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Recently Das gives sufficient conditions for (N, r,) € (N, p,)X(N, q,,)
or (N, p,XN,q,) € (N,r,), and for |N, P,| ~ (N, p,)(C,1)| The pur-
pose of this paper is to give sufficient conditions for |N,r,|C
(N, p,)(N, gq,)| or (N, p,)XN,q,)| C|N,r,| The results obtained here
are also absolute summability analogues of Das’ theorems.

1. Let {p,} and {gq,} be real or complex sequences such that
P, =Y. _opi*0and Q, =X} _.q, # 0. A sequence {s,)} is said to be
summable (N, p,) to s, if t2 =X _op,_x8/P, = s(n = o), and sum-
mable (N, p,)(N,q,) to s, if t29=Y._ p,_«ti/P, = s(n > ). It
is said to be absolutely summable (N, p,), or summable |N, p,|, if
Ll — 17,4] < oo.

Given two summability methods 4 and B, we write A C B if each
sequence summable 4 is summable B. If each includes the other, we write
A ~ B.

We define the sequence {r,} by r, = X}_,p,_ g, and define the
sequence { ¢, } formally by 1/X2_, p,x" = £2_,c,x". We write { p,} € M
if p,>0, p,i1/Pn<Pn+2/Pns1 <1, and also write, for any sequence
() [O=Zkofes [P =20_of®. And K denotes an absolute con-
stant, not necessarily the same at each occurrence.

On inclusion relations between two summability methods Das gives
the following theorems.

THEOREM A [1, Theorem 2). If { p,} € M and {q,} is positive, then
(N,r,) € (N, p,)(N,q,).

THEOREM B [1, Theorem 5). If { p,} € M and {q,} is positive and
(n + 1)gq, = 0(Q2,), then (N, p,X(N,q,) € (N, r,).

THEOREM C [2, Theorem S). If {p,} € M, then |N,P,| ~
KN, p,)(C, D]

The purpose of this paper is to prove the following theorems.
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THEOREM 1. If { p,} € M and if {q,} is positive and nonincreasing,
then |N, r,| < (N, p,)(N, q,)|

This is an absolute summability analogue of Theorem A.

THEOREM 2. If { p,} € M and if {q,} is positive and nonincreasing
andif R, = Xi_or; = oo(n — o), then (N, p,)(N,q,)| C N, ]

This is an absolute summability analogue of Theorem B. Combining
Theorem 1 and Theorem 2, we have the following

THEOREM 3. Under the assumptions of Theorem 2, the relation
(N, p,)X(N,q,)| ~ |N,r,| holds.

In this Theorem, if we put ¢, = 1, then we obtain Theorem C.

The author takes this opportunity of expressing her heartfelt thanks
to Professor H. Hirokawa for his kind encouragement and valuable
suggestions in the preparation of this paper. I must also express my
heartfelt thanks to the referee who gave valuable comments.

2. We require the following lemmas.

LEMMA 1. Lety,=Y!_,a,,x,. If

i i (anv - an—l,v)

n=p|v=p

<c< oo forallp,

then ¥%_o|Ay,| < oo whenever ¥2_|Ax,| < oo.
This is due to F. M. Mears ([3, p. 595)).
LEMMA 2. Let { p,} € M. Then

r o0
(1) Y P Y e, l=sr+1,

p=0 n=r+1

(2) {c®} is nonnegative and nonincreasing and
(3) cPp, < 1.

This is Lemmas 3 and 4 in [2].
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LemMA 3. If { p,} and {q,} are nonnegative, then

(4) PO <K(n+1)P, and
(5) R,<PQ,.
Further, if { p,} and {q,} are nonincreasing, then
(6) (n+1)P, < KP® and
(7) R, > KP,Q,.

Proof. The inequalities (4) and (6) are Lemma 5 in [2]. The inequality
(5) is easily established. So we shall prove the inequality (7). Since the
sequence { P,/(n + 1)} is nonincreasing, and KQ® > (n + 1)Q,,

Rn=Pan+qun——l+ e +an0

Pl n
_Pan+2_2_qn—l+ ”'+(n+1)n+1‘10

n (qn+2qn—l+ T +(n+l)q0)

=PQP/(n+1)2PQ,/K.

LemMmA 4. If {p,} € M and if {q,)} is positive and nonincreasing,

then
(8) Zp,, oCop S Puye®, (n<v<n),
n—1
(9) 0 =< Z (Qn - Qv)pn—vcv——u =< qu’
v=p
cM
(10) L Z Q Q qv+1 Av+1v—p

—Co— = n—
T, =P ﬂ,g,, 0,0,

" v=p
and uniformly in v < p,

(11) 5 2= puyr =) 0( 1 )

p+1)/

n=p+1 Qn n—1

Proof. The inequality (8) is Lemma 6(11) in [2].
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The inequality (9); Using Abel’s transformation, from (3) and (8), we
have

n—1

Z (Qn - Qv)Pn—vcv-—p. = Z q9,+1 Z Prn—pCo—p
v=pnp v=p
n—1 n—1
< Z qv+1pn p.c(l)p == qppn —n Z cx(ll—)p
v=p v=p

—_ 2
- qp,pn ,uc( )p, = qu

The inequality (10); Using Abel’s transformation, from (8), we get

1 0.-9
0, E,L 0, Prfrw

v

10,0, Q.- O
0, § 0, 0,1 ,Z,/’""”

Qn lQn er' pn—rcr-—p

c®

n—1
qv+1 qv+1 v—p
< —_— .
Z 0,0, Z”"-'C'—“"”"-“E,L 0,0,

v+1 p= M
The inequality (11); Since { g, } is nonincreasing, we have

Q1,02 y (Ve _n

0, o, vq,

Hence, (Q, — 0,)/Q,, < (n — v)/n. Therefore using Das’ Lemma 7 in
[2], we obtain the inequality (11).

LEMMA 6. If {p,} is positive and nonincreasing, then uniformly in
O<p<y,

& PuPn-p 1
(12) § PP, 1‘0(v+1)‘

This is Lemma 8 in [2].
3. Proof of Theorem 1. Let us write

1 n 1 n
r — Pq — q9
tn R gor —vsu and tn Pn Z pn—vtv'

n
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Then, following Das’ [1, pp. 32-33], we have

Z Anu 74

where
R, 2 G0
Sy Bt (<)
={ P, = 0,
nw Ll 14
0 (p > n).
By Lemma 1, it is sufficient to show that
oo n
=X | X, =7 )=00)  (p=0.1,2..)
n=plp=p
Noting that
g 1 (n=p)
13 =
( ) Vgnp""’c"“" {O (n > p‘)7
for n > u, we get
R n—1 Q _ Q
Y n v
}\n#— Pn ,,g” QnQV pn—VCV—;L’

and forn > p + 1,
R n—1 _ Q
An—l,/.L=}_') - Z Q Q Prn—v—1C,- we

n—1 v=p
Also it is easily seen that X _, A,, = 1. Hence, for n > p,
n p—1
Z (}\np - Arz~l,p,) = Z (An—l,p. - Anp.)
p=p p=0
~ Qn QV(pn*V‘l pn~v)
= R - -
Z VZV- QnQv Pn—l Pn o g
Thus
) p—1
Jpzl)\ppl+ Z (}\n—lu_}\nu)
n=p+1|p=0

Dy
S{App‘+ Z _P—P——

n=p+1 Qn n-n-—1

0, — Q)
R
ﬂZO ,,Z P ,L( o

0

+ X

n=p+1 Qn n—1

Z R Z Q" (pn v—1 pn_V)CVA}J.l

p=0 y=

=JO+JP+ IO say.
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From (5),
R poc
pPoCo <1

5 =Pl= 0 =

By Lemma 4(10),
o0 @)

qv+lcv
) R rrovTe
Jp < Z P P E pPrn—p Z Q,,Q,,+1

n=p+1 "n n-=1 ;=0
o~  PnPn-
Z R, ¥ 2
n=p+1 P"P" 1

=JP+JP, say.

0,941

Z 2_: ) ql’+lcl(' )/,L

Using the identity
; Pc®, =»+1,
(5), (12) and the monotonicity of { p,,} {q,} and {Q,}, we have

P < —— L R,c®
ol n % PnPn 1 ,;Z() QVQV+1 FZ=:0 # #

i pnpn P q +1Q
v P c(l)
n= Z PnPn 1 ,,Z() Qva+1 #Z()

- i PnPn- p E (V‘I“ 1)qv+1
n=p+1 PnPn 1 =0 Qv+l

o(p+1) ¥ e o),

n=p+1 " n-n-1

Using (2), (5), (12) and (13) since { ¢,,} and {Q,} are monotone, we get

g, & PP
J9=Y R Dy lZvp nEnp
Z ,,Z Q Qv+1 n ;4_1 PnPn 1

c®

pl qv+1v ®
<K} QP Z
p=0

b 0.0,n(r+1)

K Z P Z qv+1cl(ll—)p,
< _—
v=p V+1(v + 1)

<K2 Pc® Y ——1——2=0(1).

p=0 vp V+1)
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Next,
oo P—l p—l Q — Q
< X o5 L RY =5 (Puvr ~ Pas) oy
n=p+1 ntn=1|p=0 v=p v
p—1 0 1
+ Z Rp, Z Q Z (pn v—1 pn—v)cv—p,
p=0 n=p+1 ntn—=1|y=p "
=JP+J9, say.
By Lemma 4(11), we obtain
= 1 |INN0,-0 ;
Jp(l3) = 2 Q Z Q (pn—v—l - pn—v) Z Rp.cv—y,
n=p+1 ntn—1|,=0 v p=0

o0 1 p—1

= X > (2, — @) Puevi = Puss)

np+1Q""1vO

_ ‘E 5 (@, = Q)(Puy1 = Pu)

v=0 n=p+1 Q" n—1

- 0(1).

Next, using (5), we get

p—1 00 1 n—1 _ Q
Jp(g)s Z Ru Z Z nQ V(pn——v—l _pn—v)lcv—y|

p=0 n=p+1 Qn n—1 y=p

ot < IC,,_ | e (Q - QV)(pn—-v— —Pn—v)
— R,‘,E Ql" Z n 1
p=0 v=p v p=v+1 ntn—-1
kY R €]
<
p=0 “v=p Q,,(V + 1)

=0(p+1)§: R e = 0

by Lemma 4(11) and Lemma 2(1).
This completes the proof of Theorem 1.

4. Proof of Theorem 2. First, we have, following Das’ [1, p. 37},

n

n
R Py eatf
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where

P n
._Ri z pn—v Vcll“"l, ("L ‘<" n)

Xy = r=p
0 (p > n).

By Lemma 1, it is sufficient to show that

Z ; —a,,,)[=01) (p=0,1,2,...).

n=p|p=p

By (13), we get for n > p,

and forn > p+ 1,

an—l,p. - v—p

Hence, for n > p,

n p—1
Z (anp. - an—l,p.) = Z (an—l,p, - anu)
p=p p=0

Thus,
0 - -
Jpslapp|+ Z Z Z Q Q) Pu—»-1 pn—v)cv——u
n=p+l —1lp=0 v=p
+ X RR : ZPZ (20— Q)Pustsey
n=p+1 n=11pu=0 v=p

=JO+JP+JO, say.

Using (7),

@ 12
Jp = Iapp| = ‘R_pPOQpco < K
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By Lemma 4(9), we have

00 r p—1
< X gr— X B4

n=p+1 "Tntin—1 y=0

i 1 1 PO
<PQ, ¥ ( ——)s =L =0(1)
s\ Ru1 R, R,
Next,
o0 1 - -
Jp(2) < R Z Z Qn - Qv)(pn—v—-l - pn—v)cv——p,
n=p+1 n=1|u=0 v=p

LY Y (0, - )= pr s

p=0 v=p

+ZR

n=p+1 n—1

=JP +J9, say.

Since X}, P,c,_, = 1, using (7) and (11), we get

0 p—1 v
Jp(12) = Z Z (Qn - Qv)(pn—v-—l _pn—v) Z Pycv—u
n=p+1 n=11y=0 p=0
[} 1 p—1
= Z R Z (Qn - Qv)(pn—v—l - pn—v)
n=p+1 Tn—1 =0
-1 ) _ —
< KPZ y (2, = 9)(Puoror = Puy) - 0(1).

v=0 n=p+1 Q" n—1

Lastly, using (1), (7) and (11), we obtain

< X Z P, Z (. = 2)(Pusor = Pl

n=p+1 "1;:,0 v=p

_ Z;: 2 B (2, = 0)(Pa-y-r = Pu-)

Rn-—l

n=v+1

- 0 535)E B L le - o)

This completes the proof of Theorem 2.



374 IKUKO MIYAMOTO

REFERENCES

[1]1 G. Das, Products of Norlund methods, Indian J. Math., 10 (1968), 25-43.

[2] , Tauberian theorems for absolute Norlund summability, Proc. London Math.
Soc., (3), 19 (1969), 357-384.

[3] F. M. Mears, Absolute regularity and the Norlund mean, Ann. of Math., 38 (1937),
594-601.

Received March 15, 1985.

CHiBA UNIVERSITY
CHIBA 260, JAPAN



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

V. S. VARADARAJAN HERMANN FLASCHKA C. C. MOORE

(Managing Editor) University of Arizona University of California
University of California Tucson, AZ 85721 Berkeley, CA 94720
Los Angeles, CA 90024 RAMESH A. GANGOLLI H. SAMELSON
HERBERT CLEMENS University of Washington Stanford University
University of Utah Seattle, WA 98195 Stanford, CA 94305
Salt Lake City, UT 84112 VAUGHAN F. R. JONES HAROLD STARK
R. FINN University of California University of California, San Diego
Stanford University Berkeley, CA 94720 La Jolla, CA 92093
Stanford, CA 94305 ROBION KIRBY

University of California
Berkeley, CA 94720

ASSOCIATE EDITORS
R. ARENS E. F. BECKENBACH B. H. NEUMANN F. WOLF K. YOSHIDA
(1906-1982)
SUPPORTING INSTITUTIONS

UNIVERSITY OF ARIZONA UNIVERSITY OF OREGON
UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY
UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII
MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO
UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH
NEW MEXICO STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
OREGON STATE UNIVERSITY UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they
are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in
typed form or offset-reproduced (not dittoed), double spaced with large margins. Please do not use built up
fractions in the text of the manuscript. However, you may use them in the displayed equations. Underline
Greek letters in red, German in green, and script in blue. The first paragraph must be capable of being
used separately as a synopsis of the entire paper. In particular it should contain no bibliographic references.
Please propose a heading for the odd numbered pages of less than 35 characters. Manuscripts, in triplicate,
may be sent to any one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol.
39. Supply name and address of author to whom proofs should be sent. All other communications should be
addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California 90024.

There are page-charges associated with articles appearing in the Pacific Journal of Mathematics. These
charges are expected to be paid by the author’s University, Government Agency or Company. If the author
or authors do not have access to such Institutional support these charges are waived. Single authors will
receive 50 free reprints; joint authors will receive a total of 100 free reprints. Additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate:
$190.00 a year (5 Vols., 10 issues). Special rate: $95.00 a year to individual members of supporting
institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address should be
sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A. Old back numbers
obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

The Pacific Journal of Mathematics at P.O. Box 969, Carmel Valley, CA 93924 (ISSN 0030-8730) publishes
5 volumes per year. Application to mail at Second-class postage rates is pending at Carmel Valley, California,
and additional mailing offices. Postmaster: send address changes to Pacific Journal of Mathematics, P.O.
Box 969, Carmel Valley, CA 93924.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Copyright @ 1986 by Pacific Journal of Mathematics



Pacific Journal of Mathematics

Vol. 124, No. 2 June, 1986

Philip Lee Bowers, Nonshrinkable “cell-like” decompositions of s ......... 257
Aurelio Carboni and Ross Street, Order ideals in categories .............. 275
Leoni Dalla, Increasing paths on the one-skeleton of a convex compact set in

ANOIMEA SPACE ..ottt t ettt et et e e 289
Jim Hoste, A polynomial invariant of knots and links ..................... 295
Sheldon Katz, Tangents to a multiple plane curve ......................... 321
Thomas George Lucas, Some results on Priifer rings ..................... 333
Pham Anh Minh, Modular invariant theory and cohomology algebras of

extra-special P-groupS ... ......ovui it e 345
Ikuko Miyamoto, On inclusion relations for absolute Nérlund

SUMMAbIlItY ... e 365
A. Papadopoulos, Geometric intersection functions and Hamiltonian flows

on the space of measured foliations on a surface ...................... 375
Richard Dean Resco, J. Toby Stafford and Robert Breckenridge

Warfield, Jr., Fully bounded G-rings ........................coiuit. 403
Haskell Paul Rosenthal, Functional Hilbertian sums ...................... 417
Luen-Fai Tam, Regularity of capillary surfaces over domains with corners:

borderling Case . ............oiinniiii e 469

Hugh C. Williams, The spacing of the minima in certain cubic lattices . ..... 483




	
	
	

