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POSITIVE ANALYTIC CAPACITY
BUT ZERO BUFFON NEEDLE PROBABILITY

PETER W. JONES AND TAKAFUMI MURAI

There exists a compact set of positive analytic capacity but zero
Buffon needle probability.

1. Introduction. For a compact set £ in the complex plane C,
H>(E*) denotes the Banach space of bounded analytic functions out-
side E with supremum norm || - || g (g-). The analytic capacity of E is
defined by

Y(E) = sup{|f'(c0)l; S € H®(E®), /M=) <1},

where f"(00) = lim,« z(f(2) — f(0c0)) [1, p. 6]). Let Z(r,8) (r >
0, —m < 6 < =) denote the straight line defined by the equation
x cos @ + ysin @ = r. The Buffon length of E is defined by

Bu(E) = / / dr db.
{(r8);Z(r0)NE#3}

Vitushkin [7] asked whether two classes of null-sets concerning y(-) and
Bu(-) are same or not (cf. [2], [3]). Mattila [4] showed that these two
classes are different. (He showed that the class of null-sets concerning
Bu(-) is not conformal invariant. Hence his method does not give the
information about the implication between these two classes.) The
second author [5] showed that, for any 0 < ¢ < 1, there exists a
compact set E; such that y(E;) = 1, Bu(E;) < &. The purpose of this
note is to show

THEOREM. There exists a compact set Ey such that y(E;) = 1,
Bu(Egp) = 0.

2. Cranks. To construct E,, we begin by defining cranks. The 1-
dimension Lebesgue measure is denoted by | - |. For a finite union E
of segments in C, its length is also denoted by |E|. For p >0,z € C
and aset E C C, we write [pE+z]={p{+z;{ € E}. With0<¢p < 1
and a segment J C C parallel to the x-axis, we associate the closed
segment J (@) of the same midpoint as J, parallel to the x-axis and of
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length (1 + ¢)|J|. With a positive integer ¢,0 < ¢ < 1 and a segment
J parallel to the x-axis, we associate

20-1 201
) = JWVa-1(9) + 279710 | Tk (9)
=1 k=1

where {Jk}}c"=1 are mutually non-overlapping segments on J of length
279)J|; they are ordered from left to right. The set J(g, ¢) is a union
of 29 closed segments of length 279(1 + ¢)|J|. The segment I'j =
{x;0 < x <1} c C s called a crank of type 0. For a finite sequence
{o j};!zo, 9o = 0 (n > 1) of non-negative numbers less than 1, a finite
union I of closed segments is called a crank of type {¢ j}?=o if there

exists a crank I = Ui:l Ji ({J,<}§(:1 are components of I") of type
{p;}1=) such that

i
I = Je(g 9n)
k=1
for some /-tuple (qi,...,q;) of positive integers larger than or equal
to go = 100. We write I'[,, . For a sequence {¢;}%, ¢o = 0 of
non-negative numbers less than 1, a set I' is called a crank of type
{9}%, if there exists a sequence {T'n}2, of cranks such that

(1) 'y is of type {¢;}]_o
(2) FO [(01 rl [¢2 Tty
(3) r=UYr;

n=0 j=n

We write by O, the finite sequence of n zeros (n > 1). For a finite
union I' of segments, L?(I") (1 < p < oo) denotes the L? space on I'
with respect to the length element |dz|. We define an operator - on
LP(I") by

#1(2) Zn, vo [ Ha
SO 4

hm/
27” e=0J|¢—z|>¢ el {—z

The following fact is already known.
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LEMMA 1 ([5]). For any positive integer m, there exist a crank T},
of type Oy, and a non-negative function g;, on I'y, such that gy, is a
constant on each component of T,

lgmllorsy =1 llgmllzems) £ Ci. IReZs gmllr=rs) < Civm,
Bu(r:,,) < Cy/md0,
where Re ( is the real part of { and C, is an absolute constant.

Our method is as follows. We define a sequence {n(k)}2, of non-
negative integers with large gaps. Choosing {¢; ‘0”( ) suitably, we de-

fine a crank I'yg,;) of type {(0,}10” . Then |1"10,, | = 10" J(140,).
Replacing each component of F 10n(1) Y a crank 51m11ar to F 7(2)—10n(1)

in Lemma 1, we construct a crank F ) of type {¢ J};’Qg where p; =0
(10n(1) + 1 < j < n(2)). Then we see that

On(1)
1/7(Tu2)) < 1/7(Tion(1y) + Const(n(2) — 10n(1))"/2/ H +9;),

on(1)
Bu( H (14 9,)(n(2) — 10n(1))~%/10,

Our sequence {¢ j}}% is chosen so that

10n(1) 4/3
n(2) — 10n(1 IT a+epny -

Jj=1
Hence
1/7(Ta2) < 1/7(T1on(1)) + Const(n(2) — 10n(1))~1/4,
Bu(Ty()) < Ci(n(2) - 10n(1)) /2.
Replacing each component of F »(2) DY @ suitable crank, we construct a
crank I'jg,(2) of type {¢ 1}10” . Replacing each component of T'ign(2)
by a crank 51m11ar toI'; n(3)—10n(2)> W€ construct a crank I',(3) of type
{93714, where ¢; = 0 (10n(2) +1 < j < n(3)). The sequence
{9)}] 10n( 22?+1 is chosen so that |(n(3 ) - 10n(2)) - (n}‘;'i(2>(1 +9,))*3)
is small We see that
1/7(Ty(3)) < 1/7(T10n(1y) + Const(n(2) — 10n(1))~1/4
+ Const(n(3) — 10n(2)) /% + (negligible quantity),
Bu(T,3)) < Ci(n(3) — 10n(2)) %%
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Repeating this argument, we define a sequence {I';)}72, of cranks
such that
limsup 1/y(Fp)) < oo, lim Bu(I',)) = 0.
k—o0 k—o0
Then the analytic capacity of the limit crank is positive and its Buffon
length is zero.

3. Lemmas.

LEMMA 2. Let T, be a crank of type {¢ j};’.=0, gn be a non-negative
Sfunction on Ty, such that g, is a constant on each component of T,
and let {g;};*".| be non-negative numbers less than 1. Then there
exist a crank Tpim of type {op j}" and a non-negative function g,.m

on I'yim such that

(4) &nim 1S a constant on each component of I'yim,
(5) | &n+mllLr(r,,m) = N &nllLi(r,)
n+m
(6) lensnlloitn < lenllzey /| TT (1400
u=n+1

(7) |IRe #,,,, &n+ml| L (T, ,..)

n+m
< |IRer, gnllLo(r,) + [18nllLe=(r,) { / H 1”’“}

j=n+1 u=n+1

We can write I, = (Jy_, J{) with its components {Jmyl_ . We
put

I UJk (Gn+1, Pn+1)s
k=1

where ¢,.1 (> go = 100) is determined later. Suppose that {I’,,} u=n+1

have been defined. We can write I'; = U P ’ ) with its components
Y }k=1. We put

l;

(8) 1+1 UJ (qj+l Pjr1)
k=1
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Thus {T';}77" | are defined; {¢,}7Z/", are determined later. Let n +

1<j<n+m We deﬁne a non-negative function g; on I'; as fol-
lows. Each component J ) of T, generates 2%+++49; components of
I'j. On these components we put

8i(2) = {w il gn(c|dc|}/ I1 (400

u=n+1

Since the total length of these 2%+1**4 components is

J
O TT 1+ 9u),

u=n+1

the integration of g; over these components is equal to [ o gn(O)|dC|.

Hence ||gjllz«r,) = &nllzir,)- Evidently, g; is a constant on each
component of I';. We have

g lzery < gl zomr /H (1+0,).

pu=n+1
In particular, (4)-(6) hold. To prove (7), we estimate
IRe ., &j+1llLoo(r,..)-

Recall (8). We have

0,41
TG 95401) = WD, (0541) + 127901 70)]
u=1
;41 .
VU @) (=297 1<k <)),
u=1

where {JIE’Q }’2;’;‘ are mutually non-overlapping segments on J,fj) of
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length 2-%+ |J,§j )|; they are ordered from left to right. Let

(28]

Zp € U[ ko, 24 ¢j+1 )+i2” q;+1|JU|

and let z; be the nearest point on Jlg ) to zg. Then

Re‘—L V. / g}+1( )ldC|
27[ Jk(é](qj+h¢j+l) C

_ Re_L 8;(8)
Res—pw. /J B |dc||

L=

RC——-—]ZHD /J(” gj—H(C)IdCl

0 (0) &7 20

< 1 00 2‘4;+1|Jk01 |
T 27 J-oo (x — Re zg)2 + (279 [J))])2

j+1
S”gn“Lw(F,,)/{‘?' I1 (1+¢#)}'

lgjrillLer,,) dx

u=n+1
Let

_ D . _gu — 9= ()
Pj 1‘33?1 dis(J),T; = I, t(gje) =27 [max My s

where dis(-, -) is the distance. We choose, for a while, g;.; (> ¢p) so
that 7(g;,1) < p;/10. Since

gnldtl = [ gl

k2u

/[Jk‘z;(wﬁ.)wz“’fﬂka‘”u
gl = [ gl

J;

oy (@in1) K2u—1

1<k <1 <p<207! (=05)),
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we have

L, =

27i rl+l_‘,l£(j))(qj+l'¢i+l) C_ 20

gJ+1(C)
4l
[kzu(¢1+1)+12 )| C Zp
_/ gi(¢) |
Jk‘” -2

8j+1(¢) _
‘/J( (9541) C— 20 Id(' /.;(j)

kZu 1 k2u—1

;41

=

29,41

< Const 7(gj+1)p;> ) Z/ (9)ldd]

k#ko u=1 k‘”
< Const ‘r(qj+1)Pj ”gj”L‘(F,)
= Const 7(¢+1)p; Il &l r,)

Thus

(9) IReZr, gj+1(20)| < |ReF, g;(2zp)| + Ly + Lo

j+l
< HRC/%,gjlle(r,)+||8n||Lw(rn)/{2 11 (1+¢u)}

u=n+1
+ Const 7(¢;41) 25 >l &nll i (r,)

In the same manner, we have (9) for any point z; in

0,41

U J,Ej)zﬂ 1(@j41)
u=1
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Since kg (1 < ko < /}) is arbitrary, ||Re %H,g,“ | (r,,,) is dominated
by the summation of the last three quantities in (9) Consequently,

(10) ||Re%",,+,,,gn+m”L°°(I“,,+,,,)
< |[Re#,,,_ 8n+m—1llLoo(,m-)

n+m
+”gn”L°°(I‘,,)/ {2 11 (1+(/’p)}

u=n+1
+ Const T(Gn+m) Py 2 1”gn”L‘(F,,) <o < |IRe A, gnll L= (T,

n+m
+ l|8nll Lo (r) /{2 I1 1+¢u)}

j=n+1 u=n+1
n+m
+ Constl|gnllLir,) D ©(a,)p72-
j=n+1

Since lim,_. 7(q) = 0, we can inductively define {g; ”+,',"+1 so that
(7) holds. This completes the proof of Lemma 2.

LEMMA 3. Let ', be a crank of type {9 "0 &n be a non-negative
function on T'y, such that g, is a constant on each component of Ty,
and let m be a positive integer. Then there exist a crank I'y.n, of type
{(oj}”“" with 9; =0 (n+1 < j < n+ m) and a non-negative function
&n+m on Ty such that

(11) 8n+m 1S a constant on each component of Ty m,
(12) 8n+mllLr(r,m) = 181l Lrr,),

(13) | 8n+mllLoo(,rm) £ Cill&nllLoo(r,y,

(14) |Re 2., &n+mllLoo(T,,m)

< |IRe ., gnllLo(r,) + CovVml| gnll Lo (r,),

(15) Bu(T'yem) < Cllrn|/m9/10,

where C, is the constant in Lemma 1 and C, is an absolute constant.

We can write I', = U§¢=1 Ji with its components {Jk}§c=1' Let z; be
the left endpoint of J; (1 < k <!). We put
!
Cnim = U Ao A =[5 + 2,
k=1
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Enim(2) = &m((z — zk) /i) gn(zk)  (z€ Ay, 1 <k <L),

where I}, g, are the crank and the function in Lemma 1, respectively.
Then Iy is a crank of type {g;}7Z7". Evidently, (11) and (12) hold.
Lemma 1 immediately yields (13) and (15). Let zg € Ay, and let zj
be the projection of zj to Ji,. Then Lemma 1 shows that

|Re .., 8n+m(20) — ReZ, &n(20)]

n+m

gn+m(C) 1 n(
< Ream / Tz Kl Regy /ko I-z;

e 1 gn+m( )
2 L—zp

= |Re (% gm)( |,] I )
1
< Civm|igallL=(r, +2—L0

'/ Gn+m C)IdCI / gn_(CZ)aual.

1
&n(zk) + 2—L0

where

ko — 20

Let {I';}_, be cranks such that

rO[(m I [m"' [«pn P

For 1 <k <1l 0<j<n, y(Jj)denotes the component of I'; gener-
ating Jj.. In particular, y,(n) =J; (1 <k <[). We put

_ &n+m(£) n(£) .
=Y |[ Gelliag- [ £Can| <)<

ke 1A 4

where

Fi={1<k<Lk#koy(J—1)=v0 = 1), 7k(J) # 7% ()}
Then

= Zn:L‘}.
Jj=1

Since I}, is a crank of type O,,.;, a geometric observation shows that,
forany ze Ay (1 <k <),

dis(z, Ji) < 2| [{27% 42720 4 ... 4 270} < 100|Jk|
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Hence A, is contained in the square Q, = {z+is;z € J;, 0 <5 <
[Jk|/100} (1 < k < ). Since |y (n)| = |yx,(n)] (k € %), we have, for
k € %,

dis(Qs Qi) > dis(7(n), 4, (1)) = 517 (0] + 7 ()]}
= dis(u(n). 71, (1)) — 55170 (2)].
Forany 1< j<n-1z¢€Q,
aistz < 3 {2y |yk(u>|} =R

u= j+1

1 .
<2 S Pellinl |+ o517 )]
u=j+1

<27 (D221 + @) + 27201+ 9,00) (1 +9,12)
, 1 _
+o 4 270D g ) (14 9a)) + Togl7e Wl

o 1,
<2y (H{27 @D 4 272@=l 4y g DI < <5170)

1OOI}’k
Since |7 (J)| = vk, (J)] (k € F}), we have, fork € 7,1 < j<n—1,
(16)  dis(Qx, Qk,) > dis(7x(J), 7k, (J)) — g%ﬂyk(j)l + 7k (V)13

= dis( ). 74,(0)) = 55175,

Thus (16) holds for any k € #;,1 < j <n. Let 1 < j < n. Since

/ Znem()1dC] = / g0l (1<k<),
Ax Ji

we have

(17) Li= >

kes,

[ A==} sm0ia

[ it=- C_lza}gn(cnda]
)

< Const 3 (1l + Vi is(Q, Q)2 | au(0)laC

ke,

< Const| gnllz(r,) Y (il + [, )Tk dis(Q. Q)
kez,
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The segment y; (j — 1) generates 24 components {AY20 of T j of

v=1
length |y, (J)|, where g; = log{(1+¢)|7x,(J—1)I/|7k(J)I}/ 1082 (= o).
We may assume that 4; = y; (/). Let

F =tk eFii =n()} (@2<v<29)
Then % = U2, %, We have, for 2 < v <29,

> Ukl + Wi DI

ke,
<27 I o) Do 1
Jj<us<n ke,
2
= [A;]22%0=)) H (L+9,) ¢ <4227 @ D)),
J<usn

where [, ,<,(1 + ¢,) denotes 1 if j = n.
Hence a geometric observation and (16) show that the last quantity
in (17) is dominated by

2%
Constl|gnllzery) 3 2 (Wl + i ildis( Q. Q,) ™2
v=2kes,
2%

< Const|| gn|| LT, Zdls(iu,ll) 23 (il + [T D1
ke,

2%
< Constl| gl = (r, 4122~ @20 =D N dis(4,, ;)72
v= 2

< Const||gn|| oo(ryylA1 227 @2) Z(Mll/‘

< Const||gnl| foo(r,) 2~ @D (=),
Thus
[Re #,,,8n+m(20)| < [ReH, gn(25)|

1 n
+ C1vm||gnll oo(r,) + o >
j=1
< [Re#, 8nllz(r,) + C1vml gnll Lo

n
+ Const|| gnl| Lo (r,) D 27 @2~
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which shows that

[Re#,,, 8n+m(20)| < [[ReHf, &nllL=(r,) + C2vmlignllL=(r,)
for some absolute constant C,. Since zg € I',,,,, is arbitrary, this gives

(14). This completes the proof of Lemma 3.

LEMMA 4. Let I be a crank of type {¢; R o and let {I'y}2, be a
sequence of cranks satisfying (1)-(3). If liminf,_., Bu(I'y) = 0O, then
Bu(I') = 0.

Let #? (—n/2 < 6 < ©/2) denote the straight line defined by the
equation xsinf — ycos@ = 0. For a set E C C, projy(E) denotes the
projection of E to %Y. We have

n/2
su(E) = [  Iproig(£)] o

-7

We can write I', = J?_, J{" with its components {J{}"_ . In the
same manner as in the proof of (14), we have

k=1

1,, ln
I'c U{z;dis(z, JM) < 1IN} (: U R, say) .
k=1

Hence, for any —n/2 < § < n/2,

projg (LIJ Rf(”))

k=1

[proj(I')| <

We can decompose {k;1 < k < /,} into a finite number of mutually
disjoint sets {Z7}" | so that projo(Uresy J{™) is connected. Then a
geometric observation shows that

projg ( U R}(”)) projg ( U J;E”))
keg?

keg?
/4 =1
z_ i (J)
+ Const (2 IHI) iréa?ig( |projg (Ji™)|

projo | |J /™
kez?

<

(1 <p <),

< Const (g - IBI)_I
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and hence

Vg

. T -1
[proj,()| < Const (5 - |6])
u=1

projy | |J J
keg?

n -1 .
= Const (5 —101)  Iproj(Ty)l

We have, for any 0 < ¢ < /2,

(/2)-e (/-2 , 1 o
/ |projo(T)| d6 < Const / (5 - |0|) Iprojo(T)| d6
—(n/2)+e —(n/2)+e

< Conste~!Bu(T,).

Since liminf, ., Bu(I'y,) = 0, this shows that the first quantity equals
zero. Since 0 < ¢ < m/2 is arbitrary, Bu(I') = 0. This completes the
proof of Lemma 4.

4. Construction of Ey. Let p, be the integral part of (3/2)4/3
(n > 1). We define a sequence {n(k)}>, of positive integers by
n(1) =10,

n(k +1) = 10n(k) + pionk) (k> 1).
We define a sequence {¢ J}°° ° o of non-negative numbers by ¢, = 0,
pi=3 (1<j<n(1),

pij=3 (n(k)<j<10n(k), k>1),
9, =0 (10n(k)< j<n(k+1), k>1).

We use Lemma 2 with T, go = 1 and {g,}!%(!). There exist a crank

T10n(1) Of type {9} %)) and a non-negative function g1y on Fygn)
such that go,(1) 1 a constant on each component of I';g,)

10n( 1)
lg1on)ll Lt Tioney) = L 1810n(1) Il Lo (Tionay) < 1/ 1+ o),

IRe .., 810n(1) | Lo (Ti0n0)
10n(1

< IRe -, 8oll oo (o) + Z /H(H‘W)

n(1) J 10n
= 1 (1+9,) (1+
{JZ;: /J;Il Pu } /H Pu)-
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Using Lemma 3 with n = 10n(1), m = pjg,(1), we obtain a crank I';
of type {¢ ,}” 23 and a non-negative function gn(z on I'(y) such that
8&n(2) s a constant on each component of I';;

&n2)llLi (o) = ”gIOn(l)“L'(I‘,o,,(,)) =1,

10n(1)
l8n2)ll o= () < Coll&10n(1) | Loo(Ti0ny) < Co/ II 0+9u),

|IRe K 8n(2) (12 (Tn@)
< [Re #-5,0, 10n(1) | L= (Tron) + Cov/Promn)ll &10n(1)ll L= (Crons)

s{gl/fj(l+¢u } IOZn: /H(1+¢u)

Jj=n(1)+1

10n
+ COV Pion(1 / 1+ ¢/t)’

On(1)
Bu(Ty2)) < ColT1on(1)|/ Pibonsy = H 1+ 94)/ Dibay)

where Cp = max{C;, C,}. Using Lemma 2 w1th n=n(2),m=9n(2),
we obtain a crank I'jg,(2) and a non-negative function gjg,(2). Using
Lemma 3 with n = 10n(1), m = pjg,(2), We obtain a crank I';3) and
a non-negative function g, ). Repeating this argument, we obtain a
crank Tty (k > 2) of type {¢;}"%] and a non-negative function g,
on I", ) such that g, is a constant on each component of 'y,

l&n)ll L) = L

10n(k—1)

i 2=y < CE™! / H (1+ 0.,

”Re%n(k,gn ”L°° n(k))

A8/ Moo £ X fa/ fovns)

— 10n(v)
+Z{C6/\/p10n(u)/ 11 (1+¢u)},
v=l1 u=1
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10n(k—1)

Bu(T,u)) < Co ] (1+¢,u)/p10n(k 1y
u=1

Let I' = N72; UgZa Tn(k)- Then I is a crank of type {¢; Ro- We have

(k-1)
Bu(rn(k)) < CO H (1 + (pu)pl_()gn/(lko 1)
1

~ 3\ 10n(k=1) /3 —(4/3)(9/10)10n(k~1)
< Const (5) <§>
= Const (3) e
3 ,
which shows that limy_,o, Bu(I',x)) = 0. Hence Lemma 4 gives that

Bu(l') =
We now show that p(I') > 0. Let k > 1. Then

[ Ol =1.
)

Since n(v) > 10n(v — 1) (v > 2),n(1) = 10, we have n(v) > 10 (v >
1), and hence

g\ ~onlk-1)
&nio) | Low () < €5 (—) < Const.

2
Since
10n(v -l 3\ —9n(v)
vV Pion(v) H (I+0,) < VPion(v) (5)
3\ (4/3)(1/2)10n(v) 73\ =9n(v)
< bl 2
< Const (2> (2>
3\ ~(/3)n()
= Const (5) (v2>1),
we have

||Rea‘§’i-n(k)g,,(k)“Loo(rn(k)) < Const.
Hence we can define a non-negative function 4 on I' ;) so that

/ (1A =10 Ihillzemr < 1/2

n(k)
“Re%n(k)hk”Lw n(k) S 1/2’
hi(§) =0 at endpoints of each component of Iy,

hy is differentiable along I',,4),
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where 7, is an absolute constant. Let

() =5 [ 7

2ni

up(z) = Rehg(z), wi(z) = (the imaginary part of /i (z)),
fie(2) = {1 — exp(ih(2))}/{1 + exp(ih(2))} (2 & Tage)
(cf. [1, p. 30]). We see eas1ly that fj is analytic outside I', ) and

£(o0 / h(OldC) = o/ 4.

n(k)
The non-tangential limit of | (z)| to each point on I',, 4 is dominated
by
12l oo () + IRE ZE 4 Pl oo () < -
Since |uy| is sub-harmonic in I'¢ 1) and continuous in C U {co}, we
)

have SUPer, ]uk(z)] <l Hence rany z & Ly,

f(2) = 1 4 exp(—2vi(z)) — 2 exp(—vi(2)) cos(uy(2)) <1
1 + exp(—2vi(z)) + 2 exp(—vi(2)) cos(ug(z)) —
which shows that || fi [l ge( ) < 1. Since k > 1 is arbitrary, using
an argument of normal famlhes we obtain f € H>(I') satisfying
S'(00) = no/4n, || fllge(rs) < 1. This shows that y(I') > ny/47n. Nor-
malizing I', we obtain the required set Ey.
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