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RATIONAL HOMOTOPY THEORY OF FIBRATIONS
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Let Y be a space and A a differential graded algebra over the field
Q of rationals corresponding in Sullivan’s theory to the rational homo-
topy type of Y. Then to the rational homotopy type of a fibration over Y
equipped with a given cross-section corresponds a differential graded Lie
algebra L over A, free as an A-module. The differential graded Lie
algebra Q ® L corresponds in Quillen’s theory to the rational homotopy
type of the fibre of the fibration. Furthermore, by restriction of scalars,
L can be considered as a differential graded Lie algebra over Q. Then it
contains a differential graded Lie sub-algebra over Q which corresponds
to the rational homotopy type of the space of cross-sections which are
homotopic to the given cross-section. Some examples illustrate this

result.
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1. Introduction and statement of the main results.

Rational homotopy theory. Quillen [11] and Sullivan [12] established
the equivalence of the following four categories:

(1) the rational category of simply connected spaces with rational
homology of finite dimension in each degree;

(2) the rational category of DG-algebras 4 (differential graded as-
sociative and commutative algebras over Q) such that dim A? < oo for
eachp, A7 =0ifp<OQorp=1,and 4° = Q;

(3) the rational category of DG-coalgebras C (differential graded
co-associative and co-commutative coalgebras over Q) such that dim C, <
oo foreachp, C,=0ifp<Oorp=1and G, = Q;

(4) the rational category of DG-Lie algebras (differential graded Lie
algebras over Q) such that dim L, < oo for each p and L, =0 if p <0.
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By “rational category” we mean the category localized relatively to
the weak equivalences, i.e. to those maps which induce an isomorphism on
(the rational) homology.

Sullivan demonstrated the equivalence between (1) and (2) more
generally for nilpotent spaces and for DG-algebras with a free minimal
nilpotent model. In fact, recently Neisendorfer [10] has shown that the
dictionary described above generalizes to nilpotent spaces with rational
homology of finite dimension in each degree. The corresponding DG-Lie
algebras do not necessarily vanish in degree zero but are supposed to have
a rational homology with a nilpotent completion.

Quillen proved the equivalence between (1), (3) and (4). The equiva-
lence between (1) and (4) is such that if L is a DG-Lie algebra which is a
model for a space X, then there is a graded Lie algebra isomorphism
H (L) =7,(2X)®zQ, where H,(L) has the induced bracket and
7.(§2X) is equipped with the Whitehead product. We shall return to the
equivalence between (3) and (4) in §4.

We shall say that an object in (2), (3) or (4) corresponding to a space
X in (1) is a model for X.

The case of a fibration. Let Y be a space and 4 a DG-algebra which is
a model for Y. It is a consequence [S] of Sullivan’s theory that the two
following categories are equivalent:

(1) the rational category of fibrations p: X — Y (satisfying conditions
analogous to those satisfied by spaces in (1)); and

(2)’ the rational category of DG-algebras E such that, as algebras,
E=AQ®F, where F is a DG-algebra (and satisfying some technical
conditions).

Actually, we have two results which, roughly speaking, can be stated
as follows.

1. The Quillen-Sullivan dictionary for the rational homotopy type of
spaces generalizes, under certain conditions, to a dictionary for the rational
homotopy type of fibrations over a space Y equipped with a given cross-sec-
tion. In the latter dictionary, the DG-algebra A, which is a model for Y,
substitutes the field Q in the former dictionary, so that the algebraic objects
involved are DG-algebras, DG-coalgebras and DG-Lie algebras over A, free
as A-modules.

The fact that there is a given cross-section corresponds, in the case of
the DG-algebras or the DG-coalgebras over 4, to the fact that a DG-alge-
bra A-augmentation or a DG-coalgebra 4-augmentation is given. As to
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the DG-Lie algebras over A, however, their very structure depends on the
given cross-section. Moreover, the DG-Lie algebras over 4 carry addi-
tional information, as asserted below.

2. A DG-Lie algebra over A in 1, considered as a DG-Lie algebra over
Q, contains a canonical DG-Lie sub-algebra, which corresponds in the
Quillen-Sullivan dictionary to the space of cross-sections homotopic to the
given cross-section.

In §6 we give concrete applications of 2.

To state results 1 and 2 with precision we need the following defini-
tions and conventions.

Definitions and conventions. Let A be a DG-algebra over a field K. A
DG-module over 4 is a differential graded vector space M with an
A-module structure m: A ® M - M such that m(1 ® x) = x and dm =
m(d ®id + id ® d).

Given a DG-module E over A, one defines a structure on E of
DG-algebra over A in the same way as one defines a DG-algebra, replac-
ing the field of scalars by the DG-algebra A in the structure maps
(multiplication and unity).

In the same fashion one defines a DG-coalgebra X, over A and a
DG-Lie algebra L over A.

Also one defines an augmentation of E (respectively X)) to be a
DG-algebra (DG-coalgebra) map £ > A4 (4 - %) over A such that

unity counity
A > E->A(A->% - A)is the identity.

Note that if 4 is augmented and K has the structure of an 4-module
induced by the augmentation, then K®,E, K®,% and K ®, L are
naturally equipped with a structure of DG-algebra, DG-coalgebra and
DG-Lie algebra, respectively.

Let & be one among the three objects E, X or L. As a DG-module
over A it is equipped with the natural filtration given by F?& = (FPA)b,
where F74 is the ideal of those elements of 4 with degree = p. Assume A4
is augmented and & is a free A-module. Then there exists an 4-module
isomorphism & ~ 4 ® %, where ¥ = K ®, &, which does not necessarily
preserve the DG-algebra, DG-coalgebra, DG-Lie-algebra structure over A.
We shall say that & is a F>-free DG-algebra over A (respectively, F-free
DG-coalgebra over A, F*-free DG-Lie algebra over A) if there exist an
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A-module isomorphism such that if & is identified to 4 ® ¥ then, for
everyx, y € 9,
dg(1®x)— 1®dsx € F?6 and (1®x)(1®y)—1®xy € F%6

(respectively the same condition on the differentials and Ag(1 ® x) — 1 ®
Agx € F*?6 ®,F*6,[1®x,1®y] —1®[x, y] € F?6).

In this paper we denote by K a field of characteristic zero. Most of the
time K stands actually for Q, the field of rationals. (This is the case
whenever the algebraic objects are related to geometric objects.)

All graded objects in this paper have a structure of graded vector
space over K and are graded by negative and positive integers. We shall
adopt the convention that if V' is a graded vector space, then V7 = V_,
for any integer p. Unless otherwise stated we shall assume all DG-algebras
to be upper graded and to vanish in negative degrees, and all DG-coal-
gebras and DG-Lie algebras to be lower graded and to vanish in negative
degrees.

Note that while in a DG-algebra E over 4 the 4-module structure is
such that if a € A7 and x € EY, then ax € E?*9; in a DG-coalgebra X
over A or in a DG-Lie algebra L over A the A-module structure is such
that if a € 47 and x € %q or L,, thenax € X,_, or L,_,. DG-algebras
over A appear naturally to be positively graded, whereas DG-coalgebras
or DG-Lie algebras over A4 have in general non-trivial elements in negative
degrees.

We shall denote by A(V) = A(x,, x,,...,X,,...) the free associative,
commutative and graded algebra over a DG-algebra A generated by a
graded vector space ¥ with base x,, X5,...,X,,..., i.e. A(V) =4 ® Q(V)
and Q(V) = Q(xy, X5,...,X,,...) is the symmetric algebra on V (which is
isomorphic to the tensor product of the polynomial algebra on the
subspace of V spanned by the elements of even degree by the exterior
algebra on the subspace spanned by the elements of odd degree).

We shall denote by S,(M) the symmetric coalgebra over a DG-alge-
bra A on a module M over A. It is the sub-coalgebra over A of the tensor
coalgebra over A on M defined by taking in QM =M, M ],
-+ + ®4 M the sub-4-module of invariant elements under the action of the
symmetric group. If 4 = Q, So(M) = S(M) is the usual symmetric
coalgebra on the graded vector space M.

A RELATIVE VERSION FOR THE RATIONAL HOMOTOPY THEORY.

THEOREM 1. Let Y be a nilpotent space and assume A to be a
DG-algebra which is a model for Y and such that A? =0 if p is large
enough. Then the following four categories are equivalent:
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(1) the rational category of fibrations p: X — Y equipped with a given
cross-section s: Y — X (the maps being those which preserve the cross-sec-
tions) such that p is induced from a fibration with simply connected base and
such that the fibre of p is simply connected and has a rational homology of
finite dimension in each degree;

(2) the rational category of augmented F>-free DG-algebras E over A
(the maps being those which preserve the augmentations) and such that
(Q®,E)Y=0ifp<0orp=1,(Q®,E)°=Qanddim(Q ®, E)’ <
for every p;

(3) the rational category of augmented F*-free DG-coalgebras X over A
(the maps being those which preserve the augmentations) and such that
(Q®X),=0ifp<0orp=1,(Q8 %)= Q and dim(Q &%), <
oo for every p;

(4) the rational category of F*-free DG-Lie algebras L over A such that
Q®,L),=0ifp=0anddim(Q ® L), < oo for every p.

Furthermore, the equivalences are functorial relative to the changes of
base.

By change of base in (2), (3) or (4) we mean the following: if & is an
A-module and f: 4 - A" is a DG-algebra map, then, considering A’
equipped with the structure of an A-module induced by f, 4’ ®, & is the
A’-module obtained from & by the change of base f.

In particular, Theorem 1 is such that if Y is a point and 4 = Q, the
equivalences correspond to the dictionary for the homotopy type of a
simply connected space.

Note that again by “rational category” we mean the category local-
ized relatively to the weak equivalences over Y or A, i.e. to those maps over
Y or A which induce an isomorphism on (the rational) homology.

We shall say that an object in (2)—(4) corresponding to a fibration p:
X = Y in (1) is a model over A for p.

As mentioned above, the equivalence between (1) and (2) is much
more general and is a consequence of Sullivan’s theory of the free minimal
model. It is functorial relative to the changes of base, and if E is a
DG-algebra over 4 which is a model over 4 for a fibration p: X — Y, then
Q ®, E is a DG-algebra which is a model for the fiber of p. It is also
easily verified that to a cross-section s of p corresponds an augmentation
of the free minimal model of p over 4 and conversely.

The proof of Theorem 1 is therefore entirely algebraic and consists in
describing the equivalences between (2)—(4).
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A MODEL FOR THE SPACE OF CROSS-SECTIONS HOMOTOPIC TO A
GIVEN CROSS-SECTION.

The following theorem stresses the interest of Theorem 1.

THEOREM 2. Let Y be a nilpotent space and assume A is a DG-algebra
which is a model for Y such that A° = Q and dim A < o as a Q-vector
space.

Let p: X =Y be a fibration with a given cross-section s: Y - X
verifying condition (1) in Theorem 1 and let L be a DG-Lie algebra over A
verifying condition (4) in Theorem 1 and which is a model over A for p.

By restriction of scalars consider L as a DG-Lie algebra over Q. Let
L, be the DG-Lie sub-algebra defined by (L. ), = L, if p>0, (L), =
ker(d: Ly - L_,)and(L,),=0ifp <0.

Then L is a model for the connected component of s in the space of
cross-sections of p.

The construction of a model for the space of cross-sections homotopic
to a given cross-section has been suggested by Thom [13] and Sullivan,
and the fact that this construction actually yields a model has been proved
by Haefliger [8]. This is the crucial result we use to prove Theorem 2. Note
that if Y is a finite-dimensional nilpotent space with finite-dimensional
homotopy groups, then there always exists a finite-dimensional DG-alge-
bra A which is a model for Y [6] (page 517).

The following two corollaries are immediate consequences of Theo-
rem 2.

COROLLARY. Keep the same hypotheses and notation as in Theorem 2
and assume that in the fibration p the dimension of the base Y is lower than
the connectivity of the fiber. Let T, be the space of cross-sections of p. Then
7(T,) ®2Q is naturally equipped with an H*(Y, Q)-module structure.

Proof. Choose L to be positively graded. Then H(L) is naturally a
H( A)-module.

COROLLARY. Let A be a graded algebra (with trivial differential) such
that A° = Q, A7 = 0 for ¢ < 0 and dim A < o0 as a Q-vector space. Let L
be a Lie algebra over A (also with trivial differential) free as an A-module
and assume L is positively graded and such that dim(Q ®, L), < oo for



RATIONAL HOMOTOPY THEORY OF FIBRATIONS 7

every q and (Q ®4 L), = 0. Then there exists a fibration p: X - Y such
that, as Lie algebras over Q, L =m,(QT,) ®,Q, where QT, is the loop
space on the space T, of cross-sections of p.

Proof. Choose p: X - Y such that L is a model for p over A and note
that, over Q, L= L .

2. F*free modules and spectral sequence. This section is inspired
by the lemma on page 509 in [6].

F?-free modules. Let A be an augmented DG-algebra and M a
DG-module over A. As in §1 we say M is a F’-free module over A if M
is a free A-module and if there exists an A-module isomorphism
p: A®(K® M)3M such that do(l ® x) — (1 ®d'x) € F’M for
every x € K ®, M, where d’ is the differential induced on K ®, M by the
differential 4 on M, K is equipped with the A-module structure induced
by the augmentation of A, and, by definition, F?M = (FPA)M, F?A =
®D,.,4%

Spectral sequence. The following lemma follows from the definitions.

(2.1) LEMMA. Let A and M be as above and assume that either M? = 0
if p<0 or there is an integer n =0 such that A* =0 for p>n and
(K ®, M), = 0 whenever r < 0. Assume M is F*-free over A and choose an
A-module isomorphism ¢: A @ (K®,M)>3M such that do(l ® x) —
o(1 ®d'x) € F*M for every x € K®, M. Then the spectral sequence
associated to the natural filtration FPM converges to H(M) and ¢ induces
an isomorphism E, ~ H(A) ® H(K ®,M).

The assumptions on 4 and M are such that the spectral sequence is
like a first quadrant spectral sequence.

Comparison of spectral sequences. Let A and A’ be two augmented
DG-algebras and let f: A - A" be a DG-algebra map. Let M be a
DG-module over A, M’ a DG-module over 4’, and a: M - M’ a map of
modules over f (i.e. an A-module map where the A-module structure on
M’ is induced by f). Let a*: K ®, M - K ®, M’ be the induced map of
DG-vector spaces (equipped with the induced differentials).

(2.2) COROLLARY. Assume M and M’ are F’-free over A and A',
respectively, and either M? = M'P = 0 if p <0 or there are two integers
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n, m =0 such that A? = A’ = 0 whenever p >n, g>m and (K ®, M),
=(K®y M), =0if r<0. Assume [ is a weak equivalence. Then « is a
weak equivalence if and only if a* is a weak equivalence.

The proof is straightforward using (2.1) and Moore’s comparison
theorem [2]. As a consequence of (2.1) and (2.2) we have the following.

(2.3) COROLLARY. With the same notations and hypotheses as in (2.2),
assume, furthermore, there are N, N’ and 3: N - N’ like M, M’ and «a,
respectively, and also satisfying conditions as in (2.2). Assume f, a and 8 are
weak equivalences. Then the map a ®;8: M &, N - M’ ®, N’ of DG-mod-
ules over f is a weak equivalence.

The functor Hom ,( ,A). Let 4 be a DG-algebra and M and N two
DG-modules over 4. Recall that Hom(M, N), graded by Hom(M, N), =
II, Hom(M,, N, ,) with the differential defined by (df J(m) = dy(f(m))
— (— 1%/ f(d,,m), is a DG-module over A, where a - f is defined by
(a-fY(m)=a-f(m),a€A,fe Hom(M, N),m € M.

As usual we shall denote by Hom ,( M, N) the sub-DG-module over
A of Hom(M, N) consisting of all f € Hom(M, N), such that for every
a € A?and everym € M, f(am) = (—1)?a - f)(m).

It is easy to verify that, for every DG-vector space V,

Hom ,(A4 ® V, A) = Hom(V, A4),

and, if V is such that dim ¥V, < oo for every p, then Hom (4 ® V, 4) =
A ®@ Hom(V, K) = A ® V*. The following corollary follows from this
equality and from (2.1) and (2.2).

(2.4) COROLLARY. Assume A is augmented and either M? = N? = (
whenever p < 0 or there is an integer n = 0 such that A? =0 if p > n and
(K® M), =(K®,N), =0 whenever r <0. Also assume M and N are
F2-free over A and y: M > N is a DG-module weak equivalence over A.
Then the induced map Hom ,(y,1d): Hom (N, A) - Hom (M, A) is a
DG-module weak equivalence over A.

Change of base. Let A and A’ be two DG-algebras, M a DG-module
over A and f: A - A’ a DG-algebra map. Recall that the tensor product
A" ®;M i1s a DG-module over 4’ (with the differential d, ®,id + id
®4d,,) and is called the DG-module obtained from M by the change of base
f. If M is F’-free over A then A’ ®, M in F%-free over A’ and, further-
more, if f is a weak equivalence, then the natural projection M - 4’ ® 4 M
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is a weak equivalence, provided that either M? = 0 if p < 0 or there is an
integer n = 0 such that 4” =0 for p > n and (K ®4 M), = 0 whenever
r < 0. Under the same conditions and if N is a DG-module over A4
satisfying the same properties as M, if a: M — N is a weak equivalence,
then id ® a: 4" ®, M - A" ®, N is a weak equivalence.

3. Duality. In this paragraph we shall see that the functor E ~
Hom ,( E, A) establishes, under certain conditions, a duality between the
category of DG-algebras over 4 which are free A-modules and the
category of DG-coalgebras over A which also are free A-modules.

(3.1) PROPOSITION. Let A be an augmented DG-algebra. The functor
Hom ,( , A) establishes an equivalence between the DG-algebras E over A
such that E is a free A-module and dim(K ®, E)? < oo for every p, and
the DG-coalgebras X, over A such that °X is a free A-module and
dim(K ®,X), < oo for every p. This equivalence is functorial relatively
to the change of base and preserves the F*-property. Furthermore,
there is a one-one correspondence between the DG-algebra maps o: E - A
such that uo = id, where u: A — E is the unity, and the augmentations of
Hom ,(E, A).

Proof. Let E be a DG-algebra over A4, free as an A-module and such
that dim(K ®, E)? < co for every p. Let
y: Hom ,(E, A) ®Hom ,(E, A) > Hom ,(E ® E, A)
be the DG-algebra isomorphism over A defined by

(@ ®4¥)(x ®y) = (= 1) ¥ = o(x)y(y).

One can easily verify that, if E is identified to A ® (K ®¢ E) as an
A-module, then v is just the canonical isomorphism

(AR®(KQLE)*)Q(AQ(KQ®UE)*) =AQ(K®,E)*® (K®, E)*.
The structure on Hom ,( E, A) of DG-coalgebras over A4 is given by
A: Hom,(E, A) > Hom (E, A) ®,Hom ,(E, A)
and
¢: Hom (E, 4) - 4

defined by Ap =y~ ' o (A o @) and &(p) = @(1).
One can directly verify that Hom ,(, A) is a functor, and that if Eis a
F?-free algebra over A, then Hom ,(E, A) is a F>-free coalgebra over A.
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Also, if 4 — A’ is a DG-algebra map, then
Hom (A’ ®,E, A') = A’ ®,Hom (E, A).

Let %X be a DG-coalgebra over A4, free as an A-module and such that
dim(K ®, %), < oo for every p. Then the maps

m: Hom ,(%X, A) ®,Hom ,(%, A4)

Hom 4(A,id)
= Hom, (X®%,4) = Hom,(%X, A4)

and
H (e, id)
wa 5 Hom ,(%X, A4)

define on Hom (%X, A) a DG-algebra structure over A.
If X is a F*-free DG-coalgebra over 4, then Hom (X, A) is a F2-free
DG-algebra over 4 and if 4 — A’ is a DG-algebra map, then

Hom (A’ ®,%, 4’) = A ® Hom ,(%X, A4).
One also verifies directly that the maps
v: E —» Hom ,(Hom (E, A), A)
and
w: X - Hom ,(Hom (X, 4), A)
defined by
o(x)(¢) = (=) g(x), w(£)(e) = (—1)"** "7 (¢)

are, respectively, a DG-algebra isomorphism over 4 and a DG-coalgebra
isomorphism over A4.

Finally, if 0: £ —» A is a DG-algebra map such that ou = id, then 7:
A - Hom,(E, A), defined by n(l) = o, 1s an augmentation of
Hom ,( E, A). Conversely if n: A - Hom ,( E, A) is an augmentation, then
n(1): E - A is a DG-algebra map such that n(1)u = id.

The following proposition follows immediately from (2.4).

(3.2) PROPOSITION. Let A be an augmented DG-algebra. Assume there
exists an integer n =0 such that A? =0 for p > n. Let E and E’ be two
F?-free algebras over A such that K ®,E and K ®, E’ are finite dimen-
sional in each degree. Then a: E — E' is a DG-algebra weak equivalence
over A if and only if Hom ,(a,id): Hom, (E’A) - Hom ,(E, A) is a
DG-coalgebra weak equivalence over A.
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ANALOGY WITH THE DIFFERENTIAL FORMS DEFINED ON THE BASE
WITH VALUES IN THE CURRENTS ON THE FIBER.

Let @, be the DG-algebra of differential forms on a differentiable
manifold X. Let p: X - Y be a differentiable locally trivial fibre bundle
and assume that X and Y are compact (this assumption is not essential).

Let p*: @, - Q, be the DG-algebra map induced by p and consider
2, with the structure of {,-module induced by p*. In this situation we
can give the following interpretation for the functor Homg ( , 2y): it is
the functor which associates to the bundle p the “topological”! DG-coal-
gebra Hom@™(£2y, @) whose elements are the continuous {,-linear maps
of £, in £,. Such a map can be identified to a differential form on Y with
values in the vector bundle of currents on the fibers. This can be seen by
noting that the elements of Hom(g™'(Ry, {y) are the cross-sections of a
sheaf on Y and by considering the situation over an open U C Y where
the bundle is trivial.

If the fibers are oriented, an example of such a form of degree equal
to the dimension of the fibre is given by the integration on the fibres.

4. Quillen’s functors £, and C,.

The functor C,. Let A be a DG-algebra and L a DG-Lie algebra over
A. Let S,(sL) be the symmetric coalgebra over 4 on the suspension of L
((sL), = L,_,). We shall denote by C (L) the coalgebra S,(sL) over 4
equipped with the differential defined by

d(sxy - sxy---5x,) = X Fsx, -+ sdx; -+ 5X,
k
+ > is[xi,xj]sxl SR " PR > SR
i<j

where x,,...,x, belong to L (for the signs cf. [6] page 506).

Using the natural generalizations to DG-coalgebras over 4 of Pro-
position 4.1 and Corollary 4.4 in Appendix B of [11] (pages 285-286) (cf.
also [10] pages 441-444), one easily checks that C, is a functor and that
the differential is completely determined by d(sx) = —s dx and

d(sx,5%,) = — (—1)**™g[x,, x,], forx, x,, x, € L.

!The tensor product is replaced by a well-adapted completion.
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Change of base: let A — 4’ be a DG-algebra map. Then C, (A4’ 4 L)
=A4"®,C,(L).

Note that C,(L) is the natural generalization of the Koszul complex
of chains on a Lie algebra.

The functor £,. Let A be a DG-algebra and X an augmented DG-
coalgebra over A. Let n: A - X and e: % — A4 be, respectively, the
augmentation and the counity of %. Set %X = Kere. Then £ = £ — n¢( £
defines a projection X — X. We shall denote by £,(%X) the free Lie
algebra L (s~ '%) on s~ 'X over 4 equipped with the differential ([11]
page 290) obtained by extending to a derivation the map

d:s7'% - L,(s7'%)
given by

d(s7'¢) = —s 'dt— % (- l)deggf[s‘]g, s_lgﬂ
if Aé=2,6 ®,&". (If M is an A-module, the free graded Lie-algebra
L (M) on M over A can be built as a quotient of the non-associative and
non-commutative free algebra on M over A4, see [1], page 181, ex. 13.)

Using the universal property of the free Lie algebra over A, one
checks that £, is a functor.

Change of base: let A - A’ be a DG-algebra map. Then £,(4’ ®,X)
= A" ®,L (X).

The adjunction maps ([11] page 293, [10] page 442).
Let L be a DG-Lie algebra over 4. Using the universal property one
extends the projection s~ 'S,(sL) — L to a DG-Lie algebra map
a:2,C,(L) - L.

Let °%C be an augmented DG-coalgebra over 4. Assume X is con-
nected in the sense of Quillen [11] (page 282), i.e. for a given augmenta-
tion 1: 4 - X we have X = U _, FX, where F,% is inductively defined
by

FX =n(4),

EX = {8 € XA — (£©,n(1) +1(1) ®,¢) € F_ X ®, F_ X}
(If X is a free-module over 4 and (K ®, %), = 0 for p <0, then X is
connected in the sense of Quillen.) Then, again using the generalization of
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Proposition 4.1 in Appendix B of [11], one sees that the 4-module map
X > X - sL,(s~'%) lifts to a DG-coalgebra map over 4:

B: X - C,L,(K).

(4.1) PROPOSITION. Let A be an augmented DG-algebra and assume
there is an integer n = 0 such that A? = 0 if p > n.

() If f: L - L’ is a DG-Lie algebra weak equivalence over A and if L
and L' are F*-free and such that (K ®, L),=(K®,L),=0 forp=0,
then C,(f): C,(L) » C (L") is a DG-coalgebra weak equivalence over A.

(2) If g: X > X' is a DG-coalgebra weak equivalence over A, if °X and
X' are augmented, F*-free and such that (K ®,%), = (K ®,%"), = 0 for
p<0and(K®,;%K), = (K®,;KX"), =K, then £,(g): £ (X) - £,(X") is
a DG-Lie algebra weak equivalence over A.

(3) If L is a F*-free DG-Lie algebra over A such that (K ®, L),=0
for p <0 and X is an augmented F*-free DG-coalgebra over A such that
(K®,%X),=0 for p<0 and (K®,%K), =K, then a and B are weak
equivalences over A.

Proof. Note that if L is a F*-free DG-Lie algebra over 4, then C (L)
is a F2-free DG-coalgebra over 4 and, also, if X is a F>-free DG-coal-
gebra over A, then £ ,(X) is a F*-free DG-Lie algebra over A.

The proposition being true for 4 = K ([10, 11]), the general case
follows from Corollary (2.2). For instance, to prove (1) consider the
DG-Lie algebra map fX: LX - L’¥ induced by f. By (2.2), fX is a
weak-equivalence, hence C( f¥): C(LX) - C(L’¥) is also a weak equiva-
lence. Thus, by (2.2), C,(f) is a weak equivalence over 4. The same
argument proves (2) and (3).

(4.2) REMARK. The equivalence between (3) and (4) in Theorem 1, §1,
follows from (4.1). This ends the proof of Theorem 1.

(4.3) REMARK. Let 4 be a DG-algebra and L a DG-Lie algebra over
A. By restriction of scalars, consider L as a DG-Lie algebra over K. Let
S,: S(sL) - S,(sL) be the natural coalgebra map over the unity u: K — 4
(see [6], page 521). One can easily check that S,: C(L) - C,(L) is a
DG-coalgebra map over u. We shall need this map in the next paragraph.

The DG-algebra C¥(L). Let A be an augmented DG-algebra and L a
DG-Lie algebra over 4 and set C¥(L) = Hom ,(C,(L), A). If L is free as
an A-module and dim(K ®, L), < oo for every p, then C(L) is naturally
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equipped with a structure of DG-algebra over 4, free as an 4-module. We
shall call it the DG-algebra of cochains on L over A.

Assume (K ®, L), =0 for p <0 and set V = s(K ®, L)*. Then, as
an algebra, C¥(L) is the free algebra A(V') over 4 generated by V.

(4.4) PROPOSITION. Let E be a DG-algebra over A, free as an A-module
and such that dim(K ® 4 E)? < oo for every p. Then E is the DG-algebra of
cochains on a DG-Lie algebra over A if and only if there exists a (strictly)
positively graded vector space V, finite dimensional in each degree, such that
E is the free algebra A(V) on V over A and the differential d v of an
element v € V (as element of E) is exactly the sum of a linear term d,v and
a quadratic term d,v (i.e. d\v is a sum of terms of the form a ® w, a € A,
w €V, and d,v is a sum of terms of the form a ® v, - v,, a € A, v;, v, €
V).

Proof. Assume E = C¥(L) for some DG-Lie algebra L such that
(K®4L),=0forp<0.As above, set V' = s(K ®, L)*.

Let {/;} be a base of K ®, L, [} the dual base of (K ®, L)* and set
v, = sl}. Let

d(1®1,)=3Xal®1,
J
and

[1®1,101]= Ec ® /.
The differential of C,( L) is completely determined by
d(s(1®1[)) = —s(za,.f@ 11)
J
and
d(s(1®1)-5(1®1)) = - (~1)d€g"s[1 ®1,101]
- degl (zck®l)

It follows that dv,, is completely determined by
(dv,)(s(1® 1)) = xa’
and
(do,)(s(1® 1) -s(1® 1)) = =cl.
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The signs are + or — if, respectively, deg v, + deg a”(1 + deg v,) and
deg v, + deg/, + deg c/,(1 + deg v,) are even or odd.

Hence
1

ho .
¢;j0; " v;,

0|

dv, = *al®uv,+ Y =
i ij
for (v, - 0,)(s(1 ® [,) - 5(1 ® 1)) = 2.

We have to verify now that if E = A(V') and the restriction to V" of
the differential dj is the sum d, + d, of a linear term and a quadratic
term, then E = C¥(L) for some DG-Lie algebra L over 4.

Let D, and D, be the derivations on E defined by extending D,(a) =
d,a, D(v) =d and Dy(a) =0, Dyv) =d,v, fora€ A and v E V.
Then we have d;, = D, + D, and

d2=0=D?+ DD, + D,D, + D} =0,
hence
D>=D?=0 and D,D,+ D,D,=0.
Set
L¥=(s"W)*=Hom(s"'V,K) and L=A® L*¥=Hom(s 'V, A4).

We shall define on L a structure of a DG-Lie algebra over 4 such that
CHL)=E.

First fix the following notation. For an A-module M, denote by
T,(M) the tensor algebra on M over A. As an A-module 7,(M) equals
D,.o(®F M), where ®I M =4 and @ M=MO,M®, -, M (n-
times).

If U is a graded vector space, we shall denote by

A AU) > T,(4 ® U)

the algebra injective map over 4 given, for a € 4 and u,, u,,...,u, € U,
by

Ma - uu, - up)
1
=5 622 *a(l ®uyg) @ (1 ®uyp) ®4 - ®4(1® u,,),

o 14

where 2, is the group of permutations of p objects and where the sign is
defined by *u,qy * Uy " Ug(yy = Uiy - -~ u, in K(U).
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With this notation, we have, fora € 4 and v € V, ADy(av) €E(A ®
V) ®4A4 ® V), hence D; = AD, is a map

D A®V>(ABV)®(A®V)=AQ V& V.
Let
x: Hom(V, 4) ® ,Hom(V, A)
= Hom (4 ®V®V, A) > Hom,(4® V, A) = Hom(V, 4)
be the dual map and let w: Hom(s ™'V, 4) » Hom(V, A) be the isomor-
phism given by w(¢)(v) = &(s™ 'v). Then
[,]:L®L—~L,

defined by [ , ] = @™ ' o x o (w ®, w), is a bracket, i.e. for every x,, x,,
x5 € L, we have
€]

. (__ l)degx, degxz[

[xlaxz] = x29x1]

and
(i1)
[xl’ [x2, x3]] :[[xl’ x,], x3] + (—1)deg)Cl degxz[xza [x1 x3]].
Indeed, these formulas are equivalent to
@y
x(&1, &) = (=)™ (&, £)
and
(1)’
X(gl B, x(£, 8, 53)) = X(X(él ®4&,) B, 53)
+ (“Udeggl degng(gz ® X(gl ®4 53)),

for £, £, and §; € Hom(V, 4). Now, (i)’ follows from the definition of x
and, by duality, (i)’ is true if and only if the following formula is true:

(ii)l!
(D} ®,id)D; = ((id ®, D}) + (id ®,,T)( D} ®,id))D}.
But
0 =A(D?) = (D;®,id)D; — ((i[d ®, E}) + (id ®,T)(D’s ®,id)) D3,

as one can check directly. (7 is defined by T(x ®, y) = (—1)dex dery,
B, x.)
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Now set d = &~ ! o Hom (D, id) e w: L - L. This defines a dif-
ferential on L: the fact that d* = 0 follows directly from D? = 0, and the
fact thatd[ ,]1=1[, d ®,id + id ®,d) follows from A(D,D, + D,D,)
=0.

As an algebra we have C}(L) = A(V) and to see that actually
C¥(L) = E, note that the differentials of an element v € ¥ are equal.
This completes the proof of the proposition.

(4.5) Consequence. Let A be a finite dimensional DG-algebra and L
be a DG-Lie-algebra over 4 such that (K®,L), =0 for p<0 and
dim(K ®, L), < oo for every p and free as an A-module. If 4 is a model
for a space Y, then L is a model for a fibration p: X — Y with a given
cross-section s: Y - X. Let s”: Y — X be another cross-section of p. Then
there exists a differential d” on L such that if L” denotes L equipped with
d’, then L’ is a model for the fibration p equipped with s’.

Proof. The DG-algebra C}(L) over A equipped with the natural
augmentation 1: C}(L) - A is a model for the fibration p equipped with
the cross-section s. Let o: C}(L) —» A be the augmentation corresponding
to s”. Let C¥(L) = A(V') and define an algebra isomorphism ¢: A(V) -
A(V) over A by extending (1 ®0v)=1®0v—0(1 ®v)®1 into an
A-algebra map. Then the following diagram commutes:

Av) 5 4w
LN Lo
A

Set d(1 ® v) = ¢ 'dep(1 ® v). This defines a differential on A(V)
such that (d — d)(1® v) is a linear term of the form 3,a,v,, a; € 4,
v; € V, and if E equals A(V) equipped with d, then ¢: E — C*(L) is a
DG-algebra map over A.

Now, it follows from Proposition (4.4) that there exists a DG-Lie
algebra L’ over 4 such that E = C}(L’) and as the differential on E
differs from that on C}( L) by a linear term, as a Lie algebra, L’ equals L.

We shall illustrate this consequence in the examples of §6.
S. The model L, for the space of cross-sections.
DEFINITION. Let A be a DG-algebra. We say that a DG-algebra E

over A is free nilpotent over A if E is a free algebra A(V') (see Definitions
and conventions in §1) where V is a graded vector space such that V7 = 0
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for p =0, dim V'? < oo for every p, and such that there exists an increas-
ing filtration V(1) C V(2) C V(3) C --- C V(k) C --- of V for which
d(A(V(k)) C A(V(k — 1)).

(5.1) Sullivan’s model. Let A be a finite dimensional DG-algebra such
that A° = K and let C = A* be the dual DG-coalgebra. Let E be a free
nilpotent DG-algebra over 4 and let 0: E — A be an augmentation of E.
Conditional to a change of base in the graded vector space of generators
(and the corresponding change in the differential) one can assume o:
id ® g, where e: Q(V') — K is the natural augmentation (as above, V' is the
space of generators of E over A) (see [8]). Below we shall systematically
make this assumption.

Sullivan has suggested [12] (page 314) the following model for the
space of cross-sections which are in the homotopy class of the section
corresponding to o. Consider the free algebra Q(V ® C) (which in general
is not positively graded) and the algebra map

e’ A(V) > A®Q(V® C) = Hom(C, (V® C))

obtained by setting e’(1 ® v)(¢) = v ® ¢ and extending as an A-algebra
map. Then the derivation on Q(V ® C) given by

d(v®c)=e(dv)(c) + (—1)**" v ® dc

is the unique differential on Q(¥ ® C) such that e’ is a DG-algebra map
over A. With this differential, the couple (e’, (V' ® C)) satisfies the
following universal property: for every DG-algebra map ®: E - A ® B
over A, where B is any DG-algebra, there exists a DG-algebra map ¢:
Q(V ® C) — B such that the following diagram commutes:
E g A®Q(V®C)
o\ Vid® g
A ® B =Hom(C, B)

In fact, ¢ is determined by (v ® ¢) = ®(1 ® v)(¢).

Let 7 be the ideal of Q(V ® () generated by the elements of V' ® C of
degree = 0 and their differentials and let I' be the quotient DG-algebra
QV®C)/I.Sete: E—» A®T for the DG-algebra map over A given by
e’ followed by the natural projection. The DG-algebra I' is positively
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graded and the couple (e, I') verifies the universal property

E 5 A®T

o\ Lid®g
A®B

for any DG-algebra (positively graded) B such that B® = K and for every
map P of augmented DG-algebras over A.

(5.2) Explicit formulas for e. Let U be the subspace of V' ® C of all
elements of degree <0 and their differentials (for the induced differen-
tial). Let (V' ® C)* be the quotient vector space ¥ ® C/U. Then we have
an algebra isomorphism I' = Q((V ® C)™).

Let {c;} be a base of C (as a vector space) and {a;} be the dual base
of A. Let v, be the class of v ® ¢;in (V' ® C)* for every v € V. Then

e(1®v)=Ya,®v,.

This is the evaluation as described in [12] and in [7]. This follgws from the
fact that the inverse of the canonical isomorphism I' ® 4 - Hom(C, T')

(given by (£ ® a)(c) = éa(c)) isdefined by a > 2, a; ® a;if a; = a(c;).

Let. W= V* and (4 ® W), be the sub-space of 4 ® W dual to
(V ® C)* . Then we have an algebra isomorphism

A®T ~Hom(S((4® W),), 4),
and if we identify E, as an A-algebra, to 4 ® Hom(S(W), K), then for
every A € Hom(S(W), K), a, ®w,, a, ® Wyseonsd, ®wW, E(AB W),
we have
e(1®A)(a,;®w,a,®w,,...,a,®w,)

= *aa, - -ap}\(wl, wz,...,wp).

THE FUNCTORIAL PROPERTY OF SULLIVAN’S MODEL.

(5.3) PROPOSITION. Let E and E' be augmented free nilpotent DG-alge-
bras over A. Assume there exists a weak equivalence ¢: E — E’ over A.
Then ¥ induces a DG-algebra weak equivalence T'(y): T(E) - I'(E’).

Proof. As an algebra we have E = A(V). Let d’ be the differential on
Q(V) = K ®, E induced by the differential d of E. For v € V we have
d'v =w+ (sum of elements of the form v,-v,---v,, n>1, v, E V)
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where w € V. Set d,v = w. This defines a differential on V for 0 =
d’(d’v) = d’'w + (sum of elements of the form v] - v} ---v,, n>1, v €
V), and d’'w =w’ - (sum ---), and it follows that w’ = dZv = 0. Let
H(V') be the homology of ¥V relatively to d,, and let c: H(V) —» V be a
monomorphism given by choosing for each class » € H(V') a cycle c(»).
Set H = ¢(H(V)). Then ¥ can be decomposed into the direct sum of three
subspaces H © B ® C such that d,, is an isomorphism (of degree one) of C
onto B.

Set U= B ® C with the differential d,, and consider the algebra
A ® K(U) with the differential defined by d(a ® u) =da ®id +id ®
dyu. Let ®: A ® K(U) - E be the DG-algebra map over A4 defined by
P(1®y)=1QyifyeC,®(1®x)=d(1®y)ifxE€ B, x=d,y, and
extending into an A4-algebra map.

Set A” = A ® Q(U) and consider E with the structure of DG-module
over A’ induced by ®. Then the DG-algebra 9 = K ® ;. E over A is, as an
algebra, equal to A(H) and is in fact Sullivan’s free minimal nilpotent
model of E over 4 [12] (page 289).

Letj: E - 9 be the natural projection. It is a weak equivalence.

To see this consider the spectral sequence associated to the natural
filtration of E and 9N as A-modules. Then j induces an isomorphism on
the E, terms, for the DG-algebra map jX: K ®, E - K ®, 9 induced by j
is a weak equivalence. To prove this last statement, note that jX is equal to
the natural projection j%X: Q(V) - K ®quy Q(V) = Q(H), where Q(V) is
equipped with the structure of Q(U)-module induced by ®*: Q(U) -
Q(V). Now, let Q(V) and Q( H) be filtered by the length: an element of
Q(V) or Q(H) is said to be of filtration p if it can be written as a finite
sum of elements of the form x, - x, ---x, with ¢ = p (x; € V, H). Then
j¥ induces an isomorphism on the E, terms of the associated spectral
sequences. Applying the mapping theorem, it follows that jX induces an
isomorphism on homology.

Now, as 9 is free minimal on A, there exists [12] (page 252) a
DGe-algebra map over 4, p: 9N — E, which is a weak equivalence and
such that j o p = identity. It follows that the DG-algebra map over 4,
M ®Q(U) - E, defined by (£ ® u) — p(§)®(1 ® u), is an isomorphism,
for it induces an isomorphism on cohomology and its projection onto the
generators is the identity.

Let h: Q(U) - Q(U)(t, dt) be the homotopy (in the sense of [3], page
251) defined by h(u) =u®t — (—D*“uw' @ dt if u=du’ + u”, ', u”
€ C. Then h,_, = identity and h,_, = &: S(V') = K.

Let h: E - E(t, dt) be the homotopy defined by id ® A, after identi-
fying Eto M ® Q(V). Thenh,_, =id and h,_, = id ®e.
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Let T'(E) and I'(9) be Sullivan’s models as defined in (5.1) corre-
sponding to E and 9. Then by the universal property there exists one
and only one DG-algebra map #: I'(E) — I'(E)(t, dt) such that the
following diagram commutes:

E 5 A®T(E)
R Lid®#
E(t, dt) oy A®T(E)(t, dt).

Using again the universal property, there exists a DG-algebra map
I['(j): T(E) — I'(9N) such that the following diagram commutes:

e

E >4 ®T(E)

\\Q \gm
. id®h

> A®T(9M)

/ﬁ,:o /d ®h,—q
| !

E(t, dr) TA Q T'(E)(t, dt)

2

In particular I'( j) is a weak equivalence.

Now, in the same way as above one gets a DG-algebra weak equiva-
lence j': E’ - 9’ over A, and thus a weak equivalence I'(j'): I'(E’) -
T(9N"), where N’ is Sullivan’s free minimal nilpotent model of E’ over 4.

Let y: E - E’ be a DG-algebra weak equivalence over 4 and let a:
M - M’ be the DG-algebra map defined by a = oo p: M- E -
E’ - 9. It is a weak equivalence, hence an isomorphism. The map p:
M - E induces a DG-algebra map I'(p): T'(9M) - I'(E) such that
T(j) o T(p) = I'(j o p) = id. In particular, I'(p) is a weak equivalence.
Now, the induced isomorphism I'(a): T(9T) - I'(9N") is equal to
IL'(j) o T(y) o I'(p) and it follows that I'(y) is a weak equivalence.

(5.4) REMARK. Let 4 be as above and let E be a DG-algebra over 4
such that E = A(V) as an algebra over A, where V is such that V7 = 0 for
p=1 and dimV? < oo for every p. Assume, furthermore, that E is a
F2-free module over A. Then E is a free nilpotent DG-algebra over 4. To
prove this, proceed as in the beginning of the proof of (5.3) to show that E
is the tensor product of a free minimal nilpotent DG-algebra over 4 and
an acyclic DG-algebra.
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A MODEL IN THE CATEGORY OF DG-LIE ALGEBRAS. (End of the proof
of Theorem 2, §1.)

As above, let 4 be a finite dimensional DG-algebra such that 4° = K
and let C = A* be the dual DG-coalgebra. Let L be a F*-free DG-Lie
algebra over 4 such that (K ®, L), = 0 for p =0 and dim(K ®4 L), < o0
for every p. If K = Q and A4 is a model for a space Y, then L is a model
for a fibration over Y with a given cross-section (Theorem 1, §1).

Set E = C¥(L) (cf. §4). It follows from Remark (5.4) that E is a free
nilpotent DG-algebra over 4.

By restriction of scalars, consider L as a DG-Lie algebra over K and
let L, be the DG-Lie subalgebra of L consisting of the elements of
positive degrees and the cycles of degree zero. Set

C*(L,)=Hom(C(L,), K).

We wish to show that T'(E) = C*(L,).

Recall that we have algebra isomorphisms I'(E) = Q((V ® C)") =
Hom(S(A4 ® V*)_, K) (see (5.2)). We also have an algebra isomor-
phism C*(L,)=Hom(S(sL,)K), and to see that sL, =(4 ® V*),
as a vector space, note that Hom(sL, , K) =(V ® C)", for the dif-
ferential induced on V' ® C is precisely the dual to the differential on
sL. Tt follows that we have an algebra isomorphism I'(E) = C*(L, ).

We must now show that the differential on C*(L. ) is the unique
differential such that the evaluation map e: £ > 4 ® C*(L_) is a DG-al-
gebra map. Let

&V: C(L, )~ Cu(L)

be the DG-coalgebra map over u: K — A defined by the natural injective
map C(L, ) - C(L) followed by the map S,: C(L) - C,(L) (see Remark
(4.3)). Let

ev: Hom (C,(L), 4) > 4 ® C*(L, )
be the restriction to Hom ,(C,( L), A) of the natural map
Hom(év,id): Hom(C,(L), 4) - Hom(C(L, ), A) = A ® C*(L, ).

Then ev is a DG-algebra map over A4 and, in fact, ev = e. To see this, one
can directly check that if a,a, a,,...,a, €4, N €CHK®, L),
Xy, Xp,...,X, € K ®4 L, then (see (5.2)).

ev(a ®A)(a, ® sx,a, ® 5x,,...,a, ® sx,)

= *aa,a, - ap?\(sxl, §Xp,. .. ,sxp).
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Assume K = Q and 4 is a model for a space Y. Then L is a model for
a filtration p: X — Y with a given cross-section s: ¥ — X (Theorem 1, §1).
Let T, be the space of cross-sections of p homotopic to s. The proof of
Theorem 2 (§1) now ends by using the theorem proved by Haefliger in [8]
(Theorem 3.2), namely that if E is a free nilpotent DG-algebra over 4
which is a model for the fibration p, then I'( E£) is a model for the space
T

§°

6. Examples.

(6.1) The trivial fibration Y X Z and the constant map. Let Y be a
nilpotent space and A a finite dimensional DG-algebra which is a model
for Y. Let Z be a simply connected space such that dim H?(Z,Q) < o
for every p, and let L, be a DG-Lie algebra which is a model for Z.

Then a model for the trivial fibration Y X Z equipped with a section
corresponding to a constant map is the DG-Lie algebra A ® L, with

{a ® l, a® l/] — (_1)d€g/dega’aa/ ®[l, l/]
and

da®l)=da®1+(—1)**"a®adl.

Proof. Y X Z equipped with a section corresponding to a constant
map has as a model the DG-algebra 4 ® C*(L,) equipped with the
natural augmentation.

REMARK. It follows that a model for the space of maps Y - Z
homotopic to a constant map is the DG-Lie algebra (4 ® L), .

(6.2) A connected component of Z5". Let Z be a simply connected
space such that dim H”(Z,Q) < oo for every p. Let L, be a DG-Lie
algebra which is a model for Z. Let f: $” — Z be a continuous map. There
exists a (n — 1)-cycle / € L, such that its homology class / € H,_ (L) is
equal to the rational homotopy class of f, for H, (L,) = 7,(Z) ®2Q.

Let A be either the quotient algebra Q[a]/a? or the free algebra A(a),
respectively if n = deg a is even or odd.

Then a model for the trivial fibration S” X Z equipped with the cross-
section corresponding to f is the DG-Lie-algebra A ® L, with

[a ® l, a ® lr] — (_l)degldega’aa/ ®[l, l/]
and, for every x € L,
d1®x)=1®dx —a®|[l, x].
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In particular, the DG-Lie algebra (4 ® L,), with same bracket and
differential is a model for the connected component (Z°5", f) of f.

For instance, with this model one can immediately see that the
connected component ((S**)S”, constant map) has the same rational
homotopy type as K(Q,2n — 1) X §2", whereas the connected compo-
nent ((S2%)S*, any map nonhomotopic to a constant map) has the same
rational homotopy type as K(Q,4n — 1).

Proof. Let us first see that it does not depend on the choice of /. If [is
a(n— 1)-cycle such that [ — [ =di, [ € (L), then 1 ® x> 1®x—a
® [[, x] is an isomorphism ¢ of A4 ® L, such that dy = ¢d, where
d1®x)=1®dx —a®[], x]foreveryx € L,.

Next, note that if / = 0, then we are back to example (6.1).

Assume / # 0 and let L(/) be the free Lie algebra on /. The natural
Lie algebra map L(/) - L, induces a map C*(L,) —» C*(L(/)) on the
cochain DG-algebras and thus a DG-algebra map A: C*(L,) - A.

Then the tensor product 4 ® C*(L,) equipped with the DG-algebra
map o: A ®C*L,)—~> A, o(a®§) =aA(§), is a model for S”" X Z
equipped with the cross-section s,: S§" = 8" X Z, s/(u) = (u, f(u)).
Therefore, it follows from (4.5) that there exists a differential d;, on
L = A ® L, such that C}(L) equipped with the natural augmentation is a
model for (§” X Z, s;).

Let us compute the differential d, on C}(L) on a given 4-module
base. Let [, /,... ,lp,. .. be a base of L, (as a vector space) such that
lo = I. As in the last section of §4, set v; = s/¥. Then d, is defined by
d,= @ 'dp, where : C§(L) - 4 ® C*(L,) is given by ¢(vy) = v, — a,
o(v,) = v, i 70, and where d(1 ® ) = 1 ® d¢ for £ € C*(L,).

Now we have (see §4)

uh:(—u‘kg”ﬁ(za 2 )
i

where
dl;=Yajl, and [I,1]= Ec,jz

J

(Note that aj = 0 and a/, c € Q.) It follows that

! (‘Udegvh(ga 2 1) zhj”i”j))

dfvh =9

:dvh-i- (_l)degv,, %az((_l)dego,dcga+degl,clh0+(_l)deglocgi)vi-

i
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But

ciho = ”h(s[ln lo]) = —(- l)degl'deglo Uh(s[lo’ li])

- _ (_ 1)degI,-deglo CS,-

and deg /; = deg v; — 1,7 = 0. It follows that

d deg [
dov, =dvo, + (—1) ceonticelo S gch v,
i

But this is the differential induced by the differential cif on L, given
by

d(1®1)=1®d,—a®[l,1].
Hence d, = d, and this ends the proof.

REMARK. For every p =1, let a0 H,, (L) - H,,,(L) be the map

defined by a(X) =[/, x|, B,: H,, (L) » H,((A ® L), ) the map defined
by B,(X) =(a®x), and v,: H((4®L),) - H,L) the map induced
in degree p by e ® id: A ® L — L, where ¢: A — Q is the natural augmen-

tation of 4. Then one can directly see that the following sequence is exact:
% By Yp
T p+l(L)_)Hp+n(L)—>Hp((A®L)+)——)HP(L)_) e

It is Whitehead’s exact sequence for the rational homotopy [4]:

U Wp+2(Z) ®zQ - 7Tp+n+1(z) ®zQ — WPH(ZS"’ f) ®zQ
e (2)8,Q -

(6.3) A connected component of (S")". Let Y be a nilpotent space and
let A be a finite dimensional DG-algebra which is a model for Y.

Let n>1and f: Y - S" be a continuous map. It induces a map f*:
H*(S",Q) - H*(Y,Q). Let £ € H*(S",Q) be a generator and a € A” be
a cocycle such that f*(§) = a € H"(A) = H'(Y, Q).

Then the DG-Lie algebra A ® L(1) over A, with degl = n — 1 and

d1®1)= —a®[l, ]

is a model for the trivial fibration Y X S" equipped with the cross-section Sy
given by f.

It follows, in particular, that (4 ® L(/)). is a model for((S")7, f).
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Proof. Let us first see that this does not depend on the choice of a. If
a—d=day, then (1) =1®1—q,®@[LI]and Y(1 B [LIDN=1®
[£, 1] defines an automorphism of 4 ® L(/) such that dy = {d, where
d1® )= —a®[lI

If n is odd, then S” = K(Q, n) and [/, /] = 0, so that (6.3) means
(K(Q, n)?, f) has the same rational homotopy type as (K(Q, n)”, ct =
constant map). Now, the fact that (K(Q, n)?, f) and (K(Q, n)¥, ct) have
the same homotopy type has been shown by Thom [13], and this result is
used by Haefliger [8] to prove the theorem we apply to get our Theorem 2.
For us, therefore, only the case “n is even” is interesting.

Thus, assume 7 is even and let A ® C*(L(l)) = A(v, w), with deg v
=n, degw = 2n — 1 and dw = 102 (As in §4, we have set v = s/* and
w = s[l,1]*.) As f*(¢£) = a and 52 = (), there exists an element b € 4 such
that db = 1a?. The cross-section s, corresponds to the DG-algebra map
0,2 A(v, w) > A defined by 0,(v) = a and o,(w) = b.

From (4.5) it follows that there exists a differential d, on 4 ® L(/)
such that C¥(L) equipped with the natural augmentation is a model for
((S™7, f). The differential d;on Cj(L)is given by d, = ¢~ 'do, where ¢:
CHL) - A ® C*(L(])) is defined by p(v) = v — a and p(w) = w — b.
Hence, we have d;v =0 and dw = 10?2 + aqv. This is the differential
induced by the differential d, defined on L by d,(1® /)= —a®[/,]]
and d; (1 ®[/,1]) = 0, for

dw(s(1®1)) = (—1)* " w(sd(1® 1)) = —w(—s(a ®[1,1])) =

REMARK. Let a,_;: H" P (A) - H*" 7 (A4) be defined by
a, (a) = ad’, , let B, H™ P~ 1(A) - H, (4 ® L(l)),) be defined
by B, (@) =@ ® [/, /] and lety, ,: H, (4 ® L(1)),) » H"7(4) be
defined in the following way: a (p — 1)—cycle £in (A ® L(1)), is of the

form a,/ + a,[/, 1], where a, € A" 7, a, € A 77\ Let v,_(§) = a
Then the following sequence is exact:

() S B () S (A @ L))

Yp—1
—>H”7’(A)—>

It is Federer’s exact sequence [4]
~ H" 7" (Y,Q) » H* 7~ (Y,Q) » m,((s")", f)
- H"7(Y,Q) -
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(6.4) A fibration over S* defined by a “twisted bracket”. Here we give
an example of a nontrivial fibration which has as a model a graded Lie
algebra (with trivial differential) over 4 = H*(S* Q) with a “twisted
bracket”.

Let a € H*(S?, Q) be the fundamental class. Let L’ be the graded Lie
algebra (over Q) of dimension 2 as a vector space, with base /, /',
deg/=3,degl’ =8,dl=dl'=0,[LI]1=[LI1=1[I'1l]=0.

We define on L =4 ® L’ a DG-Lie algebra structure over 4 by
[1®L1®I=a® and [a® /[, a®!')|=[1®,10®[']=0, d(1®])
=d(1®1")=0. Then L is a model for a non-trivial fibration over S
whose fibre is K(Q,4) X K(Q,9) and whose minimal model over 4 is
given by A(x, y) withdeg x = 4,deg y = 9,dy = —ax>.

Now, as a Lie algebra, L = L_ and thus the space of sections of this
fibration has the same rational homotopy type as K(Q,2) X §* X K(Q,9)
(whereas the space of maps from S? to K(Q,4) X K(Q,9) has the same
rational homotopy type as K(Q,2) X K(Q,4) X K(Q,7) X K(Q,9)).

(6.5) A fibration over S* defined by a trivial bracket and a “twisted
differential . Here we give an example of a non-trivial fibration which has
as a model a DG-Lie algebra over H*(S>, Q) with trivial bracket.

Let S'* » S® be the Hopf fibration over S® whose fibre is S7. Let
S3 X 8% 8% a degree-1 map and let E - S° X S° be the induced
fibration. Consider the fibration E » S obtained by taking the projection
over the first factor. Its fiber is S° X S7.

Let A = H*(S?, Q) and let a € A be the fundamental class. Let L’ be
the trivial Lie algebra with two elements /, /” with deg/ = 4 and deg !’ = 6
(differentials and brackets are trivial). Let L be the DG-Lie algebra over 4
obtained by equipping the product 4 ® L’ with the differential defined by
d1®[)=a®/!" and d(1 ® /") = 0. Then L is a model for E - S3, for
C*(L) is the free minimal model of E - §* over 4. As L, = L and (also
considered over Q) L contains a trivial sub-Lie algebra which has as a
base the element a ® A and 1 ® p, and as this inclusion is a weak
equivalence, the space of sections of E — S° has the same rational
homotopy type as the product K(Q,2) X K(Q,7) of Eilenberg-MacLane
complexes.

(6.6) Rational homotopy type of immersions of a k-dimensional manifold
in R?. Let X be a differentiable manifold of dimension k. The space of



28 FLAVIO E. A. DA SILVEIRA

immersions of X in R? with the C*-topology has the same weak homo-
topy type as the space of cross-sections of the bundle & over X associated
to the bundle of k-frames of X, whose fiber is the Stiefel variety V, , of
k-frames in R? [9].

Let A be a model for X. We wish to commpute first the minimal
model of & over A. To this purpose we need the following general
considerations.

PROPOSITION. Let G be a connected compact Lie group and EG — BG
the universal G-principal bundle. Let H*( BG, Q) = Q(c,,...,c,) with degc;
even, 1 <i=<|[ Then the DG-algebra Q(c,,...,c;) ® Q(u,,...,u;) ®
Q(cy,...,¢)), with deg ¢, = degc,, degu, = degc, — 1, dc; = dc, = 0, du,
= ¢, — ¢, is a model over Q(c,...,c,) for the bundle p,: EG X ; EG — BG
induced by the projection on the first factor.

Proof. First, consider the two bundles p,, p,: EG X; EG — BG in-
duced, respectively, by the projection on each factor and whose fiber is
EG. Let A: BG » EG X ; EG be the map defined, for b = eG € BG, by
Ab = the class of (e, e) in EG X ; EG. Then A is a cross-section for both
p, and p, and it is a homotopy equivalence (for EG is acyclic). In
particular, p, and p, are homotopic to each other.

Next, choose a DG-algebra weak equivalence f: Q(cy,...,c;) =
A*(BG). (For any space Y, A*(Y) is the DG-algebra of Q-polynomial
differential forms over the singular complex of Y.) As H*(p,)c,) =
H*(p,)(c,), there exists a form w, € A*(EG X ; EG) such that dw, =
A*(p)(fe;) — A*(p)(fc;)), where A*(p)): A*(BG) —» A*(EG X; EG),
j = 1,2, are the DG-maps induced on the differential forms. Then the
DG-algebra map

g8:Q(cys...0¢) ® Quy,...,u;) ® Q(ct,...,c;) = A*(EG X ; EG)

defined by g(c,) = 4*(p\)(fc,), g(u;) =w, and g(c}) = A*(py)(fe,), 1
=i =1, is a weak-equivalence. This can be proved by considering the
commutative diagram

Qcys.nuc) ® Qup,.. ) ® Q(cl,. .. c]) —=—> A*(EG X, EG)

VT TA*(PI)

Qley,... ¢, > 4*(BG)
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where »(c;) = ¢;, and showing that » is a weak-equivalence, which can be
done as follows. Set

7: Qeys.vhe) ® Quy,...,u;) ® Qley,...,c)) = Qley,...h¢)),

7(c,) = ¢;, w(c;) = ¢,, m(u,) = 0. Then 7» = identity and »7 is homotopic
to the identity, with the homotopy H defined by Hc; = ¢;, Hu, = u,t and
Hce;=c(1 —1t)+c't+u,;dt.

COROLLARY. Let U = Y be a G-principal bundle and a: Y — BG a
classifying map. Let B be a model for Y and p: Q(c,...,c;) > B a
DG-algebra map corresponding to a. Then the DG-algebra Q(c},...,c/) ®
Q(uy,...,u;) ® Bwith du, = p(c;) — c, is a model over Q(ci,...,c|) for the
bundle B: EG X ;U - Y induced by U — Y.

Proof. Let a: U — EG be the map induced by a and consider the
commutative diagram

EGX .U 5 EGX EG

ﬂi \Lpl
Y - BG

o

where d is induced by id X &. (Note that 8 is a homotopy equivalence, for
EG 1s acyclic.) Since p, and p, are homotopic, a8 = p,a is also homotopic
to p,a. Now, it follows from the proposition that B ® Q(u,,...,u,) ®
Q(cl,...,c)), with du, = p(c,) — ¢, is a model for EG X ; U over B, hence
Q(ct,..-.c)) @ Q(uy,...,u;) ® B, with du, = p(c;) — ¢/, is a model for
EG X ;U - BG over Q(cy,...,c)).

Now, let us return to our bundle & — X whose fiber is V, x- The group
SO, acts naturally on the right on V,, and we have a SO,-principal
bundle V, , — G, , induced by this action, where G, , is the Grassmann
variety of k-planes in R?. Consider this action on ¥, ,. Then & —» X is
induced from the bundle ESO, X4, V, , - BSO, by a map X — BSO,
which classifies the tangent bundle over X:

& - ESO, Xg0 V4
i v
X - BSO,

Let p = 2n and k = 2m, m < n. (The computations with both k£ and
p odd or with one of the two odd are analogous to those we shall make.)
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Then H*(BSO,,,,Q) = Q(py,-.-sPm—1 X)» deg p; = 4i, deg x = 2m. By
the above corollary we have
QP sPm—1>X) ®Q(uy,... u,_,,2) B,
with
du; = p(p;) —p; and dz=p(x),

where B is a model for G,, ,,, and p: Q(py,...,p,—» X) = B corresponds
to a classifying map G,,,,, —~ BSO,,, (for example the natural inclusion)
is a model for ESO,,, X505, V3,2, OVEr Q(Pys---sPpm—15 X)-

A model for the Grassmann variety G,,, ,,, of 2m-planes in R*". Let
H*(BSO,,,,Q) = Q(p},....pp-1,X), degp/=4i, degx’ =2m,
and
H*(BSOys—1my» Q) = Q(pY,e P15 X)),
deg p;’ = 4i, degx” = 2(n— m).
Then the DG-algebra
B=Q(pi -1 X) ®QpY, P15 X) @ Qoy,. 0,1, W)
with
i = dx' = dof = dx" =0, do,= 3 pinl
and
dw = x'x"
(where py = p; = 1, p,, = 3X%, ppop = 3X"% P/ = 0 if I>m, p)' = 0 if
[ > n — m)is a model for G,, , .
This can be proved by showing directly that the DG-algebra

Q(pi,---sPae1>X) ® B
with
dp; = dx = dp; = dx’ = dp{ = dx" =0,
do,= X pipi1 ~ Py
=0
and

dw = x'x" — x
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(with the same conventions as above) is a model over H*(BSO,,,Q) =
Q(py---sp,—1» x) for the bundle BSO,, X BSO,,_,, » BSO,, whose
fiber is G, ,,,-

The minimal model of V,,,,. Let B be as above. To the natural
inclusion G,,,,, = BSO,,, corresponds the natural DG-algebra map

Q(pL,-.spm—1» X)) — B. Hence
Q(uy,...stty_,2) ®B
with
i
du, = p],dz=x and dv,= ¥ pp,
=0
(with the same conventions as above) is a model for V,,, ..
Set
= Q(X”’ Un—m’ Up—m+1o+++50p—1> W)
with
dx" =0, dv,_,,=3ix"* and dv,=dw=0, i>n—m.
Then it is easy to verify that the natural projection Q(u,...,u,, |, z)

® B — 9lLis a weak equivalence.
Thus 9N is a model for V,,, ,,,, namely its minimal model.

The minimal model of & — X for k =2m, p = 2n. Consider the
product Q(py,.. P> X) ® O with dv,_,, = +x"?, dv, = —p, and dw
= —xx”. Then the above projection Q(u,,. .. z) ® B — 9 induces

a projection
Q(pl""’pm*l’ X) ® Q(ul?""unfl’ Z) ® B - Q(pl""’pﬂl’l’ X) ® %

which is also a weak-equivalence. It follows that Q( p,,...,p,,—, X) ® N
is the minimal model of ESO,,, X5 V5, ,,, over Q(p,,...,p,, x) and

nl’

2m

the next proposition follows 1mmed1ately.

PROPOSITION. Let A be a model for X and y: Q(p,,....p,,—1»X) >4 a
map corresponding to a classifying map X — BSO,,, for the tangent bundle
on X. Then Mg = A @ M, where M = Q(X", Uy > Uy 1s+->Uny1s W,
deg x” = 2(n — m), degv,=4i— 1, degw =2n— 1, with dx” =0,
dv,_,, =3x"* dv,= —U(p,), i>n—m, and dw = —Y(x)X" is the
minimal model of & over A.
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A MODEL FOR THE SPACE OF IMMERSIONS X — R*” HOMOTOPIC TO A
GI1VEN ONE.

According to Proposition (4.4), if Y(p;) # 0 for a given i = 1,...,
m — 1, then 9N is not the DG-algebra of cochains on a DG-Lie alge-
bra. Let 0: 9N, - 4 be an augmentation on M, and set My for M
equipped with the differential d’ defined by d'x” =0, d'v,_, = 1x"* +
o(x")x", dv; =0, d’'w = —y(x)x”. Then the A-algebra map ¢: IM; —
Mg defined by @(x”) = x"” — o(x"), ¢(v;) = v, —0o(v,) and ¢(w) =
w — a(w) is a DG-algebra isomorphism over A4, as can be checked
directly. From (4.4) and computations analogous to those in (6.2) or (6.3)
it follows that Mg = C*(L), where

L=A®(L(I)®L(l,_,)) ® - ®L(L,_,) ® L(k)),

with deg!/=2(n —m) — 1, degl,=4i— 2, degk =2n—2 and dl =
Y(xX)k — o(x")NI, 1], dl,=dk = 0. (In M we have x”’ = si*, v,_,, =
s[LI*,v,=sl*i>n—m,w=sk*)

In particular, the DG-Lie algebra L, 1s a model for the space of
immersions X — R?" homotopic to an immersion s to which corresponds
the augmentation o.

REMARK. One can easily verify that o(x”) is the Euler class of the
normal bundle to the immersion s. We see therefore that the rational
homotopy type of the connected component of s in the space of im-
mersions X - R*” is completely determined by the Euler class of the
normal bundle to s.

Immersions of S*™ in R*". Let X be §*". Then to S*" - BSO,,
corresponds Q( py,...,p,-1» X) 2> A = Q(a)/(a*) defined by p, - 0 and
x > a. Let 0: M > Q(a)/(a?) be an augmentation. Then, as we saw,
the DG-Lie algebra

L=0Q(a)/(a*)®(L(I) ® L(l, pps)) ®--- OL(I, ) ® L(k)),

over Q(a)/(a?), with dl = ak — o(x")[!, 1] and dl, = dk = 0, is a model
for & equipped with a cross-section s corresponding to ¢. But, if n # 2m,
o is necessarily the trivial augmentation (as there is no generator in degree
2m of M), thus o(x”) = 0. If n = 2m, then all the augmentations are of
the form o(x"”) = ra, r € Q, a(v,) = o(w) = 0.

It follows that L, with d/ = ak if n # 2m, with dl = ak — ra[l, [] if
n = 2m, and with dl;, = dk = 0 in both cases, is a model for the space of
immersions $?” — R?*” homotopic to s.
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If n #= 2m, let q be first positive integer in the sequence
An—m)—1-2m<4n—m)—2—2m
<4n-m+1)—-2-2m<---<4n—1)—2—-2m.
Then, there is a natural injection
L(l;) ®--- @L(l‘,l(n—l)—Z—Zm) ® L(i) ® L(ln*m+l)
®---®L(I,_,)®L(k)-> L, ,

where deg/; = i, deg!/ = 4(n — m) — 2, deg !, = 4i — 2, degk = 2n — 2,
which is a weak equivalence.

Therefore, we see that a connected component of the space of immersions
of S*™ in R*", n # 2m, has the same rational homotopy type as

K(Q,q) X --- XK(Q,4(n—1)— 2 —2m)
XK(Q,4(n —m) —2) X K(Q,4n —m + 1) — 2)
X -+« XK(Q,4(n — 1) —2) X K(Q,2n — 2).
If n = 2m, then for every r € Q, there is a natural injection
L(l:'rﬁ-l) ®--- $L(l,2m—l) ® L(k,) ® L(lm+])
®---®L(l,,,)®L(k)>L,,
where deg k' = 2m — 2,deg!, = 4i —2m — 2, degk = 4m — 2, deg !/, =
4i — 2, which is a weak equivalence.

We see that a connected component of the space of immersions S*™ —
R*™ has the same rational homotopy type as

K(Q,2m +2) X -+ XK(Q,6m + 6) X K(Q,2m — 2) X K(Q,4m + 2)
X -+ XK(Q,8m — 6) X K(Q,4m — 2).

One can make similar computations for X a product of spheres or a
complex projective space and see that also in those cases a connected
component of the space of immersions X - R*” has the same rational
homotopy type as a product of Eilenberg-MacLane complexes.
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