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This paper considers some aspects of the oscillator representation of
the dual reductive pair (ί/(3), U(l)) over a /?-adic field, with p odd.

1. Introduction. One of the simplest examples of a dual pair arising
from Howe's general construction [Ho] is that of (£/(3), ί/(l)). We will
study this pair in the /?-adic case, with p Φ 2. We first give the details of
what the construction provides in this case and review some necessary
results from [M] concerning the dual pair (t/(l), U(l)). We then consider
the irreducible constituents of the oscillator representation restricted to
C/(3). We first determine which of these constituents embed in principal
series, and we find some explicit information concerning these embed-
dings. We next show that each irreducible supercuspidal constituent is
induced from a representation of a maximal compact subgroup of ί/(3). A
surprising feature is that in all cases except that in which ί/(3) is defined
over an unramified extension and we are considering representations of
conductor one, the group over the ring of integers does not suffice, and we
must use the other class of maximal compact subgroups.

The results in this paper concerning principal series were discovered
originally by Howe and Piatetskiί-Shapiro and appear in [GPS], where
they play a role in some of the authors' important results concerning
automorphic forms in U(3). The methods of this paper borrow heavily
from [A] and [Ho]. I would also like to thank C. Asmuth for a useful
conversation.

2. Basic construction. Let F be a /?-adic field, with p Φ 2. Let 0
be the ring of integers, JP the prime ideal, U the units, v the additive
valuation, and TΓ a prime element. E = F(Ja) will be a quadratic exten-
sion of F, with ΘE> PE, UEy vE, and πE the corresponding objects for E,
Let q be the order of 0/P.

Let hλ be the 3-dimensional Hermitian form over E defined by

(0 0 1
Λ x= 0 1 0

U 0 0
Let h2 be the 1-dimensional form defined by h2(x, y) = xyσ, where
y -* P = y° i s t h e Galois action of E/F. Let £7(3) and £7(1) be the
associated unitary groups.
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142 COURTNEY MOEN

We will now recall the formalism of reductive dual pairs as applied in

this case [Ho]. Consider two unitary spaces (Wv hx) and (W2, h2) over E.

Let V = W1®EW2 have the Hermitian form h(wλ ® w29w[ <8> w2) =

hι(wvw{)h2(w2,w2). Define a skew-symmetric form j on V over F by

j(vi> υi) = β(h(vι, vi) ~ h(v2>
 vι))> w h e r e β G E satisfies β -f βσ = 0. In

our case, we will identify Wλ <8>E W2 with W .̂

Let W^ have basis {e v e0, e^} over E, and let a basis for V over i 7

be {}/aev ev e, - yfae, e_v - {ae^}. With respect to this basis, the matrix

of the symplectic form j is

J = 2a

Recall that as generators of ί/(3) we may take elements of the

following form:

a

0

0

/

0

0 1
-1 0

0

/

0

0

(1)

(2)

m\a) = 1

= T /E/F>

(3)

(4)

(5)

ι ι(c)-
1

0
0

1
0

io
-c

1
0

0
1
0

σ

0
1

N(c)

2

c
1

w =

0
0
1

0
1
0

I 1

0
0

beF;

E;

We have an injection φ: £7(3) -> Sp(F) which acts on the generators

as follows:

(1) φ(m(a)) =

aλ a2

aa2 aλ

I

aλ —&a

2

Na Na
-a2 aλ

Na Na

a = ax + {aa2,
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(2) φ ( / ( τ ) ) -

/

7i - α τ 2

- τ 2 τx

/

(3)

/

/

6 0
0 -δα

/

(4) φ(u(c)) =

c2 cx 0 iVc/2

-Nc/2 0

ct -αc 2

/

c = q + Vα"c2;

0
-1

1
0

1
0

0
1

0
1

-1
0

(5)

We will identify ί/(3) and φ(U(3)).

3. The oscillator representation. Let Wx be the lattice model of
SL 2(F) on i ^ c S?(E) as outlined in [Ma], where S?(E) is the space of
locally constant, compactly supported functions on E. Let W be the
oscillator representation of Sp(F) on S^(F3) as given in [PS]. According
to [Ra], the cocyle associated to W splits upon restriction to U(3) c Sp(F).
We thus obtain by restriction a representation of £/(3).

We now give explicit operators for the generators of t/(3). Let χ be a
character of F + , η(jc) = χ(^x), and ω(τj) = conductor of η. fc(η) = 1 if
ω(η) is even and κ(i]) = G(η) if ω(η) is odd, where G(η) =
^""^Σ^eo/piϊίflr^^jc2). Let φ be an element of y(E9^)9 the space of
locally constant, compactly supported functions on E which take values
oi&.

(1) (W(m(a)Λ)φ(x) = (κ(η)/κ(ηNa))\Na\^2φ(xa), where | • | is the
absolute value on i% and ηs(x) = η(sx).

(2) (W(n(b),l)φ)(x) = χ(α6ΛΓ(x))φ(x).
(3)'(J^(/(τ),l)φ)(x) = Ϊ^I(T,1)(Φ(Λ:)), where here we consider r G

ί7(l) as an element of the corresponding torus in SL(2, F).
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(4) (W(u(c),l)φ)(x) = ρ(-cx)(φ(x)), where p is the restriction to E
of the representation with central character χ of the Heisenberg group
attached to E.

(5) Write φ(w) = gλg2, where

(A

I , g

I

2 = I

with A = (? -J). % l g 2 , l ) = i8(g 1 ,g 2 )^(g l 9 l)^(g 2 , l), where ^ is the
cocycle attached to W.

We have

H-S

Our symplectic form is / = 2α(^7 Q), SO (υ9w) = vJ*w = 2a(x y). Also,

'(A

w
tλ-l

,1 Φ

where 4̂ = (j1 J) and JC = {xx, x2) Therefore,

= ±
1

t/(l) = Λ̂ 1 acts on £ by multiplication, so τx + /ατ2 = T e ί/(l)
embeds in Sp(F) as

ατ 2

-T2 Tj

which is just φ\ τ \φ
1

T

= Φ| T

We will thus identify ί/(l) with

' T
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Let s: J7(3) -» Z 2 be the coboundary which splits the restriction of β
to ί/(3). Setting Γ(g) = s(g)W(g,l) for g e 1/(3), we see that T is a
representation of t/(3). Let H = 6^{E,^) and for any character 0 of
[/(I), let

T ) =

The following result is proved in [Ho]:

THEOREM 3.1. Hθ is an irreducible representation of ί/(3).

COROLLARY 3.2. Hθ is irreducible upon restriction to SU(3)

Proof. The proof of the theorem uses only operators corresponding to
elements of SU(3).

4. Results concerning the dual pair (U(T), t/(l)). Recall that Wx is
the oscillator representation of SL2(F). We have the dual pair (U(l), U(l))
in SL 2(F). Let T be the compact torus of SL2(F) which is isomorphic to
U(l). The following facts concerning the restriction of Wx to T are proved
in [M].

Let us first assume E/F is unramified. Choose θ e t. Let ω(0), the
conductor of θ, be the smallest integer n such that θ is trivial on
Γn = { / e Γ | / Ξ / ( P w ) } . The conductor of the trivial character is zero.
Let θ0 be the unique nontrivial character whose square is 1. The conduc-
tor of ΘQ is 1. Recall that χ e F+, and ω(χ) = conductor of χ.

PROPOSITION 4.1. (1) // ω(χ) is even, then θ appears in Wx \ τ <=> ω(θ)
is even.

(2) If ω(χ) is odd, then θ appears in Wx \ τ <* θ = 1, or ω(θ) is odd
with θ Φ θ0.

Now we assume E/F is ramified, E = F(Jϊϊ). For n > 0, let

ab
πb a

be the filtration of T which defines ω(0). Let θ0 be the unique nontrivial
character of T which is one on To, and let 1 denote the trivial character.
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PROPOSITION 4.2. (1) 1 appears in Wx\τ<* ω(χ) is even or (-1/p) = 1,

where for a G Fx, (a/p) = ± 1 as a is or is not a square.

(2) θ0 appears <=> 1 does not appear.

(3) Exactly half of the characters of a given conductor appear.

5. Embeddings in principal series. In this section we will consider

the restriction of T to SU(3) since the reducibility criteria for this group

have been explicitly worked out in [K].

Since

and m2 =m =

with 7

a
a(

a

7a
a

σa

-σ

-1
5

=

we have

2 ' where m 1 ~~

a
1

Recall that s was the splitting coboundary. If we assume φ e i/6*, then

Γ(w)ψ = s(m)β(mv m2)W(m1, l)θ{τ)φ. But

so

(T(m)φ)(x) =

Let us denote the quantity s(m)β(mv m2)(κ(η)/κ(ηNa)) by p(a), so that

we write (T(m)φ)(x) = ^(βσ^-1)p(ύf)|^|1 / 2φ(xύf2α-σ). Since Γ is a ho-

momorphism, p is a character of Ex.

Recall that if λ e £ x

? the principal series Ind^λ = (/:SU(3) -^

C|/(«wg) = \Na\λ(a)f(g)}. Define a map J / on Hθ by (s/φ)(g) =

(T(g)φ)(°0) for g G SU(3). Then sf maps i/^ into Ind^λ *=> λ(a) =

φ ^ Hθ such that sέφ Φ 0 ^ θ appearsPROPOSITION 5.1. 77zm>

in Wγ restricted topT.

Proof. If θ appears, 3f Φ 0 in & such that IΪ /

1(/)/= ί (/)/ Vί G Γ.

To construct φ, define φ(y) = f for jμ G β?£, φ(j;) = 0 for y £ GE. Note

that φ (Ξ Hθ <=> W^φity) = θ(t)φ(y) for all / G Γ, J G £, which is

satisfied since Wλ{t)φ(ty) = Wι(t)f= θ(t)f= θ(t)φ(y) if y G 0£, and

both sides are zero if j € ί?£. Now suppose 3φ G //^ with j /φ # 0.
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Choose g with {sΐ<S>){g) = (Γ(g)φ)(0) Φ 0. Let φ' = T(g)φ e Hθ. Then

^ I ( O Φ ' ( O 0 = 0(OΦ'(.V) f o r a l H e Γ , j e £. Letting j ; = 0 and / =

φ'(0), we see / Φ 0 and #i(/)/ == 0(0/ v ' e ^ showing that 0 appears in

" l IT-

LEMMA 5.2. Γfte character p of Ex is of order 2.

Proof. Since Λ (m) and β(mvm2) are each ± 1 , it remains only to

show κ(η)/κ(ηNa) — ± 1, and this is an easy calculation.

PROPOSITION 5.3. Let εE be a non-square unit in E, and let (x, y)E be

the Hilbert symbol on E.

(1) IfE/Fis unramified, p{a) ~ (εE, a)E or ρ(a) = (πεE, a)E.

(2) If E/F is ramified, p(a) is one of the two ramified characters of

order two.

Proof. Recall that Hθ is unitarizable. If θ appears in Wx \ Γ , then Hθ

embeds in Ind^λ, λ(α) = ρ(a){aa/a))Na)~ι/1. Suppose E/F is unrami-

fied. Assume ρ{a) = 1 and choose 0 = 1. Then Hθ embeds in

lnάG

P\Na\'ι/1. But it is shown in [K] that lnάG

P\Na\'ι/2 is irreducible and

nonunitarizable, so p cannot be the trivial character. Assume p(a) =

(IT, a)E. Note that any ramified character λ with Indpλ reducible satisfies

λ(τr) = -q~ι. Choosing θ = 1 shows Hθ embeds in Ind^λ with λ(a) ==

p(a)\Na\~1//2, which implies Indpλ is reducible. But for this choice of λ,

λ(π) = q, which is a contradiction. A similar argument works for the

ramified case.

PROPOSITION 5.4. // Tλ = Indpλ is reducible, then 3Θ e N1 and

X G. F+ such that Hθ, constructed with χ ? embeds in Tλ with nonzero image,

with the following exceptions:

(1) IfE/Fis unramified, λ(α) Φ \a\~E

ι and λ{a) Φ p{a){π, a)E\a)E

ι/1.

(2) If E/F is ramified, λ must be ramified.

Proof. (1) Suppose E/F is unramified. We already know that no Hθ

can embed in Tλ if λ(α) = Jtf)^1. If λ(#) Φ \a\E

ι and Tλ is reducible, then

writing λ(a) = λo(a)\a\s

E, λo\F* = 1, s = -1/2 + {πi/2\nq), Hθ em-

beds in Tλ <=> θ(aσ/a) = ρ(a)λo(a)(εE, a)E. Given t G. Nι, choose a

such that t = a°a~ι and define θ(t) = p(a)λo(a)(εE, a)E. Then θ is

well-defined and θ appears in Wx ( τ for some χ e F+<=> θ Φ θ0. Note that

θo(a) = (π, a)E, so θ = θ0 ** λo(a) = p(β)(π, ^ M ^ 1 7 2 , which we

therefore exclude.
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(2) Suppose E/F is ramified, λ is ramified, and Tλ is reducible. Then
λ I υ is of order 2 and s = -1/2, so λ(a) = λo(a)\a\~E

1/2. We must have
θ(aσ/a) = p(a)λo(a), so given / e JV1, choose a such that t = α ^ " 1 and
let θ(t) = p(a)λQ(a). θ is then well-defined, and a calculation shows that
θ must appear in Wx \ τ. Note that no Hθ can embed in Tλ if λ = \a\'E

ι.

PROPOSITION 5.5. IfHθ embeds in Tλ, then Tλ is reducible.

Proof. We need only compare the λ for which an Hθ embeds in Tλ

with the list of reducible principal series given in [K].

PROPOSITION 5.6. θ appears in Wλ \ τ <=> Hθ is not supercuspidal.

Proof. If θ appears, then Hθ embeds in a principal series representa-
tion, so Hθ is not supercuspidal. Now suppose θ does not appear. Recall
that this implies that φ(0) = 0 Vφ e Hθ. We want to show that if φ e H\
the function g -» (T(g)φ,φ) = /(Γ(g)φ(x), φ(x)> Jx is compactly sup-
ported, φ is K-finite, so choose K' whose action under T fixes φ. Let
{kv...,kι} be coset representatives of Kf in K. Each φf. = T{kt)φ is in
i/^, so φ^O) = 0. Each φt is locally constant and compactly supported, so
φ.( c) = 0 for each i if x is in a sufficiently small neighborhood of 0.
Choose L to be a compact open set containing the supports of all the φ .
If E/F is unramified, we have the Cartan decomposition

G = d =
r > 0

77"

1

Choose g e KdrK. Then for some A,
= k;ιhdrh%. Then

(Γ(g)φ,φ) =

r and some /, j , we have

For r sufficiently large, φi(πrx) = 0, so (T(g)φ,φ) = 0 for g in these
sets KdrK. If ϋyi 7 is ramified, we have G = Ur>0KdrK, where

(%T
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Choosing πE = \/π,

If r is even, (T(dr)φ)(x) = 9-r/2φ(τrr/2x) and if r is odd,

(T(dr)φ)(Xl,x2) - ±q-^{-^-Wχ2, -

For r sufficiently large, both of these quantities are zero, so the argument

proceeds as in the unramified case.

6. Supercuspidal components. We will first consider the case when

E/F is unramified. Let K = G(Θ).

LEMMA 6.1. K is generated by the following elements: (1) m(α),

a e UE; (2) / ( τ ) , r e iV1; (3) ιi(fc), fci/ϊ e β?£; (4) n(c), c e ^ (5) w.

Proof. We have the Bruhat decomposition G = NA U NAwN. g e
jV^ => g = u(c)n(b)m(a)t(τ). If all entries of g are in Φ£, then a

calculation shows that c, Z?Vô  ^ Φ£, a e J7F, and r e iV1. A similar

argument applies for g G ,SΓ Π NAWN.

For « > 2, let 0 =£ 0O be a character of N 1 with conductor ω(θ) =

π — 1, and choose χ G F + with ω(χ) = π. for β = 0O, choose χ with

ω(χ) = 1. Then 0 does not appear in Wx \ τ, so Hθ is supercuspidal. Let

Note that we are not considering the case θ = 1, since this choice never

produces a supercuspidal, regardless of the choice of χ.

LEMMA 6.2. H% is a K-invariant subspace ofHθ.

Proof. It is easy to check that for k a generator of K, φ e Hθ

κ =>

Hi

LEMMA 6.3. Suppose θ Φ 1, 0O. ΓΛew φ & Hθ => φ is supported on

Θ — P2

Proof. Choose y e P | , / e Λ£_2 = iV1 n (1 + P|~ 2 ) . Then /J - J G

i ^ ? so φ(ty) = φ(jμ). But φ ̂  Hθ ^ W^Xφity)) = β(0Φ(^), so

^i(0(Φ(7)) = β(0Φ(^) Let / = φ(j). Write J ^ J ^ θ J 2 , where J ^

is the direct sum of eigenspaces of & corresponding to characters γ of Nι

such that ω(γ) < n - 2 and γ appears in Wλ \ τ, and J^2 corresponds to
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those γ in Wx \ τ which have conductor n. Let {/)} be a basis for J^, and

let {gj} be a basis for #"2. Write / = ΣaJι + Σbjgr We have W^(/)/, =

θι{t)fι and ^ ( O g , : = 7z(0g, - Therefore, Wλ{t)f = Σ aβ£t)f% +

Σ6,7,(0gy-For ί ε Λ^_2, ^ ( 0 / = 0 ( 0 / = Σα^ίO/, + Σδ,0(Ogy. Also

ί e Λ ^ => 0,(0 = 1, so 1^(0/= W . + Σft/r/Og,- So α,.0(O = at

and 6,0(0 = 6,7,(0 for all t G Λ^_2. Choosing ί e Λ^_2 with θ(t) Φ 1,

we see that all α7 = 0. Also, N l o n ^ - i and each γ; # 1 on N*_l9

 s o

all 6. = 0. Therefore / = 0, so φ( j ) = 0 for all 7 G Pj.

LEMMA 6.4. If θ = θ0, φ <Ξ H^ =* θ is supported on 0E - P E .

Proof. We know φ(0) = 0, so φ constant on PE => φ vanishes on P £ .

LEMMA 6.5. Suppose φ G £Γ|. W ΛW eigenfunction for [n(b)\b{a e

(5£} = Z( JV). Γ/z^ φ vanishes on UE or on PE - P j .

Proof. Choose ^ l 5 j ; 2 G supp φ. Suppose (Γ(«(Z7))φ)(^ ) =

χ(ebNyι)φ(yι) = ψ(ft)φ( Λ ). Φ(Λ) ^ 0 =* χ(ε6JVΛ) = χ(εbNy2) VZ> e 0,

so Nyλ - Ny2 G P π . If ^ ( ^ ) = 0 and vE(y2) = 1, then r(JVyi) = ° a n d

v(Ny2) = 2 => v(Ny1 — JVy2) = 0, a contradiction. So ^(j^x) = 0 <=>

We now proceed to show Hθ

κ is irreducible. Let «/ be an intertwining

operator for Hθ

κ.

LEMMA 6.6. J acts as a scalar on functions in Hθ

κ which are supported

on a single orbit of the form {tyo\t G N1, y0 G &E}.

Proof. The proof is essentially that of [Ho], which we summarize here.

For c G ΘE9 let Tc denote the operator T(u(c)). For φ G Hθ

κ, define φ on

Λ"1 by φ(t) = φ(ty0). Under the map φ -> φ, the operator Tc goes to an

operator we denote by fc. fc is of the form Wι(s)~ιp(v)Wι(s), where

υ G £ . J is transformed into an operator ./ which commutes with all fc,

and so ^ commutes with all Wι(s)~ιp(υ)ίVι(s). But the family of opera-

tors {p(v)\v G £ } acts irreducibly on ^ , so > is a scalar, and thus J

acts as a scalar on functions supported on a single orbit.

LEMMA 6.7. J acts as a scalar on the set of all φ G HΘ

K supported on

uE.
Proof. First, any eigenfunction φ supported on UE is actually sup-

ported on a single orbit in UE. For, if yl9 y2 G suppφ, iVyx - A^2 G P^

=> 3t G iV1 such that (yx - ^ 2 e P^ => y2 G (y1 + P^ => supp(φ) is con-

tained in a single orbit of the form {ty0 + P^} c ί7E. Now, given any
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φ e jHΓ̂ , write φ = Σφt as a sum of eigenfunctions, each supported on a

single orbit Φ{xt)9 on which J acts by cz ; so that Jφi = czφz. Given φ

and φy. supported on Φ{xt) and ^(x y ), let a = x^Xy Then T{m(a))φi is

supported on Φ(xj). Since T{m(a)) and ./ commute, cz = cy. The same

argument shows:

LEMMA 6.8. */ #c£s as a scalar on the set of all φ e He

κ supported on
P - P2

JL E £ E .

PROPOSITION 6.9. J acts as a scalar on all of Hθ

κ, and so Hθ

κ is

irreducible.

Proof. It remains only to show J acts on functions supported on UE

by the same scalar as it acts on those supported on PE - PE. Recall that

the trivial character of T appears in Wλ\τ regardless of the choice of

X G F+. C h o o s e / o e , f such that Wλ{t)f0 = f0 \/t G N1. Choose y0 with

vE(y0) = 1. Consider the orbit 0(j/o) = {(y0 + P / | ί G iV1}. Define φ G

i/j^ by Φί^o + P&) = ^ ( O ^ i ί ^ ' ^ / o This gives a well-defined function in

HK which is supported on PE — PE. Now we claim that φ ί S^r(PE, P£~ι).

Suppose φ e ^ P ^ P ^ " 1 ) . Choose any 5 G iVr

π

1_2. Let Λ: = jy0, 7 =

(1 — s)y0. Since *y G Λζί

1_2, (1 - s)y0 = ^ G Pj?"1 => φ(x + j ) = φ(x).

Thus, ^(^)W /

1(^"1)/o=/o V j e Λ j . j , But we know that W1(t)f0=f0

Vt G Λ^1, so #(/) = 1V/G ΛΓ

rt

1_2, which is a contradiction, since ω(0) =

n - 1.

Now, φ £ <9^(PE, PE~ι) =* Γ(w)φ £ ^ΛPE-> PE~1)>
 A l s o

? Φ G

&ΆPEI PE) =* ^(v^)Φ <Ξ S^r(ΦE9 PE~ι). Therefore Γ(w)φ does not vanish

on C7£. Write Γ(w)φ = φx + φ 2, φ1 being a sum of eigenfunctions sup-

ported on UE9 and φ 2 a sum of those supported on PE — PE. Say J acts as

cl on those φ & Hθ

κ supported on UE and as cΊ on φ supported on
PE - PE Then >Γ(w)φ = cφλ + cfφ2 and JT{w)φ = T(w)fφ =
T ( w ) c ^ = c ^ + c^ 2 . This implies c = c' if φλ Φ 0. But if φx = 0, then

Γ(co)φ vanishes on £/£, which it does not.

We next analyze the commuting algebra of the induced representa-

tion.

PROPOSITION 6.10. ϊnd%H^ is not irreducible if ω(θ) > 2.

Proof. Consider functions S: U(3) -> EndH^ such that 5(A:1gA:2) =

T(kι)S(g)T(k2) for kv k2<Ξ K. S is determined by its values on

K\G/K = = d\n>0
n
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The eigenspaces of Z(N) correspond to characters of the form n(b) ->

χ(εbN(x)), b e F, x e ΘE. Let Jfî  be the eigenspace corresponding to

x G ΘE. Choose φ e Hx. Then S(dn)φ is an eigenfunction for the char-

acter n(b) -> χ(εωV(τrn;c)), so S(rfΛ)φ e # Λ . For π(6) -* χ(εbN(πnx))

to be an eigencharacter, there must exist a function φ' e //£ such that

φ'O"x;) =* 0. But φ' is supported on ΘE - P j . Since x ^ ΘE and ΦXTΓ^JC)

Φ 0, we must have x & UE and Λ = 0 or 1, or vE(x) = 1 and n = 0. But

S(dn):Hx^> Hπnx, so S(Z)Λ) = 0 if w > 2, and 5 is completely de-

termined by S(I) and S(dλ), S(I) is a scalar since //£ is irreducible. It

remains to show that we may have Sid^) be non-zero. Write Hθ

κ = Hx Θ

H2y where ^ = (φ e Hθ

κ\T(dλ)φ e # £ } . Let 5 ( ^ ) = ^ ( J J i ? , where i?

is the projection of He

κ on fl"1# It is then easy to check that if dγ = k1d1k2,

with kl9 k2 e ί:, we have SidJ = T(kι)S(d1)T(k2).
In order to exhibit //^ as an induced representation for ω(θ) > 2, we

must consider the other conjugacy class of maximal compact subgroups.

Let a representative for this class be given by

L = PE &E OF Π

PE ®E &E I

For ω(θ) > 2, let H[ = {φ e Hθ

κ\φ is supported on P £ - P | and φ(j)
e Sfc(ΘE, P£~ι) for all j e £ } .

LEMMA 6.11. //^ /s invariant under the action of L,

Proof. L is generated by B, the Iwahori subgroup, and the element

Ό 0 IT'1

0 1 0
U 0 0 ,

A calculation shows that HΘ

L is invariant by both B and this element.

LEMMA 6.12. H[ is an irreducible L-module.

Proof. The proof that showed Hθ

κ was an irreducible ίC-module

applies here, since the only elements k e K which were used to show Hθ

κ

was irreducible are also on L, namely, the elements w(c), n(b), and

PROPOSITION 6.13. For ω(θ) > 2, ind^Hl is irreducible and is equiva-

lent to Hθ.
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Proof. We have G = UM > 0 £ d w £ , where

1
7 7 *

Using the argument in Proposition 6.10, we see that any function S is
determined in this case by its value at the identity, since any function in
H[ is supported on the single shell PE — PE. Since iff is irreducible, S(I)
is a scalar and the induced representation is thus irreducible. By Frobenius
reciprocity, it is equivalent to Hθ.

We will next consider the case when E/F is ramified. Let θ be a
character of Nι with conductor n which does not appear in (ί/(l), U(l)).
Hθ is thus supercuspidal.

Let iff = {Φ e ^ ^ P ^ J I Φ ί x ) G ^ ^ P J " - 1 ) VJC e £ } .

LEMMA 6.14. //f ώ ## L-invariant subspace of Hθ.

Proof. A calculation shows H[ is left invariant by all generators of L.

LEMMA 6.15. //φG iff, then φ vanishes on PE.

Proof. Choose J G P £ , / G N1. Then ί e ΓM_X = iV2/ί_2 => /y - j e
P i " " 1 , so φ(/y) = φ(^) and *i(0(Φ(^)) = β(0Φ(^). Let / = φ(y). Let
# " = 0 ^ be the decomposition into the one-dimensional eigenspaces
corresponding to the characters of Nι appearing in Wx \ τ. Let Hλ =
φ { J^ I«(<?,.) < w} and if2 = Θ { ^ |ω(^) = n). Now we claim that

/ = φ(y) is in fi2. Write / = a + β, a G ̂  β e if2. It ί e I ; . ! , then
W^i(0« = Σ 0 , ( ' K = Σαz = α since all θ^t) = 1. Also, ^ ( 0 / = ^ ( 0 /
= β(/)α + θ{t)β for / e Tn_v If α # 0, we must have θ(t) = 1 V / G
Tn_l9 a contradiction, since ω(0) = n. Therefore a = 0 and / e fiΓ2. Let
H2 have basis {/y}, /y e J^. If / = Σ α / 7 , then ^ ( 0 / = Σajθj(t)fj. If
/ G !;_!, then β(/)/= Wάbf-ΣajθjMfj. Also, θ(t)f=Σajθj(t)f9 so
^(0.= ^ ( 0 V/ e Γn_1 for all such that αy # 0. But θj appears in Wx \ τ

and θ does not appear, and we know from [M] that whether or not a
character of conductor n appears depends only on its restriction to Tn_v

Thus θ appears <=> θj appears, which is a contradiction, unless / = 0.
Therefore, φ vanishes on PE.

PROPOSITION 6.16. H[ is an irreducible L-module.
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Proof. The proof proceeds as in the unramified case, although this

case is easier, as the functions in HΘ

L are supported on UE rather than on

E(0 — P2

PROPOSITION 6.17. Ind£ H[ is irreducible and is equivalent to Hθ.

Proof. Proceed as in the unramified case.
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