Pacific Journal of
Mathematics

TRIANGLE IDENTITIES AND SYMMETRIES OF A SUBSHIFT

OF FINITE TYPE

JOHN BASON WAGONER




PACIFIC JOURNAL OF MATHEMATICS
Vol. 144, No. 1, 1990

TRIANGLE IDENTITIES AND SYMMETRIES
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J. B. WAGONER

We prove the group Aut(c,) of symmetries of a subshift of finite
type is isomorphic to the fundamental group of the space RS(Z) of
strong shift equivalences built from the algebraic RS Triangle Iden-
tities for zero-one matrices which arise from triangles in the con-
tractable simplicial complex of Markov partitions. Moreover, we show
the higher homotopy groups of RS(&) are zero. RS(&) is therefore
homotopy equivalent to the classifying space of Aut(c,).

1. Introduction and statement of results. First we briefly review
Williams’ strong shift equivalence criterion for conjugacy of subshifts
of finite type. See [3, 4, 8]. Let 4: ¥ x.¥ — {0, 1} and B: 9 x9 —
{0, 1} be zero-one matrices on the finite state spaces . and 7 . An
elementary strong shift equivalence

(R,S): A— B

is a pair of zero-one matrices R: ¥ x.9 — {0, 1} and S: 9 x.&¥ —
{0, 1} satisfying
RS=A4 and SR=B.

Let (X4, 04) and (Xp, ap) be the subshifts of finite type (SFT) con-
structed from A4 and B respectively. The strong shift equivalence
(R, S) gives rise to an elementary symbolic conjugacy

C(R,S)IXA _"XB

defined as follows: Let x = {x,} bein X4. Then y = ¢(R, S)(x)
is the unique point y = {y,} in Xp such that 1| = A(x,, x,1) =
R(xy, yn)S(Wn, xns1) forall n. Similarly, one has

c(S,R): Xp — X4
and it is easy to verify the identities
c(S, R)c(R,S)=04 and c¢(R, S)c(S, R) =03

which show that ¢(R, S) and c¢(S, R) are conjugacies. More gener-
ally, let & denote the set of zero-one matrices on finite state spaces.
We shall assume that any matrix in & has at least one non-zero entry
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in each row and in each column. Williams defined 4 and B to be
strong shift equivalent in & provided there is a chain of elementary
strong shift equivalences from A4 to B through intermediate matrices
in & . The composition of the corresponding elementary conjugacies
gives a conjugacy from (X4, g4) to (Xp, op). Williams’ proof of the
converse that conjugacy implies strong shift equivalence brings in the
set P, of Markov partitions for g, on X . In [8] P, is given the
structure of a locally finite simplicial complex in which each Markov
partition is a vertex, and the key step in Williams® argument really
amounts to showing that P, is connected. In fact, P4 turns out to
be contractable [8], and in this paper we make use of the fact that it
is simply connected to prove (1.5) and contractability to prove (1.13)
below.

The definition of Markov partition used in [8] for P, is the one
in [5]. A similar theory goes through using the Markov partitions by
rectangles as presented, say, in [4, p. 100]. Let U = {U;} be in P,
and let M = M(U)={M(i, j)} be the zero-one matrix where

M@, j)y=1 if Unao'(U))#@.
For example, 4 = M(U4) where U4 = {U{} is the “standard”
Markov partition with U/ equal to the cylinder set of those x = {x,}
such that xqg =i. Let V = {V}} also be in P,. Define zero-one ma-
trices R = R(U, V) = {R(i, k)} and S(V, U) = {S(k, i)} by the
formulas
R(i,k)=1 ifandonlyif UnV,#dJ,
S(k,i)=1 ifandonlyif V,na ' (U)) #2.

Write U < V' to mean that V' refines U. As in [8] we write U - V

provided U < V < Una;'(U), and we write U — V' provided
U<V <ayuU)nU. Finally, we write U — V iff U?UnVe_— V.
An (ordered) 1-simplex of P, is a pair [U, V] where U # V and
U—-V.Lt P=MU),Q=MV),and R and S be as above. It
was shown in [8] that

P=RS and Q=SR

whenever U — V ; that is, (R, S): P — Q. In particular, connectiv-
ity of P, implies the transition matrices M(U) and M (V) of any
two Markov partitions U and V in P, are strong shift equivalent
in &. To finish off the outline of Williams’ proof, let a: (X4, 04) —
(X, gpg) be a topological conjugacy. Let U = {U;} be in P, where
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i runs through an indexing set /. Then o(U) = {a(U;)} is in Pp.
In fact, let V' = {V)} be in Pg where k is in the index set K, and
suppose we have V' = «a(U); that is, each V; = a(U;) for exactly
one U;. Then « gives a bijection a: I — K. Throughout this paper
we will follow the convention that a also denotes the K x I permu-
tation matrix with a(k, i) = 1 iff a(i) = k. Let P = M(U) and
Q=M(V). Since U;no;'(U)) #@ iff a(U)Nna;'(a(U))) # D, we
have Q = aPa~!. Therefore

(™!, aP): P - Q.

Hence A is strong shift equivalent to B.

Let Aut(o,) be the group of symmetries of (X4, g4). By defini-
tion, this is the group of homeomorphisms of X, which commute
with g4. It is discrete in the topology of uniform convergence, be-
cause o, is expansive. See [1, 2, 8] for some recent information
about this group. The preceding discussion suggests that elements of
Aut(g,4) can be described as products of various elementary conjuga-
cies ¢(R, S) modulo certain relations. This turns out to be the case,
and a very natural set of relations which do work come from triangles
in P A -

By definition a triangle in P, is an ordered triple [U, V', W] of
Markov partitions such that U -V, V — W ,and U — W . Let

M= M), P=MYV), Q=MW),
m Ri=RU,V), S=8V,U),
‘ R,=R(V,W), S,=8SW,V),

R;=RU, W), S3=S(W, U).
In §2 we will verify the RS Triangle Identities:
(1.2) RiR; = R3, R,S3 =8, S3R; = 8.

Upon either multiplying the second equation on the left by S, or by
multiplying the third equation on the right by S;, we derive the S
Triangle Identities found in [8]:

R\R; =R3,
S$,8; = 083 = S5 M.

DEFINITION 1.4 The space RS(&) of strong shift equivalence in &
based on the RS Triangle Identities is the geometric realization of the
simplicial set where an n-simplex consists of the following data:

(a) an (n+ 1)-tuple (Ag, ..., An) of square matrices in & and

(b) for each i < j a strong shift equivalence (R;;, S;;): 4; — A; in

(1.3)
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& such that the RS Triangle Identities hold for i < j < k; that is,
RijR;; = Ry, R;iSki = Sji, SkiRij = Sk;-

The face operators are the usual forgetful ones and the degeneracies
insert the strong shift equivalence (1, 4;) from A; to itself. See [6]
or [7] for background on simplicial sets and CW complexes. It is
immediate from the definition that the set of components 7y(RS(&))
is exactly the set of strong shift equivalences in & .

THEOREM 1.5. There is an isomorphism

®,: Aut(a,) — 7;(RS(Z), A).

The explicit formula for ®, is given in (3.5) and (3.8) below.

For any strong shift equivalence (R, S): P — Q, let y(R, S) de-
note the corresponding homotopy class of paths from P to Q in
RS(Z). Elementary arguments in algebraic topology show that ele-
ments y in 7;(RS(&), 4) can be represented as products

(1.6) y=I7R:, S

i=1

where ¢; = 1. The defining relations are
y(R, S)»(R, )™ =

and
Y(Rl ) Sl)y(RZ ) S2) = y(R3 > S3)

whenever the RS Triangle Identites hold; that is,

(1.7) & &

M -
(R4, S83) e

is a triangle in RS(&). Given this presentation of 7, (RS(&), A4), the
inverse

O,4: 1 (RS(&), A) — Aut(a,)
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of @, is easy to describe: namely, ©, takes the product (1.6) to
n

(1.8) 8,4(7) =[[ R, S)™
i=1

where composition is read from right to left. That this is well defined
follows immediately from

LeEmMMA 1.9. Suppose (R, S1): M — P, (Ry,$,): P — Q, and
(R3, S3): M — Q. Assume that R\R, = R3. Then

c(Ry, $2)c(Ry, S1) = ¢(R3, S3)
if and only if R,S;=S8; and S3R; = S,.

The first equation of the RS Triangle Identities is very reasonable.
This lemma shows that the last equations, which were harder to guess,
are exactly what is needed to make composition of elementary conju-
gacies behave well around a triangle.

There is also the space SS(&) of strong shift equivalence in & based
on the SS Triangle Identities with the same face and degeneracy opera-
tors as used for RS(&) . Since the RS Identities imply the SS identities,
there is a natural continuous map

RS(Z) — SS(&).

The set of components 743(SS(&)) is also the set of strong shift equiv-
alence in & and the induced map 7y(RS(&)) — no(SS(&)) is a bijec-
tion. The commutative diagram (4.30) of [8] expands to

1 (RS(&), A)
e
(1.10) Aut(o,) %1 » “m1(SS(&), A)
N
7 (SF), 4)

where S(&) is the space of shift equivalences of non-negative inte-
gral matrices. It was shown in [8] there is an isomorphism between
n(S(Z), A) and the group Aut(s,) = Aut(G(4), G(A), , s4) of order
preserving automorphisms of the dimension group G(A4) which com-
mute with the automorphism s4 induced on G(A4) by A. The Finite
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Order Generation Conjecture (FOG) can therefore be reformulated to
state
The kernel of

(1.11) 04: 1 (RS(Z), A) — 1, (S(F), A)

is generated by elements of finite order. .
In [9] we use the spaces RS(&) and S(&) together with methods of
this paper to prove the following eventual version of this conjecture:

Eventual fog 1.12. Let a be in ker(d,). There is an integer ky > 1
such that if k > kp, then o is a product of homeomorphisms of X,
of finite order which commute with ¥ .

In the proof of (1.12) given in [9], the integer k; seems to depend
on a and the product expressions are possibly different for different
k. Of course, FOG conjectures that we can take ky = 1, in which
case the product expression for kK = 1 works for all k. M. Boyle
has shown « in (1.12) is a product of just two finite order elements
commuting with aﬁ for large k, although in practice one must take
k larger than ky to do this.

In §4 we prove

THEOREM 1.13. 7n,(RS(&), A)=0 for n > 2.

For simplicity, we assume throughout this paper that all the ma-
trices in & are finite. However, (1.5) and (1.13) generalize without
change when & consists of infinite matrices in one of the three classes
considered in (4.1) of [8]. There is also a stochastic version for sym-
metries of (X4, 04) which preserve a g4-invariant Markov measure.

2. Proof of the RS triangle identities. Consider the triangle

\%

v N

U w

in P, with the corresponding matrices (1.1). The equation R;R, =
R3 was verified in (3.3) of [8]. So it remains to prove the last two
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equations in (1.2). As in §3 of [8] this subdivides into 9 triangles

\%

A

UNnV-SVnW

NV

The first step is to verify the RS Triangle Identities for each triangle
in (2.3). In all that follows, “LHS” is the left hand side of an equation
and “RHS” is the right hand side. Let 0 =04.

Triangles #1, #3, #4, #7.

These are all of the form
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(I) S1=RxS3.
LHS: Si((i,p), j)=1iff Uin W},ﬂa"(Uj) #0.
RHS: The term R,((i, p), 9)S3(¢q, j) =1 ff UnW,NnW,; # & and
W,no Y(U;) # 2.

In particular ¢ = p; so there is at most one non-zero term and the
RHS is a zero-one matrix.

Write

U= Jo(Wa) N W, Ui =Jo(Wo)nw,.
Assume RHS # 0. Then U;N W), # & implies some b = p and
W,na~Y(U;) # @ implies some ¢ = g = p. Therefore,
Uno WU)da(W)nW,na (W) £ D
for some a and some d. This shows U;nW,No~!(U;) # 0 implying
LHS # 0. Conversely, suppose that LHS # 0. Then U;n W, N

o~ 1(U;) #0. Let g = p. Then UinW,NnW, # @ and W;No~1(U;) #
@ implying RHS #0.

(II) S, = S3R; .
LHS: S3(p, (, ) =1 iff W,ne Y (U)na~'(W,) #2.

RHS: Consider a single term S3(p, /)R (i, (j, q)). This is equal to
1iff W,no~Y(U;) # @ and U;nU; N W, # &; which implies i = j
and U; D Uj N % .

Thus there is at most one i giving a non-zero term on the RHS,
and so S3R,; is a zero-one matrix.
Now write

W, ={JU.no" (1), W, =JU.no 1 (Uy).
Assume RHS #0. Then i = and
Wyno ' (U) =|JUano™ 1 (Up) N~ (U))
implying some b = j. Similarly,
Uinw,=JUinU.na™'(Uy)
implying some e = j. Therefore,
W,na " (U)na ' (W) D Usna™ N (U)Na XUy # @

for some a and some f. Hence LHS # 0. Conversely, suppose
LHS # 0. Then W,no Y (U;) # @ and U;NU; N W, # & implying
RHS #0.
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Triangles #5, #6:
These are of the form

where all ¢ = £1 are equal.
First, we give the argument for ¢ = +1.

(I) S1 =R,S5.
LHS: Si(k, ) #0 iff Vino Y (U)) #9.
RHS: Ry(k, p)S3(p, 1) #0 iff Vp,nW, #O and Wpﬂa‘l(Ui) #+ .

We claim that RHS is a zero-one matrix. Given k, choose
some j such that R(j, k) # 0. Then R,(j, k)Ry(k, p)S3(p, i) =
R3(j, p)Ss(p, i). Since R3S3 = Q is a zero-one matrix, there can be
at most one p for which this term is non-zero.

Assume LHS # 0. We have W < Unao ' (U) < Vno (V).
So choose the unique index p with W, > V, Na~'(U;). Then ¥, N
W, # & and W,no~(U;) # @ implying RHS # 0. Conversely, let
RHS # 0. Since V < W, Vi,nW, # @ implies V;, D W,. Thus
W,Nne~(U)) # @ implies V, N~ (U;) # . This shows LHS # 0.

(II) S, = SR, .
LHS: Sy(p, k) #0 iff Wyno~' (Vi) #£D.
RHS: S3(p, )R (i, k) # 0 iff W,no~'(U;)#@ and UinV; # 0.

Since U < V', we have U; D ¥V}, and thus i is determined by k. This
shows RHS is a zero-one matrix.

Assume LHS # 0. Let i be such that U; D V,. Then W, N
o~ (U;) # @ and U; NV, # & showing that RHS # 0. Conversely,
suppose RHS # 0. Then U; D V), as remarked above. Write

Wy =JUsno ' (Uy), Ve =JUina 1 (Uy).
The condition W, No~!(U,) # @ implies some b = i. Hence,
Wy o~ (V) D Uano™ (U) No™2(Uy) # @
for some a and some d. Thus LHS #0.
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Next, we give the argument for ¢ = —1. Remember that now
Ry=RW,V),Ry,=R(V,U),R;=R(W, U), etc.

(I) S1 = R,S3,
LHS: S,(k, p) # 0 iff V,no—\(W,) # 3.
RHS: Ry(k, )Sy(i, p) # 0 iff ¥y N U £ @ and U;no~!(W,) £ .

We claim that RHS is a zero-one matrix. Given k and p, choose
some ¢ such that Ri(q, k) #0. Then

Ri(q, k)Ry(k, 1)S3(i, p) = R3(q, 1)S3(i, p).

Since R3S3; = Q is a zero-one matrix, there can be at most one i for
which this term is non-zero.

Assume LHS # 0. Wehave V < Uno '(U) < Vna \(W).
So choose the unique index i with U; D V, no~!(W,) # @. Then
VinU; #@ and Uina~!(W,) # & implying RHS # 0. Conversely,
the RHS # 0. Write

Wo=UoUa)n Uy,  Vi={JoW)n Ty

Since V, NU; # &, some d = i. Also U;Nno~'(W,) # @ implies
some a = i. Therefore

Vino™'(W,) 2 a(U)NUiNno™H(Uy) # &

for some ¢ and some . Thus LHS #0.

(II) S, = S3R; .
LHS: Sy(i, k) #£ 0 iff Una~'(V,) # 3.
RHS: S;(i, p)Ri(p, k) #0 iff Uino~'(W,)#@ and W, NV, #2.

We claim that RHS is a zero-one matrix. Given i and k, choose
some j such that R,(k, j) # 0. Then

S3(ls p)Rl(p, k)RZ(ks .]) = S3(l> p)R3(pa ])

Since S3R3; = M is a zero-one matrix, there can be at most one p for
which this term is non-zero.

Assume LHS # 0. We have W <a(U)NU <a(U)NV . Let p be
the unique index where W, > o(U;))NV) # &. Then Uino~ (W) #
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and W,NV, # . Thissays RHS # 0. Conversely, assume RHS # 0.
Since V' < W, we must have W, C V;. Hence U;no~!(V}) # @ and
LHS #0.

Triangle #2:
This triangle is of the form

v
/ \
U - W
(I) S1 =R,S83.

LHS: S,(k, i) #0 iff ,no~'(U) £ 3.
RHS: Ry(k, p)Ss(p, i) # 0 iff V,nW, # @ and W,No~'(U;) # B.

The RHS is a zero-one matrix. To see this, choose j so that
Rl(js k)
= 1. Then Ry(j, k)Ry(k, p)S3(p, i) = R3(j, p)S3(p, 7). Since
R3S3 = M is a zero-one matrix, there is at most one p giving a
non-zero term.

Assume LHS # 0. Wehave W < Vno (V) <V na~ ' (U). So
choose p with W, > V, Nno~'(U;) # &. Then V, N W, # & and
W,no"Y(U;) # @ and RHS # 0. Conversely, suppose RHS # 0.
Then Vi D W, and V, Nao~!(U;) # &. This gives LHS # 0.

(II) S, = S3R, .
LHS: Sy(p, k) # 0 if W,no~'(V}) # 3.
RHS: Si(p, )Ri(i, k) #0 iff W,no~'(U;) #@ and UinV, # 3.

The RHS is a zero-one matrix. To see this, let g be any index where
R2(k9 q) # 0. Then S3(p’ I)Rl(l’ k)R2(k9 q) = S3(pa Z)R3(la q)
Since S3R3 = Q is zero-one, there is at most one i for which the
term is non-zero.

Assume LHS #0. We have U<o(V)NV <a(W)NV . Let i be
the index for which U; D a(W,) NV #@. Then W,No~'(U;) # &
and U;NnV, # &. This shows RHS # 0. Finally, let RHS # 0.
Then U; C V., because U > V. Therefore W,No~ (V) # @ and
LHS #0.

This completes the argument for the triangles in (2.3). We now
show how these combine to prove the RS Identities for (2.1). From
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(2.2) we have the diagram of three triangles
14

(2.4) A Unv C

U w

Step 1. We will show the RS Identities for Triangles A, B, and C in
(2.4) imply the RS Identities for (2.1).

(1) S(V, U)=R(V, W)S(W, U)?

Since U < UNV , the matrix R(U, UNV') has exactly one non-zero
term in each column. Therefore, the above equation holds provided
it holds when multiplied on the right by R(U, UN V). We have

SV, U)RWU,UnV)=S(V,UnV)

and
RV, WSW,URU,UnV)=RV,W)S(W,UnYV)
=S(V,UunV)
aInH sw,vy=Sw, U)RU,V)?
SW,Vy=SW,UnWV)RUNV,V)
=S(W,U)RU,UnV)RUNV,V)
=S(W,U)RU, V).
It remains to check the RS Identities for each of the triangles A, B, C.
Step 2. Triangle A is just Triangle #1 of (2.3).

Step 3. Triangle B.
From (2.2) and (2.3) we obtain the diagram
unv

+

(2.5) + Unvaw
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Recall that UnW = UnNV N W and that the RS Identities for each
of the subtriangles was verified above for (2.3).

0 SUNV,U)=RUNV,W)S(W, U)?
SUNV,U)=RUNV,UNVnW)S(UNVnW,U)
=RUNV,UNnVnNnWRUNVOW, W)S(W, U)
=RUNV, W)S(W, U).
) SW,UnV)=SW,U)RU,UNV)?

Similarly to (I) of Step 1 this equation holds iff it holds when mul-
tiplied on the right by R(QUNV, UNV NW). We have

SW,UnV)RUNV,UNVnNW)=SW,UnVnWw)
and
SW, U RU,UNnV)RUNV,UNnVNW)
=SW,UO) RU, UNnVnW)=SW,UnVnWw).

Step 4. Triangle C.
From (2.2) and (2.3) we get

(26) - AA VnW cc
BB

Assuming the RS Identities hold for the Triangles AA, BB, and CC,
we now verify the RS Identities for Triangle C. In Step 5 below the
RS Identities for AA, BB, CC are checked.

() SV, UNV)=R(V, W)S(W,UnV)?
SV, UnV)=RWV, VWSV nWw,UnV)
—RV,VAW)R(V AW, W)S(W,UNV)
=RV, W)S(W,UNV)
(D) S(W,V)=SW,UnNV)RUNV, V)?



194 J. B. WAGONER

Similarly to above remarks, this equation holds iff it holds when
multiplied on the right by R(V, VN W). We have

SW, VRV, VnW)=SW,VnW)
and
SW,UnWVRUNV,V)RV,VnNnW)
=S(W,UnVRUNV,VnwW)=SW,VnW).

Step 5. Triangles AA, BB, CC
Triangles AA and CC are just like Triangles #2 and #3 in (2.3).
From diagram (2.2) we see that Triangle BB subdivides into

Vnw

(27) UnvVvinw

unv W

Each of the subtriangles in (2.7) satisfies the RS Identities by Step 1.
So proceed as before:
(O SWNW,UnW)=RVnW, W)S(W,UnV)?

The matrix R(UNV NW, VNW) has the property that each row
has exactly one non-zero entry. Therefore the above equation holds
iff it holds when multiplied on the left by R(UNVNW , VnNnW). We

have
RUNVNW,VnW)S(VnWw,UnV)

=S(UNVnw,UnV)
and

RUNVNW,VNW)RVNW,W)S(W,UnV)
=RUNVNW,IHSW,UnV)=S(Un¥Vnw,UnV).

) S, Vrnmw)y=SW,UnV)RUNV,VnW)?

SW.,VnWwW)=SW,UnVnWRUNVNW,VnW)
=SW,UnV)RUNV,UnNVNW)RUNVNW,VnW)
=SW,UnNnMRUNV,VNW).

This finally completes the proof of the RS Triangle Identities.
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3. The isomorphisms ®, and O . Our first goal is to give a formula

in (3.5) and (3.8) for the homomorphism
D,: Aut(oy) — 7 (RS(&), A).
If the square matrices 4 and B lie in the same component of
RS(&), let
n(RS(&); 4, B)
denote the set of homotopy classes of paths starting at A and ending
at B. Concatenation of paths gives a pairing
1 (RS(&); A, B) x m (RS(&); B, C) » 7 (RS(&); 4, C)
denoted by “*”. When 4 = B we just have the fundamental group
1 (RS(&), 4).

Let Isom(g,, op) denote the set of conjugacies a: (X4, 04) —
(Xp, 0p). Suppose U — V in P, with P = M(U) and Q = M(V),
and let R and S be defined as in §1 giving a strong shift equivalence
(R,S): P — Q. Let a be in Isom(gy, gg). Let U' = a(U) and
V= a(V) in Pg. Let P/ = M(U') and Q' = M(V'). We have
U' —V'in Pg. Let R and S’ be the corresponding matrices giving
a strong shift equivalence from P’ to Q'. These matrices satisfy the
identities

P =aPa7!, Q' =aQa™!,
R =aRa™ !, S’ =aSa™!,
which translate into the following diagrams of triangles in RS(&):
R,S
P ®5) > 0
(3.1) (', aP) e («,00)
G
| J
P 0
RS
R.S)
P 0
“,Q'v
(3.2) (@, aP) &) @, aQ)
\
P’ =0

R".SH
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Incidentally, these two diagrams form the boundary of the tetrahedron
(P, P',Q,Q) in RS(&).

LeEmMMaA 3.3. (a) y(1,4) =1 in n;(RS(&), A4).

b)) If yen(RS(&); A, B), then y(A, )xy=ypxy(B, 1).
(€) »(R, S)*y(S, R)=y(4,1).

(d) y(a !, aP) ! = y(a, Pa™1).

Proof of (a). The triangle

1,4)
shows that y(1, 4)*y(1, 4) = y(1, A). Now cancel.
Proof of (b) and (c). Since y is a product of paths y(R, S) and their
inverses, it suffices to consider the case y = y(R, S). The formula (b)

then follows from the diagram

@.n

b

R.S) 6‘ R,S)

®B.1

The formula (c) is a consequence of the top triangle in this diagram.

Proof of (d). This follows from the triangle

(o, aP) (e, Pa™)

a,pP)
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ProOPOSITION 3.4. Let U and V be in Py with P = M(U) and
Q = MV). Then there is a well defined path T'(U,V) in
n1(RS(&); P, Q) such that

rnu,u)=1,
U, w)=r(U, V)«I'(V, W).
Moreover, if o € Isom(a,, 0g), then
TaU), a(V)) =y, aP) '« (U, V) *y(@!, aQ)
=y(a, Pa™")+T(U, V) xy(a”", aQ).

Proof. For the special case U — V in Py, define T'(U, V) =
(R, S). In general, choose a path from U to V in P, which is con-
catenation of edges (U;_,, U;)() for i=1, ..., n where &(i) = £1.
Then define
(3.5 T(U, V) =T(Uy, U))*V+«T(Uy, Up)*® % 4 T(Up-y , Up)*™.

From the definition of I', we see that I'(U, U) = y(1, 4) = 1 by (a)
of (3.3). Itis also clear that I'(U, V)«I'(V, W) =T'(U, W) provided
I' is independent of the path chosen in P, from U to V. But this
follows immediately from the RS Triangle Identities (1.2) and simple
connectivity of P, proved in [8]. The formula for I'(a(U), a(V))
follows from the diagram (3.1) and (d) of (3.3).

PROPOSITION 3.6. Thereisamap ® = ®(A, B) from Isom(a,, ap)
to m(RS(&); A, B) such that if a € Isom(oy,0p) and B €
Isom(op, oc) then

O(fa) = O(a) * D(B).

Considering o4 € Aut(g4) = Isom(a,, 04) we have
q)(aA) = '))(A, 1)

From this result we then obtain the homomorphism
(3.7) D ,: Aut(oy) — 7 (RS(&), A)
by taking 4 = B and setting ®4(a) = ®(a™!).

Proof. Let a € Isom(ay, og). We then have
(!, ad): A= MUY - M(a(U4)) = ada" .
Define
(3.8) ®(a) = y(a”!, ad) «T(a(U4), UB).
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Now let o € Isom(o,, og) and p € Isom(og, oc). Then
®(Ba) = y(a”' B, afA) x T (Ba(UA), U)
=ya™!, ad)xp(B7", afda”") x T(Ba(U), B(U?))
«T(BUB), U).
From (3.4) we see that
T(Ba(U*), B(U?))

=y(B7", afda™ )"« T(a(UY), UP)xy(B~", BB).
Substituting and simplifying gives
®(Ba) =y(a™", ad) xT(a(U*), UP)x y(B~", BB) +T(B(U*), UC)

= ®(a) x D(B).

To compute ®(g,), recall that o,(U4) — U4. We then have the
triangle

@.n

(o}, 04) (oA, o™
oAo!

where o is the bijection between the states U4 and the states of
d4(U4) induced by o,. This shows
D(04) = y(a, ad) *T(a4(U*), U*) = y(4, 1).

This completes the construction of ®,. Next consider the homo-
morphism
0,4: 1, (RS(&), A) — Aut(ay).
The formula for ©, was given in (1.8), and as discussed in §1 it only
remains to give the

Proof of (1.9). Suppose that (R,S): A — B. The equation
¢(R, S)c(S,R) = o, implies ¢(R, S)"! = a;'c(S,R). If y =
{yn} € Xp, we can therefore characterize x = ¢(R, S)"!(y) to be
the unique point x = {x,} € X4 such that

SWn-1, Xn)R(Xn, yn) = 1

for all n.
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First we will show that the RS Triangle Identities imply
c(Rz, $2)c(Ry, S1) = ¢(R3, S3).

Let x = {x,} € Xy with y = ¢(R;, S})(x) = {yn} and z =
c(Ry, $2)(y) = {z,}. Let w = ¢(R3, S3)"(z) = {w,}. We want
to show that x, = w, for all n. We know that w, is the unique
state satisfying

S3(Zn_1 5 wn)R3(wn s Zn) = 1.

Let k be the unique state such that
S3(zn—1, Wn)Ry(wn , k)Ra(k , zn) = S2(zp_1, k)Ry(k, zp) = 1.
Then k =y, . We also have

R3(xp-1, zn-1) = Ri(Xn=1, Yn-1)R2(¥n-1, zZpn-1) = 1.

Thus
Ro(Yn-1, zn—1)83(zp—1, Wy) = S1(¥n-1, wp) =1
and
S1Wn-1, wn)Ri(Wn, yn) = 1.
We conclude that w, = x,,.

For the converse, remember that each matrix in & has at least one
non-zero entry in each row and in each column.

The equation S3R; = S,: The left hand side LHS is a zero-one
matrix, because S3RR; = S3R; = Q is zero-one. Fix a pair of
indices (p, /) such that S;(p, /) = 1. Choose points z = {z,} € X
and y ={y,} € Xp such that zo=p, y; =1/, and z =c(Ry, $2)(¥).
Then choose x = {x,} € X3y with y = ¢(Ry, S;)(x). In particular,
we have z = c(R;, $2)c(R;, S1)(x) = ¢(R3, S3)(x). Then

1 = 83(z0, x1)R3(x1, z1) = S3(z0, X1)R1(x1, y1)R2(¥1, Z1)

and Si3(p, x;1)Ri(x;,) = 1. Thus LHS # 0. On the other hand,
suppose for an index i that S3(p, i)R;(i,/) = 1. We must show
S2(p, [) = 1. Choose a point z in Xy with zo =p and Ry(/, z;) =
1. Then choose a point x in X, with z = ¢(R3, S3)(x) and
x; = i. Consider y = ¢(R;, S))(x). Then z = ¢(Ry, Sy)(y). We
claim that y; = /. Recall Ri(xy, y1)Ry(¥1, z;) = 1. But [ is the
unique state with R3(i, z;) = Ry(i, [)Ry(I, z;) = 1. Hence y, =1.
Since y = ¢(R,, S,)"'(z), we must have S»(p, [)R»(/, z;) = 1 and
so S(p, ) =1.
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The equation R,S3 = S;: The left hand side LHS is a zero-one
matrix, because R;R,S3 = R3S3 = M is zero-one. Suppose RHS # 0
and fix a pair of indices (k, i) such that S;(k, i) = 1. Choose x
in Xy, and y in Xp with x; =i, yo =k, and y = c(Ry, S1)(x).
Let z = c¢(Ry,$H)(y) = c(R3,S83)(x). Then R3(xgp, z9) =
Ri(x0, yo)R2(¥9, z9) = 1 and S3(zp,x;) = 1. Therefore
Ry(k, z9)S3(zp, i) = 1, which says LHS # 0. Conversely, assume
LHS # 0 and choose a state p with Ry(k, p)S3(p, i) = 1. Choose
an x in X, such that x; = i and R;(xp,k) = 1. Then
Ri(x0, k)Ry(k, p)S3(p, i) = Ris(xo,p)S3(p,7) = 1. Let y =
¢(Ry, S1)(x) and z = ¢(Rz, 82)(y) = ¢(R3, S3)(x). Then zp =p
and yo must satisfy Ri(xg, ¥0)S1(0o, x1) = 1. We also have
Ry (X0, Yo)R2(¥o, 20)S3(z0, x1) = 1. Thus Ri(xo, yo)Ra(Vo, 20) =
1,s0 yo=k. This gives Si(k,i)=1.

Proof that ®,4 and ©, are isomorphisms.

Step 1. GACI)A =1Id.

Let U = {U,} be Markov partition in P, with P = M(U). We
have the well-known isomorphism [ = I(U, U4) in Isom(ay, op)
defined on x in X, by the condition

(3.9) I(x), =k ifandonlyif oj(x)e U;.

See [8] for example. Now consider an isomorphism « € Isom(o,4, o5)
and let U € Py, and V € Pg where a(U) = V. Let U = {U.}
and V = {Vy} where e and f run through indexing sets E and
F respectively. The homeomorphism « induces a bijection from E
to F. Let P = M(U) and Q = M(V). Then Q = aPa~! and
(a”!',aP): P — Q.

LeEmMA 3.10. I(V, UB)a =c(a™!, aP)I(U, U4).

Proof. Let Iy = I(U, U4), Iy =1(V, UB), and ¢ =c(a”!, aP).
Remember that ¢ is the one-block map taking y = {y,} with y, € E
to a(y) = {a(y,)} with a(y,) € F. Since a, ¢, Iy, and Iy are shift
commuting, it suffices to show that

Iy (a(x))o = c(Iy(x))o

for all x € X,. Let y = Iy(x) = {yn} with y, € E. Let e =
¥o. Then c(Iy(x))o = f if and only if a(e) = f. That is, if and
only if a(U,) = Vy where x € U,. On the other hand, suppose
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h = Iy(a(x))g. Then a(x) € V). Let g € E be the unique index
where x € Uy with a(Ug)=V),. Then e=g andso f=h.
Let U—V in Py. Let R=R(U,V) and S=S(V, U).

LEMMA 3.11. I(V, U4) =c(R, S)I(U, U4).

Since I(U4, U4 = 1, we get I(U, U4) = ¢(R,S) whenever
UA—Uin P,.

Proof. Let I = I(U,U4),J =1(V,U4),and ¢ = c¢(R,S). Tt
suffices to show that
J(x)o = cI(x)o

forall x € X4. Let y = I(x) = {y,} with yp =k and y, = /. This
means x € U, and og4(x) € U;, and consequently U ﬂa;‘(U,) # Q.
Using V' < Uno;!(U), let V; be the unique set in ¥ with ¥}, D
U, N a;’(U,). Then J(xg) = b. But also we have U, NV, # J.
Equivalently, R(k, b)S(b, /) =1, which implies c¢(y)o=b.

We are now ready to prove ©,®P, = Id. Recall that ®,(a) =
®(a~!). We will show more generally for a € Isom(o,, o) that
O®(a) = a~! where

®: Isom(o,, og) — 1 (RS(¥); 4, B)
is defined by (3.8), and
O: n,(RS(&); A, B) — Isom(ag, 0,4)
is defined on )
y=1]r®Ri, Si)"
=1
by the formula |

(3.12) 8(y) = [ c(Ri, S)~*.
i=1

Let a € Isom(a,4, gg) and let
o(U)=Vo— Vi =V = Vo =UP

be the path in Pp as in the definition (3.8). For 0 < k < n, let
Ak=MV;). For 1 <k<n, Rg =R(Vi_, Vi), Sk =SV, Vi-1)
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and ¢ = +1 when V,_, — V., and let R, = R(V}., Vi), Sk =
S(Vi—1, Vx),and ¢ = —1 when V; — V_,. Then (3.10) and (3.11)
show that

n
al=cla™", ad) " [ e(Re, Sk) ™%
k=1

=0 (y(of1 , aA) H (R, Sk)sk) = O®(a).
k=1

Step II: (DA@A =1d.

Assume (R,S): 4 — B and let ¢ = ¢(R, S): X4 — Xp. Let
U4 = {U#} and U® = {UP} be the standard Markov partitions for
o4 and og respectively. Let U = {U;} = {¢" ' (UE)} = ¢ }(UB) and
V= {Vi} = {c(U")} = c(UY).

LEMMA 3.13. UA— U in Py and V — U® in Py.

Proof. It clearly suffices to verify U4 — U. The definition of
¢(R, S) shows that U, consists of those points x in X, such that
R(xy, k)S(k, x;) = 1. In other words,

U =JUutno (U

where the pairs (i, j) run over those states with R(i, k)S(k, j)=1.
For a given set U/ na'(U#) in U4na ' (U4), let k be the unique
state such that R(i, k)S(k, j)=1. Then U/ na;'(Uf) C Uy. This
shows that U4 = UANU. Next we verify U — U4 N U. Fix a pair
of states (k, /) and write

U= Ul no (U, =JUAnao /(U

Then
a4(U) U = Jou(UH n U nUZ na N (US)

where each non-empty term must have b = ¢, R(a, k)S(k, b) =1
and R(c,)S(l,d)=1. Then R(k, b)S(b,!) =1, and so only one
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b can occur. The expression becomes
o4(U) N U = Jou(UH N U ne"(US) c U n U,

This completes the proof of (3.13).

Let a € Isom(g4, gg) be of the form a = ¢(R, S) corresponding
to (R,S): 4 — B and let f € Isom(og, oc). Let U = fa(U4)
and V = f(UB). From (3.13) we see that U — V in Pz. Let
A=MU),B =MUV),RR=RU,V),and §'=S(V, U). Then

A' = fada ' [T, B'=fBf!,
R = faRf!, S' = fSa~lf!,

and moreover there is the following diagram of triangles in RS(&):

R.S)
A B
@®r.,
(3.14) (@ faa) <) ¢.fB)
J <
fodolf! fBf
(Forf LSl f )

Similarly to Step I we will show that ®O(y~!) = y for any path
v = [17(Rk, Sk)% from 4 = Ay to B = A, in n;(RS(&); A, B).
For 0<k<n-1,let o € Isom(aAk , 0g) be given by the formula

ay = ¢(Ry, Sn)e" T C(Rk+1 > Sk+1)6"*‘-

Let a, = id. Remember that our convention is to read composition
of homeomorphisms between spaces from right to left. Let V, =
a(UA%) in Pg for 0 < k < n-1 andlet V, = U®. From (3.1)
we know that V,_;, —» V, if ¢ =+1 and V, — V_, if ¢ = —1.
Let By = M(Vy). Then By = ajAia;'. From (3.14) we have the
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following two diagrams corresponding respectfully to the parities ¢, =
+1 and ¢, =-1:

R, Sy)
Apy > A
1 & &
(021, 01 Ag ) %"4‘) (o7 o Ay)
1 i
014y o - A op!

@Ry, 0 S 05)

Ry, Se)
Ay A
(@ 04, y) (o, 0y Ay)
L \
ak_lAk-l a[_’, 0 Ay ak-l

R0, 0, S 051))

These fit together to provide a homotopy in RS(&) with end points
fixed between the original path y and the path

y(ag', aod) * D(ag(U?), UP) = ®(ap).

But a9 = 0O(y~!). So ®O(y~!) = y. This finally completes the proof
that ® and © are isomorphisms.

REMARK 3.15. The CW-complex RS(&) is locally compact. This
follows from (3.13), the observation in [8] that P, is a locally fi-
nite simplicial complex, and the fact that there are only finitely many
(R, S): P — P for a given square zero-one matrix P.

4. RS(&) is aspherical. We now give the proof of (1.13). Let
RS(&), denote the component of RS(&) containing 4. The univer-
sal cover RS 4 of RS(&), is the realization of the following simplicial
set: The k-simplices are pairs (y, A) where

(i) A is a k-simplex of RS(&), given by the data (Ap, ..., An)
and (R,‘j, Sj,'): A,‘ - Aj as in (14) and

(i) y is a homotopy class of paths from the base point 4 to Ay.
The ith face operator of RS acts on A just as it does in RS. For
1 <i < n,itleaves y unchanged, and for { = 0 it changes y to
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v+ y(Ry, S;). Similarly for the degeneracy operators. The covering
map -
RS(&)4 — RS(&) 4

1s induced by the map of simplicial sets taking (y, A) to A.

For each k-simplex (y, A), let ag = O(y) and for 1 < k < n, let
oy =O(y * 7(Rok » Sko)) - Let Up = oy (U%) € P4. The discussion in
§3 shows (Uy, ..., U;) is a k-simplex in P,. Moreover, the corre-
spondence taking (y, A) to (Uy, ..., Uy) is map of simplicial sets.
Using (3.14) we obtain a homotopy commutative diagram

RS(&)y — Py

N\ /
RS(&) 4

Since P, is contractable [8], we see that
72 (RS(8)4, A) = 1a(RS(&) 4, 4)

is the zero homomorphism. On the other hand, it is also an isomor-
phism for n > 2 because RS(¥), is the universal cover.
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