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We prove Poincaré-Sobolev and related inequalities for rectifiable
varifolds in R . In particular, all our results apply to properly im-
mersed submanifolds of RY .

Suppose M C Br = Br(0) C RY = R*** for some R > 0, and
V =v(M, @) is a countably n-rectifiable varifold in Bz with gen-
eralised mean curvature vector H . u is the weight measure defined
by u=0H"|M . h: M — R is a Lipschitz function.

In Theorem 1 we prove a Poincaré-Sobolev result for non-negative
h in case u{¢: h(&) > 0} < w,R" and h € W' ?(u) for some p <
n . This generalises a Poincaré result of Leon Simon; but in addition
the relevant constant here does not depend on 4(Bgr). Theorem 2 is
an Orlicz space result in case p=n.

The proofs of Theorems 1 and 2 use a covering argument to obtain
weak L? type estimates on u{&: h(¢) > s}.

Theorems 3 and 4 are generalisations of Theorems 1 and 2 in case
there is no restriction on u{&: h(&) # 0} (again the constants in
the estimates do not depend on u(Bg)). The conclusion of Theorem
4 is analogous to the conclusion of the John-Nirenberg theorem for
functions of bounded mean oscillation.

We prove Poincaré-Sobolev and related inequalities for rectifiable
varifolds in RY . In particular, all our results apply to properly im-
mersed submanifolds of RV .

Theorem 1 is a refinement of a result due to Leon Simon. In [Sc; p.
70] and [S; Theorem 18.4, p. 91] one has a similar Poincaré inequality
in case p =1 and |H| is bounded, but with a constant ¢ depending
on M(V|BgR). In Theorem 1, ¢ depends only on p and the dimension
of V. This is important in case we have no a priori density bound
for V' at O (as in [H], which provided the motivation for the present
paper).

We also remark that the Poincaré result in Theorem 1 for p > 1
does not seem to follow directly from the case p = l—the usual
trick of replacing 2 by A" does not work since the integrals in the
inequality occur over balls of different radius. Nonetheless, one can
use the Sobolev inequality for functions with compact support and
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a cut-off function argument to “bootstrap” up from the p = 1 case.
However, the proof in Theorem 1 gives the Poincaré result directly for
all p and with the constant dependence as noted above. The Sobolev
result then follows immediately (as pointed out by Leon Simon) by
a simple cut-off function argument from the result in the compact
support case (this latter was first established in [A; Theorem 7.3] and
[MS]).

In Theorem 2 we prove an Orlicz space result in case 4 € W!-"(u),
where 7 is the dimension of ¥ and u is the measure in RV induced
by V.

The proofs of Theorems 1 and 2 use a covering argument to obtain
weak L? type estimates on u{&: A(&) > s}, and were motivated in
part by the proof of the Sobolev inequality for functions with compact
support in [S; Theorem 18.6, p. 93].

Theorems 3 and 4 are generalisations of Theorems 1 and 2 in case
there is no restriction on u{¢: h(¢) # 0} (again the constants in the
estimates do not depend on M(V'|Bgr)). They follow directly from
Theorems 1 and 2, as was also realised by Leon Simon in the context of
his Poincaré inequality discussed previously [private communication].
The conclusion of Theorem 4 is analogous to the conclusion of the
John-Nirenberg theorem for functions of bounded mean oscillation.

I would like to thank Gerhard Huisken, Neil Trudinger, Bill Ziemer,
and particularly Leon Simon, for helpful comments and discussions.

NoTATION. Throughout this paper we use the notations and con-
ventions of [S].

In each of the following theorems we take the following hypotheses:

(H): M c Bg = Br(0) c RN = R*"** for some R >0, and V =
v(M, 0) is a countably n-rectifiable varifold in Br with generalised
mean curvature vector H. u is the weight measure defined by u =
OH"|M . h: M — R is a Lipschitz function.

Convention. All integrals are taken with respect to u, unless other-
wise clear from context.

THEOREM 1. Suppose (H). Suppose also that h(&) >0 forall £ € M
and that p{&: h(é) > 0} < w,R"(1 — ) for some a > 0.
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Then there are constants ¢ = c(n,p) and B = B(n, a) > 0 such

that
/ prol(n=p)
B

B8R

(n—p)/np c 1/p
} << [ / hP|H1P+|th|P]
a BR

whenever 1 <p <n.

REMARKS. (1) The hypothesis u{¢: h(¢) > 0} < w,R"(1 — ) for
some a > 0 is clearly necessary, as one sees by letting V' =v(M, 1)
where M consists of two n-dimensional affine spaces passing through
the origin, and setting 2 = 1, 2 respectively on the two spaces.

The necessity of taking the left integral in the theorem over Bgg,
rather than over Bpg, is clear if one considers a modification of the
above example in which one of the affine spaces is displaced slightly
from the origin.

(2) From Holder’s inequality one obtains under the same assump-
tions that

J

BR

1/q 1/p
h"} < cRVn/a=n/p [ / P |HIP + [VMhJP
BR

incase ] <p<nand 1 <q<np/(n—p),orincase p > n and
1 < g < . In the first case ¢ = c¢(n, p) and in the second case
c=c(n,q).

Proof of Theorem. Our main goal is to prove the estimate (11).

Without loss of generality assume R = 1.
Fix s > 0 and define

(1) (&) = min{A(Z), s}.
In the following suppose
(2) 0< B <1)2.

We will later further restrict 8.
Applying the monotonicity formula to /7, we have for each £ € By
that

(3) 5%— [ﬂ’" /B‘,@ f"] > —/f”/B(

p

f)[f”lHl + VM 1P,

(in the distributional sense in r) provided 0 < p < 1 — #. (See [S;
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18.1, p. 89], where this result is stated for C! functions. The exten-
sion to the Lipschitz case follows by first extending f to a Lipschitz
function f on R"*k  then mollifying in R"*X  recalling that up to a
set of H”" measure zero M is a disjoint union of sets M;, each of
which is a subset of a C! manifold »,, and finally showing that for
each i the integrals on each side of (3) (over M; N B,({) instead of
M N B,(&)) are the limit of corresponding integrals with f replaced
by the mollified function J_’£ . This last step makes essential use of the

fact that VM is a tangential derivative.)
For u ae. & with || < f and A(&) > s, we see from (2) that

@ = E< sup wylo / 17
B (&)

O<o<1-4

sw;‘(l—m—"/B o
1-p
" P|H| +|VM f?
+c/0 . /Bt@[fl |+ VM 7))
<0, (1= B)"wa(l — a)s?
-8
" P|H| + |VM fP
+c/0 . /B,@[f' |+ VM 7))

-8
<@ —a/2)s”+c/ol T'”/ )[f”IH|+|VMf”|],

T

for suitable f = f(n, o), which we now fix.
It follows

sup w,'c”" / Vi
O<o<1-8 B_({)

c [1-5
< — —h P\H VM ¥4
/ . /Bt@[fl |+ VM f7))

IA
Rin

1-8
/ - / A H] + VM A]
0 B.(&)

1-1/p
{ sup o " f”]
O<o<1-8 U(f)

_ 1/p
x / e / ) (- fv’] .
0 B (&)

le



POINCARE-SOBOLEV INEQUALITIES 63

Thus forany O <o <1-p8,
1/p
(5) { sup w;la_"/ fp]
O<a<1-8 B (&)
-8 l/p
c _ M
<< [r [ rEE Y flp}
a Jo B (&)

¢ [P 1/p
<< / [z-" / FOLHP + VM £
@ Jo B (&)

c 1-8 1/p
= [ | e |va|pJ
@ Jp, B, (&)

c [P 1177 ol
<S[Tlen [ e el S
o Jo B,(8) ] o
where we set
11/p
(6) r- [ JNE
B,(0) |
Now choose sy so that
ol (1\'7" 1
(7) @ (10) N ESO'
For each s > 55 choose py = po(s) such that
al' i-npy 1
(8) 0y = 55,
i.e.
I\ ?/(n=p)
©) p-a(s)
Note that
1
<
(10) Po < 15

From (5), (8), (10), (2), (4) we have for s > 5o and pg as in (9),

that
1/p
sup w,'c™" / 1P
O<o<1-8 B_(£)

1/p
c [P -n M
<</ [r [, o 19 flp] .
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Hence
1/p

I/p
sup 0"’/ Pl <Epy | SPIHP + VM £
0<o<(1-B)/5 B, (&) @ B (&)

forsome 0 <7=1(&) < po.
Since pp < 1/10 < (1 —p)/5 from (10) and (2), it follows from (9)
that for this particular 7 = 7(£) < py we have

/ < / FPIHP + VM fp
B, (¢)

where pg is as in (9).

Since this is true for x4 a.e. £ € BgN{h > s}, it follows from (10),
(2) and a standard covering argument (see [S: Theorem 3.3, p. 11])
that

[y 7S b [, S 191
B N{h>s}

and so for any s > sy we have (using (9)) that
np/(n—p)
(11) u(Bgn{h > s}) <c(r’:") gc(ar;) .

(Since u(B,N{h > 0}) < w,, this last inequality is true forall s > 0.)
It follows from (11) and the fact u(Bgz N {4 > 0}) < w, that

(12)/3 hpzp/ooosp’lu(Bﬂﬁ{hZS})

I'/e
:p/ P~ u(Byn{h > s})
0

0 [ By {h 2 s}
T/a
p ) np/(n—p)
<c (£> +c/ sP1 (L)
a T/a as
D 14 0o b
e(EY we (L) [T emienase(T).
« @ 1 o

(Remarks. One can similarly estimate the integral of A7 for any 1 <
g <np/(n—p).)

Finally suppose ¢ € C°(B;), 0<¢ <1, ¢p=1o0n By, 9=0
on By ~ Bg, and |Dg¢| < ¢/f. From the appropriate Sobolev in-
equality for functions with compact support (for example,

IA
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see [S; Theorem 18.6, p. 93], replace 4 there with A" where r =
p(n—1)/(n—p), and use Holder’s inequality) it follows

[ / (@h)"0/(n=p)
B

!

(n—p)/n
] <c / 9P RP\HIP + VM (ph)P?
Bl

<< [/ hP|H|”+|VMh|”} ,
ap B1

using (12). Hence

I

This establishes the theorem. O

(n—p)/np 1/p
W T [
Bl

B2

THEOREM 2. Under the same hypotheses as Theorem 1, there exist
B=pB(n)>0, yp =y1(n) >0, and y, = y(n), such that

ah\" yiah "
/B (T) exp( T )SVzR,

BR

where

1/n
r=[/ h”lH(”+]VMh|”] :
BR

Proof. Choosing R = 1 and arguing exactly as in the proof of
Theorem 1, with p = n, we obtain instead of (5) that

1/n
(5) [ sup ;'™ | f"]
O<o<1-8 B (&)

o

1/n
Po
<< / [r—" / f"|H|"+|va|"]
a Jo B (&)

al. . _
+=—log(p; ).

Choose sy so that

= -1
, ale (L) -1

(7) a Og (10> - 2S().
For each s > 59 choose py = po(s) such that

) S
(8) ——logp5' = 35,

«Q



66 JOHN HUTCHINSON
1.e.
’ _ _Z’zaS
9) po—exp< T )
Arguing again exactly as before, we obtain for any s > sy that
Fpo " ry\”" caas
’ - rv < — 2
(11) ,Lt(B,,ﬂ{hZS})SC(aS) el exp( F)'

(This is then true for any s > 0 since u(BgN{h >0}) < wy.)
By Fubini’s theorem we see that if ¢(s) isa C! increasing function
of s for s >0, and ¢(0) =0, then (since # >0 on ByNM)

/ p(u) = /oo ¢'(s)u(BgN{h > s})ds.
B 0

B
as\" Pias
o) = () e (°F)
where y; is yet to be chosen, it follows from (11)’ and the fact
u(BgN{h>s}) < w, that

If we let

X €Xp (T
<7y, say,
where we choose y; = ¢3/2. O

THEOREM 3. Suppose (H). Suppose o > 0 and choose N such that
UM) < Nwy(l —a).
Choose any A < --- < Apy such that
plh<i}<won—a,
,u{,l,~<h</1,~+1}§w,,—a fori=1,...,N,
Wiy < h} <w, —a.

This is clearly possible for some M < N — 1.
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Then if 1 <p <n and p < q < np/(n-—p), there exist constants
c=c(n,p) and B = f(n, a) such that

UB (il}f]h - M)q} "

c p 1/p
< aR””/q_”/” [/ [(inﬂh - A,-|) |HP + IVMh|”H .
B 1

The same result holds if p > n and p < q < oo, but with ¢ =c(n, q).

BR

R

REMARK. The necessity of allowing distinct values for the A; is
clear if one considers examples where V' = v(M, 1), M consists of
distinct affine spaces, and # takes a distinct constant value on each
affine space.

Proof of Theorem. Let

IO = (—OO, }*I]s
I =1{A;, Ait1] i=1,..., M-1,
IM = [}»M, OO)
Define
inflh () — 44, h(¢) € 1,
hj<f>={ l '
0, hé) ¢ 1;.
Let

h(&) = inf|A(&) = Ail = > ().
J

Then for each £ € M there exists at most one j such that 4;() #
0. Moreover, each h;(£) is Lipschitz. Finally, for H” ae. { €
Mn{hel;} wehave VMp;(&) = VMp(E), and so VMA(E) = VMp(E)
for H" ae. e M.

Taking f as in Theorem 1, it follows that

a/p]P/4

rlq P
q _ 2: p Z: V\q/

['/B . } - /Bﬁk ( J hj) : J [/Bﬁk(hj )q p}

/q

BR
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(by Minkowski’s inequality, using ¢ > p)
c

< —_Rp+(np/q)—n /

<X h [

(by Theorem 1 and the remark following it)

WHP + VM, !"}

R

1874

— £ Rp+(np/a)-n [/ K| HP + 'VMhlpJ )
BR

REMARK. The restriction g > p is required in order that the con-
stant ¢ not depend on u(BR).

THEOREM 4. Suppose the same hypotheses hold as in the previous
theorem.
Then there exist § = B(n) >0, y; = yi(n) >0, and y, = y2(n),

such that
ah " ?’la_}l n
J, (T) v (P5?) dusnr.

BR

where

h(&) = inf A(&) — A,
1/n
r= { [ |th|"} .
BR
Proof. Define A; and A; as in the proof of the previous theorem.

Then _
/B (ah;)" exp <YIﬁﬁj) <nl7,

33 J

where B, y; and y, are as in Theorem 2, and where

1/n
r,-:[/ h7|H|"+|thj|"} .
BR

Replacing I'; by I on the left side (as I'; < I'), and then summing
the inequality over j, we obtain the required result. O
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