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MICHEL CARPENTIER

In the present work we examine a family of multivariable expo-
nential sums on a connected variety defined over a finite field.

0. Introduction. Let K = F, be the field with g elements (charK =
p#2,q=p/),xe€K*, g,...,8 positive integers relatively prime
and prime to p (n > 2) and let 7% be the variety defined over K by

7 t¥ =X. Let Q be a complete algebraically closed field containing
Qp, ©: K — QX an additive character and for each i € {1,...,n} let
xi- K* — QX be a multiplicative character. Let ¢y,...,¢, be non-zero
elements of K, and let f(¢) = 1 Eitf."', where ki,...,k, are positive
integers prime to p. For each m € Z,, let K,,, be the extension of K of
degree m. We consider the twisted exponential sums

0.1) Su(f,7%)= Y Hx,oNKm,K ) x @0 Trg, . (f(7))

(Frrln)E25(K,) i=1

and the associated L function:
02)  L=L7.%T)=ew (- Z Sn(7. 7T ).

Our main results are the following:
A. We show that L(-1)" is a polynomial of degree

h= (ggi/ki) iljki-

B. We compute explicitly a lower bound for the Newton polygon
of L(=1"; this lower bound is independent of the prime number
p and its endpomts coincide with those of the Newton polygon
(Theorem 5.1 and Corollary 5.1).
C. Provided p lies in certain congruence classes, we show that
our lower bound is in fact the exact Newton polygon of L(—1
(Theorem 5.3).
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230 MICHEL CARPENTIER

D. Asa consequence we obtain p-adic estimates for the sums (0.1),
since they are related to the reciprocal roots {yi}f?zl of (0.2) by
the equation

(0.3) Sm(f,7%) = (1" 7 + -+ 7).

We emphasize that our lower bound for the Newton polygon can be
computed explicitly: To fix notations, we assume that the multiplica-
tive characters y; are of the form x;(¢) = w(¢)~@~-D~/" where r and

pi are natural integers, r|g — 1,0 < p; < r. For a = (a~1,...,an) ez",
let o(a) = Inf;a;/g; and J(a) = 1 37, a;/k;. Let A, be the finite
subset of Z" defined by
0<ag(a)<r
a €A, = { a; = p; (modr), i=1,...,n

o(a) Lo;/g L ola)+rki/g, i=1,...,n.

Whenever two elements o and f of Z;, satisfy J(a) = J(B) and o; =
Bi (modk;) for all i, we only keep the first of these two elements
for the lexicographic order and eliminate the other: let Zp be the
resulting set. Z,, contains & = (3_7_; gi/ki) [1-, ki elements, and the
slopes of our lower bound are the values on Z,, of the weight function
w(a) = J(@) — La(a) X}, gi/ki. For example, if 7 is the variety
11383 = 1 and f(1) = £ +13+13, with trivial twisting characters x;, then
L~ is a polynomial of degree 26. When p = 1 (mod 18) its reciprocal
roots have p-adic ordinal 0, 1/3, 7/18, 4/9, 1/2, 2/3 (twice), 13/18,
7/9, 5/6, 8/9, 17/18, 1 (twice), 19/18, 10/9, 7/6, 11/9, 23/18, 4/3
(twice), 3/2, 14/9, 29/18, 5/3, 2. When p # 1 (mod 18), the Newton
polygon of L~! lies above the Newton polygon whose sides have these
slopes and their endpoints coincide.

Ifn=2% =%k =1, gg =g =1, and the twisting charac-
ters are trivial, the sum (0.1) is the Kloosterman sum, which was
first investigated from a p-adic point of view by B. Dwork in [9].
More general situations have been studied by S. Sperber ([13], [14],
[15]) and Adolphson-Sperber ([1], [2]). We have made extensive use
of the work of these authors, especially from [15]. On the other
hand, using /-adic cohomology, P. Deligne [6] has shown, in the case
g == gy=k ==k, =1, that the reciprocal roots {y;}"_
of L=V have complex absolute value g”~!/%; this was later extended
by N. Katz [10]—from whom we borrow the title of this article—to
include the case k; = --- = k, and general gq,..., g2,. We complement
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here this result, by obtaining p-adic estimates for the y;’s. Our ap-
proach departs from previous literature on the subject by the use of
a new trace formula (Theorem 1.1) which provides a more balanced
treatment and avoids the restriction g, = k, = 1 ([4], [15]).

Using Dwork’s methods, we construct cohomology spaces Wy , on
which a Frobenius map acts, F: Wy, p» — Wxep. These spaces have
dimension 4, and if x = x7? is a Teichmiiller point, the eigenvalues of
Z . are the reciprocal zeros of (0.2). The choice of a good basis for the
space Wy , is crucial in obtaining estimates for the Newton polygon of
the L-function: its elements are those of the set {x @/ 1%|a € A,},
chosen so as to minimize the weight function w(a).

Define p(0 = p, p\), ..., pl¥) = p by the conditions
ppEJH) — pl(j) =0 (modr)
0< p,(” <r Vi, j

For each o) € A ), there exist (Lemma 2.8) unique elements aU+!) €
Ay and 6V € 77 satisfying

(j+1) ()
Y a(aUtN S (% U0 5O
p( rk,- O'(Ot )rk,- rk,~ a(a )rk,' 51

0< 5}’ V< r

If a = o € Ay, let Z(a) = 3/ w(al)). We show that the Newton
polygon of L(=')" lies below that of 7,(T) =[] _ (1 ~ p*“T), and
their endpoints coincide (Theorem 5.2 and Coroﬁary 5.1). On the
other hand, if p = 1 (modr), the Newton polygon of the L-function
lies above that of Z,(T) = Han,,(l — q¥(®)T) (Theorem 5.1). If fur-
thermore pg; = g mod(k;g;) for all i, j, then %Z,(T) = #,(T) and
therefore their common Newton polygon is that of L(=1)",

The precise determination of the Newton polygon in other congru-
ence classes requires finer estimates for the Frobenius matrix. This
question has been solved by Adolphson-Sperber ([2]) in the case n = 2,
g1 =& =1, k; = k,. We expect to address this question more fully
in a subsequent article.

In [5], we studied the deformation equation when k, = g, = 1.
With only minor changes, this treatment can be reconciled with the
point of view adopted here. Let us simply indicate that the deforma-
tion operator of [5, p. 9-04] should be replaced by

d
ny = Ey + aMcy——tn,
an
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where

E,(Y71%) = (y+M%) Y'ee.
an
1. Trace formula. Let g;,...,g, be positive integers (n > 2),
g = (gl, .»&n). We assume that g.c.d.(gy,...,8,) = 1. For a =
(ay

ay) € 1" we define:
a; aj

w;ila)y=——-—=, I,j=1,...,n
i,j(a) g g J
(1.1) N
(a)—Inf{ ——'i}
g’ &n

Let u be a fixed positive integer; for any a € 7" let ¢,:Z" — Z/uZ
be the group homomorphism defined by ¢a(y1,...,¥n) = 2 i 7i%-

LEMMA 1.1. Let o € ZV; the following conditions are equivalent:
(i) There exists f € I" such that w; ;(a) = pw; ;(B) for all i,j =
1,...,n.
(ii) There exist p € 7" and | € {1,...,n} such that w;;(a) =
pw;(B) foralli=1,...,n
(iii) Ker(¢,) C Ker(¢q).

Proof. The equivalence of (i) and (ii) is obvious from the defini-
tions. Suppose that a satisfies condition (ii) and let y = (y1,...,¥n) €
Ker(¢g). By assumption, o; 8 = o;&; + u(B:g; — b, &) for all i, hence:

g Z yiap = (Z yigi) (y — uBr) + pg Z YiBi.

Since g,(az—/tﬂz) 8/(aj—up;) for all i and g.c. d (gb &) =1
it follows that g; d1v1des a; — up;. Hence Y7, via; =0 (mod ) i.e.
y € Ker(¢,) and (i1)=>(iii).

Suppose that Ker(¢,) C Ker(¢,) and, fori =1,...,n—1,let 7; =

g-c.d.(gi> &n)-
Since g g
n i _
T; &i T & =0,
our assumption implies the existence of integers zy, ..., z,—; satisfying
&'—a,—g—’an_,uz, foralli=1,...,n—1.

Furthermore, for each such i, there are integers B; and B,(,i) such that:

(1.2(3i)) = g2 - g

Tl
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Thus

. 0
&_i@:#(ﬁ_ﬁ) foralli=1,...,n—1.
8i  &n 8  &n

Observe that, if (ﬂ,, ﬂn’)) is a solution of equation (1.2(i)), then so
is (Bi+ &i/ ‘t,, ﬁ,,' + gn/ 7;). We must show the existence of solutions

satisfying B\ = ... = B{"™ V. Leti,je{l,...,n— 1} with i # j:
9_i_.a_j=u<M+£’;_&)
8 & 8n 8 &

On the other hand, just as above, we can find integers ¢; and ¢; such

that:

% _% (ﬁ - ﬁ),

8 & 8 &
Hence, letting 6, = B, —¢;, 0; = Bj—¢; and 7, ; = g.c.d. (1;,7;) we can
write:

W 8i&iTi &nTi
(ﬁn _ﬂn ) ITJ,L.U = ,: lj(ajgl zgj)-
J l J

Since g,7;;/7;7; and g;g;7; ;/7;T; are relatively prime, there exists
Z € Z such that

gnsz
=7Z-—
-5 = 250

In turn, there exist £, n € Z such that Zt; ; = {1; 4+ n7; and therefore

Y - B =&+t
T T

If we let r, = g,/7% (k =1,...,n— 1), we have just proved that, for
alli,je{l,...,n—1}:

(1.3) BY - B\ € riz + ;2.

We now proceed by 1nduct10n Let k < n — 1 and suppose that we
have found solutlons (ﬂ,, ﬂn ) of equatlons (1.2(1)) for all i, with the
property that ") = --- = B (= Ba).

Let my =1l.c.m. (rl,...,rk). By (1.3), En—ﬁ,(,kH) € myZ+ryZ and
therefore there are integers 4, { such that 8, + imy = Nf,kH) + {rist
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Let:

(BY) = B + amy 1<i<k
Bi=Bi+25m, 1<i<k
&n
VD = B 4 Ly
) 3 8k+1
Brrr = Biewr + &3
k+1
B = By j>k+1
L Bj = Bj J>k+1
For each i = 1,...,n — 1, (B;, BY) is a solution of (1.2(i)) and we
have BV = ... = B*Y_ Finally we obtain g = (Bi,...,Bx) with
Win(a) = pw;,(B) Vi=1,...,n.
Hence (iii)=>(ii). m]

Notation. If o, B € 7" satisfy w; j(a) = pw; ;(B) foralli,j=1,...,n
we shall write:

(1.4) @(a) = pw(B).

REMARK 1.1. Let o, f € Z" satisfying (1.4) and let / € {1,...,n},
then

_a _B
(1.5) og(a) = 2 < a(p) 2
Let:
(1.6) S={a€eZ"|0<Lo(a) < 1}.

LEMMA 1.2. Let a, B € S; then o = B & w(a) = o(p).

Proof. The first implication is obvious. Conversely, suppose that
w(a) = w(fB) and let / be an index such that o(a) = o;/g;. By the
remark above, a(B) = B,/ g.

By assumption, g;(o; — ;) = gi(a; — B;) for all i. If py,...,p, are
integers satisfying )7, ;g = 1, thena;— B, = g; >__, 7i(e; — Bi) and
therefore g; divides o; — §;.

Since a and B are elements of S, —g; < a; — B; < g;, hence a; = f;
and it follows that o; = B; for all i. O

We fix r, a positive integer, and for each a € Z” we set

(1.7) s(a) = -l—a'(a).

r
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Let:

(1.8) E={ae?"|0<s(a)<1}={aec"|0<d(a)<r}.
If pe ™, with 0 < p; < r we set

(1.9) ZV ={ael"|a; = p; (modr) for all i},

(1.10) EP) =7 NE.
LEMMA 1.3. Let a, f € EP); then a = B < w(a) = w(p).

Proof. Suppose that w(a) = w(f) and assume that o; > f; for
some index /. Then «; > f; for all i and, letting y; = (a; — Bi)/7,
y = (¥1,...,¥n) is an element of S, with w(y) = 0. Lemma 1.2 implies
that y = (0,---,0). O

We now fix p, a prime number, with (p,r) =1. If peZ",0< p; < r,
we let p' € Z" be the unique element satisfying

{0§m<n

(1.11) ;
pp;—pi=0 (modr).

LEMMA 1.4. Let o € Z'P) satisfying the equivalent conditions of
Lemma 1.1 with u = p. Then, in (i) and (ii), B can be chosen uniquely
so that

(1) BeEXY;
(2) s(e) - ps(B) € 1.

Proof. Suppose that w(a) = pw(d). Certainly,  may be chosen
(uniquely) so that 0 < ¢(d) < 1. By Remark 1.1, g;(o(a) — po(d)) =
a; — pd; Vi. Let yi,..., 7, be integers satisfying 7 | 7,8, = 1:

> gvilo(a) —pa(B)) =Y vi(ei — pdy),
i=1 i=1

hence o(a)—po(d) € Z. In particular, pé —a belongs to the cyclic sub-
group of Z” generated by g. Sinceg.c.d. (p,r) =1=g.c.d.(g1,...,8n)s
there is a unique integer 4, 0 < A < r, such that p(6d + Ag) — a € rZ".
Now set f =0 + Ag. 0

Let @, be the completion of the field of rational numbers for the
p-adic valuation, and Q an algebraically closed field containing Q.
We denote by “ord” the valuation on Q normalized so that ordp = 1.
Let / be a positive integer such that r | p/ — 1, let ¢ = p/ and let
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x € Q% be a Teichmiiller point: x¢ = x. Let K be an extension of

Q, in Q containing x. Let #1,...,#, be indeterminates. We shall use
multi-index notation: if a = (ay,...,a,) €N, * =" ... fp".
Fix ki,..., k, positive integers. Given b,c € R with b > 0, let:

n

(1.12) Z(b,¢) = {c = Y But*|By€K and ord B, > bZ% +c};
1

a€eN? i=1

(1.13) Zb)=JZ®,0.

ceR
For each p = (py,...,pn) € Z" with 0 < p; < r we let

(1L14)  Zb,o)={{=Y But" € Z(b,c) | B.=0if a ¢ ZW};

(1.15) Z(b) = |J % (b,0).

ceR

Z(b,c),Z(b),Z(b,c),-Z(b) are p-adic Banach spaces with the norm
n
o
Hfll:S‘iDPC“, Ca=b§é—ordBa.
Let /" =3 i, &i/ki and

(1.16) Z(b,c) = {11 =Y Cat®| C,€K and

acE

ordC, > b(Z% —/Va(a)) +c};
i=1 "

(1.17) Zb)=JZ®,0);

ceER

(1.18) Z,(b,c) = {n = Z Ctr e ZP(b,c) | C,=0if a ¢E(/’)};

ackE
(1.19) Z,b) =] Z,b,0).
ceR

Z(b,c),Z(b),Z p(b,c),Z,(b) are p-adic Banach spaces with the
norm

1]
lInll = Supp®, co= b( % _/Va(a)> — ord B,.
“ i=1
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If o, B € 7", there exist T € Z and J € E, uniquely defined, such that
a+ B =0 + trg and we set
(1.20) 1"« th = x7p.

Since g(a + B) > o(a) + a(B) and a(d + 1rg) = 0(d) + tr, this
operation makes Z(b) (respectively .2 (b)) into a K-algebra; if { is
an element of Z (b, '), then 1 — { *n maps .2 (b, ¢) continuously into

Z(b,c+ ).
Let ¢ be the K-linear map whose action on monomials is given by
(1.21) G(%) = 1] * 152 % - % L.

For each p, ¢ is a continuous algebra homomorphism from .%,(b, ¢)
into Z(b,c). If a € Z») we define
N x/@)=p«B)tB if 38 € E(P") such that w(a) = pw(f),
(1.22) y(t*) = .
0 otherwise.

Note that if a, # € Z", then
(1.23) w(t® * tP) = y(1h).

It follows from Lemma 1.4 that y extends to a continuous linear
map from Z (b, c) into £, (pb,c). Since r | g—1, y/ maps Z (b, c)
into Z,(gb,c). If b’ > b, then Z ,(¥', c) is a subspace of £ (b, c) and
the canonical injection i: Z ,(b',c) — Z,(b,¢) is completely continu-
ous [12, §9]. B

We fix F(t) = Y ,cne Bot® an element of Z(rb) and we let F(f) =
P(F(1")) € Zo(b). We define F, to be the composition:

Z,(qb) - Z,(b) 29 2, (b) X5 P, (gb).

By [12, §3], %, is a completely continuous endomorphism of Z(gb).
Its trace and Fredholm determinant are well defined and

(o, ¢] Tm
B _ 3 my ™Y . Py . .
det(I — T%,) = exp < E tr(F,") ) is a p-adic entire function.

m=1

For m € N* we let

(1.24) 7, ={(t1,...,tn) €K™ | t?m"l =1land ' x--- x t5" = x}.

THEOREM 1.1.

(g — )"~ ltr(gz- I’CZP (gb)) Z (ﬁti_(q_l)pi/r)F(t).

ter; M=l
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Proof . Write F(t) = Y ,cs Y sen Batigt®8. Let G(t) = 3 c5 Cat®,
with C, = ¥, BatagX*. Foreach i=1,...,nlet 6; = —p;i(q — 1)/r
and set X,(¢) = 17, 2. Then Y yeo. Xp()F () = Yyeqe Xp(1)G(2).

On the other hand, F(1) = ¢(F(t")) = ¥ ,c5 Cat™ = G(1").

Note that for each f € 7" we can find y € Z" such that w(y) =
(g—1)w(p). Since r | g—1, we can choose y so that y; = 0 (mod r) for
all i. Furthermore, after adding or subtracting multiples of rg, we may
assume that y € E. Accordingly, for each f € Z", we denote by B the
unique (by Lemma 1.3) element of S satisfying w(rf) = (¢ — 1)w(p).

For fixed § € E(*),

FH(tP) = Z Coy/ (1 x tP) = Z C,x*ra+P=a:(0) gy
a€S

where the last sum is indexed by the set of all « € S such that
w(ra+ B) = qo(y), y € EP). The coefficient of ¢/ in this sum is

ng’(’ﬁ)‘(q“‘)’(ﬂ), and therefore,

— oy’ B)— —1)s
(1.25) tr(7,) = Z Cpx (rB)—(a—1)s(B)_
ﬁeE(ﬂ)
There remains to show that (¢ —1)"~!tr(%,) = 3¢, X,(t)G(2), and
it is sufficient to check this when G(?) is a s1ng1e mollomlgl G(t )_=
Cot®. Let G = (Z/(¢ — 1)2)"; if a = (ay,...,ay) and b = (by,...,bn)

are two elements of G, we let aeb = Y14 b;. Fix { a primitive
(g9 — 1)-st root of unity. Since g.c.d.(gi,...,8) = 1, we can find
7€ Gsuchthat x =("8. Let H={€ G |n+g =0}:

Z Xp(0)t* = C?‘(3+a) Z Cﬁ'(gﬁ"_),

teEn neH

The homomorphism from G into Z/(q — 1)Z sending 77 € G into
7/¢g is surjective, with kernel H; hence |H| = (¢ - 1)*~1. Furthermore,
77— 7% js a character of H. Therefore

Zcﬁ.(g-ra):{(q"l)n_l if je(6+2) =0 VieH,
£ 0 otherwise.
neH

By Lemma 1.1, 7«(6 + @) = 0 V7 € H if and only if there exists
¢ € I" such that w(d + a) = (¢ — 1)w(¢) or equivalently w(ra) =
(g — Da(re + p).
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Thus 77« (6 + @) = 0 Vij € H if and only if there exists g € E(?)
(necessarily unique) such that w(ra) = (¢ — l)w(pf). If so,

a; — p; Ci : D gils(ra) — (g — 1)4(B)] (mod g — 1)  for all i;

hence (7-0+8) — xs(ra)=(g4=1)(B) a
LEMMA 1.5. Let F(t) € Z(rb); then w/ o (xF(19)) = «F(t) o w/ .

Proof. 1t is sufficient to check that, for a monomial t#, f € 7":
w/ (198 5«12y =P x w/ (1*) forallaeE.

P x(@B+)=a:0)0 if (g B + a) = gw(d);
W/ (147« 1%) = i
0 otherwise.

Suppose that w(gp + a) = qw(d). Then w(a) = qw(d — p); let AeZ
be such that § — # + Arg = y is an element of E:
l///([a) = x’(a)_qf(y)ty; hence
thx y/ (17) = x/()=e0)+A g
Suppose that o(d) = J;/g; Remark 1.1 shows that o(¢f + a) =
(4B + )/ 8- Thus,

1 1
s(gB+a)—qs(8) = —(qB; +a; —qd)) = —(oy — qy;) + g4
rg; rg;

Likewise, if o(a) = oy /g, then

Vi 1 1
o(y) =" and —(a;—qy) = —(a) —qy)-
() 2 g/( 1= 4q) gk( k k)

Hence
(qp +a)—qs0) =s(a) —gqs(y) + A modg - 1. O

COROLLARY 1.1.

(g™ = D" 'r(F" | Z)(gb))

- > (11« “""“”"”)F(t)F(r‘w F@).

tEZm Ni=1

2. Special subsets of Z". Let a = (ay,...,a,) and d = (dy,...,dy)
be two n-tuples of positive integers.
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Let M = l.cm.(ay,...,a,) and D = lLc.m.(dy,...,d,). If a =
(agy...,an) € 2" we let

(2.1) s(a):lnf{ﬂ, . ﬂ}.

a . .,an

Let J:Z" — }Z be the map defined by
n

Q;
d;’
i=1 !

(2.2) J(a) =

We define an equivalence relation on Z" by setting:
(2.3) a~d if and only if a; = @} (modd,) forall i =1,...,n.

There are []}_, d; equivalence classes, which we call “congruence
classes”; if o € 7", we denote by @ its congruence class.
Let

i

2.4) A= {an" ]s(a)s% gs(a)-}-% Vi= 1,...,n}.
l

If o and B are two elements of A’ we set

{ a B if and only if a ~ B and J(a) = J(B);

(2:3) A=N/|Z.

We identify A with the subset of A’ obtained by choosing, in each
equivalence class for %, the first element in lexicographic order.

LEMMA 2.1. Let o € A and let p € 7" be such that B ~ a and
J(B) = J(a), then

s(B) < s(a).

Proof. If B # a, there is an index i such that 8; < «;. Since 8 ~ a,
we have in fact 8; < a; — d;. Hence
Bi oo _di

- — < s(a). O
a; — a; ai“()

For each i € {1,...,n} we denote by U; the element of Z” with 1 in
the i-th position and O elsewhere.
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LEMMA 2.2. Let K € 1 and let @ be a congruence class in Z" such
that a N J~Y(K) # @. Then there exists a unique element B € A such
that B e @ and J(B) = K.

Proof. Let S(@, K) = Max{s(d) | d €@ and J(J) = K}.

Pick ¢ € @ with J(J) = K and s(d) = S(@, K).

If 6;/a; < 5(6) +d;/a; for all i, then § € A’ so A'NJ~(K) # & and
we are done.

Suppose now that d;/a; > s(d) + d;/a; for some index i and let k
be the index such that J; /a; is maximum among those satisfying the
last inequality. Let also / be an index such that s(Jd) = J;/a;; note that
necessarily k # /.

Let
— . Yk Yl
y=0—-d U, +dU: =>s() and = > s(J).
aj a
Hence s(y) > s(d) and Lemma 2.1 implies s(y) = s(9).
Furthermore y,/a; = s(y)+d;/a;. Repeating the process if necessary,
after a finite number of steps we obtain ¢ € A'Na with J(¢) =K. O

Notation. If B satisfies the conditions of Lemma 2.2 we write

(2.6) g =1(@ K).

Let

(2.7) N=J@=3" -;—'
=1t

Observe that « €A & a+a € A. Thus, if an J~1(K) # @:
(2.8) 1@,K)+a=1a¥aK+N).

LEMMA 2.3. Let K € %Z and let & be a congruence class in 7" such
thatanJ~Y(K) # @; let B = t1(a,K),d = t(@, K + 1); there exists an
index A = A(@,K) € {1,...,n} such that p = 6 — d,U,. Furthermore
s(B) = Bi/a,.

Proof. Let

o1 —d, én—d,,}

S = max
a ap
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and let / be the smallest index such that s = (d; — d;)/a;. Let y =
0 —d;U: for all i # l
9 o —di_
> —_— = = 9.

2 2502 LA =T hence s() = n/a = 5
Furthermore, for all i # [, (y; —d;)/a; < s(y) so y € A'. Suppose that
there exists ¢ € A’ such that e#y and ¢ precedes 7 in the lexicographic
ordering. Let j be the smallest index such that ¢; # y;; thene; < y;—d;
and there exists k > j such that ¢, > y; + d;:
se)< S < U= <y,

aj aj

Yk o &k — 9k
<Lk K< )
s(7) a . < s(e)
Hence s(y) = s(e) = s, &¢j = y; — dj, & = yx + di; in particular
s = (yj —d;)/a; so we must have j # [; hence ¢; = J; — d; and
therefore j > I. Let now ¢’ =90 — d;U; + d Uy:

s< L L < 5(6)

aj aj

ap Ak ai
Thus 5

s =s(8") =s(6) = o %4
Clj aj
Furthermore,
! . 3 !
ﬁ=_5i<s((5')+é if i # j, k, and % = %t di _

< = 5(8) +
a; a; a; aj a;

Hence ¢’ € A,0'#6 and &' precedes J in the lexicographic ordenng.
This contradicts the choice of . Hence y = f = 7(a,K) and | =

M@, K). 0
We now let

(2.9) A={aeA|0<s(a)< 1}

(2.10) A={aeA|0< J(a)< N}

LEmMA 2.4. |A| = A,

Proof. We construct two maps:

1.
*

Dl D
B B

-
i —
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Let a € A: we can find Uo €N, ry € %N, unique such that J(a) =
Nu, + r, and we set:

(2.11) (o) =a— Uya.

Clearly, 1(a) € A with s(i(a)) = s(a) — 4, and 0 < J(1(e)) < N; hence
{a) € A. If B € A, there exist vz € N and kg < 1 unique such that
S(B) = vg + kg; we set.

(2.12) 1*(8) = B — vpa.

Clearly 1*(B) € A with 0 < s(i*(B)) < 1, i.e. 1*(B) € A.
It is now straightforward to check that : and * are inverse to each
other. O

LEMMA 2.5. Let 6 = 5I17.di. If K € }Z, then J='(K) meets
exactly 0 congruence classes in 7.

Proof. Let G=2/diZx---x1/dyZ and let H = £2/Z. J:1" — 1Z
induces a group homomorphism:

(2.13) 7:G - H.

It is sufficient to prove that |7_l(h)| =0 forany h € H. Let

si= ][] 4

1<j<n
J#i
Observe that = g.c.d. (dy,...,d,) and therefore there exist integers
ap,...,a, such that § = Z?Zl_aié,-. Dividing by []}_, d; we obtain
5 =Y, a;/d;, showing that J is surjective. Hence, for 4 € H,
_ 161 _ Il di _

=17, O

LemMA 2.6. |A| = N[, d..

Proof. By Lemma 2.5, J~!(K) N A has exactly J elements for each
K € }Z. Hence, using the definition of A, [A] = N[].,d;. The
conclusion follows from Lemma 2.4. O

Let r be a fixed positive integer and let g = (g1,...,8), k =

(ki,...,kn) be n-tuples of positive integers, with g.c.d.(g,..., &) =
1.
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From now on we shall assume that a; = rg; and d; = rk; for all
i=1,...,n. Thus, in (1.7) and (2.1):

(2.14) s(a) = s(a) Va € Z”.

If p=(p1,...,pn) €Z", with 0 < p; < r we let
(2.15) Ap={a€A|a;=p; modr};
(2.16) Ap=ANAy;

(2.17) A, =ANA,.

LemMa 2.7. |A,| = [A,] = NI k;

Proof. The map A— A of Lemma 2.4 restricts to a bijection
between Ap and A,. Hence IApl |A,|. Let n = (n1,...,1Mn) € 77,
with0 <#g, <r. IfaeA welety =a-p+1. Thereisaunique
integer A, such that K, = J (y) + Ao N satisfies 0 < K, < N, and we
set Fp,(a) = 7(y + 40, K,). F,, maps A, and A, and is easily seen
to be injective. Hence, the r" sets Zp, 0 < p; < r, all have the same
cardinality

LEMMA 2.8. Let p be a prime number, with (p,a;) = (p,d;) = 1 for
all i; let p € 7", with 0 < p; < r and let p' € 7" satlsszmg 0<pi<r
andppi—p; =0 (modr) Vi. Ifo’ € A,,:, there exist o € A,, and integers

01,...,0n uniquely determined by the conditions:
L/ NN.} _<ﬂ_ af)_ .
{p(dz S(a)dj) di S(Q)E —615
0< 5,‘ <p-1
Furthermore:

(i) Let!l e {l,...n}, then
= ﬂ 4 = ?——l- =
s(a) = > & s(a') P &0, =0.
(ii) o +— a is a bijection between Z,,/ and Zp.

Proof. Certainly, using notation (1.4), there exists 8 € Z" such that
w(pB) = pw(a’'), and an argument similar to that of Lemma 1.4 shows
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that B can be chosen uniquely in E(»). Furthermore, if s(a’) = o/ay,
then s(B) = B;/a;. Since o' € A, we have

!

0< r _1 i

a a a
hence d
a; a, a;

for all i.

If d
b b4

a; a a;

there is a unique integer J;, 0 < J; < p — 1, such that
0 S _.’Léldl — & < é

a; a a;
If
a q a;

wesetd, =p— 1.
Now let a; = f; — d;d; for all i. It is straightforward to check that
a=(ay,...,a,) and d = (dy,...,0,) have the required properties. O

LEMMA 2.9. Let p = (p1,...,pn) EN", with 0 < p; <r. Then

ZNwa—

a€l,

Proof. Let G = [[_,Z/d;Z and let .:G — (Z/rZ)" and 4:7" — G
be the natural quotient maps. Let 7 = » o4(p) and K, = -~ 1(P).
Note that

IK,| = Hk,,aeA sat+acl, and NeK, o N+g4a)e
i=1

Let H be the cyclic subgroup of G generated by #(a) and let {G,}(G )
be the orbits of G under addition by elements of H: G = ]_[(G H
We have K, = []x G2 G and A, = ]__[lG DA A,(l), where Ap(l) =

{a€A|z(a) e K,NG). B
Let / be such that K, N G; # & and let n € A,(/) be such that
J(n) is minimum. Let ¢ = |H|; ¢ is the smallest integer such that
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ga; = 0 (mod d;) for all i. For any a € A,(/), there is a unique integer
4 € N such that 0 < u < ¢ and «; + ua; = n; (modd;) for all i, and
we have J(n) < J(a+ ua) < J(n) + eN. Conversely, if f € A satisfies
J(n) < J(B) < J(n)+¢eN and B; = n; (modd;) for all i, there is a
unique v € N, 0 < v < g such that J(n)+vN < J(B) < J(n)+(v+1)N.
Let y = B —va; then J(n) < J(y) < J(n) + N. If J(y) > N, then
J(y—a) >0 and J(y — a) < J(n), contradicting the minimality of
J(n). Hence y € A.

Let D)(l) = {a € Alo; = n; (mod d;) Vi and J(n) < J(a) < J(n) +
eN}. Since w(a + a) = w(a) for all o € Z" we deduce that:

(G:H)
Y ow)=> w@=Y Y w.

och, ocB, I=1 a€D,(l)

It follows from Lemma 2.3 that D,(/) = {t(7,J(n) + k) | 0 < k <
eN —1}. For each k e N, let o) = t(7, J (1) + k), s, = s(a®)), J =
J(a(k)) =Jy+k, A, = A7, Ji). By Lemma 2.3, akt) = k=1 4 dlk U,
and s, = 0‘51121 /a;,.,. Foreach i€ {1,...n} let u; be the integer satisfy-
ing ea; = p;d;. Since a?N) = n + ea, it follows that ea = Y2~ d, U,
and u; =#{k |1 <k <eN and 4, = i}.

We have
eN-1 n @ nq =1
Y os= L el a =3 (X n+vd)
k=0 J=1 k=j j=1"7 N =0

eN—1
S Ji=eNJp+ N(gjg D
k=0
Thus
eN-1
Y w(e)= Y (Ji— Nsy)
«€D, (1) k=0
N ik ng vz

2 2
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Hence

Zw(a)=|K,,|N(n; b, 0

a€A,

3. Cohomology: The generic case.

a. Definitions. Let K, be the unramified extension of Q, in Q of
degree r, {, € Q a primitive p-th root of unity, Qy = K,({,) and let
7 € Gal( | @,(p)) denote the Frobenius automorphism. Let & be
the ring of integers of .

Let M =1l.c.m.(ay,...,a,) and, for m € N*:

(3.1)  Sp={(my)eN'"XZ|y=-mMs(a)};

(3.2)  Em={(@y)€ExI|y>-mMs(@)};

(3.3) Apm = Qp-algebra generated by {t*Y” | (a;y) € Sm};
(3.4) P =y-mM_ |,

(3.5)  Am=An/(P™),

(3.6) Rm = Qo-span of {t*Y? | (a; ) € Ep,}.

IfaeZ”, yeZ, we set:

) — Ny
(3.7) Why(ayy) = J(a) + peyE
REMARKS.
(3.8) wm(a;y) >0 forall (a;y) € Sy

(3.9) If W e Q, the set {(o;7) € Ep | wm(a;y) = W} is finite.

If o, B € 7", there exist 6 = d(a, f) € E, A = A(a, B) € Z unique,
such that a + f = J + Aa and we set:

(3.10) 1% %y, tB = YAMM S

If (a;y) and (B;¢) are two elements of S, 6 = d(a, B), 1 = A(a, B)
as above, then (J,y + ¢ + 1) € E,,. In particular, the operation x*,,
makes %, into an y[Y] algebra and, if we set

(3.11) D (%) = 19 st 122 4y *y 13 (@ € T7),

then ®,, extends to an Qy[Y]-algebra homomorphism ®,,: 4,,, — %,,.
Furthermore, ®,, induces an Qy[Y]-algebra isomorphism.

(3.12) By A <> B
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A, Am, B are graded algebras with
(3.13) W (Y1) = wy(a; 7).

Both ®,, and ¢,, are homogeneous of degree 0.

Note. When no confusion can arise, we shall omit the subscript “m
and write * instead of *,,.

For b,ceR, b > 0, let

(3.14) L(b,e)={n=>_ A(@)* |a eN", 4(a) € Qo
ord A(a) > bJ(a) + ¢};

(3.15) L(b)=|JL®,0).
ceER
L(b) and L(b,c) are p-adic Banach spaces with the norm
(3.16) [Inl| = Supp™, ¢o = ord A(a) — bJ(a).
Let
(3.17) Ly (b,c) = { =Y B(a;7)1*Y" | (0;7) € Em, B(e;7) € Qo

ord B(a; y) > bwy,(«a y)+c}

(3.18) Lin(b) = | Lin(b,0).

ceR

L,,(b) and L,,(b,c) are p-adic Banach spaces with the norm

(3.19)  |lllm =Supay P~ ", Capy = 0rd B(a;y) — bwm(e; ).
Let
(3‘20) Rm(b,C) = QO[[Y]] an(b,C),
(3.21) Rin(b) = Qol[Y1IN Lin(b) = | Rm(b, ).
ceER

The operation *,, described in (3.10) makes L,,(b) into an R,,(b)-
algebra. (3.9) ensures that this is well defined. Furthermore, if 5 €
L,,(b), the mapping & — 7 *,, & is a continuous endomoprhism of
L,,(b). Note that L,,(b) is the completion of .%,, for the norm || ||,.
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For each ¢ € R, there is a continuous Qg-linear map from L(b,¢)
into L, (b, c) whose action on monomials is given by (3.11). This map
will again be denoted ®,,,.

Let Cy,...,Cn be non-zero elements of F, and, for each i let ¢; be
the Teichmiiller representative of ¢; in Qg (so ¢! = ¢;).

Let:

n
(3.22) fiy=3 cf.
i=1
Let {y;}92, be a sequence of elements of Q,({,) such that
1
ord yp = E—_——l,
(3.23) it
ordyjzp_1 -+, Jj=zL
If t*Y? is a monomial, we set
(3.24) Ei(1°Y7) = (9‘—"—92):“1’?, i=1,....,n—1.
d, an

Note that E;(t* * t#) = E;(t*) * t# + t* x E;(t#) so that E; acts as a
derivation on all the rings and Banach spaces which have been defined

so far.
Let

(3.25)H(t) = y o f(1').
32910 =3 n ) = S );
=0 1=0 i=1

(3.27) H;=EH(t) =y <c,~gft§1' - cn%tg"), i=1,....,n—-1;

(3.28) H;=EH(1), i=1,....n—1;
(329) D,=E;+H, i=1..n-1;

From now on we assume:

(3.30) g.c.d(p,M)=g.d.c.(p,D) =1,
and we let
(3.31) 8,-=C,'6—1£, i=1,...,n

aj

Each ¢; is therefore a unit in &. .
Lete = b—1/(p—1): wehave H; € L(b,—e¢)and H; € L,,(b, —e) Ym.
Also, if b<p/(p - 1), H; € L(b,—e) and H; € L,,(b,—e) Ym.

b. Reduction.
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LEMMA 3.1. Leta e N", K = J(a), B = t(@, K); then t* = u(a)tf +
o' 1 Hipia, where u(a) € & is a unit and, for each i, pio €
Oolti,... th).

Furthermore, p; ., has unit coefficients and, if t° is any monomial of
Di having non-zero coefficient, then

(i) J(d)=J(a) -1

(i1) s(9) = s(a@).

Proof. If 6 € 7", we can write

P =gje; Ut AU 4yl VH —H 2%V, g j=1,...,n—1;
10 = gue; o dUADUn 4 yole Vo= dl i =1,...,n—1.
By assumption, there are integers A;,...,A, such that « = § +

*AidiU;, with 37 A; = 0. The result follows immediately, ex-
cept maybe for (ii): if « # B, there is an index i such that 4; > 0;
hence a; > B; + d;. Thus (a; —d;)/a; > Bi/a; > s(B) and s(B) = s(a)
since f € A. a

LEMMA 3.2. Let Y?t* be a monomial in %, and let & € Z, TeN,
satisfying a ~ a + ta and J(a) = J(a) + tN. Then

n—1
Y7t = u(a)Y7HemMee 4 ?0_1 Z_ﬁi *m Gia,ys
i=1

where u(a) € & is a unit and, for each i, q;,, € %m. Furthermore,
each g; oy has unit coefficients and, if Y°t* is a monomial of g; .., with
non-zero coefficient, then wy,(€;0) = Wy (a;y) — 1.

Proof. Using Lemma 3.1 we can write:
n—1
(3.32) Y71 = u(@) Yt + 951 Y Hipio,y,
i=1
where f is the unique element of A such that f#Za, and p; ., = YD, ,.
Let #° be a monomial of Di» With non-zero coefficient:
Lemma 3.2 (ii)=> y > —mMs(J) so that p;,, € 4,, and equation
(3.32) is valid in 4,,.
Applying the map ®,,: 4,, — %, to equation (3.32) we obtain the
desired result with g, ., = @y (Dig y)- o

Let V},(b) be the R,,(b)-vector space generated by
{y-mMs@ | o € A},
and let V,,,(b,c) = Viu(b) N Ly (b, ).
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ProPOSITION 3.1.
n—1 _
Lm(b,c) = Vi(b,c)+ Y Hi*Ly(b,c+e).
i=1

Proof. Let & = E(a;y)eE,,. A(a;p)t*Y? € Ly (b,c). We apply Lemma
3.2 to all the monomials in ¢.

If a € Aand v > —-mMs(a) we let
(3.33) B (v) = A(a; 7)u(a),
where u(a) has been defined in Lemma 3.2 and the sum is taken over
the set
E(@,v)={(a;7) € Em | v = umM+y, a ~ &+pa, J(a) = J(@)+uN}.

If (a,y) € E(a,v), then wy(a;y) = wy(a;v); hence by (3.9) the
sum (3.33) is finite and ord B;(v) > bwm(a;v) +c.

Thus, for each & € A, B(Y)t* = ZV>_mMS(;) B-(v)Y"t* is an ele-
ment of ¥}, (b, c). On the other hand, let {; = 7 Y wnyekn A V) diay
and write
(3.34) L= ). Gy,  i=1,...,n-1

(BV)EEn

If (o; y) € E;y we can write ¢4, = 3 Dj o ,(€;0)2¢Y?, the sum being
taken over all (¢;0) € E,, such that w,,(¢;d) = wn(a;y) — 1. Thus

(3.35) Ci(B,v) =v5" Y _ Diay(B:v)A(as ),
the sum being over the set {(a;y) € E,, | Wm(e;y) = wm(B;v) + 1}.
This set is finite and

ord Ci(B;v) > blwm(B;v) + 11+ ¢ — })1—1 =bwn(B;v)+c+e.

Hence the sum (3.34) is meaningful, {; € L,(b,c + e), and we can
write

~ n=l

(3.36) E=D BV +Y Hi*{
a€h 1

I

-~
Il

PROPOSITION 3.2. Vp(b) NP2 H; * Ly(b) = (0).
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Proof. Let v € V,,(b). For W € Q@ we let v'"¥) be the compo-
nent of v which is of homogeneous weight W: we can write v(") =
Zue 5 Po(Y)t, where each P.(Y) is a Laurent polynomial in Y.

Let 1:A — A be the map described in the proof of Lemma 2.4. Let
Z =Y"M and, foraeAlet B =1(a) =a—1a (T €N):
=2 (- Z) 1 Zre gz ey,

Hence we can write:
v =3 QNP + (1" - Z) > Ry(1,Y),
peA BeA
where for each 8, Qp(Y) is a Laurent polynomial in Y and Ry(z,Y)
is a Laurent polynomial in Y, ¢,,...,¢,. Furthermore:

(i) if y € Q% and a € A, then Po(y) = 0 & Qyoy(») = 0;
(ii) if Y7¢° is any monomial in Ry(z, ) with non-zero coefficient,
then J (5) >0.

Suppose v € H * L, (b): we can write
n—l_
v =N "H;* {,
i=1
where, for each i, {; € Qo[Y, +,11,...,1,] and is of homogeneous
weight W — 1.

Let o, € E and suppose a+ ff = d + 7a, withd € E and T € N:
1 %, t/i — ta+/3 _ (ta+ﬂ—a + Zta+/}—2a 4+ Zr—lta+ﬂ—ra)(ta _ Z).
Hence we can write

— — 1
H, vl =TG4t - Z), wnhmeﬂo[ |

Foreachi=1,...,n, fix £ € Q with é’d = &nE; I and let ug be the
group of d;-th roots of unity in Q.

Let s; = [1;4,d), s = [T}, d;. Let o(Y,1) = ZBEZQ/;(Y)#’ and
suppose v(") # 0: there exists a € A such that P,(Y) # 0; hence
there exists f = 1« ) € A such that Qg(Y) # 0. For such a fixed g let

AB)={yeA|J(y)=J(B)} and let y € Q* such that 0p(y) #0.
We claim that there exists ({1,...,Ln) € [1)., #g such that
(337) ﬁ(yaula-")un) 75 O’

where u;, =&;(ity, i=1,...,n
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Indeed, the coefficient of 5% in (3.37) is
S Q... & .

y€A(B)
For each y = (y1,...,71) €AB), Xy: (15-..,Cn) — L1 ... Ll is a char-
acter of [T, uy.

The elements of A(B) all belong to distinct congruence classes, so
these characters are all distinct, and therefore linearly independent.
Our claim follows since Qg(y) # 0.

Let now

S(Y;0) =) m—Y_ Rs(Y;0),

i=1 seA

n n n
u=[[&¢)* and A=) ar=N][][d.
i=1 i=1 i=1
We have:
(3.38) O3 u, ... tn) = (uty —y™™)S(v;uy,..., un).

The left-hand side of (3.38) is a non-zero polynomial in ¢,,, of degree
less than A4, while the right-hand side vanishes for any choice of ¢,

satisfying ¢ = u~!y™M, a contradiction. Hence v(") = 0. O
LEMMA 3.3. Let K be a field of arbitrary characteristic, u;,...,u,
elements of K*,v,,...,vs, A positive integers; let

B=K[t},....t, , Y119, =Y -1,

B =B/(f), hi = it/ —untyy (i =1,...,n—1); then the family {h;}"~]
in any order forms a regular sequence on B.

Proof. LetI G {1,...,n—1} and let 2; be the ideal of B generated by
{hi}ic;. We must show that (%;: ;) = 2, for any k ¢ 1. By relabelling
we may assume that 7 = {1,...,j}, with j <n—1,and that k = j + 1.
Accordingly, we write 2; instead of ;. Let B, = K[ty,...,1,,Y,Z]
and B, = B,/(Z* - 1,YZ —t%).

The mapping Z — Y !t induces a ring isomorphism from B, into
B. Thus, if %8; is the ideal of B; generated by {hy,...,h;,Z — 1,
YZ — 1%}, we must show that (3B;:h;,;) = B;, or equivalently that
hj+1 does not belong to any associated prime of %B;. Since B; has
J + 2 generators, its dimension is at least » — j. On the other hand,
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the ring B, /B; is integral over K[t;,1,...,%,] (note that Y* — % = 0
in B;/B;). Hence dimB; = n — j. By Macaulay’s theorem [16, Ch.
VII, §8], B, is unmixed. Likewise, B, = (B, h;,) is unmixed, of
dimension n — j — 1. Let p be an associated prime of 8, and suppose
that 4. € pip O (Bj,hj41) = Bj;; hence dimp < n-j -1, a

contradiction since dimp = n — j. O
Let

(3.39) R=Qt1,...,tn, Y, Y 119]

(3.40) TARETO G D!

(3.41) R™ = R/ (™)

(3.42) B = gmMdi _ g gmMdn 1 n— 1.

For any monomial 1*Y? we set:
~ ~ 1
(343)  Bnles?) = Tu(°Y) = ——(J(a) + NY).

(m)

W, makes R into a graded ring, and each hﬁm) is homogeneous of

weight 1.

LEMMA 3.4. Let I be a non-empty subset of {1,...,n — 1} and let
{P;}ics be a family of elements of R™ such that Yier P,-hl(.'") = 0. Then
there exists a skew-symmetric set {1 j}i jer such that P; = 3 n;, jhﬁm )
for each i € 1. Furthermore, if each P; is of homogeneous weight
Wm(P;) = W independent of i

(@) if W > 1, each n;; may be chosen of homogeneous weight
Wm(ni,j) = W — 1 with Minje;{ordn; ;} > ord P; forall i € I,

(b) if W < 1then P, =0 for all i € I (i.e. each n;; may be chosen
to be zero).

Proof. To simplify notation, we write 4; instead of hl(m ). We proceed
by induction on the number of elements in 7. By relabelling, we may
assume that I = {1,...,r+ 1}, r > 0. If r = 0, then P, = 0 and

hence we can assume r > 1. Let 2, be the ideal of r™ generated by
{hi};_,; by Lemma 3.3, (%,: 4,;;) = 2,; hence P,,; € A,. Thus there

exist ..., € R™ such that

(3.44) Py =) yihi.
i=1
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Now

r r r
> (P +yihee)hi =Y Pihi + (Zyihi> hry1
i=1 i=1 i=1
r+l1

=) Ph;=0.
i=1

By induction hypothesis, there exists a skew-symmetric set {#; ;}
such that P; + i,y = > [ mijhj fori=1,...,r.

We can now set #,,;,;, = y; and 1,41 = =y;, i = 1,...,r and the
first assertion follows.

If each P; is of homogeneous weight W > 1, in (3.44) we can
choose each y; to be of homogeneous weight W — 1. If W < 1, since
Wy (h;) = 1 both sides of equation (3.44) must be zero and the induc-
tion hypothesis shows that each P, =0,i=1,...,r + 1.

For the estimate on ord 5; ; we refer the reader to [7, Lemma 3.1]
where a similar result is proved. ]

The argument of Lemmas 3.5 and 3.6 is due to S. Sperber and can be
used to close a gap in the proof of directness of sum in [15, Theorem
3.9].

r .
i,j=1

LEMMA 3.5. Let T, = {(a;y) € (mMZ)" x Z | t*Y? € R}; then
the mapping (a;y) — (mMa; ) establishes a bijection between S, and
Tm. In particular, t; — t,’.”M (i=1,...,n) maps Ay, into a subring of

R and Ay, into a subring of R™.

Proof. Let (a;y) € Sy and let f = mMa:
tBY? = (Y 148)sB)yr+s(B)gh—s(Bla,

s(B) = mMs(a) is an integer and, by assumption, y > —mMs(a) and
a; 2 S(a)a; for all i. Hence y +s(B) > 0, B; — s(f)a; > 0 Vi and
tfY? € R.

Conversely, if °Y” is a monomial in R, then y > —s(6): this is
clearly true of the generators of R and, for any J,¢& € 7", s(0 + &) >
$(0) + s(¢). Thus, if (B;y) € T, with g = mMaq, then (a;y) €S,,. O

LEMMA 3.6. Let I be a non-empty subset of {1,...,n — 1}; then the
family {H ;}c; in any order forms a regular sequence in #,,. More pre-
cisely, if {Pi(t,Y)}ie; is a set of non-zero elements of %, of
homogeneous weight w,(P;) = W independent of i, and such that
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el H;x P; = 0, then there exists a skew-symmetric set {&;;}; jer
of elements of %, such that
(1) P(t,Y) =3/ Hj*&ijs
(ii) each &;; has homogeneous weight wy(&; ;) = W — 1 for all
(i,j)elIxI;
(iii) Minje/{ord&; ;} >ordP,—1/(p—1) foralliel.

Proof. Assume that
(3.45) > H;+P(1,Y)=0
iel
Applying 5,—”1 to equation (3.45) we obtain the following equation
in A,

(3.46) Y HP(1,Y)=0
icl
Replacing ¢; by "M (i = 1,...,n), and multiplying by 7;!, we get
(3.47) Zh P(1"™,Y) =0.
el
Let Q;(t,Y) = P;(t™M,Y); by Lemma 3.5, Q;(¢,Y) € R,, and,

if 1*Y? is any monomial in Q;(z,Y) with non-zero coefficient, then
W, (a;y) = W. Lemma 3.4 implies the existence of a skew-symmetric
set {#; j}: jer of elements of R,, such that Q;(t,Y) = Y jer i Jh ™) for
each i € I, with w,,(n; j) = W — 1 and ord#; ; > ord P; for all i, j.

If 1*Y? is any monomial in Q;(¢,Y) with non-zero coefficient then
(a;y) € T),. The same is true of each hl(m). Hence we may choose the
elements 7; ; so that 7; ; = & (¢"M,Y):

(3.48) P(tmM,Y) =& (1M, Y)h
JeI

Therefore, letting & ;(¢,Y) = yo_léj,j(t, Y):

(3.49) P(t,Y)=> & ,;(t,Y)H,.
JEl

Equation (3.49) is now valid in4,, and, for any monomial *Y? in
& j(t,Y) with non-zero coefficient, wy,(o; y) = Wyu(mMa;y) = W — 1.
Applying ®@,, to equation (3.49) yields the resuit. i

Using the results already attained in this section, Lemmas 3.7 and
3.8 and Theorems 3.1, 3.2, and 3.3 can be obtained with a slight
reworking of the arguments in [7, §3]. We shall therefore omit the
proofs.
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LEMMA 3.7 (see [T, Lemma 3.4]). If b<p/(p — 1), then

n—1
Lin(b,c) = Vin(b,c) + Y _ H;* Lyy(b,c +e).

i=1

LEMMA 3.8 (see [7, Lemma 3.5]). If b<p/(p — 1), then

n—1

Vi(b) N> Hi % Lin(b) = (0).

i=1

THEOREM 3.1 (see [7, Lemma 3.6)). If 1/(p —1) < b <p/(p - 1),
then
n—1
Lin(b,c) = Vin(b,c) + Y _ Dix Ly(b,c +e).

=1

THEOREM 3.2 (see [7, Lemma 3.10]). Let I be a non-empty subset
of {1,...,n— 1} and assume that 1/(p — 1) < b < p/(p = 1); if {&}ict
is a set of elements of Ly(b,c) such that 3_,.; D; *&; = 0, then there
exists a skew-symmetric set {n; ;}i jer in Ly(b,c + e) such that &; =
S jerDj* nij for all i € 1. In particular, the family {D;}!~]' in any
order forms a regular sequence on the R,,(b)-module L, (b,c).

THEOREM 3.3 (see [7, Lemma 3.11]). If 1/(p— 1) < b <p/(p—1),
then

n—1
V(b)Y D * Lyy(b) = (0).
i=1

d. A Comparison Theorem.
We now undertake to compare reduction modulo

n-1 n—1
> HixLy(b,c+e) (respectively Y D Ly(b,c+ e))

i=1 =1

with reduction modulo Z?’;‘ H; x L, (b,c + e) studied in §2.
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Fix & € L,,(b, c). Using Theorem 3.1, Lemma 3.8, and Proposition
3.1 we write:

n—1
(3'50) 6=U+ZDI'*CI'3 veVm(bsC), C,ELm(b,c+e),

=1

n—1
(3'51) 6=1’7+2Hi*4i, ﬁeVm(bJ')’ C,eLm(b,C+e);

i=1
n—1

(3.52) E=T+ Y Hi*l;, TEVn(bc), [, €Lmb,c+e).
i=1

LemMa 3.9. Let &,v,1,...,8n—1 be as in (3.50); then in (3.51) v
satisfies v —v € V,,(b,c+e) and each {; can be chosen so that {; — {; €
L,,(b,c+ 2e).

Proof.

n—1 n—1 n—1
Y Dix{i=Y Hix{i=)Y Eli€Ln(b,c+e).
i=1 i=1 i=1
By Lemma 3.8, there exist v’ € Vj,(b,c +e) and {} € L,, (b, c + 2e),
i=1,...,n—1, such that

n—1 n—1
ZEiCi =v'+) Hix{
i=1 i=1

Hence
n—1

E=v+v'+) Hix i+ )

i=1
andwemayset17=v+v’,E,-=C,+C§,i=1,...,n—1. O
In the rest of this section we fix b= 1/(p — 1) (so e = 1).
LEMMA 3.10. For each i € {1,...,n — 1} there exist
I'i€ Ln(p/(p —1),0) and G;€ Lyu(p/(p - 1),0)
such that H; = H; * G; + ;. Furthermore, G; is invertible and Gi"l €
Lu(p/(p - 1),0).
Proof. By definition,
2 d;i d
Hi=) p'v <Cf - Cﬁlltﬁld">
=0 a; an

(recall that ¢/ = c;, and therefore ¢} = cf).
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Let
o0 ) . o0 pl
L= p'y [ﬁ - (i’_)p’} ' 5" ply [t—iﬁ - (1’1) ]cﬁ,”tg’“’n.
a; a; an an
=0 =0
Then -
Hi= Yo' |t = ()| +T.
/=0
If we set

0 p'—1
Gi=1+Y 5 mp" Y (et (entir)? 77!,
I=1 j=0

then formally: H; = H;G; +T;.

Since di/a; € Q and (p, M) = 1 we have

pl

ord [%— (ﬂ) ] >1 forallk=1,...,n.
aj
Hence both I'; and G; are elements of L(p/(p — 1),0). G; is of the
form G; = 1-3_ , 5, Cat®; such a series is invertible in L(p/(p - 1), 0),
with inverse G;' = 1+ 3%2(2,, >0 Cat®)’.

Now apply ®@,,: L(p/(p — 1)) — Lm(p/(p - 1)). n

LemMA 3.11. Let &,3,0),..., (a1 be as in (3.51); then in (3.52) ©
satisfies UV —U € Vyu(p/(p — 1),c + 1) and each {; can be chosen so that

Ei—Gi*ZiELm<p—_’i 1,c+2).

Proof. We construct a sequence (£®),v®), Cg”), e Cfl"_)l),,eN with

) p ) _p
¢ eLm<p_1,c+u), v eVm(p_l,c+u),

) p
&7 ELm<p_1,C+I/+l>

by letting €@ = ¢, v(0 = 7, CEO) = {; and the following recursion.
Given &) € L,,(p/(p — 1),c + v) we can write, using Lemma 3.8:

n—1
@) — @) Lt (v) p
EW) =y +;H,*C, , v eLm(p_l,c+u),

v) D
Cl( eLm(p_l,C+V+l).
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By Lemma 3.10,

n—1
(3.53) &V =00 L STH G+ + &0+, with

i=1

v v D
é( +1) =Fi*CI( ) ELm<FI,C+V+ 1)

Let s € N. Writing equation (3.53) for 0 < v < s and adding yields,
after cancellations:

s n—1 s
£= 2 v+ S Hi 3 Gio gl e,
v=0 i=1 v=0

Letting s — oo, 3 5_ov") converges to v € Vu(p/(p — 1),¢),
S _o (") converges to {; € L(p/(p — 1),¢ + 1) and &6+ converges
to zero. o

THEOREM 3.4. Let £ € L, (p/(p — 1),c); if we express & in the form
E=T+ ;’;11 H; + {; on the one hand, with v € Vyy(p/(p — 1),¢), {; €
Lu(p/(p—1),c+1) and if we express £ in the form & = v+§:;’;1 D;x{;
on the other hand, withv € Vy,(p/(p — 1),¢), {; € L(p/(p — 1),c+ 1),
thenv —v € Vyu(p/(p — 1),c+ 1) and ¢; and {; may be chosen so that
(i—Gi*{; € Lm(p/(p — 1),c+2) for all i.

Proof. This is a consequence of Lemmas 3.9 and 3.11. O

4. Specialization. In order to obtain estimates for the exponential
sum (0.4), we need to specialize the spaces L,,(b,c) by setting Y =y
for some y € Q*. We first observe that elements of L,,(b,c) are
convergent for ord¢; > —b/d; and ordY > —Nb/mM. Furthermore,
if we fix Y = y withordy > —Nb/mM, the resulting series in ¢,,...,1,
are convergent for ¢; satisfying ord¢; > (mM/d;N)ordy.

Throughout this section, we assume that (p, M) = 1 = (p, D) and

1/p-1)<b<p/ip-1).
For a € Z" we let

(4.1) w(a) = J(a) — Ns(a).

For x € QF, let

(4.2) L(x;b,c) = {f = Z A(a)t® | A(e) € Qo,
a€E

ord A(a) > bw(a) — s(a) -ord x + c};
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(4.3) L(x;b) = [J L(x,b,0);
ceR

(4.4) V = Qp-span of {t* |a € Z};

(4.5) V(x;b,c) =V N L(x,b,c).

L(x;b) is a Banach space with the norm

(4.6) [1€]lx = Supp™©, ¢, =ordA(a)— bw(a)+ s(a)ordx.
a€FE

We equip L(x;b,c) with an g-algebra structure in the following
way: if a, f € E, there exist 6 € E, 4 € N unique such that o + § =
0 + Aa and we set:

4.7) 1« th = XM,

If n =3 ,cpB(a)t* is an element of L(x;b,c'), then & — nxisa
continuous mapping from L(x;b,c) into L(x;b,c + c'). Note that H;
and H; (as defined in (3.27) and (3.28) respectively) can be viewed
as elements of L(x;b,0) and that H;, H;, and D; act continuously on
L(x;b,c) for any c € R. Given x € Qf, ordx™ > —Nb, we fix y € Q*
with yM = x. Let L,,(b,c)', Lm(b), Viu(b,c)', L(x;b,c), L(x;b), V'
be defined as their unprimed counterparts, with the difference that
the coefficients are allowed to lie in Qf = Qu(y). We can define an
Q)-linear specialization map

Sy: Ly (b) — L(x™;bY
by sending Y into y. S is continuous of norm 1 and is surjective,

sending V,(b)' onto V' and D; * L,,(b)" onto D; x L(x™,b)' for all i.
Indeed, there is an j-linear section

(48) Ty: Z A(a)ta — Z xMs(@) y —mMs(a) o

a€FE a€FE

ProrosITION 4.1. Ker(Sy | Ln(b,c¢)') = (Y —y)Lu(b,c —ordy).
In particular, L,(b)' /(Y —y)Lm(b) = L(x™;b)".

Proof. Let & = ¥ ,.\eg, A(0;7)1°Y? € Ly(b,c)’ and assume that
Sy(&) =0.
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For each a € E we must have 3,5, (o) A(2; 7)y” = 0. Multiply-
ing by y"M:(®) we obtain 3., A(a;y — mMs(a))t” = 0. Thus

&=) [ZA(Q;V — mMs(a))(Y? —yy)] YmMs@) o= (Y —p)&', with

a€E *y>0
f' Z[ZAO‘V mMs ZY,{})X I:IYmMs()
a€E -y>0 A=0
& € Ly(b,c—ordy) since ordy > —-Nb/mM. O

It follows from Theorem 3.2 that the operators D;, i = 1,...,
n — 1, acting on the R,,(b)-module L,,(b) (respectively the R,,(b)'-
module L,,(b)’) form a completely secant family ([3, §9, n° 5, Propo-
sition 5]). In other words, the associated Koszul complexes are acyclic:
if

H.({D:}}= II,L (b)) [respectively H,({D;}",, Ln(D)')]
is the u-th homology group of the corresponding complex, then:
(4.9) H.({D;};Z 1aLm(b)) = ©21;

(4.10) H({DY!S (D)) =0, w2 1.

LEMMA 4.1. (Y —y) is not a zero divisor in Ly,(b) [ Y7} Di*Ly(b)'.

Proof. Let & € L,(b) and assume that

n—1
(4.11) (Y=p)E=)_Di*li, (i € Lm(b).

i=1

By Theorem 3.1, we can write
n—
(4.12) E=v+) Dixn, v EVn(b), n; € Ly(b).

Thus (4.11), (4.12), and Theorem 3.3 imply (Y — y)v = 0; hence
v=0. O

THEOREM 4.1.
() H,({D}Z), L(x"38)) = 0 forall > 1;
(ii) Ho({Di}}= I,L(x’” by = V.
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Proof. (i) Let D,, = Y —y. As a consequence of Lemma 4.1, the
family {D;}"_, forms a regular sequence on the R, (b)’-module L, (b)’".
In particular,

(4.13) Hy({Di}} |, Lm(b)") =0 forall u>1.

Using [11, Ch. 8, Theorem 4] and Proposition 4.1, for all 4 > 0 there
is an ()-linear isomorphism.

(4.14) Hu({Di}/_y, Lm(6)") = Hu({Di})!, L(x™; b)').

(i1) S, maps V,,(b,c) onto V(x™;b,c)' and D; x L,,(b,c + €)' onto
D« L(x™;b,c+e) foralli=1,...,n—1.
Hence using Theorems 3.1 and 3.3:
n—1
(4.15) L(x™;b,c) =V (x™;b,¢)' + > Di* L(x™;b,c+e)'.
i=1
Now
n—1
Ho({D;}/=)', L(x™;b)') = L(x™;b)'/ D D; * L(x™; bY. o

i=1
ProrosITION 4.2. L(x;b,c) =V (x;b,c) + Z;’;‘ D;x L(x;b,c+e).

Proof. Let n = ) ,.p A(a)t* be an element of L(x;b,c). Assume
that, for any o € E such that A(a) # 0, s(a) is equal to some value s
independent of a, and let & = y~M5T,(n).

Let ¢ = s - ordx; & = Y cpA()®Y M5 is an element of
Li(b,c + ¢5) and, by Theorem 3.1, there exist v = ZpeA Py(Y)tF €

Vi(b, c+c5) and {; € L(b,c+cs+e) suchthat & = v+ 7 'D; *4‘, For

each B € A, write Pp(Y) =3, Pg,Y" and, for each i = 1 -1,
Cz = Z ay Ct,a,yt Y7,
ForleN,0§l<Mwelet:
Py (Y) = > Pg,Y7,
y+Ms=l (mod M)
Gu= Y. Giapt®Y?,  i=l..,n-1

y+Ms=l (mod M)

Note that if 1*Y? is any monomial in D; * {;; with non-zero coeffi-
cient, then again y + Ms =/ (mod M). Thus, if / # 0:

n—1
> Pg(Y)+ ) Dix{iy=0.
P i=1
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Applying Theorem 3.3, Pg ;(Y) =0 forall 8 € A and we may choose
each {;, to be zero. Therefore:

n—1
&= Ppo(M)tP + " Dix .
sk i=1
Certainly yMSPg o(Y) € Q for all € A and yM5S,({; ) has its coef-
ficients in Q, forall i =1,...,n — 1. Hence

n—1
nevix;b,c)+ ZD,- x L(x;b,c+e).
i=1

Now observe that if o € E, s(a) can assume only a finite set of
values. Finally, directness of sum follows from (4.15). m]

COROLLARY 4.1.
(1) H.({D:}}5, 1 L(x™;b))=0 forallu>1.

zl’

(i) Ho({Di}/=)!, L(x™; b)) = V.

Proof. (i) follows from Theorem 4.1 and the fact that
H.({D:}12), L(x™; b)) = Hu({Di}12), L(x™; b)) ®q,
(i1) follows from Proposition 4.2 and the fact that
n—
Ho({Di}1=\!, L(x™; b)) = L(x™;b)/ Y D; x L(x™; b). O
i=1

5. The Frobenius map. We first review some of the definitions and
results in [7, §4] concerning the lifting of characters. Let

E(z) =exp (io Zpi)
j=

be the Artin-Hasse exponential series. For s € N* U {oo}, fix 750 €
Qy({p) satisfying

1 s
ordys,0=r and Z SO 0,

and let 6, be the splitting function
(5.1) 0s(z) '_—E(VS,OZ)-
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Let
—_1__1' ls( +—*~l—"'1") if s € N*,
(5.2) a, =47 1 p
. if s =00
p—1
As a power series in z:
[e o]
(5.3) 0s(z)=>_ B 7,
=0
with
ordB,(S) >lag,, foralll>0.
(5.4) y
Bl(s)z——;ig for0<I/<p-1.
In particular:
(5.5) ordBl(s) = Z,——i—T for0</<p-1.
For a fixed choice of s, we can choose y; so that
(5.6) 0s(t) = 6(f) whenever t* =,

where 0 is the additive character of F, chosen in (0.5). Let
{ F(2) = TTi., Os(cit;

G(t) = H;-Zo’ F¥ ().
As a consequence of [7, §4], for all m > O:

(5.8) Su(f.7%,6,p) = (ﬁz;(q““‘)Pf/’) GH)G(9)---G(T"™).

€7, ~i=1

(5.7)

Clearly, F(t) € L(ras,,,0) and G(t) € L(graHl,O).

Let p € N*, 0 < p; < r. We define elements p0 = p, p' =
pW, . .., pV) = p satisfying:
o) [ 2o’ =p =0 (modr),
59 {OSp§’)<r,

For each of the Banach spaces which have been defined, we indicate

by the subscript “p” the subspace where all monomials ¢* have zero
coefficient unless a € Z(?). Thus, for example,

Ly,p(b,c)
= {«f =Y B(a;)t°Y? € L(b,c) | B(a;7) =0 if a ¢ E(")}-
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Let X =YM, If a € Z(P) we set

/P if 1 <i<ng
(5.10) wua)=:{ Hplo, I<isn
0, otherwise.

(5.11)  wx (%)
{ Xste=ps(B)eh if 3B € EP) such that w(a) = pw(B);

0, otherwise.

(5.12) wx(t%) = Sy o wx (1%).

v defines a continuous Qo-linear map y:L,(b/p,c) — L,(b,¢); wx
defines a continuous R, (b)-linear map wx: Ly ,(b/p,c) — Ly, (b,c);
¥y defines a continuous Qp-linear map y,: L,(x;b/p,c)— Ly (x?;b,c).
For all m > 0 the following diagram is commutative:

Ly(b/p) =2 Ly y(b/p) —2— L,(x";b/p) ®q, ¥

(5.13) lw lwm lwW®m
m Sy
Ly (b) e, Lymp(b) —— Ly (x*™;b) ®q,
Let:
/ .
Wy = Wxaw O Wygp2 00 YWx,
(5.14) ’
Wi = Wxato © Wygpp2 © 1 0 Y.
(5 15) {ij(t:X):[qspf(F(tr))]TjELp/(aS+l:O)a OS]S/—‘I,
Go(1, X) = ¢1(G(1")).

If b < pa,,, we define maps

G(t" s
FiLy(b,c) = Ly(b/g.c) =2 L,(b]g.c) ¥ Ly(b, o)

7
(5.16) Fx: Lip(b,0) = Lip(b/a,c) ~25 1y (bjg,0) Lo Ly p(b,0);

)

*Goli,x vl
FiLp(x;b,c) — Lp(x;b/q,¢) ———> Lp(x;b/q,¢) —— Lp(x9;b,¢).

By [12, §9], & (respectively Fy, respectively %) is a completely
continuous {y-linear map (respectively R,(b)-linear, respectively Q-

linear).
Let ¢ be the operator defined on 1+ TQ[[T]] by
(5.17) g(1y = £

~ g(qT)
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If x € QF is the Teichmiiller lifting of X € F,, it follows from Corol-
lary 1.1 that

(5.18) L(f, 74,0, p, )"V = det(I - T%)?"™".

We now fix the choice of constants in (3.23) by setting
J pP'
Z—O—l if j<s-—1,

=0 P

0, if j >s.

(5.19) pj =

Let F(¢") = exp H(t) (H(?) has been defined in (3.26)).
We recall ([7, (4.22)]) that

A~

)

F(t) == H

(5.20) F )
G(t) = F( )
F(19)

As operators on L(0):
1 , . _
(5.21) Di:F(t)OE o F(t"), i=1,...,n—1.

On the other hand, & = w/ oG(¢") maps L(0) into itself, and it follows
from (5.20) that

(5.22) F =——oy’ o F(t.

F(tr)

Since w/ o E; = gE; o w/ for all i, we deduce:
(523) yODi=QD,'O=97, i=1,...,l’l—1,

¢

and this last equation is now valid in L(b) c L(0). Using (5.13) and
the definition of ¢,, we deduce:

(5.24) { Fx oD; = gD, o F,
FxoDj=qD;o .
Let
(5.25) { Wnp = Limp(b)] 1 Di * Ly p(b);
Wip = Lp(x;b)/ Z;:ll D; x L,(x;b).

As a consequence of (5.24), % acts on the Koszul complex
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K{D;}{7 I, L,(x;b)). Specifically, there is a commutative diagram:

0= Ly(x;b) == L)t — s Lyxh) - Way o0
(326) o1, Las ") L% i
n—1
0 Ly(x%b) —-—= Ly(x%0)i ) oo Ly(x%h) - Wya =0

Corollary 4.1 implies that both rows of diagram (5.26) are exact.
Therefore, taking the alternating product of the Fredholm determi-
nants, we obtain

(5.27) det(] — T9)" ™ =det(l — TF »).
For j > 0 let
FU =y o F?(t");
(5.28) 7 = Wy o [F;(t, X)I;
F = Y o [+Fj (1, %)),
9&5’ ) maps Ly p»(b,c) into Ly pen(b,c), while FY9) maps
Ly (x?';b,c) into Ly (xP""';b,¢). If we set:

(5.29) DY =E;+HY, i=1,...,n—1;j=0,...,/,
then, as above,
(5.30) FW oDV = pDVHD o 7U),
Hence: _ _ o) 0
B (e
F oDl(J) =le(J+1)

Let
(5.32) { W)((j/)’ = ij,pw(l,’)/E?;‘ D('j) Ly, p0(b),

Wiy = Lyo(x?30) 5= DY+ Ly (x¥'; b)

) and 9 define quotient maps:
{ FP: W) - Wy,
i+1
7. W,ﬁ{p) — WU,
With these notations, W) = Wy, W\/;) = Wx. , and the following
factorizations hold:

(5.33)

Fx=F% Voo FWoFY,
(5.34) — _ —=(r-1) —(1) _=(0)
,7X=9x O--~O,7x o.?x.
We now fix:
(5.35) s=o00; b=-2_.
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ProPOSITION 5.1. (i) Let CU(Y) = (CU)(Y)) be the matrix of

?(1) W(’/)) - W(’Jrl with respect to the bases {Y ~MP's()ge | o € A,,u }

of WX’p and {Y~ MP’“ s | o € A,,um} of W)((J’;l) respectively; then
for any o € me and f € Kp(,m, Cé,{l(Y) is analytic in the disk
{ylordy > —=N/Mp/(p - 1)}.

(ii) Let x € Q* withord x = 0 and let AU (A(ﬂ’ (x)) be the matrix

of?(j) WU) W(j“) with respect to the bases {t* | a € Apm} of W(J
and {l“ | a € pr } of W}’;" n respectively, then for any o € Apu and
BeA, ,m,ordA W(X) 2 (pw(B) —w(a)/(p - 1).

Proof. (1) Ifac ZPUH), then

. 1 —w(a)
P’ Ms(a) s
Y t eLp,(———l, : )

so that

G PM) € Ly (p—’i 1’————;“’_(?))

Using Theorem 3.1, we may write

(5.36) F (Y P Ms@pe)

n—1
= 2 CO )y =2 M8 + 5™ DIV« (2, 7).
ﬁEApJH -

with

CU{)}(Y) € Ry <pli I pw(/;)_—lw(a) and

Li(t,Y) € Ly (13{—1’ _pw_(of) + 1).

(i) Applying the map S, to equation (5.36) and multiplying by
x?’5(e) we obtain:

(5.37) 7= 3o ChL s
ﬂez/,uw

n—1
+3 DIV« (1, y).

=1
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Since %(j ) is defined over Qy, Proposition 4.2 shows that in fact
C/(,j[)!(y)xl”s(“)“l”“s(/’) € Qo and we may write:

(5.38) AP
The estimates now follow from the fact that

/
J+1 w - w
Cﬂ,a(y) € L(xp ,pf l,p (ﬁ)_ 1 (a)) ﬂ96

()= Gy

THEOREM 5.1. Let p = (p1,...,pn) € I 0 < p; < r and suppose
that p=0orp =1 (modr); let #(T) =T] 5 (1- q¥T). Then the

Newton polygon of L(f, ©, p, T) lies over the Newton polygon of 2, (T).
Proof. Let 7 be the completion of the maximal unramified exten-

sion of Q, in Q. For x € 9 ({,) satisfying ordx > 0 and 7(x) = x?
we can define

(5.39) Lwl) - w9 = wy,,
by sending & = ) g A(@)t* € Ly(xP;b,¢) into
(&) = Z 1 (A(a))t* € Ly(x;b,¢).

a€EE®
Certainly,
1DV %, L(x?;b)) C D; % L(x;b) for all i,

so that 7~! is defined on the quotient. Let x € Qg with x4 = x and
let

(5.40) Fl =1 1o 70,

If p =1 (modr), then pU) = p for all j € N and .7 is a v~ !-semi-
linear map and a completely continuous endomorphism of L,(x;b)
over Q; = Q,({p). If we let

(5.41) 7 o=1r1oF0,
then:
(5.42) Fe= (T .

It follows from [8, Lemma 7.1] that the Newton polygon of
detq,(I — T x) can be obtained from that of detg (I — TF,) by
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reducing both ordinates and abscissae by the factor 1// and inter-
preting the ordinates as normalized so that ordg = 1. If x € QF is the
Teichmiiller representative of X € F,, we let &/ (x) = (#,(x)) be
the matrix of F/: Wy, — W, , over , with respect to the basis

{t*"|a € Z,,}. By Proposition 5.1:

?—T—U(—I;)T—M forall o, g € Zp.
We fix an integral basis {11,-},’.’; , of Qp over Q; with the property
that {ﬁi}f; , is a basis of F; over F,. In particular, if w € Qp, w =
;il w;N;, w; € Qy, then ord w = Inf;<;< ,{ord w;}. Write:

(5.44) Femity =Y Z & (B, ), (e, i))m;tP.

(5.43) ord # ,(x) >

' is an Q;-linear endomorphism of W, , with matrix

=[Z((B,]), (2, 0))]
with respect to the basis {#;t* | a € Z,,, 1 <i< /}. Furthermore:

ord s/ (B, j), (a z))>’%£_) for all i, j.

We now proceed as in [8, §7]:

Y
detq,(I - TF ) =1+ m;T/,
j=1
where Q = /NJI.,k and m; is (up to sign) the sum of the
J X j principal minors of the matrix .’. Thus, ord m; is greater than
or equal to the minimum of all j-fold sums E{zl w(By), in which
{(Buy> 1) {=1 is a set of j distinct elements in {(f,i) | f € Zp, 1<i<

/3. 0

PROPOSITION 5.2. For each o € me, let o/ € Z,,M and & € I" be
the unique elements such that 0 < J; <p—1 and

- o) -4

Let CU) = (Cf?{i (Y)) be the matrix of ¥ %): W/\(,{/)) — W}{;I).
Then:
(i) ord CY),(0) = 2ul@)zwe) — 51 5,

p—
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(ii) If B # o then
~ w(p)-w
ord CY) (0) > ”—————(ﬁ ) 1 @)
provided one of the following conditions holds:
(a) B and o' lie in distinct congruence classes;

(b) B ~ o' and s(B) # s(o);
(€) B~d, s(B)=s(), w(B) <w(d).

Proof. To simplify notation, we shall assume that j = 0. For each
[ € N we write B, instead of Bl(°°) in (5.3). For a € N” let

b

) c?"/d'Bai/di, if d; | a; for all i;
otherwise.

(5.45) B(a) = { 0

By (5.4), ordB(e) > J(a)/(p — 1), and by (5.5), ordB(a) =
J(@)/(p-1),if a;/d; <p-—1foralli.

With these notations:
{ F(t") =Y ene Bla)1%,

5.46
(>:46) Fo(t, X) = Coer aen Bla + 1) Y,

Letae Zp:

(547) (9;0)(Y—Ms(a) ta)
= Z Z B(n + Aa)YMs(et+n)—pMs(o)-Ms(a)+AM 0
AeN

where the inner sum is indexed by the set
{(n,0) € E® x E?) | p; + Aa; =0 modd;, w(a+ u) =pw(o)}.
Let
4 vy 42
é € Lp <p—_'_1, C), é = Z A(a5 y)t Yy'
(o,7)EE,
If we write 1
ne
=Y Ep(Y)f+) H;x(,
peA i=1
we saw in the proof of Proposition 3.1 that the coefficient of Y —P#/s(8)
in Ep(Y) is ) u(a)A(@;y), where the sum is indexed by the set
{(@;7) € EXN|-pMs(B) =pupM +y, &~ B+ pa,
J(@)=J(B) + ua, peN},
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and where each u(@) is a unit in &p. Thus, if we write

n—1
(5.48) FHO(yMste)gey = Z Cﬂ Y)Y MO LS 4 g,
ﬂeAp i=1

then the constant coefficient of Cj ,(Y) is

(5.49) Cpo(0)=> u(o)B(u+ia),

where the sum is indexed by the set S(8,a) of all (5,0,4) € E® x
E(®) x N satisfying:
( ps(B) —s(a) +s(a+n)—ps(o) +A+pu=0
o~ f+ua, UEN
(5.50) q J(o)=J(B)+ ua
w;j(a+n)=pw; ;o) LLj=1,...,n.
| 7; + Aa; =0 modd; i=1,...,n.
Let (n,0,4) € S(B,a). If 6 ~ B+ ua and J(o) = J(B) + pa for

some u € N, then necessarily s(o) < s(f) + u. On the other hand,
s(a+n) > s(a) + s(n). Hence:

0=ps(B) —s(a) +s(a+n)—ps(a) +A+pu
>s(a+n)—s(a)+A>s(n)+41>0.

We conclude that s(a + ) = s(a), s(o) =s(B)+u, 2 =0, s(n) = 0.
Furthermore, since ¢ and f are elements of E, s(g) < 1 and s(f8) < 1;
hence u = 0. Thus

(5.51) Cpa(0) = u(a)B(n),

where the sum is indexed by the set T(f,a) of all (1,0) € E® x E(#")
which satisfy

([ s(a+ 1) =s(a)
s(m)=0
s(o) = s(B)
(5.52) { o~ 8B,

J(o)=J(B)
w;j(a+n) =pw; (o) foralli,;
L #; =0 modd; for alli.
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Let (n,0) € T(B,a): there is an index / such that ; = 0 and s(a) =
s(a+n) = oy/a; and, by Remark 1.1, s(g) = g;/a;. Hence:

(5.53) p(d s(a)z>—<3—f—s(a)z_§)—z_§=weN for all i.

By assumption:
!

(5.54) p(% —s(o/ )2) - (Z—i - s(a)%) =d; €N foralli.
1

by Lemma 2.8, s(a') = o}/a; and we deduce from (5.53) and (5.54)
that ,
pg,-(—al—;TaQ €Z foralli=1,...,n

Since g.c.d.(g1,...,87) = 1 and (p,M) = 1, this implies g, =
o) mod g; but ¢ and o are elements of E?): g,/g, <1, o)/g <
and g; = o) modr. Hence g; = o; and s(g) = s(a’). (5.53) and (5.54)
now imply p(g; — o) = 0 modd; for all i; since (p, D) = 1 we deduce
o' ~ o ~ B. In particular, T(B,a) = & if # and < lie in distinct con-
gruence classes, or if s(f) # s(¢/). Furthermore, since s(c) = s(f),
(5.53) yields

(5.55) p(g' (/3)) (3 ()d>=8,-€Z for all i.

Suppose f # o': by Lemma 2.8 there exists an index j such that¢; < 0
or alternatively an index k such that ¢, > p — 1.

If ¢; < 0, (5.53) and (5.54) imply p(o;/d; — B;/d;) = vj—¢&; > 0,
hence g; > f; and therefore g; > B;+d;; but J(g) = J(B), hence there
exists an index m such that S,, > g, + d,. Subtracting (5.53) from
(5.54) then yields ¢, — v, > p; hence ¢, > p — 1. Now subtracting
(5.54) from (5.55) we obtain

'
p<g—m—z—m)=gm—5m>0,
m m

hence B, > af,. If B ~ o/, this last inequality implies that g; > o/
for all i (Lemma 2.3) and therefore w(f) > w(a') since s(B) = s(a’).
Thus, if f ~ o, B # o, s(f) = s(a'), and w(f) < w(a') the set
T(B, ) is empty and Cp,(0) =0

Suppose finally that 8 = o'. Since J(g) = J(o'), if 0 # o there is
an index i such that o} > o; +d;; but this implies J; — v; > p in (5.53)
and (5.54); hence J; > p, a contradiction. Hence 0 = o' and the set
T(d/,a) contains the single element (#,a’) with n = (d,d,...,0,d,).
In particular, ord C o o(0) = Y7, 6;
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Summarizing:
(i) ord Coa(0) = (pw(a') — w(a))/(p — 1);
(ii) if B # o then Cp,(0) = 0 whenever one of the following holds:
(a) B and ' lie in distinct congruence classes;
(b) B ~ o' and s(B) # s(a);
(c) B~d, s(B) =s(a), and w(B) < w(a).
The proposition now follows from the fact that, by (5.36) and The-
orem 3.4:

(5.56) Cpa(Y)—Cpa(Y) € R"<p1_)1’pw(ﬂ)__1w(a) )

Va,B €A. O

Let 7 be a uniformizer of Q,({,) and let n’ be a root of ZM? — 7 in
Q. If 7 is the completion of the maximal unramified extension of Q,
in Q, we let 7 = 7 (n') and we extend 7 to I’ by setting 7(n') = 7".

Let U)(Y) be the matrix of 7 ¢ : W)((’/)) - W/\(,f;l) with respect to
the bases {aW(Y-P's@e | o € A,,m} of W , and {n®! BYy —p's(B)B |
ﬂ € Ap(j+l)} of VV(j-‘-l .

For x € QF, w1th ordx = 0, let also ./ /)(x) be the matrix of
7 g): WX(’} W(’p“) with respect to the bases {a%(®¢* | o € me} of
W) and {n*B)th | B € Ayuun} of WU,

By Proposition 5.2, the following estimates hold:

((ord%,7)(0) > w(B) for all (o, B) € Ayy X Apoen;

ord 2 (0) = w(a!) for all a € A u;

#,(0) =0 if B and « satisfy condition (a),
\ (b), or (c) of Proposition 5.2 (ii).
( ord.Mﬁ(Q(x) >w(p) forall (a,p)€ Kpm X Zp(,m;
ord%(,{(l(x) =w(a') forall a e Z,,m;

ordMﬂ(Q (x) >w(B) if B and a satisfy condition (a),
L (b), or (c) of Proposition 5.2 (ii).

If a €A welet Z(a) = w(a) + w(a') + - + w(a”~D) and, for fixed
p, we let

(5.57) 1

(5.58) 1

Z(T) = [T (1 -p*@T) e Q[T].
aEZ,.

LetQ = /NH;;I k;.
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THEOREM 5.2. The Newton polygon of L(f,©, p, T) lies below the
Newton polygon of %,(T) and their endpoints coincide at (0,0) and

(Q,Q(n - 1)/2).

Proof. Let R = NT], k; = dimg (Wx,,). We can write

R
detg,(I — TF x | Wx,) =1+ Y my(Y)T",

=1

and by Proposition 5.1 each m;(Y) is analytic in the disk {y | ordy >
—Np/Mq(p — 1)}. If y satisfies ordy = 0, by the maximum modulus
theorem, ord(m;(y)) < ord(m;(0)). Observe that if o, € A satisfy
a~ B, s(a) = s(f) and w(a) < w(B), then w(a') < w(B’). Thus,
using (5.57), we can order the elements of me for each j, 0 < j <
/ —1, so that the matrices Z)(0) are simultaneously upper triangular,
with diagonal entries {£'7), ,(0) | @ € A,} and ord%')), ,(0) =
w(aU+1)). Hence for each i, 1 < i < R, ord(m;(0)) is the infimum of
all the i-fold sums ) Z(«), where o runs over a subset of i distinct
elements of A,. This establishes the first assertion. By Lemma 2.9,
Zan,, w(a) = R(n—1)/2 for any p. Hence ord mp(0) = /R(n—1)/2.

On the other hand, estimates (5.58) imply that, for all j, 0 < j <
/-1

ord(detz(x)) = Y w(a).
anp( §))

The second assertion follows. a

COROLLARY 5.1. Ifp =1 (modr), the endpoints of the Newton poly-
gons of L(/,0, p,T) and of #,(T) coincide.

THEOREM 5.3. If p = 1 (modr), (or p = (0,...,0)), and pg; =
g (modk;g;) for all i,j € {l,...,n}, the Newton polygons of
L(/,8,p,T) and of #,(T) coincide.

Proof. Under our assumptions, the permutation o — o' of Lemma
2.8 is the identity on A,. Using the estimates (5.58), the remainder of
the proof is identical to that of [15, Theorem 5.46]. O

REMARK. Theorem 5.3 holds in particular when p = 1 (mod M D).
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