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We consider a symmetric space (G, K, o) where G is a Lie group,
K a closed subgroup, and o the involutive automorphism defining the
space. A local representation = is defined for g in a neighborhood of ¢
in G, and the operator 7(g) is unbounded and defined on a dense
subspace in a Hilbert space where the identity

7(g™") = n(a(g))*
holds. We study analytic continuations of = to unitary representations of
a group G* which is dual to G.

1. Introduction. Recent papers by Klein and Landau [12], and
Frohlich-Osterwalder-Seiler [4] have studied local representations of Lie
groups in connection with Euclidean quantum field theory. See also [16,
19, 21]. Important physical ideas seem to have originated in part with the
earlier Luscher-Mack paper [13]. Earlier mathematical papers where local
representations and analytic continuation played an important role, are [6]
and [18]. The representations in question have become known as “ virtual
representations” of symmetric spaces [4]. In these earlier papers, only
particular symmetric spaces were considered, and a technical spectral
condition was imposed. In a fourth paper, by the author [8], the case of
general symmetric spaces was solved, and, moreover, the spectral condi-
tion was removed completely. Integrability of Lie algebras of unbounded
operators [9] was used systematically, for the first time, in solving the
analytic continuation problem. As a consequence of this, the existence
theorems were established in a more general setting dictated by particular
models.

Let G be a Lie group, K a closed subgroup, and o an involutive
automorphism with K as fixed point subgroup. If g=f + m is the
corresponding real symmetric Lie algebras we form g* = £ + im which is
also a real Lie algebra, and let G* denote the simply connected real Lie
group with g* as Lie algebra. R. Schrader suggested to the author [19]
that the suitable setting for local representations 7 of the symmetric space
(G, K, o) is as follows: A complex Hilbert space s#, with dense linear
subspace 2, is fixed at the outset. A local representation # of a neighbor-
hood U of e in G is given, and it is assumed that #(g) is defined (possibly

397



398 PALLE E. T. JORGENSEN

unbounded) on Z forall g€ U C G, and

(1.1) 7(g7") cn(a(g))*, ge€U.

In earlier work [4, 8, 12] it was assumed further that U is invariant under
translation to the right by elements &k in the subgroup K, ie., U- K= U,
and 7(k)2 = 2, k € K. In this paper, we show that this global assump-
tion may be replaced by a purely local one which was dictated by
particular models and suggested by Schrader, and the integrability conclu-
sion for the analytically continued representation 7* of G* may still be
preserved.

The construction of «* is carried out in two steps. First an infinitesi-
mal representation, d7 of g, is constructed from # by differentiation,
generalizing classical ideas going back to Segal and Garding [9]. Starting
with d7, we define a second infinitesimal representation, d7* of g* =
+ im, by

(1.2) dn*(x+iy)=dn(x) +idn(y), on@,forx €¥f, y € m.

In the second step we prove, using a main result from [5], that the
representation dw* of g* exponentiates to a strongly continuous unitary
representation 7* of G* on 5. We recall that #* may be viewed as an
analytic continuation because there are self-adjoint operators H and M,
defined on 2 such that iH extends the skew-hermitian operator d=(x),
and similarly M extends the hermitian operator d=(y). If exp: g* - G*
denotes the exponential mapping of Lie theory [7], then for t € R, we
have

(1.3) 7 *(exp(tx )exp(ity)) = e''He'™™,

while e extends w(exptx), and e'™ (which is generally unbounded)
extends w(expy).

This paper originated with suggestions by R. Schrader [19], which he
kindly communicated to us after receiving [8] in preprint form. Applica-
tions will appear in [20].

We are extremely grateful to Professor Schrader for asking us to write
up the result, and giving permission to quote him. We also wish to thank
Professor W. H. Klink for useful suggestions during the author’s talk in
the math.-physics seminar at the University of Iowa.

2. Local representations. Let G be a Lie group with Lie algebra g, K
a closed subgroup, and o an involutive automorphism of G such that

(2.) (K,)oc KC K,
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where K, = { g € G: o(g) = g}, and (K,), is the connected component
of the identity e in K. We say that (G, K, ¢) is a symmetric space [7]. Let
do: g = g, be the corresponding infinitesimal Lie automorphism. Then

t={xeg:do(x)=x)
is a sub-Lie algebra, and it is the Lie algebra of K. If
m={y€g:ds(y)=-y},

then

(2.2) g =f+ m (direct sum of real vector spaces),
and

(2.3.1) [£,f] ct,

(2.3.2) [f, m] c m,

(2.3.3) [m,m] c £

Then form g* = f + im, again defined as a direct sum of real vector
spaces. It is easy to check that g* is again a real Lie algebra. By Ado’s
theorem [7], there is a simply connected Lie group G* which has g* as its
Lie algebra. Moreover, G* is unique up to Lie isomorphism.

Following [12] and [4], we shall consider a local homomorphism 7 of
a neighborhood U of e in G such that #(g) is a densely defined operator
on a complex Hilbert space # for all g € U. The restriction 7 |, - ¢ 15, of
course, a local representation of the subgroup K, and we shall assume that
7|y ~x €Xxtends to a strongly continuous unitary representation, also
denoted by 7, of K on 5. The following technical assumptions [LR1-3]
will be part of our defining properties for a local representation = of the
symmetric space (G, K, 0):

(LR1) For all g€ U, the space 2 is contained in the domain
2(m(g)) of the operator 7(g).

(LR2) If g, 8,, and g, - g, are in U, and ¢ in 9, then 7(g,)y €
P(n(gy)), and

(2.4) 7(g)7(g)b = 7(8: - &) ¥
(LR3)If ye m,andexpy € U, thenexpty € Uforall 1,0 < ¢ < 1,
and
(2.5) lin(l) 7(expty)y =y
11—

for all Yy € 2.

While it was assumed in [4] that U is globally invariant under
right-translations by all elements k¥ in K, and 2 is «#(k) invariant, we
drop this assumption on U, and replace it by two purely local conditions.
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By virtue of [3, 11], and (2.4) and (2.5) above, we have a local
hermitian semigroup { m(expty)} of unbounded operators in # for each
y € m. It follows that, for some self-adjoint operator M, with 9(M)
containing &, we have the operator inclusion

(2.6) 7(expty) C e™M,

for ¢ sufficiently small, where the right hand side e’™ is self-adjoint and
defined by the spectral theorem applied to M. The restriction of M to @
will be denoted by dn(y). It follows that every local representation o
satisfying (LR1-3) has an infinitesimal representation d# of the Lie
algebra g, and, moreover, the construction of d= in this context gener-
alizes the Garding construction from [2]. Our construction of d7 uses the
nontrivial part of the Extension Theorem for local semigroups of hermi-
tian unbounded operators in Hilbert space [11], see also [3, 13].

In addition to (LR1-3), we shall assume that

(LR4) #n(y)Z C 9, y € m. Moreover,

(LRS5) For each ¢ € 9, there is a neighborhood V,, of e in K such
that U - V, ¢ U?, and

(2.7) (k)Y €92, keV,

Finally, it is assumed that
(LR6) For y € m, and ¢y € 2, the function

(2.8) k - m(exp(Ad,y))¥

is locally integrable on the subset
(ke K:exp(Ad, y) € U}.

Recall that Ad denotes the usual adjoint representation [7] of G or g.

We shall say that « is a local representation of (G, K, o) if (LR1-6)
are satisfied. If the local representation #* constructed in §1 from =
extends to a strongly continuous unitary representation of G* or 5#, then
we shall say that « can be analytically continued.

From [9] we have the notion of integrability for representations of Lie
algebras by unbounded operators. See also [14, 22]. A representation d7*
of the Lie algebra g* was recalled in §1. It is easy to show that a given
local representation 7 of (G, K,0) can be analytically continued to a
strongly continuous unitary representation #* of G* if and only if d7* is
integrable, and in this case, 7* may be constructed as an exponential of
dn*. We refer to [9] and [8] for details regarding integrability and local
representations.
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Our main result below generalizes earlier work [12] and [4] in three
different directions, as described in the Introduction.

THEOREM. Let 7 be a local representation of a symmetric space
(G, K,0). Then 7 can be analytically continued to a strongly continuous
unitary representation m* of G*.

3. A subgroup of G*. We start with a symmetric space (G, K, o) and
consider the corresponding real symmetric Lie algebra ¢ = f + m as in
(2.2)—(2.3). Let f, denote the smallest Lie subalgebra of f which contains
[m, m] = spang{[y;, »»]: »1, ¥, € m}. Then it follows that g, = £, + m
is again a symmetric Lie algebra, and moreover that f, is an ideal in f,
and g, is an ideal in g.

We now let K, be the smallest closed subgroup of K which contains
the set {expx: x € f,}; and similarly we denote by G the closed
subgroup of G* which is generated by g = f; + im. Recall that G} is
the smallest closed subgroup of G* which contains the set {exp:z:
z € gf}. Since f, is an ideal in ¥, and gf an ideal in g*, it follows that
the subgroup K, is normal in K, while G} is normal in G*. Moreover,
(G, K, 6*) is a symmetric space.

We shall make use of the following,

Observation 1. gf is the smallest real Lie subalgebra of g* which
contains the subset, im = {iy: y € m}.

Proof. Let b be the smallest real Lie subalgebra of g* which contains
im. Since b is closed under the Lie bracket of g*, it follows that

[y, iv,] = =[y1, 32] €1,

for all y,, y, € m. Using again that } is a Lie algebra, we conclude from
this that f; C §. Since im C b, it follows that g = £, + im C bh.

On the other hand, gf is a real Lie subalgebra of g* and it contains
im. Hence §) C g§ since | is the smallest such real Lie subalgebra.

Let # be a local representation of (G, K,0), and let dm be the
corresponding infinitesimal representation of the Lie algebra g of G.

Obersvation 2. For z=x+iy€f, +im=gf, x€f, y € m, we
define

(3.1) dn*(z) = dw(x) + idn(y)
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and it follows that d=* is a representation of the real Lie algebra g such
that

(3.2) 2 c 9(dn*(z)) forall z € gf,
and
(3.3) dr*(2)9C 9.
Moreover,
(3.4) (dr*(z2)¥1,¥,) = —(¥,du*(z)y,) forz e g}
and Y, ¢y, €9

where ( -, -) denotes the inner product of 5.

Proof. Recall that, for every y € m, we have a local semigroup,
S, = w(expty) of hermitian operators defined on & for ¢ sufficiently
small. Properties (LR1-3) are used for this. The reader is referred to [11]
and [3] for the theory of local semigroups. The Extension Theorem for
such semigroups provides us with a self-adjoint operator M such that
S, C e'™ where C refers to the usual inclusion for unbounded operators.
By virtue of properties (LR3 and 4), it follows that & is contained in the
domain of M, and by [8, Lemma A}, 2 is a core for M, and for e’¥ when
|¢| is sufficiently small. It follows that the limit

hn(l) t_l(Stlp - ‘l’)
-
exists for all Y € 2. We shall use the terminology

(3.5) dn(y)¥ = SS41 0.

We have seen that dn(y) € M, and dn(y) = M |,. Since M is self-ad-
joint with 2 as a core, it follows that dw(y) is essentially self-adjoint as
an operator with domain 2.

We now turn to the infinitesimal operators dn(x) for x € f;. Recall
that 7|, and therefore also 7|, is a unitary representation, so the
operator dm(x) is skew-adjoint and defined for vectors ¥ € /# such that
the limit

lim t Y (w(exptx)y — )

exists, and

(36) dn(x)4 = Gr(esptr) ¥l oo
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We claim that 2 C 2(dn(x)) and d7(x)2 C 2. It is enough to consider
elements x in f, of the form x = [y,, y,], for y;, y, € m. We then have

- Jool ool ool | = ennf o)

as an identity in the group G, cf. [7, Lemma 2.4]. For n sufficiently large
and || small, both sides of the formula are in the neighborhood U. Using
(LR2), and self-adjoint operators M, associated to dw(y,), i =1, 2, we
then get

[e—itMl/ne—ith/neitMl/nei!Mz/n] nz\,J
= w(exp(—tzx + 0(%)))4/, for ¢ € 9.

By virtue of [8, Lemma A}, and the Trotter-Chernoff-Nelson theorem
[15, Theorem 7], we conclude that the limit exists for n — oo, and equals
e~ CIML MYy, 1t follows that Y € D(dm(x)), and

da(x)y = “[Mp M2]‘// = "[Ml, Mz]‘l’

= -MM,y + MMy
(“d"T()’l)dW()’z) + d'”()’z)d”()’l))‘lf
_[dﬂ'()’l)a d”()’z)]\;’ €9,

again using (LR4).
This concludes the proof of properties (3.2) and (3.3).
Let z=x+iyegf, x€¥t, y € m. Then, by Stone’s theorem,

dm(x) = iH for a self-adjoint operator H, and dn(y) = M for a second
self-adjoint M, where, initially, d#(y) is only defined on 2. Let ¢,,
Y, € 9. Then

(dr*(2)¥1,9,) = ((dr(x) + idm(y)) by, ¥s)
= (i, ¥,) + (iMyy, ¥,)
= (Y1, iHYy) + (b, iMY,))
= (Y1, dn*(2)¥,),
proving (3.4).

Observation 3. The representation dz* of gff exponentiates to a
strongly continuous unitary representation 7 * of the subgroup G} C G*.
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Proof. 1t follows from [8, Lemma A] (which in turn is based on the
Extension Theorem [11, 3] for hermitian semigroups) that & consists of
analytic vectors for each of the operators d7(y), y € m. But the operator
Lie algebra, dn*(g}) on 2, is generated as a Lie algebra by the set of
operators {idm(y): y € m} by virtue of Observation 1. Hence, we may
apply the Exponentiation Theorem [22], or [S, Thm. 3.1}, for Lie algebras
of unbounded operators. Using Observation 2, we conclude that the
exponentiated representation #* is unitary.

It remains to extend 7* from the subgroup G to all of G*.

4. Garding vectors. By virtue of (LR1), the integral

(4.1) J 1) (k) pdke = a(f)¥

is well defined when f € C*(K), and ¢ € 5. Recall that dk denotes the
left-invariant Haar measure on K. Since 7 | ; is a unitary representation,
the integral is convergent for all f with compact support. If f is also C*=,
then 7(f)y is a C®-vector for the action of K, and, in particular, is in the
domain 9(dn(x)) for all x € ; and

da(x)m(f)b = 7(%f)¢

where

(xf)(g) = (CXP( 1x) - 8)1,=o-

Observation 4. Let ¢ € 9, and let f € CZ(K) have support in the
neighborhood V,, from (2.7) and (LR5). Then #( f)4 is an analytic vector
for the operator d=( y), cf. (3.5), for all y € m. Moreover,

(4.2) eMr(f)y = jK f(k)m(k)m[eAd1O]y dk

where M = d=(y), and the integral on the right hand side is norm-con-
vergent as a Bochner integral with values in 5#.

Proof. The proof is essentially contained in [8, §4]. We first note that,
by [8, Lemma 0], the function k — w[e’4%10)]y, is continuous on ¥, for
all ¢ in an interval (—¢, &) where ¢ depends on . It follows that the
integral on the right hand side of (4.2) is convergent for all f € C*(K)
with support contained in V. Since 7|, is unitary, the norm of the
integral in (4.2) may be estimated by

J 1) [eas] g k.
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On the other hand, we have
e™Mm (k)¢ = m(k)m[eAd]y

by virtue of (LR1 and 5) for values of ¢ and k specified as above. It
follows that the unbounded self-adjoint operator, e’™ passes under the
integral sign in (4.1), and (4.2) follows.

The proof that t = e"Mx( f)y is analytic for ¢ € (-, €) follows from
[8, Lemma 1] and the Extension Theorem for hermitian semigroups, cf.
also [8, Lemma A.2°].

Following [8], we let 2, denote the span of the vectors =(f)y for
Y € 9, and f € CX(K) with support of f contained in V.

We have seen that &, is contained in the domain of d=(z) for all
z € g. It follows from (3.1) that 2, is also contained in 2(dw*(z)) for
all z € g*.

LEMMA 5. Let C'(g*) denote the completion of 9Dy in the graph
norm-topology defined by the operators in dw*(g*). Then C'(g*) is in-
variant under w(k) forall k € K.

Proof. Since the operator Lie algebra d#*(gf) exponentiates by
Observation 3 in §3, it is immediate that C'(g}) is invariant under #(k)
for all k € K. Recall that K, is the closed subgroup of G} which is
generated by .

Let z € gf. Then there are analytic functions a,(k) on K such that

n

(4.3) Ady(z) = X o,(K)y;,
i=1
where { y;}7_; is a basis for gf. It follows that
(4.4) dr*(z)a(k)b = ¥ a(k)7(k)dm*(y)¥

i=1
for all ¥ € @. Although %, is not invariant under 7(k), we conclude
from (4.4) that the completion C*(gF¥) is 7(k)-invariant. The proof of
(4.4) in turn follows from (LR1) as in [8, §5].

It follows that 7| . restricts to a continuous representation of K on
the Fréchet space C*(gf). Since dn(x) is defined on Py for all x € {, it
follows that dw(x) may be viewed as a continuous linear endomorphism
in C*®(g;) where continuity is understood in the sense of the Fréchet
topology, [9].

S. Extension from G to G*. By assumption, 7| - ¢ 1S the restriction
of a strongly continuous unitary representation, also denoted =, of K. We
now consider dn*(z)w(k)y for z € £\ {;, k € K, and ¢ € D,. Using
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the above fact, we get d7*(z) = d=n(z), and
dun(z)w(k)y = n(k)dn(Ad,+(z2))¢.

When this is combined with formula (4.4), the proof of Lemma 5 may
now be completed.
Consider y € m, and the self-adjoint operator M = d=( y).

LEMMA 6. For y € Dy, t € R, and z € g*, we have

d’ﬂ'*(Z)eitMlP = eith,”*(e——itady(z))lp

Proof. We have seen that § in 2, is analytic for M. On 9, we
consider the norm

¥ =l + Xlldr*(z) ]| =¥,

where {z,} is a fixed basis for g* obtained by completing the basis { y;}
for gf considered in §4.

We proved in [S, Observation 1] that  is also analytic for M when
M is regarded as an operator with dense domain in the || - ||;-completion
of . This completion is denoted C'(g*).

In Observation 2 of [5], we proved the estimate

I(£= M)¢], = (Im¢] = )¢l

for some positive constant ¢. The estimate holds for /€ C, with |Im /)]
sufficiently large.

It follows from a variant of the Hille-Yosida theorem [1, vol. I, thm.
3.2.22] applied to C'(g*), that M, regarded as an operator in C'(g*),
generates a strongly continuous one-parameter group on C'(g*), and that
this group agrees with e on .

Combining Lemmas 5 and 6, it follows that, for |Im /| sufficiently
large, £ € C, the space

(¢— dn*(z2)) D,
is dense in C(g*) for all z € g*. This is just an application of the
“converse” Hille-Yosida theorem to the Banach space C(g*).

The integrability of the operator Lie algebra dw*(g*) now follows
from [9, Theorem 9.2] (which is the main theorem on exponentiation of
operator Lie algebras from [9]. This result was announced in [10].)

This concludes the proof of the Theorem in §2 above.
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REMARK. In special cases, an alternative approach to the extension of
a* from the subgroup G} to all of G* may be based instead on [5,
Theorem 2.2]. We may apply 7*, viewed as local representation of G*, to
formula (4.3). Using the argument above, and formula (4.4), we get the
estimate

(4.5) lda(x) ¥l < Constf[lyll+ X [dm*(y)¢]
i=1

valid for x € f, and ¢ € C(g}) = the completion of 9, in the graph
norm on the right hand side of (4.5).

Our result [S, Theorem 2.2] now implies that C*(g;) is invariant
under dm(x), and that the operator family {d7*(y,): 1 < i < n} analyti-
cally dominates dw(x). Since 2 consists of analytic vectors for this
family, it follows that every vector in 2 is also analytic for d7(x), and
integrability of d7*(g*) follows from a sécond application of [5, Thm.
3.1}, or [22],

Alternatively, it follows that the assumptions in Nelson’s extension
theorem [14, Theorem 6] are fulfilled, see also [17, Theorem 3.1], and we
conclude that #* on G} extends to a unitary representation, also denoted
by «*, of the bigger group G*. Moreover, the extended representation is
seen to be the exponential of the operator Lie algebra dw*(g*), see [14,
Lemma 6.3], by analytic domination.

2
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