm on X ®,Y is defined by |zl =infZ, ;|a;;|, the infimum being
taken over all the ways of writing z = 2, ;a,,;x,y, "with hx Al =1yl =1

In general we denote by X ®, Y the completed projective tensor product
of two locally convex topologmal vector spaces X and Y.

3. Resolvent of the mass operator. Denote by (U, X) the linear
representation of the Poincaré group defined on the Banach Space x =
E(M(m,, ¢) &, - ®, E(M(m,, ¢)) by U= U™ &, ---® U™=
Choose a Lorentz ba81s L = (X,, X, X,, X;) of t,. The mass operator
Q(my,...,m,, €) is defined on the space D, = E_(M(m,, ¢)) &,

®,E (M(m,,, g)) by

3
Q(my,.....m,, €) = = (dUy,)" + 3 (dUy)’
j=1
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D, is a space of C* functions from [I7_, M(m, €) to Z, ®, - 2,
Therefore if f € D,,, we have

(Q(ml""smn’ E)f)(Pl,---,Pn) = (Pl +oee +Pn)2f(P1,---,P,,)
where p; € M(m, ¢). The operator Q(m,,...,m,, €) is obviously indepen-

dent of the choice of the Lorentz basis.

PrOPOSITION 3.1. Suppose that 1 <k =<n, m, #0,...,m, #0,
my,, = ---=0. Given K,, compact, in M(m,, €) (r =1,...,n), define
E (K,) = E(K,) N E (M(m,, €). The restriction Q'(m,,...,m,,€) of
Q(my,...,m,, ¢) to D, = E_(K,) ®, - ®,,Ew(Kn) is closable and has a
resolvent R, = (Q'(m,,...,m,, €) — A)"" in the Banach space

E(K))®, - &, E(K,)
for}\<2( > d(K,,K,))( > c(Kl,Kj)) +(m, + - +m,)%

1<i<k k+1<j=n

Moreover

S ak, k)| T e(x.K))

1<i=k k+1=j=<n

3.1) IR =< (z(

—1
+ (m, +--—+m,,)2—>\)

Proof. Suppose, say, that ¢ = +1. Write for short Q' =

Q'(my,...,m,, ¢).
(a) Suppose that E(M(m,,e)) = L, (M(m,, ¢),Z,). Take p, € K,
(r=1,...,n). Then (p, +--- +p,) ) —A=23,_,p,-p; + Z}_ m} — \.
Since p;- p; = m;m; we have

(p.+---+p,,)2—>\22( 2 p,»)( 2 p,-)

I=<i<k k+1<j<n
+(m, + - +m,) — \.
If m; = 0, expressing the vectors in a Lorentz basis in A(K,), we have
pi-p,=(p? — |5 )p) Z d(K,, K,)e(K . K,).

Therefore

(Pl+"‘+Pn)2_7\22( 2 d(Kl’Ki))( 2 C(KUKj))

1<i<k k+1=j=<n

+ (my 4+ tm,) = A
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Denote by Z = E(K,) ®, - ® «E(K,). It is known [6, §2] that Z is
isomorphic to LYK, X ---XK,, =, ®,---®,3 ) (the measure on
K, X --- XK, being the tensor product measure).

If one defines R, on Z by

(Raf ) Pireespa) = ((pr+ -+, = A f(prse-spa),

inequality (3.1) is satisfied.

Take ¢ € D,; we have R\(Q" — A)p = ¢. Take a sequence ¢, € D,
converging to 0 and such that (Q’ — A)g, converges to a limit ¢ in Z.
Then, ¢, = R,(Q’ — A)g, converges to R,y. Therefore R,y = 0 and ¢ = 0.
This means that Q” — A is closable and so is Q".

Take now any ¥y € Z and ¢ = R,y and choose a sequence y, € Dy,
which converges to Y. The sequence R,y, converges to ¢; the relation
¥; = (Q" — M)R,y; implies that ¢ is in the domain of Q' and that
(Q" — MR, =1d,.

(b) Suppose that E(M(m;,, €)) = L2 (M(m,, €), Z,). The mapping R,
defined above is continuous from Y = Y?to Z = Y, with

Yi= LZ'»(KD E1) ®'Ir e ®"LZV(KVI’ 2n)'

In order to prove that R, is continuous from Y to itself one has to write
the function u( p,,...,p,) = ((p, + -+ +p,)* — A) ! as a series of prod-
ucts of functions of one variable and then evaluate the norm in Y. Write
o =3_,m} —X; then p(p,,...,p,) =(0+23,_;p,p)~". Choose a
Lorentz basis L € A(K,), then

(3.2) w(pys-.-sp,)

m _
==Ly, (pyoee k)1 = EL( P12 )PL(Prse - opa))
1

where

—1
(3.3) vL(pz,---,pn)=(0+2ml2p,°+2 2 p,--p,)

j>1 1<i<j

and
m,

(3.4) E(pyp)=|1——jlo+2 X p,--p,-)
Py I<i<j

ﬁ o
+2ml—(1)- 2P,
1 j>1
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Noticing that | £,( py,. . .,P,) | < (#( Pas- - -»P,)) "', We can write

(3.5) B(Prs-eaPn) = 2 Brs(Prseespn)
k=1

with
m _
(3.6) prr(prse--op) = p—;(iL(pl,- o) T (u(Pase o))"
1

Define

(3.7) p=2 2 dk.K)) I ek K)

1<i<k k+1<j=n

+(m, + - +m,)’ — A

I

If m;#0 we define m;=m; and if m, =0 we define m,

lnprK LGA(K)(p )- Define then

o =2 3 ak k)| 3 e(knK))+ 3 m) -

I=i<k k+l=sj<n i=1
and
p=2 3 dk,K))( B Ky K)|+ (mi+ o) -
1=sisk k+1=j=<n
Now,
m’ ...m:’ —1
(3.8) vi(PasesPy) = ,20 0(1_TL(p2""’pn))
PPy Py
where

(3.9) 7,(pase--sPa)

1 ’ ’ ’
:“70—3{"'(1]”?_ H’"") tor=o) Il m
P3Py

i>1 i>1 i>1

+2m, 3 m}p}’( IMe- 1 m:~)

j>1 i#=l,j i#*1,j
+2 2 ?nn? 320 ,,0 H 0 __ H m’
mim p pj pl !
1<i<j 1#1,i,j 1#1,i,)

+2m)y--om;, 3 13:--17,}-

I<i<y
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Moreover 7,( p,,-..,p,) < 1. We can therefore write (3.8) as a series

’

m II.m’n k
(3.10) v (Prseespy) = 5 2 (m(pss-.52,))"
PPy Py k=0

Introduce the variables

m’ f ml---m
=1-Z = 4 :“_—2... L D7,
x; =1 o» =1+ —, and z=—5—=% > PP
pj i PP, Pn 1<i<j

Note that 1 —m;] ---m;] /p) ---p is a polynomial with positive coeffi-
cients in the variables x; ,...,x,, y;,...,y; . Therefore, it results from (3.9)
that 1 k 1 k

T (PasersDy) = R(Xgsee s Xy Vareees Vs 2)

{2 being a polynomial with positive coefficients in the variables x,,...,x,,
YaserosVns 2o

Before proceeding further one needs the following lemma.

LEMMA 3.2. Suppose given m; =0,...,m, =0, positive integers
(k,;)1<i<j=r» K; compact in M(m,, ¢), and f, € L} (K, =) (i = 1,...,r).
Define

h(p,,....p,) = I (17,-'17;),("

and

W(py,...p)= I (515"

I=si<j=r

Then, in the Banach space LXK, =,) ®, - - ®, L*(K,, 2,), we have
Wh-fi®---BfII <Ih-f,®---Qf |l

Proof. Suppose that r = 2; write k = k,.

h-fi®LHIl = é (/ 'P‘;'"'P‘kafl(Pl)Pd”(Pl))l/z

X (fK |5t - p3h(py) P dV(pz))Vz-
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Therefore
3 1/2
hh-fi®hHII < 2 |P‘1x'"'Pllx"fl(Pl)lzd”(Pl))
1 ay,..., o =1
3 1/2
X > |ps - psh( ) P dv(py)
K, Q. .y o, =1
We get by induction
Wh-f,® - ®fl

3 1,2
= H ('/K 2 B | pi" "'P;xk‘jfi(Pi)lz dV(Pi))

I=si<j=r \ N ay,..., “k,j—‘l
3 1,2
X 2 ppeppaf(p) P dv(p)
J Q.. a =1

So,

5 1,2
lh-fi®---efll= ]I (/ |2 [*£,(p))] dv(p,-))

I=i<j<r :

X

X 1/2
f ||17}|"'ff,(p,)l d”(l’j)) :
K;

Note that the right-hand side of the last inequality is equal to
Nh'f, ®--- ®fI. O

Coming back to the proof of Proposition 2.1, one introduces the
following quantities

—1
ipareoopa) = [0+ 2m B 5042 3 (s0) - 17115

j>1 1<i<j

and 7;(p,,...,p,) defined as 7,( p,,...,p,) in expression (3.9) with p;-p,
replaced by | p; || p;| . We have 7/( p,,...,p,) < 1. Therefore

m, LY m:l
(3-11) V;‘(pb"'vpn):ﬁ
PPy Pn

(1 - Tl,,(p2""’Pn))_l'
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Choose n > 0. There exist finite partitions (Vg)gcp of K, i = 1,...,n,
by measurable subsets such that:

1. For every B € B there exists Lg € A(K,) such that, expressing
p = (p° p) in the basis Ly, we have | p|<n and 1 — m,/p° <1 for any
pEV,.

2.
(3.12) Q(X,,....%,, Prs-eesPpr2)<(1 +m) sup TL’ﬁl(pz,...,p,,),

2
‘/Bzx...)(‘/ﬁ':

where
X, =supx,;,y,=supy;, and
Vs, Y,
- m} - m, L
z= swp | ——0 2 |55

70
VEX Xy \ PPy Py 1<is)

for any B,,...,B, € B.
3.

(3.13) (1+07n) __inf "Tiﬁl(pz,...,p”)z sup Ti,,l(Pz’---’Pn)
Bn

VBZX-NXV VBZZXXVH:.

for any B,,...,B, € B.
4.

(3.14) (1 + n)illjllfp? = sup p?
Bi

Vi,
for B,,...,8, € B and any basis L € A(K,).

Denote by xj the characteristic function of Vs. Take f, € L:(K 0 Z)s
Jj = 1,...,n. Taking into account (3.6), (3.10), (3.11), and Lemma 3.2, we
have

(3-15) Ilp'k,Lﬂlx;i,fl Q.- ®X/'§,,fn“
= C(k’ Bl""’ﬁn)”XBlfl ” e HXB"fnny

where

C(k, By.....B,)

= !

o+2 Y ((suppf’)(sllippj‘.))

1<i<j K, g

k—1
— — - k
+ (SE,p Ipil)(sz? 51)+23 sup ijl) (K(Bis---.8,)) )

Jj=1 K
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and

m’ Illm’ _ _ _ _ _
K(B..,B,) = ——% s D ((Xgse Xy Foreendir 7))
pHi=2lanﬁ‘l(Pi) /=0

Take now (q,,...,q,) € Vﬁi X -+ X Vgl it results from (3.12), (3.13) and
(3.14) that

(1+9)"""'my--m, ) /
K(Bl""’Bﬂ)s 7 O 20 2 ((1 +’n)2’rL (q23"'>qn)) *
pPq; -4, =0 .

So, if i is chosen small enough

()" -

(1= (1 1) (e 0,)

K(B,,...,B,) =

p'q; - q,
Define
R= sup |o+2 > ((supp?)(suppj‘.))
(Lg)gen I<i<j K, K,
+(suplﬁ,|)(sup|17,l)+22 suplﬁjl))‘
K; K, j>1 K
We have
(3.16) C(k,Bl,...,Bn)
_ n— m, o--m:'
< (Ry)" ‘((Hn) %
\ pq2 ) '.qn

X (1-(1+ n)zTipl(q2,...,qn))_l>k_

Choose 7" = 0. If n > 0 is small enough one has:

Ro(L+n)"" 'm} - m, , gL
(3.17) —— (1= (07 (g5 0q,))  =m
P - g,
and
(1+n)""'my---m, , -
(3.18) (1= (L + 1)’ (45---4,))
g 4,

< (1+ 1), (420--14,)

independently of 8,,...,8, and (g,,...,q,) € Vg X -+« XV}
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From (3.5), (3.15), (3.17) and (3.18) one gets the inequality
lw-xpfi ® - ®xp £l

< (14 Wi (a0 14 T U Al xR A

Since ;,(4,,-.-,4,) = p~ !, we finally have

Np-xp fi ® - ®xp £l

<1+ 1+ 72 Jixh Al I £

Since the functions {xj f}s cp are orthogonal for each i € {1,...,n} and
since f; = Zp cp Xp /> We have

ln-f, ® ®f|l<(1+n)p_'(1+ )IIf,H £

Since 7’ is arbitrarily small

lp-fi, ® - @f I =p A -l £l

which proves that R, maps Y to itself and that its norm, as an operator on
Y, is smaller than p .

The proof that Q’ is closable in Y and that R, is its resolvent is the
same as in part (a). This completes the proof of Proposition 3.1.

ProPOSITION 3.3. Suppose that m, #0,...,m, #0 and that A <
(my + -+ +m,)> The operator Q(m,,...,m,, ¢) is closable in X and has a
resolvent R, = (Q(m,,...,m,, &) — X)~'. Moreover
-1

(3.19) IR < ((m, + -+ +m,)* —A)

Proof. The norm of the operator R, defined in Proposition 3.1 on
E(K,) ®, - ® E(K ») satisfies inequality (3.19). Functions with com-
pact support form a dense set in E(M(m;, €)). Therefore R, has a unique
extension (denoted again by R,) to X, as a continuous linear mapping,
satisfying (3.19). One then proves as in part (a) of Proposition 3.1 that Q
is closable in X and that R, = (Q —A)~ . O

The Frechet space E,(M(m, €)) is the set of functions f from M(m, &)
to 2 such that the function p — | p*|"f(p),p = 0,1,2,3, n € N, belongs to
Li(M(m, e), Z).

On D, the operators Q and P/ (defined by P!f(p,,....p,) =
PEA(pys--.5p,), I = 1,...,n) commute.
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Therefore, from the definition of the topology on E,(M(m,, £)) &,
-®,F (M(m,, £)), Q has a unique continuous extension (denoted
again by Q) to this space and, using Proposition 3.3, we have:

PropoOsSITION 3.4. Suppose that m1 #0,....,m,#0 and that A\ <
(m,+ -+ +m,)* On E(M(m,, €))&, --- &, E (M(m €)) the operator
Q(m,, ..,M,, €) — X has a continuous inverse

R, =(Q(m,,...,m,, &) — )\)Wl.

4. Formal properties of some non linear representations. Suppose
given integers n, =0, n, =0, n, =0 and n, =0; put n =n, + n, +
n, + n,. Suppose also given a continuous linear representation (U, E) of
the Poincaré group, U = @/L, U™ on E = @)L, E(M(m,, ¢,)) such that

l.m,>0ande, = —1ifi=1,...,n,
2m;>0ande, = +1ifi=n, +1,...,n +n,,
3_m}:Oand8i: —lifl:nl +n2+ 1,---,"1 +n2+n39

4 m,=0ande=+1ifi=n +n,+n,+1,...,n
Denote by E~ (resp. E*) the space @, E(m,, &) (resp.
EB,"‘j"jl E(m,,€;)), and by P~ (resp. P*, resp. P™ %) the projector on

(resp E*, resp. E(M(m,,¢))). One labels with a subscript the
correspondlng projectors (P, P, and P""»*) restricted to E,.

Define E,= @, E(M(m,, ¢;)). As a topological vector space,
E(M(m,, ¢,)) = limind E(K), where K C M(m,, g;) is compact.

Given a topological vector space Y, denote by t(E,, Y) the set of
power series f € J(E,, Y) of the form f = 3, _, f¥, f¥ € Q,(E,, Y), such
that f¥(P™wven @ - - X P™Mietu) = ( whenever at least one of the following
conditions is satisfied

(C) g,-..,€ arenot all equal, or

(C,) there exists j € {iy,...,i,} such that m; = 0.

For short one writes €, (X) = Z,(X, X), F(X) = (X, X) (X being a
topological vector space).

PROPOSITION 4.1. Suppose that G is either P or T, and that (S, E) is a
smooth representation of G in E ( for this notion see [1, Definition 6}),
S, = 2,155, S; € &,(E), such that

(HS'=Ul,-

(2) For any i, j such that m;m; 0, then m;, + m; > m, for any k;
i, j, k€ {1,...,n}.

Then, there exists a unique A € t(E_, E,) such that:

(4.1) ((I+A4)S) —S,(I+4))P"=0.
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Proof. One denotes by E_ the space of differentiable vectors of U|.
(S, E) being smooth, the mapping g — S;_xS; is C* from G to &, (E) and
Sy e (E,) for any g € G. Since T, is an invariant subgroup of G, and
SiS;q) = 8,;8,-1,,9, X € T}, g € G, the mapping x - S,S,p is C* from T,
to E whenever ¢ € E,. Therefore, S; € 2(E,) for any g € G. Using the
relation S,S,p = S,S,-1,,p one sees by induction that S € 2,(E,) for
any g € G. Take / = 2 and suppose that there exists a unique polynomial
A,_,=A*+---+4""" €{(E,, E,) such that

k =+
(4.2) (I+4,)S)—S,(1+4,,) P =0
for 1 <k <1[— 1. Then,
. - /-
(Sgg’(I + A[—l))IPT— = (SgSg’(I + AI—])) P'r_ = Sg](Sg’(I + AI—])) P'r—

il

Now, from (4.2), one has

(( » Sg")Sg,(I—l—A,_,))[Pf——— ((

n=2

/
> S;)Sg,(I + A,_,)) P,

n=2

4
> Sg")(I + A,_l)sg‘,) P*.

n=2

Consequently, defining R = S;(2,=, S;-(1 + 4,_,))'P, we have

(4.3) R, =R:+ SIRES-.

This means that R is a 1-cocycle on G with coefficients in ,(E,), the
action of G being defined by g » S,ZS,-, Z € & (E,).

Consider now the cocycle dR=, on the Lie algebra t, of 7}, defined
by

—+ d +
R3¢ =—-(R5p:x9),y XEty, 9 EE,.

Then dR € {,(E,). By [8, Lemma 6.3], dR }; has a linear extension (again
denoted by dR *) to the universal enveloping algebra 11(t,) of t, such that

dR%y = dSydRy + dR% * dS5, X, Y eu(t,)

(because dR; * dSL = dR: d(®LSY),).
Given a Lorentz basis {X,, X;, X,, X5} in t,, we have the central
element Q = 2> _, 1, X, where ng = —1, 7, = n, = n; = 1. Therefore

3
dR3= 3 m,(dS} dRy + dR% =dSk).
pn=0
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If X €t,, we have

(4.4) dR%, = dSydR; + dR%d(®'S"),,

4.5) dRGy = dSydR% + dR7 * dSy.

Equahtles X0 = QX, (44), (45) and P/r% dSl = mszJ & 1mply (for

g, = -+ =g = &= *1, R* meaning R* or R~ accordmg to the sign of

e) that

(4.6) P™5(dRS(m? — Q(m,,...,m,, e)) — (dSLdRS, — dR » dS}))
X (Prwen ® -+ @ PMirta) = 0.

Whenm; #0,...,m; #0ande; = ---=¢ &= il,we shall define

171

(4.7) AP ® - .- @ Prurt)

= é " dee (m - Q(mil"' 'ami/’ *':’))—_IP‘I'MII’E’l Q.- ®P’rm’.l"sll

and take A'(P/"v*1 ® --- @ P"™ru) =0 if ¢, ,...,¢, are not all equal or if
there exists j € {iy,...,i;} such that m; = 0. We have

(4.8) dR% = dSLA'Pf — (A'Pf) x dS), x €t,,
which means that dR°® is the coboundary of A'Pf on t,. Consequently
R: = S A'P:)S)- — A'PE, xET,.
Define R‘ R—-—S(AP )Sl — A'P*, g € G. We have R= =0 for

T

x€eT, R is a 1- cocycle on G with coefficients in &,(E.). Writing

R; ¢ = 0, x € T,, one gets

(4.9) SIR=SL, = —-SR=.8!..,, x€T,g€q.
x"hg Mx g g Mg 4

The right-hand side of (4.9) being independent of X one obtains
dSyR; — R; xdSy=0, XE€Et,.

Therefore

n((dsy) Ry = (R = asy,) « asy)) =0

R
Il Mg w

0

which implies that

PmruR=E(m2 — Q(m,,....my . &,))(Prwsn @ - ®PMrtu) = 0.



NON-LINEAR REPRESENTATIONS OF POINCARl'E GROUPS 463

Proposition 3.4 implies then that R
R gt , this means that

z = 0. Going back to the definition of

4
S;(( > S;‘.)(I + AH)) Pr=S]AP” S} — AP,

n=2

which can be rewritten with 4, = 4,_, + 4’
! + [
(4.10) (I+A4,)SP5=(S,(I+4))P".

One then defines 4 = 3., A'. There remains to prove the uniqueness of
A" € t(E,, E,). Suppose that there exists a second one, A'. Equality (4.10)
implies that

S(A! = A') — (4'— A)S} =0, x€ET,.
Therefore
asi(A'— 4') — (4'—4")+dS, =0, XEt,.
The same calculation as above proves then that 4’ = 4/, O

ReMARK 4.2. Consider the series A € t(E,, E,) satisfying the conclu-
sions of Proposition 4.1. The formal power series I + A has an inverse in
&(E,). Consider, on E_, the formal representation (for this notion see [1,
Definition 1]) S, = (1 + A4)~'S(I + A). It satisfies (S} — S,)P,” = 0.

5. Convergence of the intertwining power series. Given two topo-
logical vector spaces X and Y, one denotes by $5( X, Y) the subspace of
F(X,Y) of the series f = 32, f", f" € (X, Y). If X and Y are Banach
spaces and r > 0 one defines 55,( X,Y)=9,(X,Y)N (X, Y). We shall
write J(E) = J(E, E), $(E) = $(E, E) and $ (E) = $,(E, E), and
keep the hypotheses of part 4.

A linear operator W in @(ET, E) can be defined by:

(1) W(f5(Pmven ® - - - ® Pwen)) = 0 if condition (C, or C,) of part
4 is satisfied.

(2) If condition (C, or C,) is not satisfied:

W(fH(Prots @ - @ 7w
= 3 Prost((md = Qm, - mye,))
j=1

X P @ - @ Pt
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Obviously W(f) € t(E,, E). Moreover, it results from Proposition 3.3
that there exists a constant C such that

(5.1) (m2 = Q(my,....m,, &) 'l < Ck™2

Consequently, given compact sets K, C M(m,, ¢;), i = 1,...,n, Wis con-
tinuous from & (D, E(K,), E) to itself.

LEMMA 5.1. Suppose that G is either P or T, and that (S, E) is a smooth
representation of G in E satisfying the hypotheses of Proposition 4.1. Given
K, compact in M(m,, €;) (i = 1,...,n) there exists r > 0 such that the series
A € t(E,, E,) defined by Proposition 4.1 belongs to $ (®", E(K,), E).

Proof. We shall write equality 4.1 in a form which will be more
convenient to prove the convergence of 4.
Take x € t,; equality (4.1) implies, by differentiation, that

(5.2) ((I+ A4) »dS}y — dSy(I+ A4))P*=0.
Let Ty = 2, ., dS%. Equality (5.2) now writes
(5.3) dSy(AP7) — (AP*) +dSy = — Ty (1 + A)P*

which in turn implies that
asydsy(AP;) — (4P ) « dSy) = aS
= — (dSy Tx(I + A) + (T (I + A)) + dSL)P~.

Therefore, ifg; = --- =¢, = *landm, #0,...,m, 70, we have

k

me’EJAk(mjz' - Q(m 9"',mik’ Eil))P’rm”’Ei' ®--- ®})‘rm”"&-%

hy

3
3 n,(dSy Ty (1 + 4) + (Ty (1 + 4)) « ds}, )
r=0

XPmilinl ® “ e ®Pm'k’8‘k
T T

= — PmMy¥

which is equivalent to

3
(54) 4= —W( > n”(dS,‘(“ TXM(I +4) + (TXM(I + A)) * dS,‘(F)).
n=0
Now, using the fact that A4 satisfies equality (5.3) one has
dSi Ty (1 + A)P = ([dS), Ty |o(1 + 4) — (T, + T (1 + 4)

+ (T (1+4)) =dsy)P7.
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Consequently, since 4 € t(E,, E,), one gets (from (5.4)) the equation:
(5.5) A= N(A4)
with

(56) N(A)= —W( énu([ds,‘(, Ty|s(1 +4) = (T * Ty J(I + 4)

+2(Ty (1 + 4)) *dS} ) |.

Notice that the term of degree k in N(A) depends only on 42,..., 4%,
Therefore equation (5.5) has one and only one solution in @(Ec, E).
Since, as was just proved, the solution of (4.1) is solution of (5.5), it is
sufficient to solve (5.5) in .S::),( @, E(K,), E) for some r > 0.

(S, E ) being a smooth representation, there exists A; > 0 such that

(8. 8)~ ‘IS g~ 18 C* from a neighbourhood of the identity in
G X Gto @A(E) Wntmgg =expsXand g’ = exps'X, X € t,, one gets
82

s = (S 1Sgg1) g = dSy Typ — Ty x dSyq withg € E,.

Therefore

82
[dS)l(, TX]*q) = W(Sgl’g“sgg"')szs’zo ¢+ Ty*Tyo.

Thus [dSy, Tx], € 9, (E) for some A, > 0. Take now

f= 2 rFesn = 3 h¢ and
k=2 k=2
=3n in@AK(éE(K,-),E)
with 0 < 4A" < A. We ha\:e .
(5.7 AT+ Rl < kgzllfkll(?\’—k A1)
and

A+ ) = f(1+ 1) = [ L flas)) ds

with a(s) =1+ h, + s(h, — h)). Since
d
de 2 kf (a(s "’a(s)’hz_hl)’

k=2
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we have
”d f(a(s)) ] AT pll
k=1 2=p=k
X ( > Na' (s)I -« a1 (s)I 1A — Rl
i+ i =k

s( S pla() g f2 1 hy — Ayl

p=2

Now, if || A,]l,, = A and || A,1l,, = A’ then |la(s)ll,, = 4)’, and there exists
a constant C(A’) such that lim,,_ oy C(A") = 0 and

(5.8) | f(1 + hy) — f(1+ )l < C(N)hy — Ryl

It results from (5.7), (5.8), and from the fact that W is continuous from
OND/, E(K,), E) toitself for any A > 0, that for r > 0 small enough the
mapping

A-fi(I+A)
3
- —W( S n,([dSk, Ty |1 + 4)) = (T« T, )1 + 4)
p=0
maps the closed ball of radius r to the ball of radius r/2 in
(D, E(K,), E) and
é
||f1(I+A1) ——fl(I+A2)”rS5“A1 — A,ll,,

with § < 1, and 4,, 4, in the closed ball of radius .

Now, using the fact that dS} is bounded on E(K,), from inequality
(5.1) and again from (5.7) and (5. é) one sees that, for r > 0 small enough,
the mapping

3
A= f(I+4)=—2w| 3 (T (1 + 4)) = dS,
u=0
maps the closed ball of radius r to the ball of radius /2 in

S, E(K,), E) and,

9

AT+ A4) — LT+ ), < =3

14, — 4,1,

for A,, A, in the closed ball of radius r.
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REMARK 5.2. This was the point where 1nequahty (5.1) is important.
In fact inequalities of the type Ilm} — Q(m,,...,m,, e )I™' < Ck™"
would be sufficient to be still in the snuatlon of no “small denominators”,
Going back to the proof of Proposition 5.1, the mapping

A->N(A)=fT+A4)+ I+ A4)

sends the closed ball of radius r in & ( @_, E(K)), E) to itself and
IN(A,) — N(A,)Il, < 8ll4, — A4,1l,, for A,, A, in the ball of radius r. By
the contraction mapping theorem, there exists A, unique in
$,(®" , E(K,), E), which is solution of equation (5.5). O

THEOREM 5.3. Suppose that G is either P or T, and that (S, E) is an
analytic representation of G in E ( for this notion see [1, Definition ),
S, = 2,215, S; € &,(E), such that

1.S;, = Ul

2. For any i, j such that m; # 0 and m; # 0, then m; + m;, > m,, for
any k, i, j, k € {1,...,n}.

Then there exists a unique A € t(E_, E) such that

(5.9) (I +4)S)—5,(1+4))P =0

and, given K; C M(m,, €;) compact (i = 1,...,n) there exists r > 0 such
that A € § (@  E(K)), E).

Proof. From [1, Proposition 5], there exists B = 3., B"in §,(E), for
some A > 0, such that V, = (I + B)"Sg(I + B) is a smooth representa-
tion of Gin E.

By Proposition 5.1, there exists C = Z,., C"in t(E,, E,) such that

(1+cC)s))p=V,(1+C)P?

and there exists A > 0 such that C € §( ®@_, E(K,), E). Define (I + D)
= (I + B)I+ C). Obviously (I+ D)SP*=S(1+ D)P*. Define
now A* € Q(E,, E) by

A"P;"mfu ® - @PMuwtu
= D*P/va @ -+ @PMwtu if m, #0,...,m;, #0

and g, = -+ =g, and by A*P"v% ® --- @ Pw = ( otherwise. Then
A € t(E,, E) and satisfies equality (5.9).

Suppose now that there exists a second series 4 satisfying the conclu-
sion of Theorem 5.3. One gets

(A —A)SIP=(S1+4)— S(1+ A)P*.

Identifying degree by degree in this equality, one gets inductively
(A — A)P"= 0 and therefore, since 4, 4 € t(E.,E),A= A. O
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6. Application to a family of wave equations. We shall now give an
example describing a spinless field of mass m > 0. One denotes by f — f
the Fourier transform in the space &'(R*) of tempered distributions on R3.
Choose a Lorentz basis ( X, X;, X,, X;) in t,. One introduces the follow-
ing spaces.

(1) Hy is the space of tempered distributions, the Fourier transform of
which are elements of L'(R®). If f € H,, define | Il = Il f Il pgoy-

(2) H, is the space of tempered distributions f € & (R3) the Fourier
transform of which, f, is a function such that 7’ — (m? + | p'[*)"'/2f( p) is
in L'(R®). If f € H, define

171 = [ (m? +17P)" 1 /(7) | dp.

(3) H is the Fréchet space of functions f such that the function
7 - (m?+ | F»)"f(p)isin L\(R?) for any n = 0.

Suppose now given an analytic mapping J € SC)(r>0).Ifp € H,,
define (J(@))(X) = J(e(X)) and J(f) =J(f). Since L'(R?) is a convolu-
tion algebra, J can be considered as an element of & ( H,).

Consider now the wave equation (where J(0) = J’(0) = 0 by defini-
tion)

(6.1) Og, + m*e, = J(¢,)

Write ¢, = d/dt @,. One wishes to solve (6.1) for ¢, € H,, ¢, € H, (i.e. one
takes H, © H, as space of initial conditions). Define

- » . - 172
a} (p)=¢ +i(m*+|pP) "¢ and
1/2 . .
a; (P)=¢ —i(m*+|PP) "¢ (= -1).

Equation (6.1) is then equivalent to the system

+
B i+ 15P) ar + Gia? ar ),
dt
(6.2) da, 1,2
- = —i(m* + |pP)"a; + Gyla) , a7 ),
with
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Put G = (G,, G,). The functions p ~ (m? + | p|*)""/%a,;” (p) belong to
L(R®), therefore G € § A(Hy X H o). One now defines E(M(m,¢)) =
L% (M(m, €)). We can consider a;° as an element of E(M(m, =1)) by the
identification a™ (p) = a™(p) ifp = (po, P) € M(m, =1). We now de-
note S' = U™ ™' ® U™ ™! the representation of the Poincaré group P on
E = E(M(m, —1)) ® E(M(m, +1)). The system (6.2) becomes

2y, = dSig, + G(4)

where §, = (a; , a; ).
IfXx= Eizo a*X,, one defines

Oy = dSyy + a°G(Y)

which is an analytic representation of t, in E, compatible with S' (for this
notion see [1, Definition 8]). By [1, Proposition 10], there exists a unique
analytic representation (S, E) of 7, in E such that dS = 4. It results from
Theorem 5.3 that there exists 4 € §(E,, E) such that given K_ (resp.
K, ) compact in M(m, —1) (resp. M(m, +1)),

A€ $,(E(K_.)®E(K,),E) forsome) >0,
and such that
(I+A4)S,Pp"=S,(I1+A)P".

Take h € E(K_) U E(K,) with ||h]l <A. Define ¢, = (I+A) exp ,X
Since S, ! is norm preserving and S S+ A)h=(1+ A)S h, the mappmg
t -, 1s C* from R to E and we have d/dey, = 0y,

Coming back to equation (6.1) one gets in particular:

PROPOSITION 6.1. There exists A € §(H X H, Hy X H,) with the fol-
lowing properties:
5 (1) Given any compact K in R® there exists A >0 for which A €
ONHg X Hyg, Hy X H,), Hy being the space of such functions in H,, the
Fourier transform of which vanish in the complement of K.
(2) If hy € Hy, llholl <A/2 and h(P) = =i(m* + |7 )\ 2ho( p)s
equation (6. 1) has a solutzon @, for all t, with initial condition (¢,, §;) =
(I + A)(ho, hy).

The approach followed in this article can be applied to systems of
relativistic evolution equations with arbitrary spin with an analytic inter-
action (provided that the masses satisfy the inequalities given at point 2 of
Theorem 5.3.) to get global solutions for small data in some sectors.
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Let us now compare the example given above with previous results.
The problem of existence of global solutions for relativistic wave equa-
tions, seen from an abstract point of view, was initiated by 1. Segal [11].
An example which has been studied extensively is the equation

(6.3) D¢ + m?p = Agp? (p EN)

for which global solutions exist for small initial data (in a suitable Sobolev
space) [10, Theorem 21], when p = 3. Furthermore, (6.3) has global weak
solutions for any initial data, with the restriction A < 0, p odd [12].
Concerning the equation Oo + m?p = J(¢) with ¢ real, J being a
continuous real valued function satisfying @J(@) =<0, W. Strauss [13]
proved that there exist real global weak solutions for any real initial data.
Global solutions which are C* in space and time for equations of the

type
(6.4) Oe = G(aiq), a,.ajq)),

(where G(§,,7,;) is a C* function in £; and 7,; and vanishing for £ = 0
and n = 0, and where the space of initial data is the space of C* functions
on R¢ d = 6) have been proved to exist by S. Klainerman [7] if the initial
data is small enough (i.e. the L' and L? norms of the initial data and a
certain number of its derrivatives are small enough).

The problem of the existence of global solutions for relativistic wave
equations for initial data in some sectors is discussed in a review work of
M. Reed [10].
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