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BOUNDARY BEHAVIOR OF HOLOMORPHIC
FUNCTIONS IN THE BALL

JACOB BURBEA

A description of the boundary behavior of functions belonging to
certain Sobolev classes of holomorphic functions on the unit ball B, of
C” is given in terms of bounded and vanishing mean oscillation. In
particular, it is shown that the boundary values of any holomorphic
function on B,, whose fractional derivative of order n/p belongs to the
Hardy class H? ( B,), have vanishing mean oscillation provided 0 < p < 2.

Introduction. Let B = B, be the unit ball in C” and let H(B)
denote the space of all holomorphic functions on B. By R we denote the

radial derivative operator R = Y. z,9;, where for z = (z,,...,2,) € C", 3, =
d/9z,(j=1,...,n),and welet D, =1+ R, with D = D, forany / € C.
For any monomial z% =z -+ z2 a=(a,...,a,) €Z", we have
D;z* = (la| + 1)°z* for any s € Z_, where |a| = a; + --- +a,, which

shows that for any / > 0, s € R and f € H(B), the fractional derivative
D}f of f, of order s, is well-defined and is in H(B). Let H? = H?(B),
0 < p < o0, denote the usual Hardy class of functions in H(B). The
Hardy-Sobolev class H? = HF(B) (0 < p < o, s € R) is defined as the
space of all f in H(B) whose fractional derivative D°f is in H?, and thus
H{ = H?.

In the one-dimensional case (» = 1), most of the main properties of
these H? spaces were investigated early by Privalov in 1918, by Hardy
and Littlewood in 1932, and by Smirnov in 1932 (see the references of {7]).
The question of extending these results to the higher dimensional case
(n = 2) has been considered previously by Graham [8, 9] and Krantz [10],
and, quite recently, by Beatrous and Burbea [3], where these spaces are
viewed as a special case of a larger family of Sobolev spaces of holomor-
phic functions on B. The following result, among other things, appears in

13]:

THEOREM 1.1. Let 0 < p < o0 and s > 0.

(i) If s > n/p then H? is contained in the Lipschitz class A ,_, ,,( B);

(i) If 0<s<n/p then HF is contained in the Hardy class
HP/(n=p)(B);
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(ii1) If s = n/p then H? is contained in BMOA(B), the class of functions
in H( B) with bounded mean oscillation.

In the one-dimensional case (n = 1), this theorem is classical for
= 1; assertions (i) and (ii) are due to Hardy and Littlewood (see [7, pp.
88-91] and assertion (iii) is due to Privalov (see [7, pp. 42-52]). Moreover,
assertion (iii) in this particular case, of s = 1 and the unit disk A = B,
admits even a stronger form. In fact, by Privalov’s results H}(A) = AC(A),
where AC(A) is the class of all functions in H(A) which are continuous
on A and absolutely continuous on 9A. In the higher-dimensional case
(n > 2) and s = 1, assertions (i) and (ii) of the above theorem are due to
Graham [9] and Krantz [10], while assertion (iii) has been conjectured in
Graham [8] and was later proved by Krantz [10].

The main purpose of the present paper is to refine assertion (iii) by
obtaining better boundary behavior when p < 2. This refinement will be
modelled after the following one-dimensional result whose proof appears
in [3]:

THEOREM 1.2. Let 0 < p <2 and s = 1/p. Then HF(A) is contained
in VMOA(A), the class of functions in H(A) with vanishing mean oscilla-
tion. If also 0 <p <1 then HP(A) is contained in the Privalov class
AC(A).

As mentioned previously, for p = 1 this theorem is Privalov’s result
H}(A) = AC(A). To find the precise analogue of the Privalov class when
n > 2, so that it equals the class H!(B), seems to be rather difficult. A
reasonable analogue is the class AC(B) consisting of all functions in the
ball-algebra A(B) which are absolutely continuous on any real analytic
curve in 0B which is nowhere complex tangential. Here A(B) is the
Banach algebra of functions in H(B) which are continuous on B and
normed by the sup-norm. Under these circumstances, Beatrous, in a very
recent paper [2], was able to show that H)( B) is contained in AC( B). The
proof in [2] is based on Privalov’s result and on results from [3] as well as
[1]; for sake of completeness a slightly different proof is provided also
here. For p = 2, the space H{,(A) appearing in Theorem 1.2 is equiva-
lent to the space Z(A) of holomorphic functions with a finite Dirichlet
integral on A which, by a result of Stegenga [14], forms a subspace of
VMOA(A). Thus, in effect, for p = 2 this theorem is a reformulation of
Stegenga’s result. In this paper, we extend Stegenga’s result to higher
dimensions n > 2 by showing that H? »(B) is contained in VMOA(B),
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the class of functions in H( B) with vanishing mean oscillation. In fact, we
shall identify H?2 »(B) with the so-called Hilbert-Schmidt space HS(B) on
B, which is a proper subspace of VMOA(B) consisting of all g € H(B)
for which the associated Hankel operator K, is a Hilbert-Schmidt opera-
tor on H?(B) (see Theorem 4.1). We may now formulate the refinement
of assertion (iii) of Theorem 1.1 in the following form:

THEOREM 1.3. Let 0 < p < oo and s = n/p.

(1) If 0 < p < oo then H?(B) is contained in BMOA(B);
(i) If 0 < p < 2 then H?(B) is contained in HS(B);
(iii) If 0 < p < 1 then H?( B) is contained in AC(B).

In this theorem, assertion (i) is a special case of a result in [3],
assertion (ii) is a special case of Theorem 2.8 (ii) of this paper, and
assertion (ii1) is a special case of a recent result of Beatrous [2] (see
Theorem 2.8 (iii) of this paper). Graham [8] has constructed an example in
the unit ball B, of C? of an unbounded function in H?( B,), thus showing
that in general one cannot expect much improvement in assertion (i) of
Theorem 1.3. This result has been refined by Beatrous [2] in showing that
for p > 1 and s = n/p, the space H?(B) contains unbounded functions.
In this paper we give a further refinement (see Theorem 5.3 below) of
Graham and Beatrous results by also showing that when s = n/p the
space H”(B) contains unbounded functions which belong to HS(B) if
p > 1 and it contains unbounded functions which are not in HS(B) if
p > 2.

Throughout the paper, ¢ denotes an absolute positive constant whose
value may change from one occurrence to the other but is independent of
the relevant parameters in the expression in which it occurs. Moreover, for
two complex-valued functions f and g on a non-void set A, we use the
notation f=g on A to mean c*|g(A)] <|f(A)] < c|g(N)] for every
A e A.

2. Preliminaries and background. For z = (z,,...,z,) € C", we let
u;(z) =z, (1 <j < n), and hence u; is the orthogonal projection of C”
onto the jth complex coordinate axis. The inner product on C” is denoted
by ( , ), where

(2,¢) =26, + -+ +2,¢,.
The norm is then ||z|| = /(z,z), and thus B = {z € C":||z|| < 1}. For
a=(ap,...,a,) € Z"} we use the usual multi-index conventions of a! - - -
a,!, and 9% =0 -.- 9%. The Lipschitz class A, = A (B), of order

n*
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s > 0, is defined as follows: For 0 < s < 1, A is the class of functions f
in H(B) satisfyisng |f(z + {) + f(z — §) — 2f(z)| < ¢||{||® whenever z
and z + { are in B. For non-integer s > 1, we define A | to be the class of
functions f in H(B) with 3°f € A _; whenever |a| < [s], where [s]
denotes the integer-value of s. Finally, if s is a positive integer then A | is
defined as the class of functions f in H(S) with 0°f € A, whenever
laf <5 — 1.

Following (3, 4] we consider a family {dv,}, g > 0, of probability
measures on B, defined by

T'(n+ q)
I'(q)

where dv is the usual Lebesgue measure on C”. It follows by integration in
polar coordinates that as ¢ — 07, the measures dv, on B converge weakly
to the normalized surface measure do on dB, and thus we may define dv,
as do. For 0 < p < co we denote by L the L?-space with respect to the
measure dv,, ¢ > 0, and welet || - ||, , denote the associated norm. Thus

dv,(z) = 77" (1= f1z)%) " do(z)

1111, = { / Ifl”dv,,}l/p (0 < p < o0)

with the usual sup-norm convention when p = oo. Note thatfor0 <p <1
the term “norm” used here for || - ||, , is abused, however in this case
p(f.g) =IIf — gll} , defines a metric on L/ which turns it into a com-
plete topological vector space. We let A7 = AZ(B) denote the subspace of
L? consisting of holomorphic functions on B. In particular, when g = 0,
we obtain the Hardy class H? = 4§, which we identify in the usual way as
a subspace of L{ = L{(9B). Moreover, for any f in H(B) we have

1fll,0=sup { [ 1o duo(z)}””

0<r<1
and the norms ||f]|, , converge to ||f||,, as ¢ > 0". From this follows

that H? may be viewed as an inductive limit of the spaces 42 as ¢ > 0.

By ( , ), we denote the inner product on L7, thus

(1.8, = [ fzdo, (q20).

It follows that Af] is a functional Hilbert space of holomorphic functions
on B, with the reproducing kernel

k(2,8) =1 —=(z,)""" (z,teB),

and with {{T'(n + ¢ + |a])/a'T(n + q) z*:a € Z"} as an orthonormal
basis (see [4, 5]). The orthogonal projection on Lf] onto Af] is denoted by
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P,, and thus
(PAYE) = (fole (2, = [ F(§)ey(2,8) doy($).

With the pI'O_]eCtOI' P, we associate the Hankel operator K{?, with the
symbol g € A2, defined on A2 by K{O(f) = P(gf). Thus K9 is a
conjugate—linear operator in A2 When g = 0 we write simply P and K
for Py and K7, respectively.

We shall need some properties of the spaces BMOA = BMOA(B)
and VMOA = VMOA(B). Most of these properties may be found in
Coifman, Rochberg and Weiss [6], and in Sarason [13]. The space BMOA
consists of all f € 42 such that

I fllzmoa = sup{[(f, 8)ol: 8 € 42, llgllio =1} < 0

Evidently, BMOA is a Banach space with the norm || - ||gpoa and it serves
as a dual to A%, with the duality realized by the pairing lim, ;- {1, g,)0,
where g,(z)=g(rz) (z€ B, 0<r<1). Moreover, we have AF C
BMOA C 43, 0 < p < oo, and the injections are continuous. We also
have (see [6]):

8

THEOREM 2.1. For g € A} the following conditions are equivalent:
(i) g € BMOA;
(i1) g = P(f) for some f € LY
(iii) K, maps A continuously into Aj.
Moreover, if any one of these conditions hold then f can be chosen so that
1/ llo,e0 = 11&llBMoa = 1Kl

The next result is rather well-known, its proof is included for sake of
completeness. For simplicity, the norm || - ||, , of Ly will be denoted by

Il Moo
LemMA 2.2. For f € H(B), we have || f||gmoa < 2/Im f]l, + |f(0)].

Proof. From the definition of the BMOA-norm and the properties of
the projector P, we have that |[1||pyos = 1 and that ||P(g)llpmoa < I1&lle
for every g € L7 In particular, if f € H(B) then 2iP(Im fj = Pf — Pf =
f— f(0), and thus ||f — f(0)llzmoa < 2/IIm f]|.. The result now follows
from the triangle inequality.

The space VMOA is a subspace of BMOA consisting of all g in
BMOA so that g = P(f) for some f € C(dB). Alternatively, VMOA can
be characterized as the BMOA-closure of the polynomials and hence also
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of A(B), the class of all functions in H(B) which are continuous on B.
We also have (see [6]):

THEOREM 2.3. Let g € H(B). Then g € VMOA if and only if K is a
compact operator on A3.

In light of this theorem, we define the Hilbert-Schmidt space HS(B)
as the class of all g € H(B) so that K, is a Hilbert-Schmidt operator on
A?. Bvidently, this is a proper subspace of VMOA and || K Al <K, <
llgllpmoa Where || K ||, denotes the Hilbert-Schmidt operator-norm of K,
g € HS(B). We also consider the (little) Bloch space %, = %,(B) consist-
ing of all f€ H(B) so that |{ Df }(z)| = o((1 — ||z||*)™") as ||z|| = 1,
and we let BMOA® = 4, " BMOA. Evidently, VMOA is also a subspace
of BMOA®,

Fors€Z,,q>0and0 < p < oo, we consider the weighted Sobolev
space #_ 7, = #.7( B) of holomorphic functions f on B such that 9°f € 47
for every a € Z”, with |a| < 5. The norm of f € ¥/, may be given by

1/p
£ s = { X 00712}

laj<s
Although this definition of a Sobolev norm is standard, it is more
convenient for our purposes to employ equivalent norms which involve
derivatives in only the radial direction. Accordingly, for s € R, ¢ > 0, and
0 <p < oo weset
WA p.q:s = IDf 5 4

whenever f € H(B), and we let A7 = A} (B) = {f€ H(B):||fll,,4s <
oo}. It follows that # 5, = A7, = AP and that Aj = H?, the Hardy-
Sobolev class mentioned in the 1ntroduct10n The proof of the following
theorem appears in [3]:

THEOREM 2.4. Let > 0,0 <p < o0, and s € Z,. Then A} .= W7,
and their norms are equivalent.

For p = 2, the space 47  is of special interest. In this case Af],s is a
functional Hilbert space of holomorphic functions on B with a reproduc-
ing kernel &, ; given by

kq,s(z’§)= Gn+q,23(<z’§>) (Z’KEB)’

where G,, is a holomorphic function on the unit disk A with the
expansion

ey G,M= Y H—Dae (e,
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and where
(a),=T(m+a)/T(a)=ala+1)---(a+m—1).
In particular, for any f € Af]’s and any z € B, we have
(2.2) f(2) =(Df, G\ (. 2))),

Moreover, for any f € H(B) with f(z) = Y a_z* we have

2
laql™

(23) TS ('“—j_*(;)ll)l—

From this follows (see [3]) that when ¢, — ¢, = 2(s; — s,), the spaces
A2 s, and A2 _ are equal and their norms are equivalent. This result

adrmts an extensmn to the case p # 2 in the form of the following two
theorems, the proofs of which can be found in [3].

THEOREM 2.5. Let 0 < p < 00, ¢, 2 0 and 5; € R (j = 1,2) such that
(41 — 92)/p = 51 — 5.
WDIf0<p<ooandq;>0(j=1,2), then A} , = AL . and their
norms are equivalent;
(W) If 2<p<ooand q,=0, then Af, C A}
continuous,
(i) If 0 <p <2 and q, =0, then A} . C A} and the inclusion is
continuous.

and the inclusion is

>8]

THEOREM 2.6. Let 0 <p; <p, <00, ;20 and s,€R (j=1,2)
such that (n + q,)/py — (n + q,)/p, = 51 — 55. Then AD' C AP and
the inclusion is continuous.

The next theorem is a generalization of Theorem 1.1 when ¢ > 0 and
forms a slight refinement of assertion (iii) there. This theorem, whose
proof appears in [3], describes the boundary behavior of functions in 47 .

THEOREM 2.7. Let 0 <p < o0, g > 0 ands > 0.
) Ifs>(n+q)/pthen A} C A and the inclusion is con-
tinuous;
(i) If 0 <5 <(n+ q)/p then A}, C AP D/ D=P3) gpd the inclu-
sion is continuous,
(i) If s = (n + q)/p then A  C BMOA? and the inclusion is continu-
ous.

s—=(n+q)/p
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Assertion (iii) of this theorem admits a further refinement when
p < 2, a refinement generalizing Theorem 1.3, announced in the introduc-
tion, to include the case ¢ > 0. This refinement may be stated as follows:

THEOREM 2.8. Let 0 <p < 00, g>0ands = (n + q)/p.
(DIf0<p<oothendl C BMOA?® and the inclusion is continuous;
(i) If 0 < p < 2 then Af ; C HS(B) and the inclusion is continuous;
(1) If 0 < p < 1then A? ; C AC(B) and the inclusion is continuous.

In this theorem, assertion (iii) was first proved in Beatrous [2] by
reducing the general case to the one-dimensional case which is already
known by virtue of the classical result of Privalov. For sake of complete-
ness we provide a slightly different proof (see Theorem 3.6) which is based
on a rather general result (see Theorem 3.3) and on a previous result in
Beatrous [1] (see Lemma 3.5). Assertion (i) is assertion (1ii) of Theorem
3.7, while assertion (ii), which may be regarded as one of the main results
of this paper, is proved in §4. The fact that the refinement provided in
Theorem 2.8 is sharp will be established in Theorem 5.3, special cases of
which were previously considered also in Graham [8] and Beatrous [2].
Another, perhaps interesting, result of this paper is Theorem 4.1 which
shows, in particular, that the Hilbert-Schmidt class HS(B), which is a
proper subspace of VMOA, is completely equivalent to every weighted
Sobolev space A2 qg=0.

q(n+q)/2>

3. Continuous extensions. In this section we discuss the possibility
of extending certain bounded functions on B to continuous functions on
B. To this end we shall use the following representation formula which is
a special case of formula (2.2) and a result in [3] concerning the asymp-
totic behavior of the function G, ,, defined in (2.1).

LEMMA 3.1. For any q = 0, the function G, = G on A admits
the following properties:
(i) G,(A) = ~{T(n + q)A}'log(1 = A) + F(X), A € A, where F, €
A (D) with F)(0) =1 - {T(n+ q)} 7%
(i) IImG ||, < c(q) for some positive constant c(q);

(iii) For every f € Al and every z € B,
qg.n+gq y

f(z) = [{D™F)(§)G,((2,8)) do,(§).

n+qn+gq

COROLLARY 3.2. Forany ¢ 2 0 and any { € B, [|G,({ - ,{))lsmoa <
2¢(q) + 1.
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Proof. This follows from (ii) of the above lemma and Lemma 2.2.

For q > 0, we define

(3.1) K,(z,¢) =1+ 2iImG,((z,¢))  (z,{ € B).

THEOREM 3.3. For q > 0, let {T,f}(z) = (f,K,(-,2)), Then T isa
continuous linear transformation of L) into LY and of A}, into A7 = H”
with norm ||T || < 2¢(q) + 1. Moreover T.f has a contznuous extenszon to
B for every f € L.

Proof. For fe& L., we have, by Lemma 3.1 (ii) and (3.1), that
1T, N,y < (2c(q) + 1)||f|{1 o lfalso fe A1 then by the properties of the
orthogonal projection P, we have

(T fYQ) = (P f K, (- 2)) = (fL PK (-, 2)), = ([.G(( -, 2)))y

and hence T f € H(B). This proves the first part of theorem. To prove
the second part, we first note that by virtue of Lemma 3.1 (ii) and (3.1),
1K, (s 2)ll0,g < 2¢(g) + 1 for all z in B. Let {z,} be a sequence of
points in B with z,, — z. It follows from the Banach-Alaoglu theorem
that the sequence { K (-,z,)} has a weak* convergent subsequence in
L. Without any loss of generality, we may assume that this subsequence
is the sequence { K (-, z,,)} itself. Now, since { K (-, z,,)} is a uniformly
bounded sequence in L7 we find that K (-, z,) = K (-, z) pointwise on
B and almost everywhere on aB, and thus, by the Lebesgue dominated
convergence theorem, { K (-, z,)} is a sequence in L which is weak*
convergent to K (-, z). From this follows that the mapping z — K (-, z)
is weak* continuous as a mapping from B into L7. In particular, for any
f € L, the mapping z = {T f}(z) = {f, K (-, z)) is continuous on B,
and the proof is complete.

COROLLARY 3.4. Let ¢ > 0 and f € A: Then f is continuous on B

Wlth “f“oo,q —= 2C(q) + 1]||f“1,q;n+q'

qn+gq-

Proof. Set g = D"*%f, and hence g € 4}. By Lemma 3.1 (iii) and
(3.1,

f(2) = (8. G,(( -, 2))), = (& PK, (-, 2)), = {T,8}(2),

and the result follows from Theorem 3.3.
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Let D be a bounded smooth domain in C" and let s € Z,. We will
denote by H?(D) the space of all holomorphic functions on D with
partial derivatives up to order s in the Hardy class H?(D), 0 < p < .
We shall need the following special case of a result in Beatrous [1]:

LEMMA 3.5. Let D be a smoothly bounded strictly pseudoconvex domain
in C", and let M be a one-dimensional complex submanifold of a neighbor-
hood of D which meets 3D transversally. Then for any f € HXD) the
restriction to M of the partial derivatives 3,f,1 < j < n, arein H (M N D).

We are now in a position to prove assertion (iii) of Theorem 2.8 due
to Beatrous [2]. The present proof is only a slight variation to Beatrous’
proof, and is included here for sake of completeness.

THEOREM 3.6. Let 0 <p <1,9>0ands=(n+ q)/p. Then A%  C
AC(B) and the inclusion is continuous.

Proof. We first observe that, by Theorem 2.5 (iii)) and Theorem 2.6,
we have A7 C Ay, and the inclusion is continuous. Next, by Corollary
3.4, any f € Ay, is continuous on B with ||f]|,, < [2¢(0) + 1D fll10-
Thus, it is sufficient to show that the restriction of any function in A, to
any non-tangential real analytic curve in 9B is absolutely continuous. Let
f and T be such a function and such a curve. Let { be an arbitrary point
of T'. Since absolute continuity is a local property, it suffices to show that
the restriction of f to a small neighborhood of { is absolutely continuous.
Choose a one-dimensional complex submanifold M of a neighborhood N
of { with M N N =1 N N, and a strictly pseudoconvex domain D with
smooth boundary such that D € BN N, and such that dD contains a
neighborhood of { in T'. By choosing D sufficiently small, we may also
assume that M meets 0D transversally and that M N D is simply
connected. It follows that there exists a C*-diffeomorphism ¢: A > M N
D which is holomorphic on A, and such that ¢(1) = {. Thus, by Lemma
3.5 and the chain rule, (f° )’ is in the Hardy class H*(A) and conse-
quently, by Privalov’s classical result, the restriction to dA of fo¢ is
absolutely continuous. It follows, since ¢ is a diffeomorphism of a
neighborhood of 1 in dA into a neighborhood of { in I', that f| is
absolutely continuous in a neighborhood of { in I', and the proof is
complete.

4. Hilbert-Schmidt space. For ¢ > 0 and g € A?I we consider the
previously defined Hankel operator K (¥, and define the space HS (B) as
the class of all g € 42 so that K(? is a Hilbert-Schmidt operator on 4.
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We recall that when ¢ = 0, K{” = K, and HSy(B) is the Hilbert-Schmidt
space HS(B). Moreover, HS(B) € VMOA c BMOA® with ||g|lpmoa =
K Il < |IK,|l, for every g € H(B), where |[K{?|l, denotes the Hilbert-
Schmidt norm of the operator K{?. The next result shows that, in fact,
HS (B) = HS(B) = 42, ,» = A} , » With equivalent norms, i.e.

|1, =K, [, = [ D%l = | D"l
for every g € H(B) and every g > 0.

THEOREM 4.1. For any ¢ > 0, HS (B) = 4. ., » = HS(B) = 43, ,,
and the corresponding norms are equivalent.

Proof. Let ¢ > 0 and g € H(B) with
g(z)= Y b,z* (z€B).

Thus K{?(f) = P(gf), f € A, where P, is the orthogonal projector of
L? onto A2, Since k (z,{) = (1 — (z,{)) "9 is the reproducing kernel
of A2 we find that { ¢, }, given by

¢(2) = J(n + @) /atz*  (a€Z})

is an orthonormal basis for Afl. Now, by a direct calculation (see also [5]),

{K2(3,)) = {P,(88.)}(2) = (88us K, (-, 2)),

_((n+4q))"? (n+ g\ _(a+7)!
( a! ) yzz:O( y! ) (n + q)|a+'y[ba+y¢Y(Z)
and thus
v |+ @Qu(n+ @)g\? (a+ B)!
<K<§ )(¢“)’¢3>q B ( a!B! ) (n+ qQ)arp %

It follows that the Hilbert-Schmidt norm is
I2

[Kel= X (Ki2(00.9),

— Z (n +'Q)|a| Z (n+ q)IBI (a + B)! )llba+ﬁ|2

a>0 o B8>0 B! (” + Q)|a+/3|
- (n+q) (n+ q)p-o B! )2 2
HZZ:O al Bzz:a (B—a)! \(n+q)p lbﬁ‘

a! )2| Py (n+q)p (n+q)up
(n + q)lal ) 0<B<a 'B' (a - :B)'

- ¥

a>0
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or

(4 l&el- 25
On the other hand, by (2.3)

2 (X! n+q 2
, =Y —=_ (la| + )
I 2l12.4.n+q),2 Xa: (n+ q)m(lal 1) b,

! (2n + 2q)

: 2
: b’
D (n+q)y 12

It follows from Stirling’s formula that

” Kéq)nz = ”g||2,q,(n+q)/2 = ”g”z,o,n/z = ”Kg
and the proof is complete.

[

We also note that formula (4.1) in the above proof shows that the
space HS (B), with the natural inner product induced from the corre-
sponding Hilbert-Schmidt norm, is a functional Hilbert space of functions
on H(B) with the reproducing kernel 4, given by

h(2,8)=F(n+q,n+ q;2n+ 2q: (z,{)) (z,¢ € B),
where
w (a).(b)
;CiA) = e oL A
F(a,b;c:)\) m2=o (). A (A eA)
is the familiar hypergeometric function (see [4, 5]). In particular,
F(n+g,n+q;2n+ 2q: )
_ L@n+2q9) 2q)2 fl (1= A) "1 = 1)},
{T(n+q)}"

and thus, when n = 1 the spaces HS(4), 45, ,, and 47,(A) are identical,
as functional Hilbert spaces, with the reproducing kernel

F(1,1;2: Af) = Gl,l(}‘ﬁ) = Gz,z(}\ﬁ)

= —{Ag}'log(l - AR), A,pEA.
Moreover, one can show that the asymptotic behavior of
F(n+qg,n+ q;2n+ 2q: )

is similar to that of G (M) as described in Lemma 3.1 (i). In fact, for

n+q,n+q
A EA,
F(n+q,n+ q;2n+ 2q: )
= -T(2n + 2¢){T%(n + ¢)A} log(1 = A) + E,(A),

where F, isin A,(A) with F(0) = 1 — T'(2n + 2q)/{T(n + ¢q)}*.
We are now in a position to prove assertion (ii) of Theorem 2.8.
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THEOREM 4.2. Let 0 <p <2,9>0ands = (n+ q)/p. Then A}  C
HS(B) and the inclusion is continuous.

Proof. By Theorem 2.5 (iii) and Theorem 2.6, 47 C A3, ,, and the
inclusion is continuous. But by Theorem 4.1, 43, ,2 = HS(B) and the
norms are equivalent. This concludes the proof.

5. Sharp Refinement. In this section we consider the question of
the sharpness of the refinement provided by Theorem 2.8. For this
purpose, we define a holomorphic function 4, ,, s, ¢ € R, on the unit disk
A by

hy (A)=(1- A)‘s< log1 1 }\}t

and we let
Z (s, 2)N".
Thus a(s, t) = h, ,(0) = 1. This function satisfies the identity
(5'1) Ds+ths,t = ths+1,t——1 + Shs+1,t’
and thus
(5.2) . Dhy, = thy, ;.

(Recall that D, = ¢ + R and that D = d,.)

LemMma 5.1. Form =1,2,...,we have

m

- i
m
Dt hOt cOmhmt m Z Z 1] t+1 =

where the c,; are functions of t with c,,, = t(t -1 (t—-=m+1) and
n = (D"

Proof. For m =1 this formula reduces to (5.2), while for m > 2 the
formula follows from the identity (5.1) and induction on m.

For0 < p < o0 and f € H(A), we let

M,(f:r) = {zl—w|f(rei”)|pd0}1/p ©0<r<1).
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Since M,(f: -) is a non-negative increasing function on [0, 1), we deduce
that forany ¢ > 0

(5.3) fol ME(f:ir)d(1 = 1) = fllﬂ MP(fir)d(1 - r?)".

This formula is also correct when g = 0, in which case it is interpreted as
sup{ MZ(f:r):r€[0,1)} = sup{ M?(f:r):r € [1/2,1)}.

The proof of the estimates appearing in the next lemma can be found
in Littlewood [11, pp. 93-96].

LEMMA. 5.2. Let s 20 and t € R with t > 0 if s =0. Then h , &
H>*(A) and
(m+1)"{log(m + 1)}, s>0,reR
(m+1){log(m+1)})", 5s=0,1>0
form =1,2,.... Moreover, for 0 <p < o0 andr € [1/2,1),

a,(s,t) =

L ps<lorps=1, pt < -1
M,(h,,:r) = {-log(l - r)} e, ps=1, pt > -1
(1= r)" "7 {log(1 = r)}', ps>1.

We now prove the following theorem which establishes the sharpness
of the refinement given in Theorem 2.8. Special cases of this result can be
found also in Graham [8] and Beatrous [2].

THEOREM 5.3. Let 0 < p < 00,g>0ands = (n+ q)/p.

() If p > 2 then A} | contains unbounded functions which are also not
in HS(B);

(i) If p>1 then A} contains unbounded functions which are in
HS(B).

Proof. To prove (i) we choose p; with 2 < p, <p, and define
m = [n/p,] + 1, where [x] denotes the integer-value of x. It follows that
m > 1 is an integer with m > n/p,. We now let ¢, = mp, — n, and thus
m = (n + q,)/p, with g; > 0. It follows from Theorem 2.6 that 47! , C
A? . We now let f= hy, , °u;, where u, is the orthogonal projection of
C” on the first coordinate. Since %, ,(A) = {-A"log(1 — A)}'/? it is
clear that f ¢ H>. Similarly, since by Lemma 5.2 h, , & A5, ,(A) we
find that f= hg, ,0u; & A3, ,» and hence, by Theorem 4.1, also f &
HS(B). Thus, to prove (i), it suffices to show that f& A% _ ie. that

q,m>
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1D fl,,, < 0 But (see 3D ID"fll,,.,, = ID{%2 1,4, and bence it is
sufficient to show that || Dy, f||, , < co. Now, by Fubini’s theorem (see
also [12, pp. 127-128]).

(P20 R P2 PRV R P 2ZL TRV M
while by Lemma 5.1 and the triangle-inequality
||D1n}2h0,1/2 ||p1,q1+n——1 = ” Dln}2h0,1/2 ”pl,mpl—l

m—1 i

=< IcOmI”hm,l/Z—m”pl,mpl-—l + Z Z |cijl”hi+1,1/2—j||p1,mp1—1>
i=1 j=1

where ¢,,, = (-1)"(-1/2),,= (*/?) and ¢;; = (-1)"/2. On the other
hand by formula (5.3) and Lemma 5.2 we have, for every i and j with
l<i<mandj=>1,

P 1 _
“hi,1/2~j”pll,mpl—1 = “_/(; M:,I(hi,l/z—j:") d(1 —r2)"h '

1 mp;—1
—/1/2 M2 (ke yir)d(1 = r2)"

It

I

1 . .
f {~log(1 — r)}p1<1/2~1)(1 _ r)”l""")"ldr
1/2

<2mm (1 (og(1 — P02 D1 — ) gy
1,2
= 2Px(i~'n){Pl(j — 1/2) - 1}‘1(log2).v1(1/2‘j)+1 < 0,

since p; > 2. Thus, it follows that || D, fl|,, , < o, and (i) is proved.
To prove (ii), we let f = f, o u; where, for s > 0,

£ (A) = ﬁj; b, (Au){-logu)*'du (A€ A).

It follows easily that A, _, = D°f, or f, = D™*h_,, and, in particular,

(5.4) A=Y (m+1)7a,(s,-1)A" (Aed).
m=0
Now, by Lemma 5.2,
lim f(r,0,...,0)= lim £(r)= Y (m+1)’a,(s,-1)
r—1" r—>1- m=0
s 1
=1+ m2=2 mlogm
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and thus f¢& H*. Moreover, again by Fubini’s theorem, ||D"/*f||,, =
| D""*f |5 .1 But, by (5.4), (2.3), Lemma 5.2 and Stirling’s formula,

2 d ! n—2s
12" lrmr = T Ty Om D" Pt 1)
m=0 m

—_—~
=

:1+§, () (m +1)" *{log(m + 1)}
* 1
~1 ————— < 0.
" E’z m(logm)’

It follows that f € A3, ,, and, since, by Theorem 4.1, 45, , = HS(B)
with equivalent norms, we deduce that f& HS(B) and f& H*. To
complete the proof, we must show, therefore, that f &€ AP . Now, once
again, by Fubini’s theorem,

”Dsf”p,q = ”hs,—l ° ul”p,q = ”hs,—l “p,q+n—1 = ”hs,—l,lp,ps—l-

Here, by assumption, ps —1 >0 and ps —1=0if and only if n =1
and g = 0. Thus, by formula (5.3) (including its modification for g = 0)
with ps — 1 in place of ¢, and by Lemma 5.2, we obtain

P 1 —
“hs,—ll|p,ps~1= _’/(; M;(hs’_lzr)d(l _r2)]7 !
1 -
=—| MIh,_y:r)d(1—r})"
12

[, gt =0y "= )"ar

R

=(p— 1)_1(log2)1'p < o0,

since p > 1. This is also correct when ps = 1, for in this case, by formula
(5.3) and Lemma 5.2, |[lh,_ll,o = sup{M,(h,,, 1:r):r €0, 1)} =
sup{ M, (hy,, 1:r):r €[1/2, 1)} =1 < oo. The proof is now complete.
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