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FOR CYCLIC 2-GROUPS

ANTHONY BAHRI AND PETER GILKEY

The eta invariant and equivariant Stiefel-Whitney numbers com-
pletely detect Zn equivariant Spiif bordism and Pinf bordism. The
additive structure of Pinc bordism and of equivariant Spiif bordism for
cyclic 2-groups is determined using these invariants in terms of X-theory.
The analysis is used to embed the X-theory in the bordism.

0. Introduction. The eta invariant of Atiyah-Patodi-Singer [4] is an
R/Z valued measure of the spectral asymmetry of self-adjoint partial
differential operators. It defines both equivariant bordism and locally flat
ίΓ-theory invariants in suitable categories. Let n be a power of 2, let
Zn= {λ & C: λn = 1} act by scalar multiplication on the unit sphere

S 2*-i o f Ck9 a n d l e t L * ( Π ) = s2k~l/Zn be a generalized lens space.

THEOREM 0.1. (a) The eta invariant and equivariant Stiefel-Whitney
numbers completely detect the Zn-Spinc reduced bordism groups Ulpm\BZn),

(b) Let A2k(n) = 0, and let A2k_1(n) be the subgroup of Q$in\BZn)
generated by all possible Spinc structures on Lk{n). Let ker+(η, n) be the
kernel of all eta invariants. Then as additive groups,

) ® Z[CP2,CP\...}}

kerm(η ?π)« β Tor(Ωf»c), and Λlk^(n) * K(S2k^/Zn).
j<m

REMARK. Equivariant bordism decomposes as a direct sum for differ-
ent primes so it suffices to study prime powers. Gilkey [13] showed the eta
invariant completely detects Ώ*(BZV) for all v and Ώ,l°(BZυ) for v odd.
The arguments given there generalize to show the eta invariant completely
detects Ω ^ ^ Z J if v is odd. See also Wilson [20]. The coefficient ring
Ωψ is torsion free; all the torsion in Ω|° and Ω|pinC is of order 2. The
torsion in Ω|pmC enters in an essential fashion when n is a power of 2 as
we shall see. The ^-theory of the lens spaces is well known. Let n = 2V. If
1 < i < n choose s so 2s < i < 2*+1. If i > k, let ί(i, k, n) = 0. If i < ky

let φ', k, n) = v - s + [(k - i)/2s]. Then Alk_ι{n) = ®^Z2ΦM by
Fujii et al. [9]. One can also show A*(n) = bu*(BZn).
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The Smith homomorphism defines an isomorphism between
in\BZ2) and Ω j ^ ; under this isomorphism, the eta invariant for odd

dimensional Z2-Spinc manifolds corresponds to the eta invariant of even
dimensional Pinc manifolds.

THEOREM 0.2. (a) The eta invariant and Stiefel-Whitney numbers
completely detect the Pinc bordism groups Ω£mC.

(b) Let B2k+ι = 0 and B2k = Z2*+i be the subgroup of Ω^f generated
by real projective space RP2k. Let ker*(η) be the kernel of all eta
invariants. Then as additive groups

Ω£inC« [B* 9 Z[CP2,CP\...]} θker*(η) and

Tor(Ωf*c).

In [5] we studied Ω|pinC(5Zn) and Ω£iflC using the Anderson, Brown,
and Peterson splitting of the spectrum MSpinc. The methods of that paper
were homotopy theoretic. In this paper, we use geometry as a bridge
between the analysis and the topology and obtain explicit representatives
of the generators. In particular, the splitting Ulpm\BZn) = {A* <8> Q*} Θ
ker^η, n) is an analytic splitting whereas in [5] it was a purely algebraic
splitting. This paper rests heavily upon the results of Anderson-Brown-
Peterson [1] and of Stong [18, 19]. We refer to Giambalvo [10] for
analogous results regarding (S)Pin bordism. The results of Stong show
that for unitary and Spinc bordism, all relations among characteristic
numbers follow from the Atiyah-Singer index theorem. Theorem 0.1 is a
generalization of these results to equivariant bordism.

Here is a brief guide to the paper. In the first section, we discuss the
results concerning Ω|pinC and the equivariant Stiefel-Whitney numbers we
shall need. In the second section, we define the eta invariant and recall its
properties. In the third section we discuss the Smith homomorphism and
in the fourth section we complete the proofs of Theorems 0.1 and 0.2. We
acknowledge with pleasure helpful correspondence and conversations with
Professors Giambalvo, Landweber, and Peterson.

1. The Spinc bordism ring and equivariant Stiefel-Whitney classes. Let

Spin(m) be the universal cover group of the special orthogonal group
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SO(ra) for m > 2. Since πλ(SO{m)) = Z2, there is a non-trivial short
exact sequence 0 -» Z 2 -» Spin(m) -» SO(m) -> 0; define Spin(m) in
terms of Clifford algebras if m = 1, 2 (see Atiyah-Bott-Shapiro [3]). Let
Spinc(m) = Spin(m) X U(l)/Z2 by identifying (g, λ) = (-g, -λ). Let
τ(g> λ) = λ2 define a representation T: Spinc(m) -» U(l), then 0 -> Z 2 ->
Spin c (m)^ T SO(m)xU(l)-> 0. Similarly if O(m) is the orthogonal
group, let Pin(m) be the non-trivial double cover for m > 2, and let
Pinc(m) = Pin(m) X U(l)/Z2. Spinc(m) is the connected component of
the identity in Pinc(m). The forgetful homomorphism from U(m) to
SO(2m) lifts to Spinc(2m) and the determinant representation lifts to τ
(see Hitchin [15]).

Let W* = H*(BO; Z2) = Z2[wj] be the algebra of Stiefel-Whitney
classes. Let V be a real vector bundle over a compact manifold. V is
orientable if wλ{V) = 0. V admits a Pinc structure if w2(V) is the mod 2
reduction of an integral class. V admits a Spinc structure if wλ = 0 and if
w2 is integral—i.e. V is both oriented and Pinc.

LEMMA 1.1. Let 0 -> Fx -> F2 -> F3 -> 0 be a short exact sequence of

vector bundles over a compact manifold M.

(a) If two of the Vi admit Spinc structures, then there is a natural Spinc

structure induced on the third.

(b) If one of the Vt admits a Spinc structure and another admits a Pinc

structure, then there is a natural Pinc structure induced on the third.

(c) If two of the Vi admit Pinc structures and if the third is orientable,

then there is a natural Spinc structure on the third.

Proof. As this is an elementary calculation in characteristic classes, we
omit details in the interests of brevity. This fails if we replace (S)Pinc by
(S)Pin.

A (S)Pinc structure on a compact manifold N with boundary M is a
(S)Pinc structure on the tangent bundle T(N). Since T(N) \ M = T(M) Θ
1, we use Lemma 1.1 to induce a (S)Pinc structure on M. Let Ω^)PmC

denote the bordism group of compact smooth m-dimensional (S)Pinc

manifolds modulo the subgroup which bound and let Ω4S)PinC denote the
corresponding graded group. We define Ω£S)O similarly. If M admits a
stable unitary structure, then there is a natural Spinc structure induced on
M. Let CPk be complex projective space with the Spinc structure induced
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from the holomorphic structure. The direct sum of two Spinc bundles is a
Spinc bundle and the direct sum of a Spinc bundle and a Pinc bundle is a
Pinc bundle. Consequently, Cartesian product makes Ω|pmC into a graded
ring and makes Ω£mC into an Ω|pmC module. Since the direct sum of two
Pinc bundles is not a Pinc bundle in general, there is no natural ring
structure on Ω£mC. The Stief el-Whitney numbers are Z 2 valued Ω* bordism
invariants completely detecting Ω£. The forgetful functor maps Ω£S)PinC ->
Ω£ and lets us regard the Stiefel-Whitney numbers as (S)Pinc bordism
invariants.

The representation T: Spinc(m) -» U(ΐ) defines a complex line bundle
over any Spinc manifold M; let c1(M) e H2(M; Z) be the Chern class of
this bundle. Let pk(M) e H4k(M; Z) be the Pontqagin classes. We form
the ring generated by [cl9 p*}. The integer and rational characteristic
numbers obtained from this ring are called the Chern/Pontqagin num-
bers. Let Ak be the complexified exterior representations of SO(m);
extend the Λ* to Spinc(m) by composing with the projection π. Let
iϊ(Spinc) be the free polynomial algebra i?(Spinc) = Z[Ak, T]; this is not
the full representation ring of Spinc. If θ G i?(Spinc) and if M G Ωfĵ f, let
index (0, M) G Z be the index of the Spinc complex over M with
coefficients in the virtual bundle defined by θ. Since index (Θ,M) is
expressible in terms of rational Chern-Pontrjagin numbers, it is a bordism
invariant. Since index(0, M) e Z, index(0, M) = 0 if M G Tor(Ω|pinC).
We set index(^, M) = 0 for notational convenience if M G Ω^n'. We
summarize below the results we shall need concerning Ω|piflC and refer to
Anderson-Brown-Peterson [1] and Stong [18,19] for details.

T H E O R E M 1.2. LetP* = Z[CP\CP2,CP\...,CP2k,...].
(a) Ω|p m C is a commutative ring. All the torsion in Ω|pmC is of order 2. If

M G Ω|pmC, then M = 0 iff all the rational Chern/Pontrjagin numbers of M
vanish and all the Stiefel-Whitney numbers ofM vanish.

(b) P* embeds in Ω|pinC and Ω|pinC Θ z Z 2 = ( P * Θ z Z 2 ) Θ Tor(Ω|p i n C).
// M G P*, then M G 2T* iff index(^,Λf) is divisible by 2ϋ for all
θ e i?(Spinc).

REMARK, (b) is a scholium to the theorem of Stong [18, 19] that all
relations among characteristic numbers in Ω|pmC/torsion are given by the
index theorem. Let πz(m) = Rankz(Ω^pinC) = Rank z(Pw) and let ττ2(m)
= Rank2(Tor(Ω^pinC)); since all torsion in Ω^pinC is of order 2, these
numbers determine the additive structure. We computed them for m < 59
on a computer using the Anderson-Brown-Peterson [1] algorithm and list
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them below as follows:
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We shall need the following technical lemma about Stiefel-Whitney
numbers later in the paper. We acknowledge with gratitude helpful
suggestions by Peter Landweber about the proof. Let ker *(SW) = {M e

* i C x(M) = 0 V x e W*}.

L E M M A 1.3. Let β * = Z[CP\CP\...,CP2\...]soP+ = QJίCP1].

LetM = Mλ

then Mx e 2
M

Q* and M2 = 0.
2 forMι

* andM2 e Tor(Ω|PinC). IfM

Proof. We assemble the appropriate results from Stong's book (see
[19] pages 42 and 352). Let M and Mi denote the corresponding elements
reduced mod2 in Ω^11' Θ Z2. Let F: Ω|°? G: Ω|° -> Ω°, and p:
Ω|° -* Ω|°/ torsion be the natural maps. The Stiefel-Whitney numbers
completely detect unoriented bordism so GF(M) = 0. Since CP1 bounds
in Ω|° and since pF is surjective, pF: β* Θ F2 -> {Ω|°/ torsion) ® Z 2

is surjective by Theorem 1.2. Since Ω|°/ torsion = Z[y4, >>8,...] is a
polynomial algebra, we see pF is an isomoφhism by counting dimen-

Z 2 = Ω|°/2Ω|° -> Ω£ is injective.
= pF{Mλ)-= 0. Since />F is an

2, this imphes Mλ = 0 so Mλ G 2
i?(Spinc) so Mx e 2 - P*

sions. With Z 2 coefficients, G:
Since GF(M) = 0, F(M) = 0 so
isomorphism with coefficients in Z

. Consequently
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and hence Mx e 20* by Theorem 1.2. Consequently Mx e ker*(SW) so
M2 e keτ*(SW) so M2 = 0 which completes the proof.

Let BZn be the classifying space of Zn. A Z^-structure on M is a
homotopy class of a map M -> 5Zn. This is equivalent to either a
principal Zrt bundle over M or to a representation of ^ ( M ) in Zn.\ί N
is a compact Spinc manifold with boundary M and if the classifying map
extends over N, then M bounds. Let Q^m\BZn) be the resulting bordism
group and let Ώ,lpin\BZn) be the graded direct sum. Cartesian product
makes QlpiΏ\BZn) into an Ω|pinC module. The forgetful functor induces an
Ω|PinC module morphism Q^in\BZn) -> Q^in\ Since any Spinc manifold
admits a trivial Zn structure, this map is surjective and splits. Let
Ω|pinC(5Zn) be the kernel of the forgetful functor; Q^in\BZn) is an Ω|PinC

module and we split Q^in\BZn) = Uξ^\BZn) Θ Ω ^ .
Let W*(BZn) = W* ® H*(BZn; Z2) be the algebra of Zn equiv-

ariant Stiefel Whitney classes. If x e Wm(BZn) and if M e Q^in\BZn\
then there is a natural evaluation x(M) G Z 2 obtained by cupping the
Stief el-Whitney classes of the tangent bundle with the cohomology classes
of H*(BZn; Z2) of the principal bundle and then evaluating on the
fundamental class of M. This defines a pairing Wm(BZn) <8> Q^in\BZn)
-> Z 2 . We refer to Conner-Floyd [7] for further details.

Let ρs(λ) = Xs be the irreducible representations of Zn where s is
defined modulo n and let Vs be the complex line bundle corresponding to
p5. Vn/2 is a real bundle. Let xλ = w1(Vn/2) e Hι(BZn; Z2) and let
x2 G H2(BZn; Z2) be the mod 2 reduction of c ^ ) . Let a(m,n) =
I θ P w _ 2 y _1 β ZJ, let 6(m) = | φ T o r ί Ω ^ . O I , and let c(m)

έ ( " l ) | Θ T ( Ω ^ ) |

LEMMA 1.4. (a) H2J(BZn; Z) = 0, H2j^(BZn; Z) = Zn, and
BZn;Z2) = Z2forj>0.
(b) i ί * ( 5 Z 2 ; Z 2 ) = Z 2 [ x J . If n>2, then H*(BZn; Z 2 ) =

(c) | Ω ^ c ( ^ Z J | < β ( m , « ) f e ( m ) c ( m ) am/ Ω ^ ( 5 Z J » β ^ 2-

group.
(d) //M G Ω|PinC(5ZJ, then

M X Ω|pinί = MX P* + MX Tor(Ω|PinC).

Proof. We refer to [6] for (a, b). \ ®. Hj(BZn; Ω ^ ) | =
a(m,n)b(m)c(m) by (a) and Theorem 1.2. Since the E^q term of the
bordism spectral sequence is Hp{BZm; Ω^pitf) (see [7]), U%^\BZn) is a
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finite 2-group and |Ω*pinC(5ZJ| < a(my n)b(m)c(m) which proves (c); (d)
now follows from Theorem 1.2 which completes the proof.

REMARK. In Lemma 4.1, we will show

\&Γ\BZn)\ = a(rn,n)b(m)c(m)

so the bordism spectral sequence degenerates.

2. The eta invariant. Let M be a smooth compact Riemannian
manifold of dimension m without boundary and let D be a self-adjoint
elliptic differential operator on M. If λ e R, let E(D,λ) denote the
eigenspace of D corresponding to the eigenvalue λ. Let

dim E(D, λ) - sign(λ) |λ

be an analytic measure of the spectral asymmetry of D. The series
converges to define a holomorphic function of s for Re(s) > > 0; η(s, D)
has a meromoφhic extension to C with isolated simple poles on the real
axis. The value at s = 0 is regular and we let η(D) = τj(O, Z>) e /?/Z. If
Z>, is a smooth 1-parameter family of such operators, although η(0, Z>,) has
integer jumps as spectral values cross the origin, the mod Z reduction is
smooth in t.

There is a general procedure for constructing such operators. Let N
be a posibly non-compact manifold with boundary M. Choose the metric
to be product near M. Let Q: C°°(Fί) -> C°°(V2) be an elliptic first order
complex over N. Use the geodesic flow to identify a neighborhood of M
in N with M X [0, ε). Let n e [0, ε) be the distance to the boundary M.
Using the symbol of dn, identify Vλ with V2 on the collar and decompose
Q = d/dn + Z> where D is a first order elliptic tangential differential
operator on C™(Vι\M). For the classical elliptic complexes, D is
selfadjoint and does not depend on the particular N chosen. If N is
compact, the generalized index theorem of Atiyah et al [4] is

THEOREM 2.1. With the notation above,

index(g) = f ao(x,Q) dx - {η(0,D) + dimker(Z>)}/2.

ao(x,Q) is a local invariant of Q and of the formal adjoint Q* which
vanishes if M is even dimensional. Index(β) is computed with respect to
suitable non-local elliptic boundary conditions.

Let M be an odd dimensional ZM-Spinc manifold. Choose a not
necessarily compact even dimensional Sρinc manifold N so dN = M; for
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example we could take N = M X [0, oo). Since N is even dimensional, the
Spinc complex is defined over JV. Let Q be the operator of the Sρinc

complex over JV and let D be the tangential operator of the Sρinc complex
over M. If θ e R0(Zn) <8> i?(Spinc), let Θ(M) be the virtual bundle
defined by θ over M and let Dθ be D with coefficients in Θ(M). Let
τj(0, M) = Tj(D )̂ and set η(0, M) = 0 if M is even dimensional Simi-
larly, if M is an even dimensional Pinc manifold and if θ e i?(Spinc), let
Dθ be the tangential operator of the Pinc complex over M with coefficients
in Θ(M) and let τj(0, M) = η(Dθ). Set η(0, M) = 0 if M is odd dimen-
sional.

LEMMA 2.2. (a) Let M = Mx X M 2, let Q be a first order elliptic

complex over Mv let R be a first order self-adjoint elliptic operator over M29

and let

P - ί f ® ! l V ) onM.
\ 1 β Q -R®1]

Then η(P)(M) = index(βχAΓO η(i?)(M2).
(b) η: ΛoίZJ β Λ(SpinO ® Qj^JBZJ - β/Z.
(c) η: i?(Spinc) 0 Ωj?* -^ β/Z.

Proof. We refer to Gilkey [11, 14] for the proof of (a). To prove (b),
we use Theorem 2.1. Suppose N is a compact ZΛ-Spinc manifold with
boundary M and let θ e R0(Zn) 9 i?(Spinc). We extend the bundle
Θ(M) over JV as follows. Let r(Ak) = Ak -f Λ^"1 and r(τ) = T define an
R(Zn) module ring iromorphism of R0{Zn) ® J?(Spinc). Choose Θ so
r(Θ) = 0. Since Γ(JV) | M = T(M) Θ 1, Θ(iV) | M = ^(M) so this pro-
vides the desired extension. Let QΘ be the operator of the Spinc complex
over JV with coefficients in Θ(JV). The tangential operator of QΘ is Dθ. If
0 = p <g> ψ for p G R0(Zn) and ψ e i?(Spinc), then β Θ is locally isomor-
phic to dim(ρ) copies of Qφ. Since a0 is a local invariant, tfoί ^ β θ ) ^
dim(ρ)αo(jc, β ψ ) = 0 since dim(p) = 0 for p in the augmentation ideal.
In general Qθ is a sum of such operators. Since ao(x, —) is additive with
respect to direct sums, the local term vanishes and Theorem 2.1 implies
index ( β θ ) = -~{η(0,Dθ) + dimker(Dβ)}/2 e Z. Therefore η(0,M) =
0 in i?/Z so eta is a bordism invariant. If the Zn structure on M is trivial,
then Θ(M) = 0 so η(θ, M) = 0; consequently we will often restrict eta to
Ω|pinC(J?ZJ with no loss of information. Since Ωlpin\BZn) is a torsion
group by Lemma 1.4, eta takes values in Q/Z which proves (b).

The proof of (c) is similar. The representations of i?(Spinc) extend to
Pinc so the operators in question are well defined. Let Qθ be the operator
of the Pinc complex with coefficients in the bundle defined by Θ. Since M
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is even dimensional, a(x, QΘ) = 0. The remainder of the argument is the
same; we refer to Gilkey [11] for a proof η(θ, M) e Z[l/2]/Z c Q/Z
which proves (c).

We introduce the following notation for certain Dedekind sums which
arise in evaluating the eta invariant. Let C(Zn) denote the space of
complex class functions on Zn. The map p -> Tr(p) embeds R{Zn) in
C(Zn) with R(Zn) 0 C = C(Zn). If /, g^C{Zn\ let (/, g) =
Σ λ e Z n /(λ)g(λ)/w. If p, p e ϋ(ZΛ), then (p,p) e Z by the orthogonal-
ity relations. Let α(l) = 0 and α(λ) = λ/(λ - 1) for λ Φ 1.

LEMMA 2.3. (a) Z*(Λ) e β f ξ ^ Λ Z J . //

Z*(/I)) = (*>«*)•
(b) fiJ^ΛZJ-O. η(p, - po, H

Proof. T(Lk(n)) Φ 1 inherits a natural unitary structure. Since Lk{n)
is odd dimensional, it bounds in Ωj/ and hence in Ω|pmC. Let Zn -» S2k~ι

-+ Lk(n) define a Zn stracture on Lk(n) so Lk(n) e Ωf^V^ZJ.
Atiyah-Patodi-Singer [4, see Π-(2.9)] calculate the eta invariant of the
tangential operator of the Signature complex in terms of Dedekind sums;
the same argument proves (a). Ώ$in\BZn) = 0 by Lemma 1.4. If χ(l) = 0
and χ(λ) = 1 for λ Φ 1, then

i(p, - Po ' L l ( w ) ) = ( P I ( P , - Po)/(Pi ~ Po)»x) = (P, + " +Pi»x)

= (p, + +Pχ, Po) - ί/« = s/n mod Z

by (a) and the orthogonality relations. Thus L\n) is an element of order
at least n in Ώ^in\BZn). Since \Uf*in\BZn)\ < « by Lemma 1.4, I^/i)
generates Zn = Ω ^ ^ Z J which completes the proof.

Define

kerΛη.n) = [M e fi^BZj: η(tf,M) = 0 V ί e Λ o ( Z j

ker,(η) = ( M e Ω ^ : y(θ,M) = 0 V ί ε i?(Spinc)},

= 0 Vx e ΪΓ

LEMMA 2.4. Let Me L\n) X

(a) M = L^AJ) X (Nr + N2) forNx e
(b) M e kerw(τ,,«) ///^ e n Pm_1.
(c) M e kerm(5^,«) i//ΛΓ2 = 0 αnrfty e 2 Qm_ι + CPι • Pm_v
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(e) L\ή) X Ω ^ ; n terJSW, n) n kerm(τj, n) = 0.

Proo/. I f M e L ^ J x Ω ^ , then M has this form by Lemma 1.4
which proves (a). Suppose M e kerw(τj, n). If dim(M) is even, then
Nλ = 0 so we suppose dim(Λf) odd. If ψ e i?(Spinc), choose Ψ so
r(Ψ) = ψ. Since T(L\n)) = 1, ^ ( L 1 ^ ) X N) = Ψ(l θ F(N)) = φ(N).
Let (? be the operator of the Spinc complex on N with coefficients in ψ,
let D be the tangential operator of the Spinc complex on Lι(n) with
coefficients in ρx — p0, and let D be the tangential operator of the Spinc

complex on M with coefficients in (px - p0) <S> Ψ. Then Z) = (f^1 %%\)
so I Ϊ ( ( P I - p0) ® Ψ? M) = η ( P l - p0? L^Λ)) index(ψ, JVX + JV2) =
-index(ψ, Nx)/n by Lemmas 2.2 and 2.3 since index(ψ? JV2) = 0. Conse-
quently, M G kerw(τj, n) iff index (ψ, Nλ) = 0 mod « iff Nλ e « P w _ x

by Theorem 1.2 which proves (b). The only possibly non-zero equivariant
Stiefel-Whitney numbers of L\n) X N are of the form xx - y for y e
W^_i. Since x^L^w)) = 1, xx y{L\n) X N) = y(N). Decompose Nλ

= Xλ 4- CP1 X X2 for Xx G gm_ x and X2 e P w _ 3 . Since CP1 bounds a 3
ball in Ωf°, CP1 X X2 e k ^ . ^ S ί F ) and j(iV) = j(Xx) +^(iV2). M e
kerw(5fΓ, Λ) iff Xx + 7V2 e kerm_1(5r>Γ) iff ^ e 2 β* and 7V2 = 0 by
Lemma 1.3 which proves (c). Since Lι(n) is an element of order n,
L\ή) X (Nx + Λ̂ 2) = 0 iff Nλ e /i Pm_! and iV2 = 0 so \L\ή) X Ω ^ |
= n^-V 27Γ2(W"1) = |Ω^pini <8> ZJ which proves (d). (e) is a direct conse-
quence of (6, c) which completes the proof.

Let j(τ) = T ® T and j(Λ*) = Σi+J=kA
i 0 Λy define an i?(ZJ mod-

ule coproduct s: R0(Zn) ® i?(Spinc) -> {R0(Zn) ® i?(Spin6)} ®
i?(Spinc). Let M e Q ^ ( 5 Z n ) and let iV G Ωe

s^c. If s(θ) = Σ.α, 0 fe ,
then ^(M X N) = Σ^Z(M) β fe.(iV). By Lemma 2.2, η(0, M X N) =
Σi-ηia^ M) - index(Z>z, N). If N is a torsion class, then index(Z>z, JV) = 0.
This proves

LEMMA 2.5. &*$f(BZH) X Tor(Ωe

s^) c ker^η, ή).

Embed Lk'\n) into ^^(Tί) using the first k - 1 coordinates. The
complex normal bundle of the embedding is given by the representation
ρλ so that complexification of the real normal bundle corresponds to

Pι + p_v Let /(T) = P l β τ and /(Λ*) = Λ^"2 + (px + p_x) 0 Λ*"1 +
ΛΛ. Extend ί to an R(Zn) module algebra isomorphism of R0(Zn) Θ
i?(Spinc). If J is as above, then (t 0 1) s = s t. If θ <Ξ R0(Zn) 0
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Λ(Spinc) and N e Qp^, then

θ{Lk(n)) XN\Lk-1(n)XN = t{θ){Lk-\n) X N).

Let β = (pι - Po)/Pχ e R0(Zn). We will use the following Lemma to
discuss the Smith homomorphism later.

LEMMA 2.6. (a) // θ e Λo(^») ® -R(Sρinc) and if N e Ω|Pitf,
ij(* & L*(n) X ΛΓ) = i,(ί(0), L*-X(Λ) X N).

(b) // £*£*(«) x Nk e ker#(η, n), *
kβr,(ii,n).

P/w»/. If s(0) = Σiai ® b,, then j(ί(β)) = (/
so

i,(0 jβ, I-A(«) X N) = Σ η(«, β, Lk(n)) • index(6,., JV),
1

L ^ ^ π ) X iV) = £

τ(Lk(n)) = pk{Lk(n)) is given by the representation theory. The A* are
the complexified exterior representations. Since (T(Lk(n)) Θ 1) 0 C cor-
responds to k - px + k - p_v Ak + Λ*"1 corresponds to the 2kth elemen-
tary symmetric function in the k ρx and /c ρ_v We solve this relation to
express Λ* in terms of the (virtual) representation theory. Choose φ, e
i?0(ZM) so that ^{Lk(n)) = αf(L*(π)). Since *,(£*(/!)) | L.-i( ϊ l) =
t{a^Lk'\n% ^{Lk-\n)) = /(fl^L'-H^)). Since β - ak = α*"1,

η(at iS^L^π)) = η(φ, i8,L*(n)) = (φ, β,ak) = {φi9a
k'1)

by Lemmas 2.2 and 2.3 which proves (a); (b) follows from (a) since / is
surjective.

3. The Smith homomorphism. The classifying space BZn is the limit
L i m ^ ^ Lk(n) with respect to the inclusions defined previously. If M e
Ω|PinC(£ZJ, let /: M -> Lk(n) be the classifying map for k large. Make /
transverse to Lk~\n) and let Δ(M) = f'\Lk"\n)). The normal bundle
of Lk~\n) hx Lk(n) is given by the representation ρx and has a natural
Spinc structure. We use Lemma 1.1 to give Δ(M) a Spinc structure. Δ
defines an Ω|pinC module morphism in bordism.

If n = 2, we split Δ = δ2 8V Let RPk = 5 V ^ 2

 b e r e a l projective
space and let L be the non-trivial real line bundle over RPk. We also use
the notation LRpk to emphasize the base space is RPk. Identify the
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O-section with RPk. If x = 1 = wx{L) generates H\RPk; Z2) = Z2, then

w(k • L) = (1 + xj)* = 1 + k • Xl + k(k - l)/2 x\ + .

x2 is the reduction mod 2 of cλ{L ® C). The stable tangent bundle
T{RPk) Φ 1 = (A: + 1) L so by Lemma 1.1

Pinc structure and T ^ P * ) = L ® C if k = 0(4) ^

Spinc structure and τ(RPk) = L ® C if /c = 1(4)
admits a ,

Pin structure and τ(i?PA:) = 1 if k = 2(4)

kSpin structure and τ(RPk) = 1 if k = 3(4) ^

Embed Sk~ι equivariantly in Sk using the first k coordinates to induce
an embedding of RPk~1 in RPk. The classifying space BZ2 =
Lim^ ̂ aoRPk. Let oo be the image of the north pole (0,0,..., 0,1) of Sk

in RPk. There is a diffeomorphism between (RPk - oo, RP*'1) and
(LRpk^,RPk~ι) so the normal bundle of RPk~ι in RPk is LΛP*-i.
RPk — RPk~ί is a contractable neighborhood of oo where L is trivial.

If M e Ω f nC(£Z2), let /: M -»• i?P^ be the classifying map for k
large. Make / transverse to RP^1 and let δ^M) = f~ι{RPk-1). The
normal bundle of δx(M) in M is LM = f*(L). LM has a Pine structure so
5X(M) inherits a natural Pine structure by Lemma 1.1. 8{. Ώ^'m\BZ2) -*
Ω ^ ! and 81(RP2k + 1) = RP2k. LM\SΛM) is the orientation line bundle of
5X(M). Similarly if M e Ω ^ , let /: M -* ΛP^"1 classify the orientation
line bundle LM. Make / transverse to RPk~2 and let 82(M) =
f~\RPk~2). Since the normal bundle of δ2(M) in M is -Ms.,^), 82(M)
has a natural Spinc structure by Lemma 1.1. 82: Ω ^ -» Ω^pi"2(5Z2) and
82(RP2k) = RP2k'\ 8X and δ2 are Ω|PinC morphisms and Δ = δ2 8λ if
n = 2.

LEMMA 3.1 (Γλ<? Smith homomorphism). (a) δ x : Ω^p i n C(5Z 2) -> Ω ^ w

α« isomorphism.
(b) Lei P: Ω|Pitf -> Ω j ^ 6e /Λe /orgeί/u/ /wncίor. Then 82 defines a

short exact sequence

0 - v{ΏsΓl) - Ω ^ - Ω^2(5Z2) Θ Tor(Ω^) - 0.

(c) //Δ = δ2 δx, ίΛe« Δ defines a short exact sequence

0 -> U P 1 X Ω^pin; -> Ω^pinC(5Z2) Λ Ω ^ ( 5 Z 2 ) Θ Tor(Ω^pin;) -> 0.

Proof. We adopt the following notational conventions. If V is a
vector bundle, let S(V) and D(V) be the unit sphere and disk bundles.
Let LM be a real line bundle over some manifold M. Let Oa be a simple
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cover of M and let wa be sections to the Z 2 bundle S(LM) over Oa. Let
wa = gabwb for gab = ± 1 over Oa Π 0fe. Let S(LM Θ 1) be a circle bundle
over M. Let θa e [0,2π] be local angular parameters where we identify θa

with (sin(0βK,cos(0J) in S(LM Θ 1); θa = g f l Λ on <9α n O,. Parame-
trize the associated projective bundle RP(LM Θ 1) by letting 0α e [0, -77].
We construct the inverse to 8λ using some ideas of Korschorke and Stong
[16,19]. Let M e Ω ^ and let LM be the orientation line bundle. Let
Z 2 -> S(LM Θ 1) -> RP(LM Θ 1) define a Z 2 structure on RP(LM Θ 1).
Since r ( L M Θ 1) = JΓ(M) Θ L M Θ 1, the orientation bundle of the mani-
fold L M Θ 1 is LM <8) LM = 1 so LM Θ 1 is orientable. Consequently
LM θ 1 has a Spin0 structure by Lemma 1.1. Give

the bounding Spinc structure. The map θa -» 2θa is a diffeomorphism
from RP(LM Θ 1) to S(LM Θ 1) which we use to define a Spinc structure
on RP(LM®1). Let a^M) = RP(LM θ 1) define an Ω|pinC module
morphism from Ω^\ to Ω^pmC(5Z2). We compute δx αx as follows. Let
/: M -> RPk~λ be the classifying map for the line bundle LM. / induces a
Z 2 equivariant map /: S(LM) -> Sk~ι. Extend /: LM -> 7?* to be fiber
linear. Let F(x, t) = (/(JC), t) be a Z 2 equivariant map from S(LM θ 1)
to Sk. This descends to a map F: RP(LM ® ϊ)-> RPk which is the
classifying map for the Z 2 structure. F is transverse to RPk~ι and
F\RPk~ι) = M corresponds to the embedding of Λf as (0,-1) in
S(LM θ 1) c LM θ 1. Since this is homotopic to the embedding of M as
the zero section of LM θ 1, the induced Pinc structure agrees with the
original Pinc structure on M so δx ax{M) = M. This shows δx is
surjective. We will show ax δx = id by showing δ t is an isomorphism
presently.

Since 8x(RPl) = RP°, 8λ(RPι X Ω ^ ) = KΩ Γ O . Conversely, if
N e Ω^pini, then the orientation line bundle LN is trivial so ax(N) = iϊP 1

X JV. Thus δx and αx provide isomorphisms between RP1 X Ω^pini and
^(Ω^pini). Since δx is surjective and since Ω|pmC(J5Z2) is a 2-group by
Lemma 1.4, Ω£inC is a torsion group so

_ O Spinc / D 7 \ n\

Conversely, let iV G Ω ^ ( 5 Z 2 ) φ T o r ( Ω ^ ) . Then 2 N = 0 in Ω ^ .
Let L^ be the real line bundle over N corresponding to the Z 2 structure
so Z 2 -» S(LN) -> iV. The Stiefel-Whitney numbers and Chern/Pontrja-
gin numbers are multiplicative under finite coverings so S(LN) = 2 iV =
0 in Ω^pίn

2 by Theorem 1.2. Let U be a m - 1 dimensional compact Spinc
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manifold with boundary S(LN). Use the outward normal to orient
D(LN) — N. Let M = D(LN) U U along the common boundary S(LN)
with the natural Pinc structure. If LM is the orientation bundle of M, then
LM is the pull back of LN over D(LN) and LM is trivial over M — N. Let
/: N -> RPkl be the classifying map of L^. Extend / as a fiber linear
map /: {D(LN\ N) -* (LΛP*-i, RPk~ι). Since PP* - Λ P * 1 is contrac-
table, we can change / so f'\RPk~ι) = N and/(x) = oo near the
boundary S(L). Extend / to M so f(U) = oo. Since f'1(RPk~1) = N
with the given Spinc structure, 82(M) = N. This shows image(δ2)

 =

ΩsΓl(BZ2) Φ T o r ( Ω ^ ) .
UNe V(ΩSP™[), then LN = 1 so we may take /(ΛΓ) = oo and δ?(ΛΓ)

= 0. Therefore K^S^ί) £ ker(δ2). Since |v(ΩSpin;)| = liϊP1 x Q ^ | =
Lemma 2.4, we may estimate

2^

By Lemma 1.4, |Ω^pinC(5Z2)| < a(m,2)b(m)c(m) so all the inequalities
are equalities. This shows 8λ is an isomorphism and ker(δ2) = v(Ω^[).
This proves (a,b); we combine (a) and (b) to prove (c).

Since ker(δ2) = δ^RP1 X Ω ^ ) consists of elements of order 2, 2δ 2

1

is well defined. Let M e image(δ2) and let LM be the real line bundle
over M corresponding to the Z 2 structure. Since J Γ ( L M Θ 1 ) = Γ ( M ) Θ

LM θ 1, D(LM θ 1) has a natural Pinc structure and S(LM θ 1) inherits
a Pinc structure that bounds. This is not the structure we wish to use.
Define a complex line bundle H over S{LM θ 1) with transition functions
hab = ei{θa~~θb)/2\ H2 = 1. Inequivalent Pinc structures are parametrized
by complex line bundles; we twist the bounding Pinc structure on
S(LM θ 1) by if to define a new Pinc structure on S(LM θ 1); we denote
this by « 2(M) and the map M -> a2(M) extends as an Ω|pmC module
morphism in bordism.

A more geometric description of this structure can be given as
follows. Let S±= {(z,t) e S(LM θ 1): / > 0 or / < 0} be the closed
upper/lower hemispheres. Let D ± be two copies of the unit disk bundle
D(LM). Use the diffeomorphism </±-> (±d±, ±(1 - \d±|2)1/2 to iden-
tify D ± with S ± where the zero sections M ± go to the north and south
poles respectively. This decomposes S(LM θ 1) = D+U ΰ _ where the
glueing is the antipodal map -1 on the boundary S(LM). The antipodal
map on S(LM θ 1) becomes the shift χ which interchanges D+ and D_.
Give D±— M± opposite orientations to define a Spinc structure on
S(LM θ 1) — M+- M_ and a Pinc structure on S(LM θ 1). χ is a Pinc

involution reversing the orientation of S(LM) — M+— M_.
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LEMMA 3.2. IfM e Ω ^ ( 5 Z 2 ) , then 282\M) = a2(M).

Proof. Let U be an m - 1 dimensional Spinc manifold with boundary
3C/= S(LM). Let t/± be two copies of U. Identify 3t/±X(0,l] with
S±(LM) X (0,1] in D±{LM) - M±. Glue 9£/±X[.2,.8] to £~±(LM) X {1}
in S^L^ θ 1) X {1} to construct the bordism

S ( L M θ l ) x [ 0 , l ] u t/+x[.2,.8] U t/_x[.2,.8].

This admits a Pinc structure and is orientable off the core M±X[0,1]
using the natural orientation for ί/+X[.2, .8] and the reversed orientation
for U_X[.2, .8]. The boundary of this bordism consists of four pieces. The
first is a2(M) = S(LM Θ 1) X {0}. The second and third pieces are
D ±2(LM) U U±X{.2} which yields 2δ2

1(M) as was shown in the proof
of Lemma 3.1. The final piece is an error term

E = {S(LM φ 1) - int(D+^(LM)) - int(Z)_^8(LM)))

Uί/+X{.8) U ί/_X{.8}.

Since is Π Af+X[0,1] = 0, £ is orientable. Let the shift χ induce an
action of Z 2 on E and let E = E/Z2 with the induced Pinc structure. Let
L be the orientation line bundle of E. Since χ is orientation reversing,
S(L) = E. T(L) = L θ Γ(£) so f(L) is orientable and has a Spinc

structure. Since E is the boundary of D(L), it is zero in Ω£mC. This
completes the proof.

We now study the behavior of the eta invariant with respect to the δr

Let M e Ω^pinC(5Z2) and let N e Ω^V Give N the Z2 structure corre-
sponding to the orientation class so ρλ(N) = LN. This extends η: R(Z2)
® i?(Spinc) ® Ω^m' -» β/Z. It is an easy exercise using Clifford algebras
to show τ(δ1(M)) = τ ( M ) | , i ( M ) and τ(82(N)) = τ(N) \δ2{N) β LN; we
omit details in the interests of brevity. Let sλ(Ak) = 1 ® Λ* + px ® Λ^"1,
sλ(τ) = T, ^2(Λ/c) = 1 β Λ^ + px ® Λ^"1, and 52(τ) = pλ <8> r define
R(Z2) module algebra isomorphisms st of R(Z2) ® i?(Sρinc). If β e
Λ(Z2) β Λ(Spinc), then 0(Jlf) 18 i ( M ) = ̂ (^Xδ^M)) and Θ(N) \ 8i(N) =
s2(θ)(δ2(N)).

LEMMA 3.3. L ^ ψ e i ϊ (Z 2 ) 0 i?(Spinc),

ΩPinC

(a) η ( ( P o - P l ) ® ψ , M1) = η(

e ker,(i»).
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(b) 2η(ψ,M2) = η ( ( p 0 - p 0 * 2 (Ψ)A(^2)). // 2 • M2

then 82(M2) G ker*(τf,2) Θ Tor(Ω|PinC).
(c) // 2MX G ker*(ij,2), tfiew A(MX) G ker*(η,2) Θ Tor(Ω|PinC)

Proof. Since αx 8λ = id, we may assume Mx = RP(LN Θ 1). The
parity involved plays an important role so we suppose first ^(ψ) e
i?(Spinc). Let X = ψ ( M 1 ) so X\N = ̂ (ψ)(iV). We study the eta in-
variant on RP{LN Θ 1) by working equivariantly over S(LN Θ 1). Let D:
C°°(V) -> C°°(F) be the tangential operator of the Pinc complex over N
with coefficients in X. Let βa denote normalized Clifford multiplication
by the local orientations ωa; βa defines an automoφhism of V which
anti-commutes with D, see Gilkey [11,14]. The tangential operator of the
Spinc complex with coefficients in X over S(LN θ 1) is D = D + βa

d/dθa: C°°(V)-* C°°(F). Let {λk9/k} be a spectral resolution of D.
Since cos(sin) are even(odd) functions, cos(n^β) -fk and sin(nθa)βafk art
well defined sections to Fover S(LN θ 1). If n is even(odd), these define
sections to F(F ® L M ) over RP(LN θ 1). These functions form a com-
plete orthogonal system for L2(V) over S(LN θ 1) if we omit the ήn(nθ)
terms for n = 0. If n > 0, then

D(αcos(nθ)fk + bsin(nθ)βfk)

= ( λ ^ - nb)cos(nθ)fk+(-nα - λkb)sin(nθ)βfk

so D is given by the matrix ( ^ 1^) on this subspace. This matrix has two
unequal non-zero eigenvalues ±(λ\ + n2)ι/2 which cancel in pairs and
contribute nothing to the eta invariant. If n = 0, then fk is an eigenvector
corresponding to the eigenvalue λ^. Consequently η(D) = η(D) and
τj(Z>Pi) = 0. This shows η(D) = η(p0 — pv D) and establishes the formula
in this case. If ^(ψ) e ρλ i?(Spinc), then the parities involved are
reversed owing to the twisting of the line bundle LN. We use Gilkey [11]
and the case previously considered to compute

i | ( J Λ Ψ ) , N) = -η(LN • ^(ψ) , AT) = - η ( ^ ( P l ψ), N)

= -^?((PO ~ Pi) Pi Ψ, M) = η((p0 - px) ψ, M)

which establishes the formula in general. If JV e ker^(τj), then η(^? iV) =
0V^ G R(Z2) Θ i?(Spinc) since η(ρx ® Θ,N) = -η(θ, N). Consequently
M G kcτ^(η,2) by the formula. Conversely, 1 0 iί(Spinc) c imαgcis^ so
M G kerJ|c(τj, 2) implies N G ker^(η). This proves (a).

We use Lemma 3.2 to prove (b). If N = δ2(M2), then 2M2 =
S(LN φ 1). Let J5T = ψ(5(L^ φ 1)) so X | ^ = 52(ψ)(iV). Let 2) be the
tangential operator of the Spinc complex over N with coefficients in X
and let Dλ be D with coefficients in LN. The pull back of LN is the
orientation bundle of S(LN θ 1). Normalized Clifford multiplication by
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local sections ωa of LN define isomoφhisms βa: 1 -> LN and βa: LN -> 1
which intertwine D and Dv Let

1 ® βd/dθ - ΰ ^ l /

be the tangential operator of the Pinc complex over S(LN Θ 1) with
coefficients in s2(ψ). If {fk,\k} and {gk,μk} is a spectral resolution of
D and Dl9 then the collection {(cos(nθ)fk, 0), (0, β sin(nθ)fk),
(βsin(nθ)gk,0), (0,cos(nθ)gk)} is a complete orthogonal system for
L2(V Θ (V <8> L^)) over ^(L^ Θ 1) if we omit the terms in sin(nθ) for
n = 0. If n Φ 0,

D(acos(nθ)fk Θ bsin(nθ)βfk)

= (αλfc - nb)cos(nθ)fk θ(-«α - λkb)sin(nθ)βfk

~D(asin(nθ)βgk Φ bcos(nθ)gk)

- nb)sin(nθ)βfk φ(-«έ - μkb)cos(nθ)gk

so D is given by a matrix (̂ *w lj[ ) or (ίΛ

rt iJJ ). These matrices have two
unequal non-zero eigenvalues i ί λ ^ 4- n2)1'2 or ± ( μ | + « 2 ) 1 / 2 which
cancel in pairs and make no contribution to the η invariant. If n = 0,
only the eigenvalues of D and -Dλ contribute. Since 2M2 = S(LN Φ 1),

, M2) = η ίSKSί^ θ 1)) =

If 2 M2 e ker#(ij,2), then η(θ,N) = OV0 since 52 is an isomorphism.
Let N = Nλ + N2 for JVX e Ω|pinC(5Z2) and iV2 e Tor(Ω|PinC). Since
η(θ,N2) = 0, Nτ e ker*(η,2) which completes the proof of (b). We
combine (a, b) to prove (c).

It is easier to study the behavior of the Stiefel-Whitney numbers with
respect to the 8t. Let M e Ω° (J5Z2) and let /: M -* RPk be the
classifying map. Make/ transverse to RPk~ι and let δ(M) = f-\RPk~ι).
Let J(WΛ) = wΛ β 1 + wk-ι ® ̂ I define an H*(BZ2; Z2) module alge-
bra isomorphism of W*(£Z2). Since Γ(M) \δ(M) = Γ(δ(M)) φ LM, the
cohomology classes x(M) \ δ ( M ) and s(x)(8(M)) agree.

LEMMA 3.4. (a) If M e Ω^(J5Z2) Λ«J I/ JC e ^ W - 1 (J5Z 2 ) ?

(b) M e kerw(5^,2) iff Bλ(M)
(c) // iV e Q ^ Π kerJl l.1(SΪΓ), then 82(N) e kerm_2(S^,2) c

(d) If M ^ keτm(SW, n)9 then Δ(M) e kerw_2(SH^, π) c
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Proof. Let i: 8λ(M) -» M be the inclusion and let θ = x(LM)
Hml(M; Z2). Since [M] is the Poincare dual of wλ{LM), ί J
wx{LM) Π [M] and hence

θWl(LM)(M) = ( ί U W l (Lj,[Λf]> = ( 0 ^ ( 1 ^ ) n[M]>

This proves (a) since i*(θ) = s(x)(8(M)). To prove (b,c), let M e
Ω* i n t5Z 2 ) and let iV = S^M). Suppose M e kerJSW, n). If x e W"""1,
choose 7 e W™~1(.BZ2) so s{y) = x. Then 0 = {xx • y)(M) = x(N) so
N e k e ^ . ^ i ' ί F ) . Suppose ./V e ke^.^SW^). Let the orientation line
bundle give a Z2 structure to iV. The equivariant Stiefel-Whitney numbers
of N can be computed in terms of the ordinary Stiefel-Whitney numbers
of N so all the equivariant Stiefel-Whitney numbers of N vanish. If
x e Wm, then x{M) = 0 since M = 0 in Ω|pinC. We therefore suppose
x = xx • y for y e H^m-1(JBZ2). Then 0 = y(N) = (xx • y)(M) so M e
ke^ί^ ίF, «) which proves (b). If j e W""-2(J5Z2), choose x so s(x) = 7.
Then y(δ2(iV)) = (Xl • x)(N) = 0. Decompose 82(N) = X1 + X2 for ^
e U%!nl(BZ2) and X2 e T o r ( Ω ^ ) . Since Xλ bounds, ^ 2 e
kerm_2(SW) so X2 = 0. This shows 82(N) e kerm_2(SW/,2) and proves
(c). The proof of (d) is the same as that of (c) and is omitted in the
interests of brevity. This completes the proof of the Lemma.

4. Ω | p i n t5ZJ and Ω£inC. Let τr2(m): Ώsfn\BZ2) -* Tor(Ω^pinC) be the
natural projection and let π = θ f c > 0 ^ 2 ( w ~ 2k)Δk. Let i?*(«) be the
Ω|pinC submodule of Ω|pi t f(5Zn) generated by the Lk(n) and let E(m) =

LEMMA 4.1. (a) 0 -* Rm(n) -• U^(BZn) -^ £(m) -* 0

(b) 0 - LHi) X ®SΓl - RJn) Λ i?m_2(«) -> 0 is

(c) \Rm(n)\ = a(m,n)b{m) and \®%«{BZn)\ = a(m,n)b(m)c(m).
(d)keτm(SW,n)Πkcτm(η,n) = O.

REMARK, (d) completes the proof of Theorem 0.1(a); we apply δλ to
(d) and use the results of the third section to complete the proof of
Theorem 0.2(a).

Proof. If n = 2, image (Δ) = Ω ^ ( £ Z 2 ) Φ Tor(Ω^pin;) by Lemma
3.1 so 7Γ is surjective. The inclusion Z 2 -> Zn induces an Ω|pinC module
moφhism called induction i: Ώξvin\BZ2) -» Ώ^in\BZn). Let p: S2k'1/Z2

-» S2k~1/Zn be the natural covering projection; p is compatible with the
inclusions defining 5Z 2 and BZn. If M e Ω|pinC(JβZ2) and if /: Λf -»
RP2k~1 is the classifying map, then /?/ is the classifying map for /(M) so
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i Δ = Δ i. Since i τr2(w) = τr2(m) /, i π = π • i and m is surjective
for all n. Since Δ(Lk(n)) = Lk~\n) and since Δ is an Q,^ module
morphism, Δ: RJn) -+ Λm_2(«) -» 0. Since Λm_2(n) c Ω ^ t f Z J ,
Λm(«) c ker(τr). Since Δ(L\n)) = 0, Lx(«) X Ω ^ c ker(Δ). We use
Lemma 2.4 to estimate:

IΛ-00I- ΓΪ|MΔ)ni?m_2 y(«)|
j>0

Since \Us^in\BZn)\ < a(m,n)b(m)c(m) by Lemma 1.4, all the inequali-
ties must have been equalities. Thus ker(Δ) Π i?m(«) = L\n) X Ω ^
and ker(ττ) = /?*(«). This completes the proof of (a, b, c).

We prove (d) by induction on m; it is immediate if m < 0. Let
M e kerm(SW, «) n kerm(η, n). By Lemma 3.4, Δfe(Λf) e
k e r m-2fe(^^«) £ fiS^2/fc(^ZB). Thus π(M) = 0 and M e i?m(n). We
therefore apply Lemma 2.6 to see Δ(M) e ker(η,«) so Δ(M) = 0 by
induction. Since M e ker(Δ) Π Λm(«), M e L\n) X Ω ^ . We use
Lemma 2.4 to conclude M — 0 which completes the proof.

Let q = (qv...,qk) be a collection of odd integers. Let p(q) =
diag(Xft,..., λ9*) be a fixed point free representation of Zn in Ό(k). Let
L(n; q) — S2k~1/p(q){Zn) be a generalized lens space. L(n; q) e

f ^ and Lk{n) = L{n; 1,..., 1). Let

for qx = = qp = -1 and ^ + 1 = = ί f c + 1 = 1.

LEMMA 4.2. Σk

p=0(
p

k)Mp(k + 1) = Lx(n) X {CPι)k in

Proof We use the circle trick of Conner-Floyd [7]. If λ e Z , , let
Tx(\)z = λz and let T2(λ)z - z for z e 51, z e D 2 , or z e C U oo =
CP\ Let

VίlΊXϊίXzJ and

Since Γ2 is trivial, Λ̂  = Lx(«) X (CPλ)k. Let /(z,^) = (z, zw) intertwine
these two actions so Nx = N2 in Ω|^i°c

1(5Z2). The action 7\ X Γ/1 on
D2 X (CP1)^ has 2k isolated fixed points at 0 X (0, oo} X X {0, oo}.
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Cut out small Zn equivariant spheres about each fixed point to construct a
manifold on which Zn acts freely. The quotient is an equivariant bordism
between N2 and the sum of 2k lens spaces. At 0 G D2 or 0 e CP1, the
action is pv At oo G CP1, the action is p_x owing to the change of
coordinates z = l/w. There are (k) fixed points corresponding to p oo
and (k + 1 — p) 0 so we get (k) copies of Mp{k + 1) which completes
the proof.

Let M G Ulpm\BZn). Inequivalent Spinc structures on M are parame-
trized by complex line bundles over M. Let φ ) M be M with the same
Zn structure and with the Spinc structure twisted by the complex line
bundle which corresponds to the representation ρs. Since M = 0 in Ω|pinC,
the Stief el-Whitney numbers and rational Chern/Pontqagin numbers of
M vanish. Since M = φ ) M in Ω£, the Stiefel-Whitney numbers of
φ ) M vanish. Since the line bundle defined by ps is flat, the
Chern/Pontqagin numbers are unchanged so φ ) M = 0 in Ω|pinC by
Theorem 1.2. The map M -> c(s) M defines an Ω|pinC module isomor-
phism of Ω|pinC(£ZJ. We extend φ ) as the identity on Ω|pinC. Identify
the group algebra Z[ZJ with R{Zn). Since c(s)c(ί) corresponds to
twisting by psρt = ρs+t, c(s)c(t) = c(s 4- t). We define a representation
of R(Zn) on Ul^\BZn) by c(ΣsnsPs) = Σsnsc(s). Dually, let c(s) Ak =
Λ^ and c(s) - T = ρ2s- T define a representation of R(Zn) on R0(Zn) ®
i?(Spinc).

LEMMA 4.3. Let M e Ω|pinC(5ZJ αnrf feί p G R0(Zn). (a) Δ(c(p)
M) = c(p) - Δ(M).

(b) // θ G i? o( zn)

(c) p e l?0(Z r t)* /// η(p - p, L*(n)) = 0 Vp
(d) c(p) LΛ(n) = 0 ///p R0(Zn) c i?o(Z

REMARK. It is in (d) that the analysis is used at last to embed the
ϋΓ-theory groups into the bordism groups.

Proof. The classifying map is not changed if we change the Spinc

structure so Δ ( φ ) M) = Δ(M) in Ω|°(J?Zn). If we twist the Spinc

structure on M by a line bundle L, then the Spinc structure on Δ(M) is
twisted by L\ Δ ( M ) . Consequently c(s) Δ(M) = Δ(C(Λ ) M) which proves
(a). Let N = c(s) M. Since only the Sρinc structure is changed, ρ(N) =
p(M) and Ak(N) = Ak(M). Since T involves a square, τ(JV) = ρls{M)
β τ(M). Therefore φ ) 0(M) = (̂AΓ). Let D(N) and Z)(M) be the
tangential operators of the Spinc complex over N and M. Since the Spinc
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structure on N is twisted by ρs, D(N)Θ = D(M)Ps.c{θ) which completes
the proof of (b). We refer to Gilkey [12] for the proof of (c).

We prove (d) as follows. Let p e R{Zn\ let β = (ρx - ρo)/ρι e
R0(Zn), and let p e RQ(Zn). Since β ak+1 = α* for fc > 0, we use (a)
and Lemma 2.3 to compute

0 = v(p,c(p) L*(n)) = η(p - p,Lk(n)) = , ( p -(p - β),Lk+\n)).

This implies P Ί 8 G R0(Zn)
k+ι by (c). Since j8i?(ZJ = R0(Zn), p

Λ 0 ( Z J c Λ 0(ZΛ)*+ 1 . Conversely, let M = c(p) L*(Λ) and assume p
/? 0 (ZJ c JR0(Zn)Λ + 1. We prove M = 0 by showing M e k e r ^ . ^ η , ή)
Γ)ker2k-ι(SW,n). Let δ = Σsps be the regular representation. Since
β p e Λ o ί Z J ^ 1 = i8 - ΛoίZJ*, choose σ e Λ o ( ^ ) ^ so β p = β - σ.
Since the only zero divisors of β are multiples of 8 and since β - (p - σ)
= 0, p = σ + α δ. If w e Wlk~\n\ then w(M) = dim(p) W(L*(Λ)).

Since dim(p) = α dim(δ) = α « is even, M e ker2A:_1(5'ίF,«). Let Ψ
= R0(Zn) 0 Z[Ak] so i?0(ZM) 0 i?(Spinc) = Ψ[τ]. Suppose 0 = ψ τ w

for ψ e Ψ . Choose a representation φ e R0(Zn) so φ(Lk(n)) and
θ(Lk(n)) define the same locally flat bundles. Let m(2w + 1) be the
algebra morphism of R(Zn) defined by m(2w + l)(p5) = P(2w+i)5 Since
2w + 1 is odd, it is coprime to n and m(2w + 1) defines a ring isomor-
phism of R(Zn) preserving R0(Zn)

J V/. Consequently m(2w + l)(ρ)
R0(Zn) c R0(Zn)

k+1soβ m(2w+ l)(p) e Λ o ί Z J ^ 1 . Let p = Σ , H A .
We use (b) and Lemma 2.3 to compute:

τ»,c(p)M) = Σ «Λ

which vanishes by (c). This shows M e ker2A:_1(η,«) and completes the
proof.

Let A2k(n) = 0 and let A2k_1(n) be the subgroup of U2k_1(BZn)
generated by all possible Spinc structures on Lk(n).

LEMMA 4.4. (a) A2k.1(n) = R0(Zn)/R0(Zn)
k+1 = ^ ( S 2 / : + 1 / Z n ) « a

finite group of order nk.
(b) ^2*-i(2) = Z2* is generated by RP2k~\
(c)L\n)X(CPy<=A2k+1(n).

Proof. Since any complex line bundles over L*(n) correspond to one
of the ps, A2k_γ{n) = <R{Zn)) Lfc(«). If p e Λ(ZB), let /(p) = p • y8
e R0(Zn)/RQ(ZH)k+1 so /(p) = 0 iff p ΛO(ZΠ) c R0{Zn)

k+\ By
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Lemma 4.3, the map c(p)(M) ->/(p) is well defined and provides an
isomorphism between A2k_λ{n) and R0(Zn)/R0(Zn)

k+ι. This group has
order nk and is isomorphic to K(S2k+1/Zn) (see Atiyah [2]). Since the
two Sρinc structures on RP2kl are just ±RP2kι, A2k_ι(2) is a group
of order 2k generated by RP2kι which proves (b). If Mp(k + 1) =
L(n; - 1 , . . . , - 1 , 1 , . . . , 1 ) , then Mp(k + 1) = ( - 1 ) ' L * + 1 ( Λ ) in
S2|^+1(5Zrt) since we have reversed the orientation of p complex coordi-
nates. Consequently Mp(k + 1) and ±Lk+\n) only differ by the
choice of Spinc structure so Mp(k + 1) e ^42*+i(w) % Lemma 4.2,
Lx(«) X (CP1)* is a linear combination of the Mp(k + 1) which com-
pletes the proof of the Lemma.

REMARK. Using the description of the Spinc structure associated
to the unitary structure given in Hitchin [15] we see Mp(k) =
(-l)pc(p)Lk(n) so the {Mp(k)} generate A2fc_1 for 0 < p < n\
ΣpnpMp(k) = 0iifΣp(-iynp(Pp - PjP+1) e R0(Zn)

k+\
pnpMp(k) 0iifΣp(iynp(Pp j P + 1 0 n

Let S*(n) be the Q^ submodule of 2^m\BZn) generated by the
A*(n) and let Tm(ή) be the Tor(Ω|pinC) submodule of Ω J ^ Λ Z J gen-
erated by the Lk(n).

LEMMA 4.5. (a) Λm(n) = Sm(n) Θ Γ J Λ ) , SΦ(Π) = Am(ή) 9 Q*,

Γ ( « ) β θ ^ T o r ί Ω ^ . ^ ) .
(b) //M e Λm(2) n kerw(SίF,2), /Λe« M G 2 Λm(2).
(c) TΓ: β ^ Λ ^ , ) -> £(m) -> 0 j/i/to. The splitting E(m)j= π-ιE(m)

can be chosen so E(m) c kerw(η,2) «̂rf JO Δ: E(m) -> ^(m — 2) θ

REMARK. The structure of A* is given in Lemma 4.3. By Lemma 2.5,
H) c kerm(η,w). By construction E(m) c kerw(η, π). Thus by (d),

C(5ZJ = ,4*0) β β* φ ker^η, n) and kerm(η, /i) = Tm(n) Φ £(m)
= φ Tor(Ω^). This completes the proof of Theorem O.l(b). If
Bm_1 = δ^4m(2), then 52^ = Z2^+i is generated by RP2k by Lemma 4.3.
We apply δλ to Theorem O.l(b) and use the results of the third section to
prove Theorem 0.2(b).

Proof. Δ: Tm(n) -> Tm_2(n) -> 0. Since Δ and c commute, Δ: Sm(n)
•̂  Sm_2(n) -> 0. Therefore 5W + Tm(n) c ker(ττ) = Λm(w) by Lemma
4.1. By Lemma 4.2 L\n) X (CP1)^ c S+(n). Since P* = Q*[CPι], L\n)
X Ω|pinC c S*(n) + Γ*(/i) by Lemma 2.4. Consequently 0 -> Lx(«) X
Q ^ i ^ 5m(Λ) + Γm(π)-^ Sm.2(ιi) + Γm.2(π)-> 0 so that \Sm(n) +
Tm(n)\ = Λ(w,Λ)fc(w) and Sm{ή) + Tm{n) = Rm(n). Since \A2k(n)\ = 1
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and \A2k_1(n)\ = nk, \{A*(n) ® Q*}m\ = a(m,n) so \Sm(n)\ < a(m9 n).
The map (Nk) -> ΣkL

k(n) X A^ defines a surjection Θy>0Tor(ί2^pin2y_1)
-> Γm(π) so |Γm(n)| < b(m) and |Sm(«) + Γm(π)| < a(m9n)b(m). Since
the inequality is an equality, there are no additional relations and this
completes the proof of (a).

Let M e Λ#(2) nkετ*(SW,2). We use (a) to decompose M =
ΣkRP2k+1 X N(k) for ΛΓ(*) e β m _ 2 Λ _ 1 + T α r ^ . ^ ) . If tf(*) e
k e r m - 2 ^ - i ( 5 ' w / ) v ^ t h e n # ( * ) G 2δm-2^-i a n d ^ e 2Rm(n) by Lemma
1.3 which will prove (b). If this is false, choose j maximal so N(j) £
keτ(SW). Let x e Wm~lj-1 so x(Λ^(y)) ^ 0 and let y = x*J+1 - x. If
k <j\ then y(RP2k+1 X iV(A:)) = 0 since the xfJ+1 term vanishes. If
k >j, then y(RP2k+ι X 7V(fc)) = 0 since N(k) = 0 in Ωj. Consequently
y(M) = y(RP2J+1 X 7V(y)) = x(N(j)) Φ 0. This contradiction proves
(b).

Let / be induction and let r\ R0(Zn) -> R0(Z2) be restriction. If
M e Ω|pinC(i5Z2) and if ψ e /? O ( Z J ® ̂ (Spinc), then the bundles
ψ(/(M)) and r(ψ)(M) agree so τj(ψ, /(M)) = η(r(ψ), M) and i:
ker^(η, 2) -> ker^(η, π). Consequently it suffices to prove (c) in the special
case n = 2. Let I G £(m) and let O θ l e £(m + 2). Choose 7 e
Ω^pin2(5Z2) so τr(7) = 0 θ X Since 2 X = 0 , ττ(27) = 0 so 2 7 G
i? w + 2 («). Since the Stiefel-Whitney numbers of 27 vanish, 3 Z G i?m + 2( 2)
so 27 = 2Z. Let M = Δ(7 - Z ) so 2M = 0 and ττ(M) = X. Since
δx(2(7 - Z)) = 0, M G kerw(η,2) by Lemma 3.3 and the map X -> M
provides a suitable splitting. If we fix m large, we can choose E(m — 2k)
= (1 - τr2)AkE(m) for jfc = 0,1,. .^ Since Ω^pinC(5ZJ is finite, we use the
pigeon hole principal to choose E(m) consistently for all m with this
property. This completes the proof of (c).

Let M ^ Sm(n) Π kerw(η, n); we show M = 0 by induction; this is
trivial for m < 0. We apply Δ and Lemma 2.6 to see A(M) G ^ _ 2 ( n ) n
kerm_2(τj, n) so Δ(M) = 0. Consequently M = L 1 ^) X (JVX + N2) for
NX<=Ξ Pm_γ and iV2 e Tor(Ω^plni). We apply Lemma 2.4 to see Nx (Ξ n •
pm-ι so M = L^π) X 7V2. Consequently M e ^(w) Π Γm(«) = 0. This
completes the proof of all the assertions in the paper.
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