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EQUIVARIANT ORIENTATIONS
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We outline a new geometric theory of orientations under the action
of a group G and formulate bordism theories for G-oriented manifolds.
These theories extend the classical G-bordism theories (graded on
Z), as well as the RO(G)-graded oriented G-bordism theories which
describe bordism of G-manifolds with restricted local representation
structure. The theories we obtain account for oriented and unoriented
bordism of G-manifolds with and without restricted local represen-
tation structure. We further obtain spectral sequences converging to
these theories through adjacent family constructions.

1. Introduction and statement of results. The literature contains di-
vergent views both on the notion of equivariant dimension and on
equivariant orientability for smooth actions of transformation groups.

As to the former, one has firstly the classical G-bordism groups
[D2, S2] graded on Z, where one regards the dimension of a smooth
G-manifold as an integer in the usual sense. Secondly, one has the
RO(G)-graded G-bordism theories of Pulikowski, Kosniowski and the
authors [P2, K1, C1, W1], where one considers G-manifolds modelled
on a fixed virtual representation of G, and regards the dimension of
a G-manifold as the element of RO(G) determined by this virtual
representation.

As regards equivariant orientability, there are several notions in the
literature. Stong [S3] considered equivariant oriented bordism of ori-
ented manifolds in which the group action preserves the orientation.
This idea, which goes back to work of Conner and Floyd [CF] who
studied oriented manifolds with actions by maps of odd period, ap-
pears in much of the subsequent work on oriented G-bordism. (See for
example [R1], [R2] and [W4].) One also has the folklore requirement
that the fixed-sets, together with their normal data, be “coherently”
oriented, a weak version of this having appeared in work of Sebas-
tiani and Rothenberg-Sondow [S1], [RS], in order to define equivari-
ant connected sums. (See also [B2; §VI.8).) The point here is that one
wishes to avoid having to restrict to orientation-preserving actions.
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In RO(G)-graded bordism of G-manifolds modelled on a single rep-
resentation, the folklore requirement amounts to a reduction of the
structure group of the normal bundle [W1-2]; one requires that the
change-of-coordinate maps have equivariant degree one in a suitable
sense.

In [CMW] May and the authors of this article present a compre-
hensive theory of orientations of G-manifolds in terms of categorical
constructions which essentially rigorize the folklore view above. The
authors in [CMW] regard the “dimension” of a G-manifold as an ob-
ject called a “groupoid representation”, discussed in §2 below; this is
a categorical construction that captures the interlocking structure of
the local representations of subgroups of G.

By way of recent applications, this theory has been shown, in
[CWW], to provide a setting in which oriented equivariant cutting and
pasting constructions are well-defined and in which oriented equivari-
ant vector field bordism can be studied. It turns out that one of the
determining invariants is the “equivariant Euler characteristic” which
is defined in terms of the categorical constructions used in the formu-
lation of orientation theory.

It is our purpose here to apply equivariant orientation theory to the
study of G-bordism and thereby provide a link between Z-graded G-
bordism and G-bordism modelled on a single (virtual) representation.
Specifically, we show that the RO(G)-graded G-bordism theories (in
both the oriented and unoriented cases) extend to theories graded on
a ring of “virtual groupoid representations”, with classical unoriented
Z-graded G-bordism as a special case. We also show that the existence
of “universal” groupoid representations in each dimension leads to
a theory of Z-graded oriented G-bordism which is new. Further, we
provide in §6 a generalization of Kosniowski’s [K2] inductive exact
couple and show the existence of a spectral sequence converging from
various forms of free G-bordism to the theories we construct.

This paper is organized as follows. In §2 we summarize equivariant
orientation theory so as to render this paper somewhat self-contained.
The theory of oriented G-manifolds and their fixed-set data is dis-
cussed in §3, and our G-bordism theories constructed in §4. In §5 we
construct explicit representing Thom spectra for oriented G-bordism
theories, taking the view that these are an important calculational tool,
and in §6, we describe a spectral sequence associated with ascending
chains of families of subgroups. In §7 we construct the Z-graded the-
ories, and specialize the spectral sequence results to these.
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2. Groupoid representations. We summarize the geometric theory of
G-orientations given in [CMW], and refer the reader there for more
detailed arguments. At first we allow the transformation group G to
be an arbitrary compact Lie group, but we specialize to finite groups
in §5 when we use transversality results which fail for general compact
Lie group actions.

Let G be a compact Lie group; subgroups will be assumed to be
closed. Let £ be the category of orbit spaces G/H and G-maps be-
tween them, and let 2% be its homotopy category. Note that ¥ and
hZ coincide when G is finite.

Recall that a groupoid is a small category each of whose maps is an
isomorphism. A groupoid is skeletal if each of its isomorphism classes
consists of a single object.

DEFINITION 2.1. A groupoid over h% is a small category # together
with a functor ¢: € — h¥% which satisfies the following properties. For
each object a € h%Z, let (a) denote the subcategory of # consisting of
those objects and morphisms which map under ¢ to a and its identity
map.

(a) Each category #(a) is either empty or a groupoid.

(b) (Source lifting property, SLP) For each object y € & and each
morphism B:a — ¢(y) in hZ, there is an object x € # such that
¢(x) = a and a morphism y: x — y in & such that ¢(y) = B.

(c) (Divisibility) For each commutative triangle in A% of the form

()
¢(V)/‘ \W')
o(x) —  e(x),

there exists a morphism J: x — x’ in & such that ¢(d) = £ and
Yod=y.

We say that ¥ is a skeletal groupoid over h% if each category #(a)
is skeletal, and that # is a faithful groupoid over h% if the functor ¢ is
faithful. A map n: € — %' of groupoids over h% is a functor 5 such
that ¢’ o y = ¢. We note that any groupoid % over A% retracts onto a
skeletal subgroupoid of #.

If X is a G-space, define the fundamental groupoid n(X;G) as fol-
lows. The objects of n(X;G) are the G-maps x: G/H — X, where H
ranges over the (closed) subgroups of G; equivalently, x is a point in
XH. A morphism x — y, y: G/K — X, is the equivalence class of a
pair (o, w), where ¢: G/H — G/K is a G-map, and where w: G/H x
I — X is a G-homotopy from x to yoo. Two such maps are equivalent
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if there are G-homotopies j: ¢’ ~ ¢’ and k: w ~ ' such that
k(a,0,t) = x(a) and k(a,1,t) =yo j(a,t)

fora € G/H and t € I. If G is discrete, then 0 = ¢’ and J is constant.
Composition is evident. The projection functor ¢: 7(X;G) — h% is
given by sending x: G/H — X to the underlying orbit space G/H,
and the morphism (o, w) to a.

Fix a small category G% of orthogonal G-vector bundles over ob-
jects in A% so that G contains an isomorphic copy of each G-vector
bundle over an orbit, and so that G is closed under external Whitney
sums and pullbacks over maps in &. A morphism in G.% is a map of
G-vector bundles; let #G.%Z be its homotopy category. The base-space
map ¢: hGB — h% gives GF the structure of a groupoid over AZ.

Similarly, let GZ2% be the category of virtual orthogonal G-bundles,
that is pairs (E, F) of objects in G.%, thought of as formal differences
of G-bundles. In order to describe the morphisms in G7%, let B
and B’ denote the base-space G-orbits of the pairs (E, F') and (E’, F')
respectively. A morphism (E,F) — (E', F') in GZ% over a G-map
o: B — B’ is then an equivalence class of pairs of morphisms (f: E &
L-FEFeol,g:FoL —- F'e®l')in GZ over g, with g: L — B
and ¢': L' — B’'. The equivalence relation is given by two forms of
elementary equivalence:

1. (f,g) ~(f ®h, g & h) for arbitrary 4 in G covering o;

2. (ftEeoL—-Feol,g:FoL > Fol)~ h E®dK —
E'aK' k: Fo® K — F'® K') if there are isomorphisms L = K and
L’ = K’ such that the diagrams

EeolL —— E oL Fol —— F'eolL
| | e | |
E®oK —— E'®K' FoK —— F'oK'
commute.

We then take the smallest equivalence relation, containing these
relations, making composition well-defined. (Details appear in [CW].)
When the base spaces B and B’ coincide, morphisms (E, F) — (E', F')
are in one-to-one correspondence with stable G-bundle maps E® F' —
E'@ F, where we allow stabilization using arbitrary representations of
G. Let hGZ%# be the homotopy category of GZ28; ¢: hGZ# — h%
makes this a groupoid over A%,
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DEFINITION 2.2. An (orthogonal) representation of the groupoid %,
or @ -representation, is a map of groupoids p: € — hGZ; thus p as-
signs a G-vector bundle over G/H to each object x of # such that
¢(x) = G/H, functorially up to homotopy. Similarly, a virtual repre-
sentation of € isamap p: € — hGZ7%.

Strictly speaking, a representation is a natural isomorphism class
of such maps, just as a group representation is a conjugacy class of
homomorphisms, but we will usually think in terms of a particular
representative map.

EXAMPLEs 2.3. (a) A real G-module V' determines a representation
V of any groupoid #. On objects x, V(x) = G/H x V if ¢(x) = G/H,
on morphisms a: x — y, one takes V(a) = ¢ x 1 if ¢p(a) = 0. We
usually take the groupoid underlying V to be A% itself. Similarly,
any virtual representation [V — W] determines an associated virtual
groupoid representation [V — W].

(b) If p: E — B is an orthogonal G-vector bundle, then p determines
a n(B; G)-representation P: pulling p back over G-maps x: G/H — B,
we obtain a system of G-vector bundles P(x) — G/H, and the G-
covering homotopy property gives the action of P on morphisms in
n(B;G). A similar construction can be made with virtual G-vector
bundles.

(c) If p and u are groupoid representations, then the virtual groupoid
representation p — u is the object-by-object difference.

Groupoid representations are objects that combine “local” represen-
tation data (the objects p(x)), with orientation data (the morphisms
p(a)). In order to handle unoriented G-vector bundles, we weaken the
notion of a @-representation as follows. Let wG% be the category of
G-vector bundles and homotopy classes of maps on base spaces in-
duced by maps of G-vector bundles; thus we remember the existence
but not the particular choices of maps of G-vector bundles. The base
space functor f: hG# — h¥Z factors through wG%. We now define
weak representations of % exactly as we defined Z-representations,
but with 1GZ replaced by wG%. The theory of weak representa-
tions closely parallels that of “strong” ones; in what follows we will
concentrate more on the strong representations.

DEFINITION 2.4. A map ({,n) from a #Z-representation p to a %’'-
representation p’ is a map {: & — %’ of groupoids over 1% together
with a natural isomorphism #7: p — p' o { of functors & — hG%H.
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Maps between virtual representations are defined in the same way,
replacing hGZ by hG7%5 .

Maps between groupoid representations arise naturally from maps
of G-vector bundles; a map (f, f): p — p’ of G-vector bundles, where
f is the map of total spaces, and f is the base-space map, determines
a natural isomorphism of functors f.: P — P’ o f, and (fu, fu) is a
map from the n(B; G)-representation P to the n(B’; G)-representation
P.

For the remainder of this section, unless otherwise stated, represen-
tations may be virtual or actual.

By the product & x &’ of two groupoids over £%, we understand the
pullback of their forgetful functors to 2%. The direct sum p @ p’ and
tensor product p ® p’ of a #-representation p and a #’-representation
p' are then defined in the evident way and are % x %'-representations.
When # = &', we internalize these operations by restricting along the
diagonal functor ¥ — % x %.

By using these constructions, one may now define a ring structure
on the set of isomorphism classes of virtual groupoid representations
of a fixed groupoid # over £%, and we denote this ring by RO(%’; G).

While all G-vector bundles determine associated groupoid repre-
sentations, the groupoid representation associated with an orientable
G-vector bundle should satisfy the following minimal requirement.

DEFINITION 2.6. A #-representation p is orientable if it is constant
on morphisms in the sense that, for any pair of objects x and y of %,
and any pair of morphisms g and v from x to y with ¢(u) = ¢(v),
one has p(u) = p(v). The (virtual) G-vector bundie p: E — B is
orientable if the n(B; G)-representation P is orientable. For example,
if the components of each fixed set of B are simply connected, then
any G-vector bundle over B is orientable. Further, if & is a faithful
groupoid over A%, then any representation of € is orientable.

Fix an orientable G-vector bundle p: F — B and an orientable
groupoid representation p.

DEeFINITION 2.7. An orientation of p in dimension p is a map
&, 1) (n(B;G),P) — (%, p). Amap (f, f): p — p' between oriented
G-vector bundles is said to be orientation preserving if (&', 5')o(f2, f,) =
(&, m). If p has a given orientation in dimension p, we shall refer to p
as an oriented p-dimensional G-vector bundle.

If we ignore orientability, we can use weak groupoid representations
to capture the local representation structure of G-bundles as follows.
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If p is a weak groupoid representation, then a p-dimensional structure
on the G-vector bundle p: E — B is a map Py — p of weak groupoid
representations, where Py is defined in the same way as P, using wG%
in place of hG%.

It is desirable to have a notion of orientation that is free of reference
to a specific groupoid representation. With this in mind, the following
is proved in [CMW].

THEOREM 2.8. For each n there exists a “universal” virtual groupoid
representation SO,, such that each orientable virtual groupoid represen-
tation of dimension n maps into $SO,. Further, SO, is unique up to
isomorphism, and SO, ® V = SO, qim v for any G-module V. 0

Similarly, there are universal weak virtual representations which
we denote by O,, with O, ®V = O, 4my. Moreover, O, is a fi-
nal object in the category of weak virtual groupoid representations
of virtual dimension n. There is a similar result for actual (as op-
posed to virtual) groupoid representations. However, one no longer
has SO, ® V = SO, 4im v in general. Examples of universal virtual
groupoid representations appear in [CMW].

In view of the existence of universal groupoid representations, one
can now define an oriented n-dimensional virtual G-vector bundle as
simply an oriented $SO,-dimensional virtual G-bundle.

3. Oriented G-manifolds. We now describe the theory of oriented G-
manifolds modelled on virtual groupoid representations, and consider
the implications for the fixed-set data.

DEeFINITIONS 3.1. Let & be a faithful groupoid, and let y € RO(%; G).
An orientation of a smooth G-manifold M in dimension y is an ori-
entation of the stable tangent bundle 7, of M in dimension y. If
M has a given orientation in dimension y then we say that M is a y-
dimensional oriented manifold. Replacing orientable representations
with weak representations, we have the notion of a y-dimensional (un-
oriented) manifold.

When M is a smooth compact G-manifold, it can be embedded in
some representation V' of G, and we denote the normal bundle of this
embedding by vy (V). We define the virtual normal bundle vy; of M
to be the virtual bundle vy, (V) — V, so that an orientation of M in
dimension y is equivalent to an orientation of v,, in dimension —7.

In order to describe the fixed set data associated with a given y-
dimensional structure, we require additional information on passage
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to fixed sets in the category of groupoid representations. The following
is a summary of constructions given in more detail in [CMW].

Suppose then that y is a representation of the groupoid % over h%Z.
Let H C G and let N be the normalizer of H in G. We can first form
the representation y|N by pulling @ back along the map e: At —
h% defined by sending N/K to G xy (N/K) = G/K, and pulling y
back along the map AN72% — hG7% defined similarly. Having done
this, we can pull back again along the map i: h./"/# — h./ given by
considering an N/H-space to be an N-space with trivial action by H.
The resulting functor i*e*# — hNZ% specifies N-bundles over H-
trivial base spaces. Each such bundle is the direct sum of its fiberwise
H-fixed points, and the fiberwise complements to the fixed points.
The H-fixed point bundles can be taken as defining the N/H-groupoid
representation yH.

For the complementary representation, we consider another functor
e: h — ho' |# given again by sending N/K to (N/H) xy (N/K) =
N/HK. The composite i o e, is not the identity, but there is a natural
transformation p: 1 — ioe, given by projecting N/K — N/HK. If we
take the complementary bundles to y” and pull back along e, what we
get is not a map into ANZZ over h./’, but we can fix this by pulling
each bundle back along p. This gives the N-groupoid representation
that we call y5. We should interpret this as a functor into the category
of virtual bundles without H-trivial summands, where stabilization
only involves representations without trivial summands. We can also
pull y# back in this way in order to consider it as an N-representation.

If # is a skeletal groupoid, then so is ' = e*%, and this allows
us to define a map e*i*%’ — %’ over A/ given by pulling back the
map induced by i o e along p, using the source lifting property. This
is covered by a map " @ yy — y, which tells us how a y-orientation
of a G-bundle ¢ over an H-fixed space may be rebuilt from a y¥-
orientation of £ and a yy-orientation of the complementary bundle
¢H-

If M is oriented in dimension p, then, using inward normals to
the boundary, 9 M inherits an orientation in dimension y — 1. Fur-
ther, each M¥ inherits the structure of an oriented yf-dimensional
N(H)/H-manifold, while the normal bundle v(M*, M) of M in M
has the structure of a yy-dimensional N(H)-bundle.

ExaMPLE 3.2. Let G = Z/2 and let L denote the one-dimensional
nontrivial real representation of G. If m and »n are greater than one,
let G act on the complex projective space M = CP(L*" @ R*") by
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translation of planes. The fixed set of M is M¢ = CP™ ! I CP"~!
with normal representations L2” and L?™ on the respective compo-
nents. The fundamental groupoid n(AM; G) has a skeleton consisting
of a single object over the free orbit and two objects over the trivial
orbit. An orientation of M in SOj(,,,,_1) consists of the following:

(a) A nonequivariant orientation of M.

(b) An equivariant identification of the tangent plane at a chosen
point in each component of MY with L?" @ R2(m~1) or L2m g R2("—1)
respectively.

(c) Compatibility of the orientations in (a) and (b) with given non-
equivariant identifications of L2" @ R2(m~1) and L2 @ R2("~1 with
R2(m+n-1) these being part of the data in SO, 1)

Given (a), there are now four choices for (b) satisfying (c). These
choices restrict to four distinct orientations of the fixed-set, and force
unique corresponding orientations of the normal bundle to the fixed
set. Notice that a nonequivariant orientation alone does not determine
an orientation of the fixed-set, while a collection of orientations for
all the given data (fixed-sets and normal bundles) need not specify an
equivariant orientation, as they may not satisfy (c).

Given two copies of M and a fixed point in each, lying in corre-
sponding components, one can now take an equivariant connected
sum using any two orientations of M. If we change one of the orien-
tations at one of the fixed points without altering the nonequivariant
orientation, we can form a second connected sum which is nonequiv-
ariantly homeomorphic to the first, but possesses a different involu-
tion. This illustrates the inadequacy of nonequivariant orientations
alone, and is what led Rothenberg and Sondow, and others, to con-
sider local versions of the theory we have described here.

4. Bordism of oriented manifolds. Continuing the discussion in §3,
we describe the associated oriented and unoriented G-bordism groups.
When the groupoid representations considered have the form V — W
for fixed G-modules V' and W, these groups coincide with those in
[P2, K1, W1, C1].

If N is an oriented y-dimensional manifold, define —N to be the
oriented y-dimensional manifold obtained by reversing the orientation
on the trivial summand of vy (V) ® R = vy (V @ R). Equivalently, we
reverse the orientation on 7y © R — R by reversing the orientation of
one of the trivial summands.

DEFINITION 4.1. Say that two closed oriented y-dimensional mani-
folds, M and N, are cobordant if there is an oriented y+ 1-dimensional
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manifold W such that 9 W is isomorphic, as an oriented y-dimensional
manifold, to M II —N.

As usual, we can define cobordism of oriented y-dimensional mani-
folds over a given G-space X. The resulting group of bordism classes is
the yth oriented bordism group Q}?(X ). Substituting unoriented mani-
folds for oriented ones gives the yth unoriented bordism group ‘JIVG (X).
(Here y is a weak virtual representation.) These extend naturally to
theories defined on pairs of G-spaces, and we denote the corresponding
reduced theories by QJ(X) and R1¥(X) respectively.

If M is an oriented y-dimensional manifold and N is an oriented
Jd-manifold, then A x N is an oriented y x d-manifold. This induces
a natural exterior product

QF(X) ® Qf(Y) — Qff 5(X x Y),

and similarly for the unoriented case.
As an example, there is a distinguished element D(V)/S(V) — S 4
in Q%(S"). Multiplication by this element induces a map

Qf(x) - QS (2 X).

Following tom Dieck [D1] and others [BH, W1, C1] we take the col-
imit, and define the yth stable oriented G-bordism group to be

Q7 (x) = colim &, (¥ X),
taken over all finite G-subspaces of a universe Z. ﬁf(/\’ ) is defined in
an analogous way.

The usual geometric arguments show that QF, ,(-) and ¢, ,(-) are
integer graded G-homology theories for any y. The stable versions
form RO(G)-graded theories in the sense of [W5] (with all suspension
1somorphisms) for each .

We interpret the stable bordism groups as bordism groups of stable
manifolds, where a stable manifold is the equivalence class of a map
[ (M, 0M) — (D(V),S(V)). Here M is a G-manifold and V is a
representation of G. The equivalence relation is generated by con-
sidering f to be equivalent to f x 1: M x D(W) — D(V & W). This
interpretation can be useful in transferring geometric arguments about
geometric bordism to arguments about stable bordism. Note that, in
the nonequivariant case, transversality says that any stable manifold
is the class of an actual manifold, and this manifold is unique up
to cobordism. In the equivariant case we do not have such a general



G-BORDISM THEORY 73

transversality result, but the results we do have [W3] show at least that
for G finite we can assume V' above contains no trivial summands.

5. Representing oriented bordism. For the remainder of the paper
we restrict G to be finite. In this section we show how the homology

theories Q)?H(—) and Q_YGH(-—) may be represented by G-spectra.

The following classification result is shown in [CMW].

THEOREM 5.1. Given any groupoid %, there is a G-space B% such
that [X,B% g = [nX, % lse, Where the latter indicates natural isomor-
phism classes of maps over h%. For example, BhGZZ classifies virtual
orthogonal representations of nX. Further, if p: € — hGZ7% is a rep-
resentation, then there is a fibration Bp: B€ — BhGZZZ that classifies
p-orientations, in that the set of homotopy classes of lifts of a given
map X — BhGZ@# is isomorphic to the set of p-orientations of the
corresponding representation of nX. O

We use this to construct Grassmannian models of various p-dimen-
sional bundles. Let Z be a G-universe, and let U be a G-inner product
space. If n > 0, define the Grassmannian

Gr,(U) ={(Y,u)lu€ % and Y C U is a Gy-invariant n-plane},

where G acts in the evident way. If n < 0, let Gr,(U) = &. The extra
coordinate u in Gr,(U) is present to control isotropy; see [W1] or [C1]
for an explanation of this point.

Let p be an orientable virtual representation of a groupoid #. Then
we have the fibration Bp: B¥ — BhGZZ mentioned in Theorem
5.1. Let n: Gr,(U) — BhG7Z classify the groupoid representation
corresponding to the canonical G-bundle over the Grassmannian, and
let @,(U) be the pullback in the following diagram:

| |20

Similarly, if p is a weak representation of %, let Bp: B&€ — BwG7%#
be the associated fibration, and define £,(U) to be the pullback in the
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diagram
%U) —— B%

| |20

Gr|p|(U) ——n—-) BwGZ B.

We can think of &,(U) as the space of oriented p-dimensional planes
in U; &,(U) is the space of p-dimensional planes in U. By pulling back
the canonical bundle over Gry, (U), the spaces @,(U) and &,(U) have
bundles over them, the first having a p-orientation, and the last being
p-dimensional. The following is clear from the universal property of
Gr (%) (as given in [W1]), and the classification property of Bp:

PROPOSITION 5.2. @,(%) classifies oriented p-dimensional (actual)
bundles, and Z,(% ) classifies p-dimensional bundles. O

Write
BOg(p, V)=, & V),
bOs(p,V) =% @ V),
and define BSOg(p, V') and bSOg(p, V') similarly, using &,. We con-
sider bOg(p,V) C BOg(p,V) and bSOg(p, V) C BSOg(p, V). When
p is orientable, there is a natural map BSOs(p,V) — BOg(p,V), and
the restriction to bSOg(p, V') gives a map bSOg(p, V) — bOg(p, V).
These spaces have p-dimensional G-bundles over them, which we
call EOg (over BO;) and ESOg (over BSOg). Write TOg for the
Thom space of EOQg;, and tO; for the Thom space of the restriction
of this bundle to bO;. Define T'SO; and tSO; similarly.The above
maps induce G-maps 7.SO; — TO; and tSO; — tO;.
If V.c W, let W -V denote the orthogonal complement of V in
W. Then classification of the bundle EOs(p, V) & (W — V') gives a
map of Thom spaces

ow-v:EVVTOs(p, V) = TOg(p + (W = V), W),
and this restricts to a map
ow_y: ¥ Vt0(p, V) — t0G(p + (W = V), W).

Similarly, there are maps involving the oriented spaces.

Suppose now that y is an orientable virtual groupoid representation.
Define the G-prespectra [LMS] ,T0g, ,tOg,,TSO;, and ,tSOg, by
letting

yTOc(V)=TOg(V —7,V),



G-BORDISM THEORY 75

with the maps o above giving the structural maps; the other three
prespectra are defined similarly. The corresponding G-spectra will be
called ,MOg, ,mO;, ,MSOg, and ,mSOg, respectively. The corre-
sponding G-homology theories will be denoted , M 0%(-), and so on.

THEOREM 5.3. If X is any based G— CW complex, there are natural

isomorphisms
NI(X) = ,MO§ (X),
Q7 (X) = ,MSO§ (X),
Me(X) = ,MO§(X),
and
QY(X) = ,mSOf(X).
Moreover, the diagram
Qf(x) —— Q9(x)

! !

NG(X) —— NI(X)
is represented by the diagram of spectra

! !

ymOG — yMOG.

Proof. For the stable results, see [BH]. For the geometric results,
see [W2], [W1], or [C1]. The last two references also give the relation
between the geometric and stable theories. The Grassmannian models
for the classifying spaces are needed to allow the definition of the
smaller spaces bO and bSO, these spaces are needed in order to use
equivariant transversality results from [W3]. O

The definitions of the spectra imply that we have equivalences
yMOg = 2% (., MOg)

and

yMSO = ZW (, . wMSOg).
Thus, each y determines an RO(G)-graded theory, the theory of stable
manifolds of dimension y + a, where @« € RO(G). The geometric
theories are not quite as nice: we only have equivalences

ymOg = ZK(,,,mOg)
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and
,mSOg = 2X(,,,mS0g),

where k € Z. There are maps
ymOg — =V (,.wmOg)

and
ymSOg — ZW(H wmSOg);

these fail to be equivalences in general, but represent stabilization. As
in [C1], we can show

yMOg = colimyZV (,, wmOg)

and
,MSOg = colimp ¥ (,, wmSOg),

corresponding to the definitions of the stable theories.

6. A spectral sequence. Recall that a family of subgroups of G is
a collection of subgroups that is closed under subconjugation. Two
families #' Cc ¥ are adjacent if ¥ —. "' consists of a single conjugacy
class of subgroups. Corresponding to any groupoid % over A% is the
family of subgroups ¢(%) = {H | ¢~ (G/H) # O}.

DEFINITION 6.1. Two groupoids &’ C & are adjacent if (¢p(%), ")
is a pair of adjacent families, and %’ is the part of # lying over .%".
Two groupoid representations p’ and p are adjacent if the underlying
groupoids #' and % are adjacent, and if p' is the restriction of p to
&'.

DEFINITION 6.2. If ' C y are two virtual representations, then a
(7,7")-manifold is an oriented y-dimensional manifold A/ such that
OM is (' — 1)-dimensional, in such a way that the structure on O M
is the restriction of the (y — 1)-structure inherited from M.

This gives rise to bordism of (y,y’)-manifolds in the usual way,
leading to relative G-bordism groups Qg y,)(—). The usual geometric
argument shows that we have a long exact sequence

= Q=) = Q) = QF ()~ QG () — -

If y and y’ are adjacent, notice that y’-dimensional bordism is really
y-dimensional bordism with a restriction on the isotropy (as in [CF]).
If ' is the family associated with 7', and E¥' is the universal ¥ "'-
space [P1], then QYG,(X ) = Q),G (E&' x X), and the exact sequence is
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actually the exact sequence corresponding to the cofibration (E¥ )" —
SO — EF.

Since the exact sequence above is compatible with stabilization,
we can do exactly the same thing for stable bordism, getting relative
groups _Q(Gm,)(—) and a long exact sequence. Again, this is the exact
sequence corresponding to the cofibration above.

If y is a virtual representation, and . is the corresponding family,
thenif @ =% Cc % C --- C % =% is a sequence of adjacent
families, there is a corresponding sequence 7g,..., 7, = ¥ of adjacent
representations. The resulting long exact sequences can be interpreted
as an exact couple, giving a spectral sequence converging to (¥ + *)-
bordism, where * is an integer. This is just the spectral sequence
corresponding to the filtration of the family .#. The E2-term of this
spectral sequence is given by the relative bordism groups, which we
proceed to compute.

Let (y,7') be an adjacent pair of representations with corresponding
families .% and %' and with & — %' = (H). Let & be the groupoid
underlying y, which we may assume is skeletal and faithful. If x is an
object in Z(G/H), let ¢,: % — hZ be the groupoid of & generated
by x, and y, = p|%. Let us assume that y(x) is the class of an
actual bundle, say G xy V. The normalizer N(H) acts on % (G/H)
because % is skeletal and faithful. Let K C N(H) be the isotropy
subgroup of x under this action. The representation y, then specifies
a homomorphism K/H — hGZ%# (G xgz V,G xz V) such that the
composite with the map hGZ% (G xy V,G Xy V) — N(H)/H is the
inclusion K/H — N(H)/H. The restriction of these bundle maps to
G x g Vg gives a map into the set of virtual self-maps of this bundle,
where now we can restrict the stabilization to allow only addition of
representations with no trivial summands. We can also think of this
as a map K/H — hK7%# (K xyg Vy,K xg Vg) (using the restricted
notion of stabilization here). Now notice (since G is finite) that there
are short exact sequences of groups

1— SOy(Vy) - KZB(K xyVu,K xugVu) — hKBK xuVu,K xu V) —1
! i !
- SOy — K7Z% (K xuVu,K xyVu) — hKVB K %y Vi, K xu Vi) —1
where SOy (Vy) is the identity component of the group Oy (Vy) of
H-isometries of Vy, and SOy is the colimit of the groups SOy (W)
as W runs through all representations of H without trivial summands
(Oy is defined similarly). This gives us an action of the group
hK%B(G %y Vi, G xg Vi) on the classifying space BSOy(Vy). From
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this we get an action of K on the space hKZ% x kg BSOy(Vy), where
we write hKB for hKZ (G xg Vy,G xg V), and so on. Further, we
have short exact sequences

1 — nOOH(VH) - hK:@(KXHVH,KXHVH) — K/H —1

l l ]
1— 7[00’H — th(KXHVH,KXHVH) — K/H — 1

From these, since ngOy (Vi) — moOy, is a split inclusion (the quotient
being those components corresponding to irreducible representations
of H not appearing in Vj), we see that the inclusion 1K% — hK7%#
is also split, with the same quotient. Therefore, if we use the homo-
morphism K — hK7% — hKZ to get an action of K on BSOy(Vy),
the K-space hKZ7% x,xp BSOy(Vy) above is really the product

noO0y /70O (Vi) X BSOy (Vi) = no(O /Oy (Vi) x BSOx (V).

This is the action used in the statement of the following proposition.

PROPOSITION 6.3. There is a natural isomorphism
G
Q(w’ (X)

)
= > @ (X7 X (O On(Vir)) x BSOu(Vir)),
[x]e#(G/H)/N(H)

where the action on the argument is the one specified above. The sum
extends over those [x] for which yg(x) is the class of an actual bundle
of the form G xy Vy. Notice that these are really free bordism groups
because of the structure of yI|K/H.

Proof. By classical arguments (see for example [CF]), any (y,y')-
manifold M is G-cobordant to a normal tube around the submanifold
MH) consisting of points with isotropy conjugate to H. This in turn
is determined by the N(H)-equivariant normal tube about M. This
tube determines an actual N(H)-bundle over the H-fixed space MY
which has a virtual yg-orientation. There is an N(H)/H-space B that
classifies such bundles (over general H-fixed N(H)-spaces), and we
claim that

B ~ 1T n0(O /O (V) X BSOy(Vir)
[x]€®(G/H)/N(H)

where x runs only through the objects such that py(x) is the class of
an actual bundle.
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First we say that B is the disjoint union of N(H)/H-spaces By, one
for each class [x] € #(G/H)/N(H) such that yg(x) is the class of an
actual bundle. Indeed, if X is an N(H)/H-space such that X/N(H) is
connected, and if X has over it a bundle of the sort that we are talking
about, then the yy-orientation of the bundle will induce, among other
things, a groupoid map n(X) — #. By the connectivity of X, the
objects over G/H that are in the image of this functor must all be
isomorphic, in fact they must be a class [x] € #(G/H)/N(H). Further,
since the bundle is assumed to be an actual bundle, it must be that
yr(x) is the class of an actual bundle. Therefore B must decompose
as stated, where each B, classifies actual N(H)-bundles over H-fixed
spaces, equipped with (y,)y-orientations.

Next we say that

B x = N (H ) XK B;c

as N(H)/H-spaces, where B/ classifies actual K-bundles over H-fixed
spaces, with (y,)y|K-orientations. Again, consider an N(H)/H-space
X with a bundle of the sort classified by B,, and consider the map
n(X) — % induced by the (y.)y-orientation of the bundle. From this
map, we see that X must break up into a disjoint union of components
corresponding to the cosets of N(H)/K, and so we can write X =
N(H) xg Xp, where Xj is the K-subset of points mapping into the
object x in %;. Clearly then, having a (yy)g-orientation of a bundle
over X is equivalent to having the (y,)y|K-orientation of the bundle
restricted to Xy, and so we get the equivalence that we claim.

Finally, we say that

B, ~ 119(Oy /O (Vir)) X BSOu(Vir)
as K/H-spaces, where the action is that described before the proposi-
tion. In fact, B, must be the pullback in the diagram
B’ —— BSOy,

l l

BOy(Vy) —— BOy.
This is a diagram of K-spaces, where K acts on the bottom row via
its maps into
hK7%B (K Xy Vi, K Xy Vi) and hKZB(K xyg Vi, K Xy Vi)
(see the discussion before the statement of the proposition). To see

this, consider any bundle £ over a K-space X on which H acts triv-
ially, such that & has a (y,)y|K-orientation. Each fiber of & is then
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equipped with a homotopy class of virtual maps into Vg, which is
the orientation of the fiber. Form three principal bundles associated
with &: P, will be the principal Oy (V})-bundle formed by taking the
space of all H-isometries from Vg into the fibers of £&. Py will be
the principal SOy;-bundle formed by taking the space of all virtual H-
isometries of V3 into the fibers of & preserving the virtual orientation.
Finally, let P be the principal Oy;-bundle formed by taking the space
of all virtual H-isometries of }y into the fibers of &. These spaces
are acted on by various groups: P, is acted on by the group
K#(K xyg Vy,K xyg Vy) (thinking of an H-map from Vy as
the same as a K-map from K xy Vy), P has a similar action by
K7%#(K xy Vy,K Xy Vy), and Py has an action by the group of
orientation-preserving maps in KZ% (K x g Vg, K x g V). All of these
groups have K/H as a quotient, and the projections to X are compat-
ible with these actions. Further, there are maps P, — P and Py — P
compatible with the actions in the obvious way. Now, there are univer-
sal principal bundles of the same sort over the spaces BOy(Vy), BSO;,
and BOy. Universality yields maps of principal bundles, covering
compatible K-maps of X into the three spaces BOy(Vy), BSOY;, and
BO};. Thus, from the bundle ¢ we get a K-map from X into the pull-
back of these three spaces. Conversely, if X maps into the pullback,
then we obtain, from the map into BOy(Vy), an actual bundle over
X, which is equipped with a virtual (y,)y|K-orientation, via the map
into BSOy;. Thus the pullback is the space B} needed to classify such
bundles. Finally, it is easy to identify this pullback with the K-space
7o(O /O (Vi) x BSOw (V) described before this proposition. O

We summarize what we have done in the following theorem:

THEOREM 6.4. If G is a finite group, y is an orientable G-groupoid
representation, and & = % C F C --- C %, is a sequence of adjacent
Jamilies of subgroups of G with %, — %, = (H,) and with &, the
Sfamily associated with vy, then there is a spectral sequence converging

to QY. ,(X), with the E? term being

Ea= Y Qi (X x70(O/Ou(Vi) x BSOu(Vi)),
[x]e%(G/H)/N(H)

where H denotes H,, and as usual y, denotes the restriction of y to the
groupoid generated by x (the other notations are as in Proposition 6.3).
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REMARK 6.5. The E? term is expressible as suitably structured
nonequivariant bordism of the spaces

E(K/H) x g/ (X? x 79(Oy/Op(Vir)) x BSOx(Vy))

(which we abbreviate henceforth as E(K/H)x g/ (X Hx B)). The suit-
able structure is described as follows. In the summand corresponding
to x, the K/H-groupoid representation yf |K/H is determined by the
homomorphism K/H — hK7B(K xy VH K xy V) splitting the
projection onto K/H (where stabilization is now restricted to addi-
tion of trivial summands because we are taking fixed-points). How-
ever, hK7B (K xy VH, K xy VH) = 100 x K/H = 7/2 x K/H, and
so we are really talking about a map K/H — Z/2. When this homo-
morphism is trivial, the K/H-action on a y|K/H-oriented manifold
preserves nonequivariant orientation. By passage to orbit spaces, the
corresponding summand becomes the nonequivariant oriented bor-
dism group Q,(E(K/H) xg/i (XH x B)), where n = dim y¥.

In the case of a nontrivial homomorphism, the corresponding orbit
manifold need not be oriented, but nevertheless inherits a “pseudo-
oriented” structure as follows. Let M be a K/H-free y/|K/H-oriented
manifold. Then the classification of the action of K/H, together with
the map K/H — Z/2, determines a map 6: M /K — BZ/2. The orien-
tation on M determines a map M/K — EZ/2xz,, BSO(n) over BZ/2,
where again n = dim yZ (Z/2 acts on BSO(n) as the group of covering
transformations of the double cover BSO(rn) — BO(n)). The space
E(K/H)xg/p(X H x B) also maps into BZ/2 via the natural projection
onto B(K/H). Conversely, all of this data allows us to reconstruct the
yH|K/H-oriented free manifold M over the space X x B. Thus, we
can interpret the relative term as oriented bordism in the category of
(nonequivariant) spaces over BZ/2, where an orientation of a man-
ifold N — BZ/2 is a lifting of the map N — BO(n) classifying the
tangent bundle, to a map N — EZ/2 X7/, BSO(n) over BZ/2.

Taking the colimit in Proposition 6.4 as Vj; gets large gives us the
corresponding result for stable bordism. Recall that SO}, denotes the
colimit of the groups SOy (W) as W runs through the representations
of H having no trivial summands. As in the remarks before Proposi-
tion 6.3, a homomorphism K/H — hK7%B (K xy Vi, K xy V) gives
an action of K/H on the space BSOy.

THEOREM 6.6. If G is a finite group, y is an orientable G-groupoid
representation, and & = %y C # C --- C %, is a sequence of adjacent
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Sfamilies of subgroups of G with %, the family associated with 7, then
there is a spectral sequence converging to Qf+*(X ), with the E? term
being
E2, = > (X x BSO),
[x]1€Z(G/H)/N(H)
where H denotes Hy,, and as usual y, denotes the restriction of y to the
groupoid generated by x. O

7. Z-modelled oriented G-bordism. Recall that we have universal
virtual oriented groupoid representations SO, and universal virtual
weak groupoid representations O,,, one for each integer n. Recall also
that 0, R =0, and SO, ®R = SO, ;.

DEFINITION 7.1. Define QF = Qf, , and similarly for the stable
and unoriented theories.

From the comments before the definition, these define integer-
graded G-bordism theories. It follows from the fact that O, is final in
the category of weak virtual n-dimensional groupoid representations,
that the unoriented theory we have just defined is the usual unoriented
bordism theory. Moreover, from §6 we have:

COROLLARY 7.2. If B =% C HA C --- C % = & is a sequence
of adjacent families of subgroups of G, with &/ denoting the family of
all subgroups, and %, — %, = (Hp), then there is a spectral sequence
converging to QY (X), with the E* term being

Elg= > Qe (XY X 0(O/Ou(Vir) x BSOu(Vir)),
[x]€#(G/H)/N(H)

where H denotes Hy,,y = SOy, and the rest of the notation is as in
Proposition 6.4. There are similar spectral sequences for the other theo-
ries. O

The spectral sequence that we get here in the unoriented case is
similar to the one that Kosniowski obtains in [K2] by considering slice

types.
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