Pacific Journal of

Mathematics

CHARACTERIZATIONS OF CONDITIONAL
EXPECTATION-TYPE OPERATORS

PETER GERARD DoDDS, C. B. HUIJSMANS AND BERNARDUS DE PAGTER




PACIFIC JOURNAL OF MATHEMATICS
Vol. 141, No. 1, 1990

CHARACTERIZATIONS OF CONDITIONAL
EXPECTATION-TYPE OPERATORS

P. G. Dobbs, C. B. HUIJSMANS AND B. DE PAGTER

A complete description of positive projections in ideals of mea-
surable functions is given in terms of conditional expectation-type
operators.

1. Introduction. As is well-known, conditional expectation opera-
tors on various function spaces exhibit a number of remarkable prop-
erties related either to the underlying order structure of the given
function space, or to the metric structure when the function space is
equipped with a norm. Such operators are necessarily positive projec-
tions which are averaging in a precise sense to be described below and
in certain normed function spaces are contractive for the given norm.
Conditional expectation operators on L”-spaces have been character-
ized in terms of their averaging property by Moy [M] and Rota [Ro]
and as contractive projections by Douglas [D1] and Ando [A].

More recently, positive projections of a certain class of Banach func-
tion spaces have been characterized in terms of conditional expecta-
tion by Kulakova [Ku]. It is our intention in this paper to show that
the characterization of positive projections given by Kulakova remains
valid for arbitrary ideals of measurable functions. The method of [Ku]
is based on the approach of Douglas for the case of L!-spaces and
makes essential use of the underlying metric structure via an appeal
to a well-known interpolation theorem for rearrangement invariant
KB-spaces. The approach to the present paper is on the other hand
purely algebraic and uses the underlying order structure via a suitable
adaptation of the ideas of Moy on averaging operators. The basic
link which in essence reduces the more general problem of describing
positive projections to the study of averaging operators is provided by
a result of Kelley [K] which implies that each positive projection on
an L*-space with range a vector sublattice containing the constants is
necessarily averaging.

After gathering some preliminary notions in §2, we consider in §3
the relation between conditional expectations and averaging operators
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in the setting of ideals of measurable functions. The characterization
of averaging operators, given in Proposition 3.1 and inspired by the
work of Moy, is in turn an extension of her result. The connection
with positive projections via the Kelley theorem is given in Proposi-
tion 3.3. The principal result of the paper is Theorem 3.10, which
extends the work of Kulakova and which yields a complete descrip-
tion of positive order continuous projections in terms of (so-called)
weighted conditional expectation operators. This theorem implies, in
particular, that each strictly positive order continuous projection for
which the constant functions are invariant is of conditional expec-
tation type. We indicate in §4 the extent to which the present ap-
proach yields characterizations of conditional expectation on Banach
function spaces which extend those of Rota for averaging contrac-
tions and of Ando and Douglas for positive contractive projections on
L?-gpaces. In general, satisfactory extensions are valid only under ad-
ditional smoothness assumptions which are automatically satisfied in
the L?-setting. Related results may be found in the thesis of Duplissey
[Du] and in the papers of Rao [Ral], [Ra2]. However, results from this
latter source should be treated with some caution, as has been pointed
out explicitly by Bernau and Lacey [BL]. Finally, we show that each
contractive projection in a Banach function space with range a sublat-
tice containing the constant functions is necessarily positive, provided
a certain smoothness assumption is satisfied (Proposition 4.13). While
this smoothness assumption is again necessarily satisfied in the case
of LP-spaces, Example 4.11 shows that it cannot be omitted even in
the finite dimensional setting.

2. Preliminaries. We assume that the reader is familiar with the
basic concepts of the theory of vector lattices and Banach lattices
(Banach function spaces). For unexplained terminology and notations
we refer to the books [AB], [LZ], [Sch] and [Z]. The main purpose of
this section is to fix some of the notation and terminology to be used
in the present paper. Throughout this paper, (Q, X, 4) is a finite mea-
sure space. If X is a g-subalgebra of X, then we denote the restriction
of u to X, (abusively) by u again. The characteristic function of a
set 4 € X is denoted by 1,. However, we write 1 rather than 1g.
For any measurable function f on Q the support of f is denoted by
supp(f) = {w € Q: f(w) # 0}. We shall consider only (extended)
real-valued functions in this paper, as all the results extend without
difficulty to the complex case.
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The space of all real valued Z-measurable functions on €, with the
usual identification of u-a.e. equal functions, is denoted by LO(Z, ).
Similarly, we write LP(Z, u) for the corresponding LP-spaces (1 < p <
o0). By an ideal of measurable functions on (2, X, u) we mean a linear
subspace E of LO(Z, u) such that g € E, f € LO(Z, u), | f] < |g| implies
f € E. We shall always assume that L>®(Z,u) C E C L'(Z, u). For
such an ideal E the associate space E' consists of all g € LO(Z, u)
for which [, |fg|ldu < oo for all f € E. Clearly, E' is an ideal of
measurable functions on (Q, X, u). It is clear that any g € E’ defines a
linear functional g, on E given by (f,¢g) = [, fgdu for all f € E.
If, in addition, there is a norm || - || in the ideal E which is absolutely
monotone (i.e., | f| < |g|in E implies || f||z < ||g]|£) such that (E, ||-||£)
is a Banach space, then (E, || - ||g) is called a Banach function space.
Note that in this case the inclusions L®(X, u) C E C L'(Z, u) imply
(by the closed graph theorem) that c|| - ||; < |- le £ C|| - ||c for some
constants ¢, C > 0. Furthermore, for all g € E' we have ¢, € E*, the
Banach dual of E. The mapping g — ¢, is an embedding of E' into
E*. Henceforth, we shall consider E’ as a subspace of E*. As is well
known, E* = E' if and only if || - || is order continuous.

Next we collect some simple properties of conditional expectations.
Suppose that ¥, is a o-subalgebra of X. For any f € L!(Z, u) we
denote by &#(f|X¢) the (u-a.e.) unique Xj-measurable function with
the property that

| fau= /A £4(f]Z0) du

for all 4 € Zy. The existence of &#(f|Xy) is an easy consequence
of the Radon-Nikodym theorem. The function &#(f|Z;) is called
the conditional expectation of f with respect to X,. If there is no
possibility of confusion, we write &(f|Zy) instead of &#(f|Zy). We
list some elementary properties (see e.g. [N]).

(i) &(-|Xp) is a linear mapping from L!(Z, 1) into itself;

(i) &(-|Zp) is positive, i.e., £(f|Zg) > O whenever 0 < f € L(Z, u);

(ili) &(f|Zo) = f if and only if [ € L(Zy, 1), so &(-|Xy) is a pro-
jection from LI(Z, 1) onto L!(Z, 1); in particular £(1|Xy) = 1; fur-
thermore &(f|Zy) € L>(Xy, u) whenever f € L®(Z, u);

(iv) if f > 0 then ||&(f|Zo)|l1 = ||fIl: and by virtue of the positivity
of &(-|Zg) we have |&(f]Zo)] < &(|f1|Z), so that |E(f1Zo)ll1 < I/
for all f € LY(Z,u). In other words, £(-|%g) is a contraction in
L'(Z, w);
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(v) &(-|Xg) is order continuous, i.e., if 0 < f, T f a.e. in L1 (Z, u)
then &(f,|Z0) 1 &(f|Z9) a.e.;

(vi) &(-|Xg) satisfies the averaging identity i.e. £(f&€(g|X0)|Xo) =
Z(f1Z0)&(g|Zo) forall f € L*(Z,u) and g € L'(Z, u).

Let M+ (Z, 1) be the collection of all positive extended real valued
Z-measurable functions on Q (with the usual identification). Using
(v) it is easy to see that &(-|Xy) can be extended uniquely to an order
preserving, additive, positive homogeneous mapping from M ™ (X, u)
into itself, which still satisfies (v) and also the averaging identity (vi)
forall f, g€ M (X, u).

As before, let E be an ideal of measurable functions on the measure
space (Q,X, u) such that L®(Z,u) C E C LY(Z,u). Let £y be a o-
subalgebra of X. Fix a function w € E’. Then &(w f|Zy) is well
defined for all f € E. Now assume in addition that &(w f|%Xy) € E
and put 7f = &(w f|Zy) for all f € E. The linear operator 7: E — E
satisfies the averaging condition. If w > 0 then 7 > 0 and 7 is order
continuous. In the next lemma we collect some other properties of
such an operator 7.

LEMMA 2.1. (i) T can be written as T = TT — T~ where T* f =

wt flZy), T~ f=&w™ flXo) forall f e Eand0O<T*, T~ : E — E.
Hence T is order bounded in E and the modulus of T is given by
TI(f) = T*f + T~ f = &(|lw| fZo) for all f € E.

(i1) ||Tfnll, — O whenever f, — 0 a.e. and |f,| < u € E for all n.

(ii1) The function w is uniquely determined by T.

Proof. (1) It is clearly sufficient to show that £ (w™* f|X,) € E for all
f € E. To this end, write w* = pw for some p € L>®(X, u). Then
pf € E and hence &(w™* f1X)) = &(w(pf)|Zg) € E for all f € E.
Now it is easily seen that the operator 7: E — E, defined by T f =
E(wt flZy) for all f € E is the supremum of 7 and O in the vector
lattice of all order bounded linear operators on E, i.e. Ty = T™.

(i) If f, — 0 ae. and |fy| < u € E for all n, then wf, — 0
a.e. and |wfy,| < |wlu € LY(Z,u). By the dominated convergence
theorem, ||wfy]|; — 0. Since &(-|Zy) is an L'-contraction, it follows
that || 7f,]|; — 0 as n — oo.

(iii) For any A4 € £ we have

/wa’,u /wlAdu:/g(wlA)duz/TlAdu,
Q Q

from which the uniqueness of w follows.
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In connection with (iii) of the above lemma we note that, contrary
to the function w, the o-subalgebra X, is not uniquely determined by
T if supp(&(w|Zy) # Q.

We end this section with a lemma which will be applied in the
sequel. Although the result can be found in [IT], II. 1.2, we conclude
the proof for the reader’s convenience.

LEMMA 2.2. For a linear subspace M of L (X, u) the following state-
ments are equivalent.

(i) There exists a o-subalgebra X such that M = L>® (X, ).

(i) M is a subalgebra of L>®(Z, u) containing the constants such
that foe M, |fy] Sue L>®(Z,u) (n=1,2,...) and f, — f a.e. imply
that f e M.

Proof. Only (ii) = (i) needs a proof. The uniformly closed subalge-
bra M of L*°(ZX, 1) contains 1, so that (by polynomial approximation)
M is a vector sublattice. The collection £y = {4 €X:1,€ M} isa
o-subalgebra of X. Since any f € L®(Zg, u) is the uniform limit of
a sequence of Xy-stepfunctions, it follows that L>*°(Zy, u) C M. For
the converse inclusion, take 0 < f € M. Fora>0and n =1,2,...
we have n(f —al)* A1l € M. Now n(f —al)* A1 1, 1,, where
A, = {w € Q: f(w) > a}. Hence 1, € M, and M is closed for
dominated convergence, and so A, € X,;. This shows that f is X,-
measurable so that f € L®(Z, u).

3. The main result. We start this section with an extension of a
result due to Shu-Teh Chen Moy ([M, Theorem 2.1]), the proof of
which is patterned after [M]. As before, E is an ideal of measurable
functions on a finite measure space (£, %, 1), satisfying L®(Z, u) C
ECLY(Z,u).

ProvposiTioN 3.1. If T is a linear operator on E for which
(1) Tf € L®(Z, u) whenever f € L®(X, u),
(ii) || Tfulli — O for all sequences {f,}°, in E such that |fy| < u
(n=12,...) forsomeu € E and f, — 0 a.e,
(i) T(f -Tg) = Tf - Tg for all f € L*(Z,u) and all g € E,
then there exists a o-subalgebra o of £ and there exists w € E' such
that Tf = &(w f|Xg) for all f € E.
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Proof . The subalgebra
& ={he L®Z,u): T(fh)=Tf -hforall fe L®Z, u)}

of L>*(Z, u) contains 1 and, by (ii), is closed under dominated a.e.
convergence in L>®(Z, u). Therefore, by Lemma 2.2, there exists a o-
subalgebra X of £ such that &/ = L*°(Z, u). It follows from condition
(iii) that T(L®(%, u)) C «.

We now show that T'f if Xy-measurable for all f € E. Given f € E
there exist f, € L>°(Z, u) (n=1,2,...) such that | f,| < |f]and f, — f
a.e. As observed above, Tf, € L®(X, u) for all n, and by (ii), Tf, —
Tf in L'-norm, so that Tf is Xy-measurable. In order to obtain the
function w we define the set function v on X by

V(A)z/QTlAdu

for all 4 € Z, which is easily seen to be g-additive by (ii). The signed
measure v is absolutely continuous with respect to x# and the Radon-
Nikodym derivative of v with respect to u is denoted by w. We claim
that w € E' and that

/Qdeuz/wadu, feE.

Indeed, take 0 < f € E and let {#,}3°, be a sequence of Z-stepfunc-
tions such that 0 < ¢, 1 f a.e.. Let 4 = {w € Q: w(w) > 0} and
B =Q\ A. It follows from the definition of w that

/T(lAt,,)d/tz/(lAt,,)wdu=/ wht,du
Q Q Q

for all n. Since 0 < 1,4t, 1 14f a.e. condition (ii) implies that
T(14ty) — T(14f) in L'-norm, so [, T(A4tn)dpu — [ T(14f)dp.
On the other hand, [ w*t,fdu1 [ow™ fdu; hence

/w*fdu:/ T(uf) di < oo.
Q Q
Similarly we find that
/w‘fd,u:—/ T(1pf)du < oo
Q Q

and the claim is proved.
To finish the proof, observe first that (once more by (i), 7(fh) =
Tf hforall fe FE and h € L*(Zy,u). Now take D € ;. Then we
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have for all f € E,
[ trdu= [ Tf 1pau= [ T(r1p)du= [ wilpan
D Q Q Q

=/Dwfdu.

Since T'f is £j-measurable we may conclude that 7f = &(w f|Z) for
all feE.

REMARKS. 3.2(i) For positive operators 7, it is evident that the
above condition (ii) is equivalent to the order continuity of 7" (i.e.
fn» | 0 ae. in E implies that 7f, | 0 a.e.). Furthermore, if E is a
Banach function space with order continuous norm || - ||, then (ii) is
satisfied for any norm bounded operator T on E. Indeed, if |f,| <
u € E and f, — 0 a.e., then the elements v, = supys, |fi| satisfy
vp | 0 a.e., so ||vy||g | O, which implies || /|| — O; hence || Tf»||g — O.
Consequently ||Tf,|l; — O, since || - ||; < C|| - ||g for some constant
C > 0. This observation shows that the above proposition is an exact
generalization of Moy’s result on L?-spaces [M].

(ii) Suppose that T: E — E is given by Tf = &(w f|Xy), f € E, for
some o-subalgebra X, of £ and some w € E’. In general, such a T
need not be a projection. In fact, 72 = T if and only &(w|Zg) = 1g
and supp(w) C S for some S € X;. Indeed, if T2 = T, then T1 =
T(1-T1) = (T1)?, so &(w|Zy) = T1 = 15 for some S € ¥;. Note
that T =T -Tf) =T1-Tf,so Tf = 15T/ for all f € E. Writing
|w| =wp with p € L*(Z, u) we get

/ ledu=/ é’(wplzo)du=/ Tpdu=/ 1,Tpdu = O;
Q\S Q\S Q\S Q\S

hence supp(w) C S. Conversely, if &(w|%y) = 15 and supp(w) C S
then

/ TS| dy = / & (w f1%0)| dt < / & (Jw f11Zo) du
oS O\S Q\S
- / lw f|dp = 0.
OQ\S

which implies that supp(7f) C S for all f € E. Hence Tf = 15Tf
and consequently 72f = T(1-Tf) = T1-Tf = 14Tf = Tf for all
f€EeE.

The condition that supp(w) C S in the above equivalence cannot be
omitted, as is illustrated in the following example. Let E = L![0, 1]
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(with respect to Lebesgue measure) and let X, be the g-subalgebra gen-
erated by [0, 3]. The function w = 1(g 3/4; — 1(3/4,1] Satisfies &(w|Zg) =
1}0,1/2; but supp(w) is not contained in [0, %].

If w > 0, which is obviously equivalent to 7 > 0, then &(w|Zy) =
1 does imply that supp(w) C S, as fQ\Sw du = fQ\s Ew|Zo)du =
fQ\ S 1 S d n= 0.

Note in this connection that an averaging projection need not be
positive, which is shown by taking E = L![0, 1], £, = {¢,[0, 1]} and
w = 419,12 — 21(1/2,1-

Finally recall that a positive function w is called a weight func-
tion with respect to the o-subalgebra X, if &(w|Xy) = 1g, where
S = supp(w) (see [D1]). Clearly, if w is a weight function for X,
then the corresponding operator 7 is a positive projection. The con-
verse, however, is not true. By way of example, take E = L![0, 1],
20 ={¢,[0,1]} and w = 21[0,%].

Next we will use the above proposition to describe a certain class
of positive projections.

ProrosiTiON 3.3. For a linear operator T: E — E the following
statements are equivalent.

(i) T is positive and order continuous, T* = T, T1 = 1 and the
range R(T) of T is a sublattice.

(ii) There exist a g-subalgebra X, of X and a function 0 < w € E’
with & (w|Xy) = 1 such that Tf = &(w f|Xy) for all f € E.

Proof. (i) = (ii) First note that 7 > 0 and 71 = 1 imply that
Tf € L*(Z, u) whenever f € L*(Z, u). Denote by T, the restriction
of T to L*(Z, u). Since T is a projection, R(T,) = R(T)NL>®(Z, u),
s0 R(T) is a sublattice of L>°(Z, ). Moreover, since T, is positive,
T« is L*-continuous so R(7T,) is closed in L*(Z, u). Hence, R(T)
is a uniformly closed vector sublattice of L*°(Z, u) containing 1, and
s0 R(T,) is a subalgebra (see [D2] or [HP1], Theorem 3.5). Now by a
result of J. L. Kelley ([K], Theorem 2.5; see also [HP2], Theorem 6.1)
it follows that T, is an averaging operator in L*®(Z, 1) so that, by the
order continuity of 7', we have T(f7Tg) = Tf-Tg forall f € L*(Z, u)
and g € E. As observed in Remark 3.2(i), if T is positive and order
continuous, then 7 satisfies also condition (ii) of Proposition 3.1, and
hence this proposition yields the desired result.
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(i) = (i) Given f € R(T) we have f = &(wf|%y) and we can
write |f| = pf for some p € L*(Zy, u). Hence |f| = p&(wf|Zy) =
E(wpflZy) = &(w]f]|Zy), showing that |f| € R(T), so R(T) is a
sublattice. The remaining statements concerning 7" are evident.

In general, the range of a positive order continuous projection 7" for
which 71 = 1 need not be a sublattice. This is shown by the projection
T in R3 (with coordinatewise ordering) onto the plane x; +x,—2x; = 0
(with respect to the standard basis) along the direction of the third
basis vector.

As an immediate consequence of the above proposition we obtain
the following result.

COROLLARY 3.4. For a linear operator T : E — E the following state-
ments are equivalent.

(i) T is a strictly positive (i.e. Tf > 0 if f > 0) order continuous
projection with T1 = 1.

(ii) There exist a o-subalgebra Xy of X and a strictly positive function
w € E' with &(w|Xy) = 1 such that Tf = &(w f|Xo) for all f € E.

Proof. By Proposition 3.3, we only have to observe that the range
of a strictly positive projection is a sublattice. In fact, if 7f = f, then

SP=(@NT<T(T)and T(T(fT) - fT)=0s0 T(fT) = f*.

REMARK 3.5. If w is a strictly positive function in E’, then the mea-
sure v defined by dv = wdu is equivalent with y and E C L'(Z,v).
Then &#(w|%y) is strictly positive and

£ (f1%0) = Spprt )

forall f € L'(Z,v). In particular, if w is a weight function for X, then
& (f1%0) = &*(w f|Zg) for all f € LI(Z, u). Therefore, the result of
the above corollary can be reformulated as follows: the linear operator
T from E into itself is a strictly positive order continuous projection
with 71 = 1 if and only if there exists a o-subalgebra X, of X and an
equivalent measure v on X such that E C L!(Z,v) and Tf = &V (f|Zo)
for all f € E. This is the main result of [dJ].

Let (Q,XZ, u) and E be as above. In the following proposition we
shall relax the condition that 71 = 1 and we shall assume instead that
T1 is strictly positive.
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ProposITION 3.6. For a linear operator T: E — E the following
statements are equivalent.

(i) T is a positive order continuous projection onto a sublattice such
that T1 is strictly positive.

(ii) There exist a o-subalgebra Xy of Z, 0 < w € E' and a strictly
positive function k € L' (Z, ) with &(wk|Xo) = 1, such that Tf =
k& (w f1Zy) for all f € E. Moreover, if we choose k such that & (k|Zy) =
1 then both w and k are uniquely determined by T.

Proof. (1) = (ii) The measure v on X, defined by dv = T1dpu is
equivalent to u, so LO(Z,v) = LO(Z, u). The set F = {(T1)"'f: f €
E} is an ideal of measurable functions in L!(Z, ) and the mapping
M: E — F, defined by Mf = (T1)"!f for all f € E is a lat-
tice isomorphism from E onto F. Furthermore, L*®(X,v) C F, as
M(T1) =1 € F. The mapping S = MTM™! is a positive projection
in F and S1 = 1. The range R(S) = M[R(T)] is a sublattice of F.
As before, we denote by E’ the associate space of E with respect to 4,
whereas by F’ we denote momentarily the associate space of F with
respect to v. It is easily verified that F' = E.

It follows from Proposition 3.3 that there exists a g-subalgebra X
of £ and function 0 < w € F’ such that Sg = & (wg|%)) for all
g € F, and hence

Tf = T1-&"(w(T1)" f]%)

for all f € E. Using the formula in Remark 3.5 we find that

£ (w(T1)™ /1%0) = St
for all f € E, and so
o E(w f]Z)

1= gurisy)

for all f € E. The function k = T1 - [&#(T1|Zy)]~! satisfies 0 < k €
LY(Z, u), &*(k|Zy) = 1, and is strictly positive. Since

T1=T?1 = k&*(wk&*(w|Zo)|Zo)
= k&H (w|Zo)E (wk|Xo) = T1E*(wk|Xy),



CONDITIONAL EXPECTATION OPERATORS 65

we find that £#(wk|Xy) = 1. Moreover, it follows from &#(k|Zy) = 1
that for all 4 € X we have

/ T1,du = / k&t (w1l 4[Z0) d
Q Q
— [ E#(ee wlafo) o) dp
Q
— [ EwLi[EoE* (kiZo) du
Q

- / 4 (w1 4|Zo) dp = / wdp,
Q A

which shows that w is uniquely determined by 7". The uniqueness of
k is now immediate from T1 = k&#(w|Zy).

(i) = (i). Now suppose that T: E — E isgivenby Tf = k& (w f|Zg)
for all f € E, where X, is a o-subalgebra of X, k is a strictly pos-
itive function in LY(Z, u), 0 < w € E' and &(wk|Zy) = 1. Ob-
viously, 7 is positive and order continuous. In order to show that
T1 is strictly positive, it suffices to verify that &(w|Xy) is strictly
positive. To this end, put 4 = {w € Q: &(w|Zy)(w) = 0}. Then
Jywdu= [, &w|Z)du =0, sow is zero on A, which implies that

,u(A)=/Ag(wk|20)d,u=/Awkdu=O.

It is an immediate consequence of & (wk|Zq) = 1 that T2 = T. Finally
we prove that R(T) is a sublattice of E. If f € R(T), then f =
k& (w f|Zo) and hence |f| = k|&(w f1Zy)| = pk&(w f|Zy), for some
p € L®(Sg, ), so that |f] = k&(wpf|Zo) = T(pS)-

The following corollary is now obvious.

CoOROLLARY 3.7. For a linear operator T: E — E the following state-
ments are equivalent.

(i) T is a strictly positive order continuous projection such that T'1
is strictly positive.

(ii) There exist a o-subalgebra Xy of X and strictly positive func-
tions w in E' and k in L'(Z, u) with &(wk|Zo) = 1 such that Tf =
k& (wf|Xg) for all f € E.

The next result extends Proposition 3.6. The proof bears resem-
blance to the proof of Proposition 2.2 in [D1].
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ProrosiTION 3.8. If T: E — E is a linear operator, then the state-
ments (1) and (ii) are equivalent.
(i) T is a positive order continuous projection onto a sublattice.
(ii) T can be written uniquely in the form T = T\ + T,, where
(a) T, is given by

T\f =k&wfl|Z), [EE,

where Xy is a o-subalgebra of £, 0 < k € L'(Z,u), 0 < w € E,
&(wk|Zo) = lgypp(k)» and supp(w) C supp(k). Moreover, if we choose
k such that & (k|Zg) = lsupp(k), then w and k are unique.

(b) T is a positive order continuous linear operator on E such
that T\T, = T, and T, T, = 0 (and hence T} = 0).

Proof (i) = (ii). To show the uniqueness of the decomposition, it
suffices to show that T f = T'(f1g) where S = supp(7(1)). We observe
first that supp(k) = supp(&(w|Zy)). Since supp(w) C supp(k) and
supp(k) € X, it is clear that supp(&(w|Zp)) C supp(k). If we set

A ={w e supp(k): &(w|Zo)(w) = 0}

then it follows as in the proof of the implication (ii) = (i) of Propo-
sition 3.6 above that u(A4) = 0 and so supp(&(w|Zy)) = supp(k).
This shows that supp(7(1)) = supp(k) and from this it follows that
supp(k) = supp(7'(1)) = S. In fact, from 0 < 77(1) < T(1), it follows
that supp(k) C supp(7°(1)). On the other hand,

T(1) =Ti(1) + Tr(1) = Th(1 + T5(1))

implies that supp 7(1) C supp(k) and so equality holds. If now 0 <
f € E, we have that nT (1) A f1g 1 f1g and so, by order continuity
of T>, it follows that T5(nT (1) A f1g) T T>(f1g). On the other hand

0 < T (nTi(1) A fls) £nTT11 =0,

so that 75(f15) = 0. Further Ti(f1lgs) = 0 for all f € E since
supp(w) C S and this implies that 7, f = T,(f1s) for all f € E.
Hence
T f = Ti(f1s) = T1(f1s) + Ta(f1s) = T(f15)

and so the decomposition is unique.

Next we show the existence of such a decomposition. Let S =
supp(7'1). Since T(fAnl) 1 Tf forall0 < f e E,and 0 < T(fAnl) <
nT1 for all n, it follows that supp(7f) C S, and so 7f = 15T/ for all
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f € E. Now define T\ f = T(f1s) forall fe Eandset T, =T —T;.
Obviously 77 and 75 are positive and order continuous, and T12 f=
T(T(f15)1g) = T*(f1g) = T, f forall f € E. The relations T; T, = T,
and 7,7, = 0 are easily verified. An application of Proposition 3.6
to the restriction of 7 to the ideal E; = {f|S: f € E} of measurable
functions on S yields the desired o-subalgebra X and the functions k
and w. We leave the straightforward details to the reader.

(i) = (1). f T = T, + T, with T; and 75 as in (a) and (b), then
& (wk|Zg) = lgyppk) implies that T7 = Ty. It now follows easily that
T? = T. Furthermore, R(T;) = R(T). Indeed, if f € R(T), then
TWf =TW(TWf+Tf) =Tf+Thf =Tf = f, so R(T) C R(TY).
Conversely, if f € R(T}) then Tf = T{(T, f) + To(T\f) = T\f = f,
which shows that R(T}) C R(T). It follows from Proposition 3.6 that
R(T) = R(Ty) is a sublattice of E. The remaining statements on 7'
are evident.

It should be observed that 75, = 0 in the above decomposition if and
only if Tf = 0 for all f € R(T)?. The latter condition is the regularity
condition (x) of Douglas ([D1], §1).

COROLLARY 3.9. For a linear operator T: E — E the following state-
ments are equivalent.

(1) T is a strictly positive order continuous projection.
(ii) T can be written uniquely in the form T = T\ + T,, where
(a) T, is given by

T\f=k&wflX), f€E

where ¥ is a g-subalgebra of T, 0 < k € L'(Z,u), 0 < w € E/,
& (k|Xo) = &(wk|Zo) = Ysupp(k) and supp(w) = supp(k);

(b) T, is a positive order continuous linear operator on E, which
is strictly positive on {flo\supp(k): f € E}, such that T\T, = T, and
T2 Tl =0.

Proof. (ii) = (i). It follows from (a) that 77 is strictly positive on
the ideal { f14,,p): f € E} and hence T is strictly positive on E.

(i) = (ii). As observed before, the strict positivity of 7" implies that
R(T) is a sublattice of E, so we can apply Proposition 3.8. Therefore,
it remains to show that supp(w) = supp(k) and that T is strictly
positive on { f1g\qpp(k)): f € E}. This follows, however, immediately
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from the fact that T\ f = T(flgppk)) and Tof = T(f1q\suppk)) for
all feE.

Now we are in a position to prove the main result of this paper.
This result was proved by different methods by V. G. Kulakova ([Ku],
Theorem 2) for the special class of weakly sequentially complete rear-
rangement invariant Banach function spaces.

THEOREM 3.10. Let 0 < T: E — E be an order continuous projec-
tion. Then Q can be written as a disjoint union Q = S;US,US; (S; € X)
such that with respect to the corresponding direct sum decomposition
E = E\®E;® E;, with E; = {f1s,: f € E} the operator T has the

matrix representation
T, T;; O
0 0O 01},

T3 T3 O

where 0 < T;;: E; — E; are order continuous, T, and T\, are strictly
positive and

T} = Ty, 11Ty =Ty, T5, T, = T3, T5, Ty, = T3).

Furthermore, there exists a o-subalgebra Xy of X and there exist func-
tions 0 < w C E', 0 < k € LIY(Z, u) such that Ty, f = k& (wf|Zg) for
all f € E,|, &(k|Zo) = &(wk|Xy) = 15, and supp(k) = supp(w) = S|.
This decomposition is uniquely determined by T.

Moreover, any operator of this form is a positive projection in E.

Proof. Since T is order continuous, the ideal E3 = {f € E: T|f| =
0} is closed with respect to monotone convergence in E, and so E3 =
{f1s,: f € E} for some S3 € X. Define the projection P in E by
Pf = flq, forall f€E. Then TP =T, so (PT)? = PT and hence
PT is a positive projection in E. Let T: E{ — E{ be the restriction
of PT to E{. Tt follows from T = T? = TPT that T is strictly
positive, so R(7) is a sublattice of E{. Take E; = R(T)% C E¢
and E; = R(T)Y N E{. Then E; = {f1s,: f € E} for some S, € £
(i = 1,2). An application of Corollary 3.9 to the operator 7" yields
the strictly positive operators 77; and 7;,. The verification of the
remaining statements is straightforward and is therefore left to the
reader.
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4. Averaging contractions and contractive projections. Throughout
this section, we assume that (E,| - ||[g) is a Banach function space
on some finite measure space (€2,X, ) for which L*(XZ,u) C E C
LY(Z,u). The linear map T: E — E is called averaging if T(fTg) =
Tf -Tg forall fe L°(Z, u) and all g € E. It has been shown by Rota
([Ro], Theorem 1) that if (,%, u) is a probability space, then each
averaging contraction on L?(X, u), 1 < p < oo, which preserves 1 is a
conditional expectation operator. We now indicate how the results of
the previous section yield extensions of Rota’s theorem to the setting
of Banach function spaces.

We start with a simple observation, which in the case that E is an
LP-space (1 < p < o), may be found in [Ro], Proposition 2.

LEMMA 4.1. If the contraction T: E — E is averaging, then Tf €
L®(Z, ) and || Tf ||loo < || flloo for all f € L*(Z, p).

Proof . If f € L®(Z, u) and || ]l < 1, then (Tf)? = T(fTf) so that
(Tf)? € E and

ITH e = ITUTHIE S IFTAE < 1ol TAllE < I E-
Proceeding inductively, it follows that (7f)" € E and ||(T/)"||g <

|fllz holds for each n = 1,2,... . If ¢ > 0 is given, let 4 = {w €
Q: |Tf(w)| > 1+¢}. From |Tf]" > (1 +&)"1, it follows that

1Lalle <X+ &) (TN e <X +)"IIflle,  n=12,...
and hence u(A4) = 0.

The following result is well-known and for L*-spaces is a simple
exercise. A simple proof for L!-spaces may be found in [S], Lem-
ma 5.

LEMMA 4.2. (a) If T is a contraction on L®(Z,u) and if T1 = 1,
then T > 0.

(b) If T is a contraction on L' (Z, u) and if T1 =1, then T > 0 and
T*1=1.

A direct application of Proposition 3.1 and Lemma 4.1 now yields
the first part of the following result.
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ProrosiTiON 4.3. If T: E — E is an averaging contraction for which
ITfalli — O whenever {f,} is an order bounded sequence in E which
converges to zero almost everywhere, then there exists a o-subalgebra
Xy of X and a function w € E' such that Tf = &(w f|Xy) for all f € E.

If in addition T preserves 1 then T >0 and T* = T.

The second part of the proposition follows by noting that the restric-
tion T, of T to L*®(Z, u) is an L*°-contraction (Lemma 4.1) which
preserves 1 and so 75, > 0 (Lemma 4.2 (a)). The continuity condition
now implies that 7 > 0. That 72 = T is an immediate consequence
of the fact that T is averaging and preserves 1.

As noted earlier (see Remark 3.2 (i)), the continuity condition of
the preceding proposition is satisfied if £ has order continuous norm.
In particular the proposition holds if £ = L?(Z,u), 1 < p < oo with
u(Q) = 1, which is the setting considered by Rota. In this special case,
it may be shown that w = 1. That this need not be the case in general
is illustrated by the next example.

ExXAMPLE 4.4. Let Q = [0, 1] with Lebesgue measure 4. The mea-
sure v is defined by dv = wdu where w = $1j0 /2 + 31(1/2,1). Let E
be the Banach function space L?(Z,v), 1 < p < oo with the function

norm
1 1/17
Ifle = ( / mpdu) . fe€E,
0

and let ¥y = {¢,[0,1]}. The operator T: E — FE defined by Tf =
Eh(w f|Z) = &Y (f|%) for all f € E satisfies the conditions of Propo-
sition 4.3.

As is noted in Proposition 4.3, an averaging contraction on the Ba-
nach function space E which satisfies the given continuity condition
and which preserves 1 is necessarily a positive order continuous con-
tractive projection which preserves 1. We turn now to the question of
characterizing such operators in terms of conditional expectation. We
recall that a Banach lattice F is said to have strictly monotone norm
if whenever x, y € F satisfy 0 < x < y, it follows that ||x||r < ||y|lF-
We shall need the following simple result.

LEMMA 4.5. Ifthe Banach lattice F has strictly monotone norm, and
if T is a positive contractive projection on F, then the range of T is a
sublattice.
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Proof. If x € F and Tx = x then x* < T(x*) and so ||x*||r <
IT(x*)||r < ||x*||r. From strict monotonicity of the norm it follows
that 7(x*) = x*.

We remark that the example following Proposition 3.3 shows that
the range of a positive contractive projection on a Banach lattice need
not be a sublattice if the norm is not strictly monotone. In fact, in
this example, one need only equip R3 with the | - [|oo-norm.

The following basic characterization of conditional expectation on
LY(Z, u) is due to R. G. Douglas [D1] and independently by G. L.
Seever [S]. It is an immediate consequence of Proposition 3.3 via
Lemma 4.2 (b) and Lemma 4.5.

PROPOSITION 4.6 (Douglas, Seever). If T is a continuous linear map
on LY(X, u) then the following statements are equivalent.

(a) There exists a o-subalgebra Xy of X such that Tf = &(f|Z) for
all fe L\(Z, w).
(b) T is a contractive projection which preserves 1.

We now extend this characterization to an arbitrary ideal E of
LO(Z, u). The result which follows is a certain sharpening of Propo-
sition 3.3. If 0 < T: E — E is an order continuous linear map, we
denote by T": E’ — E' the dual mapping defined in the usual way.

ProrosiTION 4.7. If T: E — E is a linear map, then the following
statements are equivalent.

(a) There exists a a-subalgebra Ty of  such that Tf = &(f|%) for
all fe€E.

(b) T is a positive order continuous projection such that T and T’
preserve 1.

Proof. We need only show that (b) = (a). An argument of Ando
[A] shows that T is contractive for the L!-norm. In fact, if f € E,
then

[ 1Tf1du= [ Tfsen 77 du
Q Q
< [T sen T du< [ 11T 0du= [ 1Ndn
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Since E is dense in L!(Z, u) for the L!-norm, the assertion now follows
from Proposition 4.6.

For the case that £ = L*(Z, u) the preceding Proposition 4.7 re-
duces to [Ro], Proposition 5. To see that Proposition 4.7 yields exten-
sions of [Ro], Theorem 1 (see also [Du] Theorem II 5.5), some further
considerations are necessary. We recall the following notions. Let
(X,] - |lx) be a real Banach space. The functional ¢ € X* is called
norming at the point 0 # x € X if (x,¢) = ||x| x and ||¢|x- = 1. If
such a norming functional is unique, then the norm is called smooth
at the point x. As is well known, this is equivalent to Gateaux-
differentiability of the norm at the point x (see, for example, [Di],
Chapter 2). The norm || - || ¢ is called smooth if || - || x is smooth at each
non-zero point of X. The following remark is implicit in the proof of
[A], Lemma 1.

LEMMA 4.8. Suppose that T is a contractive projection on the Banach
space X and that x € X lies in the range of T. If the norm is smooth at
x and if p € X* is the (unique) norming functional at x, then T*¢p = ¢.

Proof. Since || T*¢||x- < 1 and since

(x, T*9) = (Tx, 9) = (x,0) = |Ix|x
it follows that T™*¢ is also norming at x and consequently 7*¢ = ¢.

We now assume that (E, || - ||g) is a Banach function space as con-
sidered earlier. It is not difficult to see that a constant function is
norming at 1 if and only if ||1||g||1]|zr = u(Q). We then obtain the
following consequence of Proposition 4.7.

COROLLARY 4.9. Suppose that the norm on E is smooth at 1 and
that |[1||g|1llg: = u(Q). If T is an order continuous positive contractive
projection on E which preserves 1, then there exists a o-subalgebra X
of X such that Tf = &(f|Xo) for all f € E.

It will be shown in Proposition 4.16 below that if E is assumed to
have order continuous norm then the positivity assumption on 7" can
be replaced by the condition that the range of T is a sublattice.
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It follows from Example 4.4 via a simple computation that the con-
dition ||1||g||1]|gr = u(2) cannot be omitted from the preceding Corol-
lary 4.9. We remark that the Corollary applies immediately to the case
that £ = L?(X, u), 1 < p < oo. In this special case, the resulting char-
acterization of positive contractive projections on LP(X, u) is due to
T. Ando [A] and is itself an extension of [Ro], Theorem 1, referred
to earlier. It should be mentioned that Ando ([A], Theorem 1) has
proved somewhat more in this special setting: each contractive pro-
jection on L?(X, u) which preserves 1 is contractive with respect to the
L'-norm, provided 1 < p < o0 and p # 2 and hence is necessarily pos-
itive. While it does not appear that there is an immediate extension
of this result to the more general setting, we consider in some detail
the related question as to what extent a contractive projection onto a
sublattice is positive, which is of independent interest.

First we make some remarks concerning smoothness of the norm
in Banach lattices. Let F be a Banach lattice. Forany 0 < u € F
there exists a positive norming functional ¢ which vanishes on {u}4.
Indeed, if ¥ € F* is norming at «, then we can take for ¢ the minimal
positive extension of the restriction of |y| to the ideal in F generated
by u (see [Z], §83). In particular, if the norm in F is smooth at u,
then the norming functional at u is positive and vanishes on {u}?.
Furthermore, it is worthwhile to note that a Dedekind o-complete Ba-
nach lattice F, with smooth norm, necessarily has order continuous
norm. Indeed, suppose on the contrary that the norm in F is not
order continuous. Then F contains a closed subspace which is norm
isomorphic to /,, (see e.g. [Sch], II, 5.14). This however, is contra-
dictory to a result of M. M. Day [Da] which states that /,, cannot be
renormed smoothly.

ProPOSITION 4.10. Any contractive projection T onto a sublattice of
a Banach lattice F with smooth norm is positive.

Proof. Take 0 < x € F and suppose that (Tx)~ > 0. Let ¢ be
the norming functional at (7x)~. Then ¢ > 0 and ¢ vanishes on
{(Tx)"}4, so {(Tx)*,p) = 0. Furthermore since the range of T is a
sublattice, (T'x)~ is a fixed point of T, and hence 7*¢p = ¢. Therefore,

0<(x,0) = (x,T"9) =(Tx,9) = —{(Tx)",9) <0,

a contradiction. Hence x > 0 implies that Tx > 0.
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EXAMPLE 4.11. We give an example of a contractive projection
onto a sublattice of a Banach lattice which is not positive. Let B
be the rhombic dodecahedron (see e.g. [C], §2.7) in R3 which is the
absolute convex hull of the points

2 0 0 1 1 -1 -1
0 » 2 » 0 ’ 1 s -1 s -1 ’ 1
0 0 2 1 1 1 1

Let E = R3 with coordinatewise ordering and define the norm || - || g
to be the Minkowski functional of B. Then (E, || -||g) is a Banach lat-
tice, but the norm is not smooth. Considering E as a Banach function
space on the three point measure space €2, each of the points having
measure 3, we have ||-||; < |||z < ||-/|co, and hence ||-fl; < |-l < [I-floo-
Therefore, |1/ = ||[1]|z: = 1, and thus ||[1||¢ - ||1]|z = ©(L2). Note fur-
thermore that || - ||z is rearrangement invariant.

Let T be the projection onto the plane x; = x; along (—1,1,1). Itis
easy to verify that 7" is a contractive projection with respect to || - ||£.
Furthermore, 71 = 1 and the range of T is a sublattice of E, but T is
not positive.

In certain spaces in which the norm is not smooth, there is still an
abundance of points at which the norm is smooth. For instance, in the
space L!(Z, 1) the norm is smooth at all functions f with f(w) # 0 a.e.
In such cases it is sometimes possible to conclude that a contractive
projection onto a sublattice is positive. The details follow. The next
lemma will be useful.

LEMMA 4.12. If F is a Dedekind o-complete Banach lattice and if
the norm is smooth at 0 < u € F then the norm is smooth at all points
x € F for which |x| = u.

Proof. If x € F and |x| = u, let P be the band projection in F onto
the band generated by x~. If 7 = I — 2P then Pu = x~ implies that
nu = x. Further, |nz| = |z| for all z € F and n? = I and so « is an
isometry of F onto itself. Hence # induces a one-one correspondence
between the norming functionals at x and u and from this the result
follows.

PROPOSITION 4.13. Let F be a Banach lattice with order continuous
norm and let T be a contractive projection in F onto a sublattice. If
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the range R(T) contains weak units of F and if the norm is smooth at
all such weak units then T > 0.

Proof. Observe first that if 0 < v, w € R(T), then it is a simple con-
sequence of the order continuity of the norm on F that the component
w; of w in the principal band generated by v is again in R(7T) since
w; = sup,(w A nv). Suppose now that 0 < v € R(T). We claim that
there exists a weak unit ¥ € R(T) such that the norming functional
@ at u satisfies (v,p) > 0. In fact, let 0 < w € R(T) be any weak
unit with ||w||r = 1. Let w; be the component of w in the principal
band generated by v and set w = w; + w,. If 0 < & < ||wy||F, define
u = ewy + w;. It is clear that u is a weak unit in F and from the
opening observation it follows that 0 < u € R(T). If ¢ is the norming
functional at u then

lwill < llews +wi]l < & + (w1, 9)

so that (wy,¢) > 0. Since 0 < ¢ is order continuous and since w; =
sup,(w A nv) it follows also that (v, ) > 0 which proves the claim.

Suppose now that 0 < x € F. If (Tx)~ > 0, then there exists
a weak unit 0 < u € R(T) with norming functional 0 < ¢ € F*
such that ((Tx)™,¢) > 0. Since the range of T is a sublattice, it
follows that T*¢ = ¢. Let P denote the band projection in F onto
the principal band generated by (7x)~ and let it = (2P — I)u. Since
|i1]| = u, it follows from Lemma 4.12 above that the norm is smooth at
i and moreover the functional ¢ = (2P* — I)p is norming at #. Since
u € R(T), it follows also that ## € R(T') and hence 7*¢ = @.

It now follows that 7*(P*¢) = P*¢ and consequently

0<(x,P'9) =(x,T"P*p) = (PTx,9) = —((Tx)",9) <0

and this is clearly a contradiction. Thus 0 < x € F implies 7x > 0
and the proof is complete.

A combination of Proposition 3.6 with the preceding result yields
the following corollary.

COROLLARY 4.14. Let E be a Banach function space with order con-
tinuous norm and let T be a contractive projection in E onto a sub-
lattice. If the range of T contains strictly positive functions and if
the norm is smooth at all such strictly positive functions then there
exists a g-subalgebra Xy of £, 0 < w € E' and a strictly positive
function 0 < k € LI(Z, u) with &(wk|Zy) = &(k|Zo) = 1 such that
Tf =k&(wf|Xy) forall f € E.
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In general the existence of at least one weak unit in the range of T
at which the norm is smooth need not imply that 7 is positive as an
inspection of Example 4.11 shows. On the other hand, the proof of
Proposition 4.13 shows that the following variant holds.

ProPOSITION 4.15. Let F be a Banach lattice with order continuous
norm and let T be a contractive projection of F onto a sublattice. If the
range of T contains a weak unit w of F at which the norm is smooth
and for which the norming functional is strictly positive, then T > 0.

The final result of the paper now follows by combining Proposition
4.15 with Corollary 4.9.

ProrosiTION 4.16. Let E be a Banach function space with order
continuous norm such that the norm is smooth at 1 and such that
Mellller = u(Q). If T is a contractive projection in E onto a sub-
lattice containing 1, then there exists a a-subalgebra Ly of X such that
Tf =&(f|X) forall f € E.
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