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The Jones’ index of a pair N C M of finite von Neumann algebras
with finite dimensional centers has been given two definitions: one
ring-theoretic, and one using Markov traces. We extend here the
second definition to the case of finite, o-finite von Neumann algebras
and we show that the two definitions agree when the algebras are
direct sums of finite factors. We also study Markov traces on such
pairs.

Introduction. The purpose of the present article is twofold:

(1) If N c M is a pair of direct sums of finite factors, we prove
that the index [AM : N] defined in Chapter 3 of [3] is equal to the
ring-theoretic index introduced in Chapter 2 of [3].

(2) We give a definition of the index for a pair as above in terms
of canonical objects associated to N and M such as center-valued
traces and coupling operators.

In fact, we present a solution of problem (2) providing a framework
in which problem (1) is easily solved. More precisely, let M be a
finite, o-finite von Neumann algebra and let N be a von Neumann
subalgebra of M containing the identity of A/ . If N is of finite index
in M, ie. if M acts on some Hilbert space H in such a way that
the commutant Ny of N is finite, and that the coupling operators
cy(H)*! and cy(H)*! are bounded, then we define two bounded,
linear, normal maps

CM e L.(Z(N)) and DY € L.(Z(M))

which do not depend on the chosen representation and which have the
same spectral radius.

Thus the index of N in M, denoted by [M : N], is the common
spectral radius of C¥ and DY .

Let (M, L*(M), J, P) be the standard form of M ([4]). The
basic construction associated to the pair N C M gives the finite von
Neumann algebra JN'J, denoted by (M, ey). Then M is of finite
index in (M, ey) and [(M, ey): M]=[M : N], so it is possible to
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iterate the basic construction and we get a tower of finite von Neumann
algebras (My)i>o with

Moy=NCcMy=McCc---CM CMg,C---

where M), comes from the basic construction associated to the pair
M, _; C M, . Let us state the main result of this paper:

THEOREM 1. Assume that N and M are finite or countable direct
sums of finite factors, N being of finite index in M . Then the tower
(M) is isomorphic to the ring-theoretic tower of Chapter 2 of [3], and

[M : N] = lim sup[rk(M} | My)]/*
k—o00

where k(M) |My) denotes the smallest possible number of generators
of My, as a right My-module.

Except for a technical lemma concerning some suitable trace on M,
Theorem I follows readily from the following proposition which gives
a nice relationship between the endomorphisms C# and C,j\‘,'[" :

ProvrosiTiON II. Suppose that N C M is a pair of finite, o-finite
von Neumann algebras, N being of finite index in M . Then we have
for every positive integer k :

Cale = (CMHE.

) M, M, \k
We prove similarly that Dy* = (DMk_.) .
The motivation for the choice of the map D) is explained by the
following result:

ProposITION III. (1) Let N C M be a pair as in Proposition 11 and
let ¢ be a normal, faithful, finite trace on M. Then ¢ is a Markov
trace of modulus B for the pair N C M (see Definition 5.1) if and
only if"

¢ o DN = Bo|Z(M).

(2) Suppose that ¢ is a Markov trace of modulus B for N C M.
Then its extension to (M, ey) is a Markov trace of modulus B for
M C (M , eN) .

We will see that Markov traces do not always exist, but classical
Perron-Frobenius theory implies that such traces exist when Z (M)
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and Z(N) are finite dimensional and when Z(N)N Z (M) = C (see
[3], 3.7.4). When the pair N C M has a Markov trace try; of modulus
[M : N], then the triple (N, M, trp,;) behaves more or less like a pair
of factors, as the next two results show:

THEOREM IV. If the pair N C M admits a Markov trace try; of
modulus [M : N] then the basic construction (M, , ey) associated to
the pair N C M, is isomorphic to M, for every k.

Remark that Theorem IV is a generalization of Theorem 2.6 of [7].
Finally, the last proposition may be compared to the definition of
index in the case of factors [5]:

PROPOSITION V. Assume that try, is a normalized Markov trace of
modulus [M : N] for the pair N C M . Denote by try the restriction to
N of trys. Then the pair M' ¢ N' C B(L%*(M)) admits a normalized
Markov trace try of modulus [N’ : M'] = [M : N] and we have for
every & in L2(M):

[M : Nty (ef") = tra(ef™),

where eéA) is the orthogonal projection onto the closed subspace [AE]

of L*(M).

I would like to thank P. de la Harpe, V. Jones and G. Skandalis for
their suggestions and comments during the preparation of this article.

1. Preliminaries. Throughout this paper M will be a finite, o-finite
von Neumann algebra, i.e. M admits a normal, faithful finite trace.
Z(M) denotes the center of M and b, its canonical Z(M)-valued
trace. If M acts on some Hilbert space H in such a way that its com-
mutant M7, is finite, then there exists a unique positive, selfadjoint
operator cj(H), which is affiliated with Z(M) and invertible in the
sense of unbounded operators, such that

(ef*" )t = car(H) (e )i,

for every ¢ in H, where eéA) is the projection onto the closed sub-
space [4C] of H and where f; denotes the trace on Mj,. The
operator cp,(H) is called the coupling operator associated to M and
H and it possesses the following properties:

(i) epr(H) = ey (H)™'5
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(i1) cqm(qH) = qep(H) for every central projection g ;
(iii) if e’ is a projection in M}, with central support 1, then:

cr, (e'H) = e'(e') ey (H).
Let us recall that if €' is as in (iii) above, one has:

(x,)% =e'(x'w) and (x;,)h'e’ = ¢'(e"tn) " (e'x'e' ),
for x in M and x' in M}, where fy (resp. b/, b,) denotes the
canonical trace on My (resp. M, , M,). (See [2] or [8]).

Two projections e and f of M are said to be equivalent if there
exists ¥ in M such that: u*u = e and uu* = f. We write this fact:
e ~ f. If a projection e is equivalent to a subprojection of f, we
write: e < f. By Corollary V.2.8 of [10], if ¢ and f are projections
in M , then e =< f if and only if efw < fiu .

Let (M, L’(M), J, P) be the standard form of M ([4]): M acts
normally and faithfully on the Hilbert space L2(M), P is a selfdual
cone of L*(M), J is an antilinear involution on L?(M) and the
following relations hold:

(1) JMJ = M';

(2) JoJ =c* for cin Z(M);

()Jé ¢ for £ in P,
) aJ

(4) aJaJ(P) is contained in P for a in M.

M, denotes the predual of M and M, . denotes the set of central
elements of M., i.e. those elements ¢ in M, such that ¢(xy) =
¢(yx) for every x, y in M. A normal, finite trace on M is then a
positive element of M, .. The preadjoint of the canonical trace fs
is an isometric isomorphism from Z(M). onto M, . whose inverse
is the map ¢ — ¢|Z(M) from M, . onto Z(M)., i.e.

(9|Z(M))(x*») = p(x) for x in M and ¢ in M, ..

If F is a bounded, normal linear map from Z (M) to the center
Z(N), where N is some finite, o-finite von Neumann algebra, we
denote by F. the map from N, . to M, . defined by

Fu(p)=9oF oly

for every ¢ in N, ..
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We end this section with two lemmas which are certainly well known,
but we could not find any reference for them:

LEMMA 1.1. Suppose that M is contained in B(H) and let e be a

projection in M such that there exist &,, ..., &, in H with
"y o)
e= \/ e
i=1
Then there exist 1y, ..., N, in H such that the projections e,(,fw ) are

pairwise orthogonal and

n
e=3eft
i=1

Proof. Set e; = eé(M ) for ¢ in H. We prove the lemma by induc-
tion on #»: the assertion is obvious for n = 1; assume that it is true
for some 7, and let e be a projection in M such that

n+l1

e=\/e
i=1

with &,,...,¢&,.1 in H. Set
n+1
f= V € -
i=2
There exist 7, ..., f,4+1 in H such that the e, are pairwise orthog-

onal with sum f. Moreover
e—f=e¢lvf—f~e¢l—eél/\fSeél,
and hence there exists 7, in H with e — f=¢, . m]

LEMMA 1.2. Let N be a von Neumann subalgebra of M containing
the identity of M . Then:

(1) (v)w =y for every y in N;
(2) if y € Ny is such that y' is invertible, then y'w is invertible.

Proof. (1) We have to prove that one has for every { in Z(M).:

L)) = {(v).
Fix some { in Z(M). and let ¢; be the unique element of M, .
such that ¢/|Z(M) ={. Then ¢;(y') = ¢,(y) since y*~ belongs to
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the norm-closed convex hull of the set {vyv*; v unitary in N} and
since ¢¢|N is central. Hence

L)) = pr (¥™) = pr(¥) = L(¥™).

(2) There exists a positive number ¢ such that y% > c¢. One gets
from (1): yix = (y%)% > ¢, and y' is invertible. O

2. Finite representations; index. In this section, A denotes a finite,
o-finite von Neumann algebra and N is a von Neumann subalgebra
of M containing the identity of M .

DEFINITION 2.1. (1) A (normal, faithful) representation (7, H) of
M is a finite representation of M if the commutant (M) of n(M)
is finite and if the coupling operators c;a)(H) and ¢,y (H) are
bounded operators.

(2) A representation (n, H) of M is a finite representation of the
pair N ¢ M if it is a finite representation for M and N.

Notation. Let (n, H) be a representation of M. We denote by
My (resp. Np) the commutant of n(M) (resp. n(N)) in B(H).
We simply denote by M’ (resp. N') the commutant of M (resp. N)
in B(L*(M)).

LEMMA 2.2. Suppose that M is contained in B(H) and that the
action of M on H is a finite representation of M. Let (n, K) be
another finite representation of M . Then there exist:

(1) an integer n > 1.

(2) aprojection €' in My®B(K,) with invertible trace (K, denotes
the Hilbert space of dimension n),

(3) a surjective isometry u from K onto e'(H ® K,,), such that

n(x)=u*(x®1,)e'u forx in M.

Proof. Let cp(K) be the element of Z(M) C B(H) such that
n(cm(K)) = cyary(K). There exists an integer m > 1 such that
cu(K) < m and cy(H) > m~!. By Propositions 3 and 6, pages
300 and 302, of [2], and by Lemma 1.1, the identity of M} is the
orthogonal sum of m cyclic projections, and every positive normal
form on M is the sum of m cyclic forms. Set n = m?. By Theorem
3, page 61, of [2], there exists a projection ¢’ in My ® B(K,) such
that n(M) is spatially isomorphic to (M ® 1,)e’. Moreover

cmM(K)® 1, = n(el)h:'CM(H) R 1,
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which shows that (e’ )“; is invertible as ¢)/(H) and cp(K) are. (We
denote by b, the canonical trace on M} ® B(K,).) O

We are presenting now the main tools needed in this paper:

THEOREM 2.3. Let N C M be a pair as above.

(a) The following conditions are equivalent:
(al) there exists a finite representation of the pair N C M ;
(a2) the standard representation of M is a finite representation of
the pair N C M ;
(a3) any finite representation of M is a finite representation of the
pair NC M.
(b) Assume that one of the conditions in (a) holds, and let H be a
finite representation of the pair N C M. Define S¥: Z(M) — Z(N)
and T¥: Z(N) — Z(M) by

SN (2) = en(H)(ep(H) ™')™
and
T (w) = whv,
for every z in Z(M) and every w in Z(N). Set also
CM =S¥TY¥ and DY =THSY.

(bl) The maps S¥, TM CM, DM are completely positive and
normal.

(b2) S¥ does not depend on the chosen finite representation: if
(p, K) is a finite representation of the pair N C M, one has for z
in Z(M)

plen(H)(ep(H) ™' 2)™) = cpony(K)(Cpian (K) ™' p(2)) .

In particular C¥ and D¥ do not depend on the chosen finite repre-
sentation.
(b3) The maps C¥ and DY have the same spectral radius.

Proof. The implications (a3) = (a2) => (al) are obvious. We show
that (al) = (a3): Assume that M is contained in B(H) and that
the action of M on H is a finite representation of the pair N C M,
and let (7, K) be a finite representation of M. By Lemma 2.2, we
may assume that K = ¢/(H ® K,) and n(x) = (x ® 1,)e’, where n
and €' are as in Lemma 2.2. Then Ny = e'(Ny,; ® B(Ky))e' is a finite
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von Neumann algebra and
cxw)(K) = né'(e'Yven (H) ® 1,

belongs to Z(n(N)) and is invertible by Lemma 1.2. (The trace on
Ny, ® B(K,) being denoted by B),.) The assertions (bl) and (b3) are
obvious. Let us prove (b2): let (p, K) be as in (b2). By Lemma 2.1,
it suffices to consider the case where p is a spatial isomorphism, a
finite dimensional ampliation or the induction by a projection with
invertible trace. The first two cases are easy; so assume that p is the
induction by some projection e’ in M}, such that (e’)h'n is invertible,
where f; denotes the trace on M}, . Denote by by, (resp. h%) the
trace on Ny (resp. Ng). Then K =¢'H, and

e, (K) = €'(e')in - cp(H) and ey, (K) = €/(¢)) - cn(H).
One gets for every z in Z(M):

e (K)(Cpan (K) ™' p(2))k
= e'cy(H)e"ln(e"n) =1 (€' (e"tn)~ cpr (H) ™' 2t
= e'en(H)((e' (") epr(H) ™" z)n)tu
= e'en(H)(cp(H) ™ 2)h,

We used Lemma 1.2 in the third line of the computation. The rest of
the statement follows now easily. O

DEFINITION 2.4. (1) N is said to be of finite index in M if the pair
N C M satisfies one of the equivalent conditions of Theorem 2.3(a).

(2) If N is of finite index in M, then the index of N in M,
denoted by [M : N], is the common spectral radius of the maps C¥
and DY .

(3) (See [3], Definition 3.5.3.) The inclusion of N in M is con-
nected if Z(NYNZ(M) =C.

REMARK. Suppose that Z(N) and Z (M) are finite dimensional.
Then the index above coincides with the index introduced in [3], Def-
inition 3.7.5. Indeed, denote by p;, ..., pm (resp. qi, ..., gn) the
minimal central projections of A (resp. N). By Proposition 3.6.8 of
[3], one verifies that the matrices of the maps S¥ and T written in
the bases py, ..., pm and gq;, ..., g, are precisely the matrices TI{‘,”
and T of Definition 3.7.5.
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COROLLARY 2.5. Let N C M C L be finite, o-finite von Neumann
algebras.

(1) If N (resp. M) is of finite index in M (resp. L) then N is
of finite index in L.

(2) If N is of finite index in L then N (resp. M) is of finite index
in M (resp. L).

(3) Assume that condition (1) or (2) above is satisfied. Then:

(i) S§ = Si/Si;

(i) Ty =TyTy;

(iii) Ck =S¥ CLTY;

(iv) D% = TLDYSL,.

Proof. (1) follows from a straightforward application of condition
(a3) of Theorem 2.3.

(2) Let H be some finite representation of the pair N C L. We
have to prove that the operators ¢ (H)*! are bounded. There exists
an integer n > 1 such that cy(H) < n. By Proposition 5, page 301,
of [2], there exist &, ..., &, in H such that

1= \/eéN).
i=1

As N is contained in M we get
n M hM;_, n ”
1= (\/ e )) < Y em(H) T () < mew(H),
i=1 i=1

and hence cy(H)<n.

Similarly there exists m > 1 such that ¢;(H)~! < m. By applying
the proof above to the pair L}, C M}, we get cy(H)™' <m.

(3)(i) Let H be some finite representation of L . One has for every
x in Z(L)

SY S (x) = en(H)(car(H) ™' S (x))™
= en(H)(em(H) ™ ear(H) (e (H) ™ x)in )"
= cn(H)(c (H) 'x)™: by Lemma 1.2
= Sk(x).

(ii) follows immediately from Lemma 1.2, and (iii) and (iv) are
straightforward applications of (i) and (ii). O
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Let us establish the expressions of the maps S¥ , C¥ and D¥ in
the standard representation L?(M) since they will be used frequently:
Set cy = cy(L?(M)) and recall that cp(L%(M)) = 1. Then

SM(z2) = en(LA(M))(cp (L2 (M)~ 2)w
=cyz  for every z in Z(M).

Hence

CM(w) = S¥T¥ (w) = cy(w)  for w in Z(N), and
D¥(z) = TMSY(z) = (cyz™)™  for z in Z(M).

Before considering some examples of such pairs, let us study the case
of the pair My C Ny where H is some finite representation of N C
M:

COROLLARY 2.6. Suppose that N is of finite index in M and let H
be some finite representation of the pair N C M . Then My, is of finite
index in Ny and

[N}y : My =[M: N1.

Proof. Ny, is obviously finite and o-finite, so M}, is of finite index
in Ny . Let I': Z(M) — Z(M) be the multiplication operator by
cp(H). Then we get for z in Z(M) = Z(My)

T-'DMT(z) = cp(H) ™ (en (H) (car(H) ™ ear(H) z)ir )
= cM;(H)(ch;(H)"lth,',)hM

N,
= C,/(2).

H

Hence the spectral radius of CAIZ’,' is equal to the spectral radius of

H

M
DN. D

ExAMPLE 2.7. Let M be a finite factor and let N be a von Neu-
mann subalgebra of M containing the identity of M . Denote by try,
the standard trace on M, i.e. x% = try(x) -1y for x in M. We
will see in §4 that Z(N) is finite dimensional if N is of finite index
in M. Let g, ..., g, denote the minimal central projections of N .
One has

n
=) dimg n(¢;L*(M))g;  (see Chapter 3 of [3]),

i=1

and D¥ is the multiplication operator on C = Z(M) by tra(cn)-.
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Hence
n
[M : N]= try(cn) = ) dimy n(q; L (M) trar(g))
j=1
. 1
i=1
since
[M,, : Ny | = dim, y(g;L3(M))/ dimg o (4;L3(M))
and

dimg prq (9;L2(M)) = trar(g;) "

ExAMPLE 2.8. Let 4 be an abelian, o-finite von Neumann algebra
and let o be an automorphism of A. Assume that there exists a
normal, faithful, semifinite trace 4 on A which is invariant under
a. Set M = Mat,(A), and

N={(J(; ) €A}

Let H = L?(A, u)®C? and let u be the unitary operator on L?(A4, u)
such that a = Ad(«). Then

uc d

a bu* “Nh__l a+a~'(d) 0
uc d 2 0 ala) +d

for a, b, ¢, d in A. Hence cy(H) =2 and cy(H) =1/2,50 N
is of finite index in M . Moreover

D¥(a)=2a+a(a)+a (@) forain A= Z(M), and

M [ a 0 _ D(a) 0 _NnM
Y (5 o) = ("0 aplay) hereP=DY.
As D¥(1) =4, we have [M : N] = 4.
Finally, remark that the inclusion of N in M is connected if and
only if « is ergodic.
The motivation for our definition of index needs the basic construc-
tion which is the subject of the next section.

N},:{(a bu );a,b,c,deA} is finite, and

3. The basic construction. Throughout this section N C M is a
pair of finite, o-finite von Neumann algebras, N being of finite index
in M.
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For ¢ in M/, wedenoteby Q, € P C L?(M) the unique positive
vector in L2(M) such that

p(x) = (xQ,, Q,) for x in M (see [4]).

If ¢ isa normal, faithful, finite trace, we denote by E%, the (unique)
conditional expectation associated to ¢, and by e% the orthogonal
projection onto [NQ,].

ProrosITION 3.1. Let ¢ be a normal, faithful, finite trace on M .
Set (M, e%)=(MuU{e})". Then

(1) () =5

(2) J commutes with €% and e§xe% = E%(x)ey for x in M

(3) if v is another normal, faithful, finite trace on M then the
projections e% and e}, are equivalent in N' and

(M, ef)=(M,e})=JNJ.

Moreover, e%, and e} are equivalent in JN'J .

Proof. (1) By faithfulness of ¢, the vector , is cyclic and sepa-

rating for M ; thus e}’ )=1.As ey = egv ), we have by definition of
14 ?

ey = en(L*(M))
en(ed) = 1.

(2) Let J, be the involution on L?(M) extending the map: xQ, —
x*Q,. By Lemma 2.9 of [4], we have J, = J. Hence Jej = e} J
and ey xel = E%(x)e}, for x in M. See [5], §3.

(3) It follows from (2) that N = M n{e%} , and that (M, e}) =
JN'J. By (1), e and e} are equivalent in N’, as they have the
same trace. Finally, they are equivalent in JN'J since they commute
with J. a

Thus, in order to define the basic construction for the pair N C M,
we choose an arbitrary normal, faithful, finite trace tr on M, and
we set ey = el and (M, ey) = JN'J which is equal to (M, e}) for
any other such trace ¢ on M. As M = JM'J, then M is of finite
index in (M, ey) and [(M, ey): M] = [M : N]. This allows us to
iterate the basic construction and we get a tower of finite, o-finite von
Neumann algebras (M )i>o with

M():N, M1=M, and Mk+1=(Mk,€M

k—1

) = JkM]’(—le s

where J; is the involution on the standard representation L?(M}).
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Recall now that for every normal, faithful, finite trace ¢ on M,
there exists a unique normal, faithful, semifinite trace Tr’q, on N’
with the following property:

Tr,(efy'ed) = (V'Qy, Qp), fory'in N'.

In fact, TI"¢ is the trace on N’ whose spatial derivative (in the sense
of [1]) with respect to ¢|N is equal to 1. Let then Tr, denote the
corresponding trace on (M, ey) = (M, ey) = JN'J . It is the unique
normal, faithful trace on (M, ey) such that

Try(efxed) = (xQ,, Q,) for x in (M, ey).

Moreover, one has another nice interpretation of the trace Tr,: By
Proposition 3.6.1(v) of [3], the map ¥, from N to the reduced al-
gebra el (M, en)el given by ¥(y) = ye} for y in N is an isomor-
phism and it is easily checked that Tr, is the unique normal trace on
(M, ey) such that

Try |5 (M , en)el = 9o ¥

We are ready to interpret the maps D¥ and Sﬁl’m in terms of
the traces ¢ and Tr, on M and (M, ey) respectively. Recall that
D, is a map from M, . to itself and S, is a map from M, . to
(M, eN)«,c, where we set D = D% and S = Sl(\y’e'v) .

PROPOSITION 3.2. The map S. is the unique positive, linear, bounded
map from M, . to (M, en). . such that

(1) §*((p) = Tr, for every normal, faithful, finite trace ¢ on M.
Moreover we have for every ¢ in M, .:

(2) S.(9)IM = D.(9).

Proof. Uniqueness of such a map follows from its continuity, from
uniqueness of Tr, and from density of normal, faithful, finite traces
in the positive part of M, .. Let us prove (2) first: we have for any
¢ in M, . and any z in Z(M)

S.(9)(z)

p(Sy e (Zhww))
o(JenJJ 2% J)o')

9((enz)w) = p(D(2)) = Du(9)(2),
since c(yr, e,y (L2(M)) = Jey'J .
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In order to prove (1), let us fix a normal, faithful, finite trace ¢ on
M . We establish first the identity:

*) Vv = cy(efJy*J)  for every y in N.

Indeed, set (y) = cy(eyJy*J) for y in N. Itis easy to check that
0 is linear, positive, bounded and normal, that 6(y;y,) = 6(y,y;) for
Y1, Y2 in N, and finally that (w) = w for w in Z(N), since one
has for such a w: e}, Jw*J = e{w, which implies that §(w) = w
using Proposition 3.1. By uniqueness of the canonical Z(N)-valued
trace, we get 6 =, and () is proved. Now take a and b in M,
and set y = E%(a)EY(b). Then

S.(p)(ef(aelb)et) = Si(p)(ved)
= p((JenJ (yel)ionan i)
= p((cn(efJy* J)in Your)
= p((y™)) = p(y)
= (aeibQy, Q).

Hence §*(¢) = Tr, by uniqueness of Tr, and by density of the set of
finite sums of elements of the form aefb (a, b in M) in the algebra
(M, eny) (Lemma 1.1 of [6]). O

In the next sections we will need to study the relationships between
the maps C:,Jk and Dj:,l“ , and the maps C¥ and DZ: respectively.
—~1

The following proposition is the first step in this direction:

ProrosiTioN 3.3. Consider a pair N ¢ M as above. Then the
following identities hold-

(1) ceTy =YY,

(2) 8y Dy = DSy

Proof. (1) Fix w in Z(N). One gets

Ci" T (w) = Clg" Y (wiv) = SN (wn o)
i (T )

= (Jew(wtu)on J i

= (ew(whn )i Yo

= (CH )i = TH Y (w).
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(2) Similarly one has for w in Z(N)

Sy DG (Jw*T) = ST (Jeww* Ty o)

= S5 (T (exw*w ) J)

= (Jen((enw*)h)i: J)iw

= (en((cyw)un )i )om

= D ((enw)w)

=DM ((JenJ Jw*J)w")

= DMV (), O
COROLLARY 3.4. For every pair N C M as above and every positive

integer k, we have

(1) Cyx = (CY;
(2) Dy* = Dyt )F-

Proof. (1) By induction on k. If k = 1 it is obvious. Suppose
that the assertion is true for some k and for every pair of finite, o-
finite von Neumann algebras of finite index. Applying the induction
hypothesis to the pair M C M, one gets

Cilet = SMCHTM by Corollary 2.5
M. ey
=S¥ (cly kT
= S}{,’(Cﬁ{"’”))k‘1 TH CY by Proposition 3.3(1)

=S¥y T (CH !
—S%TM(C%)IC (CM)k+l

The assertion (2) is proved in the same way. O

COROLLARY 3.5. Let N C M and k as above, one has
(1) Ck(1) = en(LA(M,)), where C = CM ;

(2) [My:N]1=[M:NJ;

(3) [M:N]>1.

Proof. (1) Ck(1) = Cﬁ,lk(l) = cy(L*(M;)) when computed in the
finite representation L2(M,).
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[M : N1 = Tim [|(Cy*)™ /™ = lim | C™¥ || /™
— hm(ncmk”l/mk)k [M : N]k

(3) By Proposition 3.1 we have cy(L?(M;))~! <1, hence Ck(1) >
1, and ||Ck||'/* > 1 for every k since C is completely positive. O

4. The case of pairs with atomic centers. We assume here that
N C M is a pair of finite, o-finite von Neumann algebras with atomic
centers (see [10], Definition II1.5.9). It is equivalent to say that N and
M are finite or countable direct sums of finite factors. The purpose
of the present section is to prove that the index defined above coin-
cides with the index introduced in §2.1 of [3]. We denote by Min(M)
the set of minimal central projections of M and by Min(N) the cor-
responding set of N. If p and p’ belong to Min(M), we say that
they are neighbors if there exists ¢ in Min(N) such that pg # 0 and
p'q # 0. We denote by W), the set of neighbors of p € Min(M).

LEMMA 4.1. There exists a positive integer n such that for every p
in Min(M) one has
card(W,) < n.
Moreover, the projection z(p) = Y ,cy € is the support of D¥(p) in
Z(M).

Proof. Set Q, = {g € Min(N); pq # 0} for p in Min(M). Then
quQ q is the central support of p in N’, and using Lemma 3.6.7
of [3], we see that:

chhN/ = Z (lf),q/cp,q)Q7

q€0,

where A2 , = [Mpg: Npgl > 1 and ¢, 4 = trpp(pg) . We get for g in
O
llenll- g > enp™a > (1/¢p,4)q;  hence ¢y, gllenll > 1.

1= Z trpMPQ) Zcp q>

gEMin(N) q€Q,

But

which implies card(Q,) < ||cy||. Similarly, we have

card{p’ € Min(M); p'q # 0} < [|c¥||
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for every g € Qp, since c'}{}‘ = ¢, (L*(N")). Hence card(W,) <

lewll - lich 1l
Finally, as D} (p) = (cyp" )™ , the last claim is easy to check. O

LEMMA 4.2. There exists a normal, faithful, finite trace ¢ on M
with the following property: for every x in (M, ey), there exists a
unique y in M such that

9 _ ye?
xey = yey.

In particular, (M, ex) = {3_]_, ajeyb;;a;j, bj € M}. (See Lemma
3.6.3 of [3].)

Proof. The proof is decomposed into two parts:
(1) We show that there exists a normal, faithful, finite trace ¢ on
M and a positive number ¢ such that

*) D.(p) < cop.
Indeed, if Z(N) or Z(M) is finite dimensional then they are both
finite dimensional by Lemma 4.1, and any faithful trace on A satisfies
(*). We assume that Z(N) and Z (M) are infinite dimensional and
that the inclusion of N in M is connected. Then fix an arbitrary
projection py in Min(M) and set V5 = {po} and V; = W, \V,. For
k>1, we set
k
Vigl = {p EMin(M);p ¢ U V; and 3p’' € V such that p' € Wp} .
Jj=0

By connectedness of the pair N ¢ M, we get that Min(M) is the
union of the ¥V, ’s and that V}, # & for every k (since if V= O
for some k > 0, then the projection z = EIJLO Y e.cy € belongs to
Z(N)N Z(M), hence equals 1). ’

Moreover, if n denotes the integer given by Lemma 4.1, it is easy
to verify that:

(i) card(V;) < n* for every k;

(ii) for every k and for every p in V, one has: W, C Uf:,i_l V.
Then we set ¢(pg) = 1/2 and for p € Vj.: ¢(p) = n~¥k~2. Thus there
exists ¢’ > 0 such that

1 -2
> o) <o) and Y g(p)<5+) k<o,
p'ew, p k>1

for every p in Min(M).
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As D(p) < |lenllz(p), the trace ¢ above satisfies (x) with ¢ =
llenlle’ B

(2) We take ¢ asin (1) and we set ¢ = S.(¢) =Tr, € (M, en)« ¢
(see Proposition 3.2). Let Ej, denote the conditional expectation
from (M, ey) onto M associated to ¢. We show that Ej(e}) is
invertible. Indeed, let Q, and Q; € P C L?*(M) be the vectors
associated to ¢ and to ¢|M = D.(p) respectively. We get for every
ain M

(Em(eg)aQds , aQ) = ¢(Enm(efaa®)) = ¢(efaa*)
= (aa*Q,, Q,) by Proposition 3.2

= ¢(a*a)
> ¢ 'D.(p)(a%a) = c"HaQy , aQy).

We end the proof as in Lemma 3.6.3 of [3]. O

Before stating and proving the main result of this section, let us re-
call the definition of the ring-theoretic basic construction proposed in
§2.1 of [3]: We associate to the pair N C M the pair M C Endy (M),
where End)y (M) is the algebra of endomorphisms of M viewed as
a right N-module; M is identified with a subalgebra of Endy (M),
each x € M being identified with the left multiplication operator
(y — xy) € Endy(M). If L is a right N-module we denote by
rk(L|N) the smallest possible number of generators of L as a right
N-module.

THEOREM 4.3. Let N C M be a pair of finite, o-finite von Neumann
algebras with atomic centers, N being of finite index in M . Then

(1) ICHII < k(M|N) < |CH |l + 15

(2) MOyM = (M, ey)as N-bimodules and Endy(M) = ((M , ey)
as C-algebras;

(3)
[M : N]= lim sup[rk(M®~|N)]!/¥
k—o0

= lim sup[rk(M|N)]1'/*,

k—o0

where M®x =MQNM---Qy M, k times.

Proof. (1) We have by definition C¥(1) = cy(L*(M)) = cn. Set
r = tk(M|N). Then there exist &, ..., ¢ in L?(M) such that the



INDEX FOR PAIRS OF FINITE VON NEUMANN ALGEBRAS 61

subspace generated by the N¢;’s is dense in L?(M). This means that
o

j=1

Thus:
h}v’ r
V e(N) < Z cg,l(e'gv New < rey!

j=1 '

which implies that

ICH (DIl < r = tk(M]N).

As C¥ is completely positive, we have |C¥| = |[CH(1)||, and the
first inequality is proved.

In order to prove the second one, let ¢ be a normal, faithful, finite
trace on M as in Lemma 4.2, and let m be the integer such that

llewll < m <len|l + 1.

We are going to exhibit a basis {v;;i =1,..., m} of M over N
with the following properties:

(a) E(viv;) =0 if i #j;

(b) fi = E%(v}v;) is a projectionin N, v;f; = v;, and E%(vx) =
fiE%(vix) for every i and every x in M ;

(c) every x in M has a unique expansion

m
x =Y vy; withy;in N;
i=1
in fact v;y; = v;Ex(v}x).

Such a basis {v;} is called a Pimsner-Popa basis of M over N;
see [6] and Theorem 3.6.4 of [3].
Remark first that for every ¢ in Min(N) we have

s e,y (€5 Ja)) > m!,

since (ef)i = c;,‘. Hence for every ¢ in Min(N) there exist m
pairwise orthogonal projections r;(g) such that

m
ri(q) I ekJqJ forevery i, and Zr,-(q) =JqlJ.
i=1
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If ri =3 emin(wv) 7i(q) , then the pro;ectlons r;’s are pairwise or-
thogonal, their sum equals 1 and r; < e for every i. Then there

~

exist m partial isometries w; € (M, ey) with

wiw; < e} and Y wiw! =1
i=1

By Lemma 4.2 there exist v, ..., v, in M such that w; = v,-ej(’,
for every i. It is easily verified that the collection {v;} is a Pimsner-
Popa basis of M over N : see the proof of Theorem 3.6.4 of [3]. This
implies that rk(M|N) < m, and (1) is proved.

Finally (2) follows from the existence of the Pimsner-Popa basis
above, and assertion (3) follows from assertions (1) and (2) and from
Corollary 3.4(1). O

5. Markov traces. We return to the general case where N C M isa
pair of finite, g-finite von Neumann algebras with the same identity,
N being of finite index in M. We set asusual C = C¥, D = D%
and S = S (M.ey) (Recall that F,(p) = g o Fol.) Let us recall
Definition 3 7.1 of [3]:

DEFINITION 5.1. A normal, faithful, finite trace ¢ on M is a
Markov trace of modulus B for the pair N C M if it extends to a
normal, faithful, finite trace ¢ on (M, ey) such that

Bo(ekx)=p(x) forx in M.

ProrosiTiON 5.2. (1) Let ¢ be a normal, faithful, finite trace on
M. Then ¢ is a Markov trace of modulus B for the pair N C M if
and only if

D.(¢) = Bo.

(2) Suppose that ¢ is a Markov trace of modulus B for the pair
N C M. Then its extension to (M , ey) is equal to B~'S.(¢) and it
is a Markov trace of modulus B for the pair M C (M, ey).

Proof. (1) Assume that ¢ is a Markov trace of modulus g. We
prove that its extension ¢ isequalto f~'S,(¢). Indeed,if a, be M,
we have

Bo(ey(aeybler) = Bo(ef EN(a)b)
= p(E5(a)b) = (aesbQ,, Q).

Hence the normal, faithful trace B¢ satisfies
Bo(ekxel) = (xQ,, Q,) for x in (M, ey).
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By Proposition 3.2 we get ¢ =Tr, = §(¢) , and

D.(p) = S.(p)|M = Bo|M = Bo.

Conversely, if ¢ is an eigenvector of D, with eigenvalue S, set ¢ =
B~1S.(¢). Then

Boerx) = S.(p )(ehx) = (xQy, Q) = ¢(x) for x in M.
Moreover ¢ extends ¢:

G|M = B7'S,(p)|M = B~'D.(p) = ¢ by assumption.
(M, e,)

(2) By (1), we need only check that ¢ o D,, = f¢. Using
Proposition 3.3(1), we get
¢OD$/[,eN) ﬂ 9o SMeD(Me)
=Bl o DS, =poS = pp. 0

CoOROLLARY 5.3. Suppose that there exists a normalized Markov
trace try; of modulus [M : N] for the pair N ¢ M. If (M) de-
notes the tower given by iterating the basic construction, let try; be the
Markov trace of modulus [M : N extending try,.

Then for every k, the trace try, isa normalized Markov trace of
modulus [My : N1 =[M : NJ* for the pair N ¢ M.

Proof. Set Dy, = Dj‘jk . by Corollary 3.4 we have (D)< = Dy*.
As try, oD, =[M : N] trM , we see that

try, oDMe = [M : NJF try, = [Mj : N]try, by Corollary 3.5. O

REMARK. Let p be a non-zero projection of Z(N)NZ(M). Then
the reduced algebra Np is of finite index in Mp and [Mp : Np] <
[M : N] since C%p is the restriction of C¥ to Z(Np) = Z(N)p.
If ¢ is a Markov trace of modulus [M : N] for N ¢ M, then
the corresponding trace ¢, on Mp is a Markov trace of modulus
[M : N] for Np C Mp. Hence [Mp : Np] = [M : N] for any
non-zero projection p of Z(N)NZ(M).

Of course, such a condition is almost never fulfilled in the noncon-
nected case. This shows that connectedness of the pair N C M is
a reasonable hypothesis for the study of Markov traces of modulus
[M : N].
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DEFINITION 5.4. Let 4 be an abelian von Neumann algebra and let
F be some positive, normal endomorphism of 4. We say that F is
irreducible if no o-weakly closed ideal of A4, distinct from {0} and
A, is invariant under F.

REMARK. Let 4 and F be as above. The predual 4, of 4 isa
Banach lattice, and a subspace V' of A, is solid (in the sense that if
g €V and y € A, and if |y| < |¢| then y € V) if and only if it is
invariant under the action of 4,1ie. a-¢ €V for a in 4 and ¢ in
V. Hence, using Theorem II1.2.7 of [10], it easy to verify that F is
irreducible if and only if its preadjoint F, is irreducible in the sense
of [9], page 269, i.e. no closed solid subspace, distinct from {0} and
A, , is invariant under F,.

The following result provides a link between connectedness of the
pair N ¢ M and Perron-Frobenius theory for irreducible positive
maps on Banach lattices:

PROPOSITION 5.5. For a pair N C M as above, the following condi-
tions are equivalent:

(1) the inclusion of N in M is connected,
(2) the map C¥ is irreducible,
(3) the map D¥ is irreducible.

Proof. Connectedness of the pair N C M is equivalent to connect-
edness of the pair M’ C N' C B(L*(M)). As CAJ}", = DY (see the
proof of Corollary 2.6), we need only prove equivalence between (1)
and (3). Thus assume first that Z(N)NZ(M) # C, let p be some
non-trivial projection of Z(N)NZ(M) and set [ = Z(M)p. As
D(zp) = D(z)p for z in Z(M), we see that D is not irreducible.
Suppose now that the pair is connected, and let I # {0} be some
o-weakly closed invariant ideal of Z(M). Denote by p the support
of I:1=2Z(M)p. Hence D(p) = D(p)p, and by faithfulness of f,,,
we get piv (1 —p) =0. Let g be the support of p' in Z(N). We
are going to prove that ¢ = p. We need only show that q(1 —p) =0,
because g is also the central support of p in N’. For every integer
n>1 let g, € Z(N) be the spectral projection of p'~ corresponding
to the interval [1/n, co). The sequence (g,) increases to g and as

P gy > (1/n)gy,

there exists a sequence (x,) in Z(N); such that x, = x,q, and
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Xnp™' = g, for every n. Thus g,(1 —p) = x,p' (1 —p) =0 so
a(1-p)=\/a(1-p)=0. O
n

By classical Perron-Frobenius theory, if the centers Z(N) and Z (M)
are finite dimensional then the pair N ¢ M admits a unique Markov
trace of modulus [M : N], provided that the inclusion is connected.
See [3], Corollary 3.7.4. In the infinite dimensional case, we will see
that Markov traces may or may not exist. We need the following
result:

PROPOSITION 5.6. Suppose that the inclusion of N in M is con-
nected and that C¥ or DY admits a positive eigenvector associated
to the eigenvalue [M : N]. Then any non-negative, normalized eigen-
vector of D., if it exists, is a normalized Markov trace of modulus
[M : N1, and such a trace is unique.

Proof. In any case, we can assume that D admits a positive eigen-
vector associated to [M : N], since if 0 # wy € Z(N)4+ 1is such that

C(wo) = [M : Nlwy then zp = wi¥ # 0 and D(zo) = [M : N]zo. Let
V={peM,_,;lpl(z)=0}.

It is easy to see that V' is a closed solid subspace of M. .. Moreover,
if peV, ¢p=¢,+ip, with ¢j=¢; then ¢p; €V and

|D.(¢;)I(z0) < Di(|9])(z0) = [M : N|p;j|(z0) =0,
which shows that D.(¢) = D.(¢,) + iD.(ps) belongs to V. By the
irreducibility of D, we have V' = {0} since zy # 0. Now, if ¢ is an
element of M, . such that ¢ >0, ¢(1)=1 and D.(p) = B¢ then

Bo(z0) = Di(9)(20) = [M : Nlo(20),
which proves that f = [M : N] since ¢(zo9) > 0. Moreover, ¢ is
faithful: indeed, let I, = {z € Z(M) : ¢(z*z) = 0}. Then I, is a
g-weakly closed ideal of Z(M) and it is invariant under D: if Z is
in I, we get
¢(D(z)*D(2)) < ||D|l¢(D(z*z)) = ||D||[M : N]p(z*z) = 0.

Since I, # Z(M), we have I, = {0}.

Finally, if ¢,, ¢, are Markov traces of modulus [M : N], set

v =¢,—¢,. Let v =y, — w_ be the Jordan decomposition of y .
Then

[M : N]ly| = |Du(y)| < Du(¥]),
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but D.(|y[)(z0) — [M : N]ly|(z0) = 0, so D.(|y|) = [M : N]|y| and
w, and y_ are both eigenvectors of D, with eigenvalue [M : N]. As
their supports are orthogonal and as y(1) =0, we see that ¥ =0.0

ExXAMPLE 5.7. Let us consider the pair N C M of Example 2.7:
M = Mat,(A) with A abelian and

{5 ) ios)

where « is an ergodic automorphism of 4. Recall that [M : N] =4,
and that D(a) = 2a+a(a)+a~!(a) forevery a in A= Z(M). Since
1 is a positive eigenvector of D associated to 4, D, has at most one
eigenvector associated to 4 which is normalized. As aoD = Doa, if
@ is such a vector, then ¢|4o0a = ¢|4. Consequently, if 4 =[*(Z)
and if « is the shift automorphism then there is no Markov trace
for the pair N ¢ M. If S! denotes the unit circle, if 4 = L®(S!)
and if « is some irrational rotation, then the trace on M defined
by Lebesgue measure on S! is the unique Markov trace for the pair
N c M . These examples were suggested to me by G. Skandalis.
We generalize now Theorem 2.6 of [7]:

LEMMA 5.8. Suppose that there exists a normalized Markov trace
try, of modulus [M : N] for the pair N C M. Let L be a von
Neumann algebra containing M and let tr; be a normalized, nor-
mal, faithful, finite trace on L extending try,. Finally let e be some
projection of L. Then the following conditions are equivalent:

(1) There exists a spatial isomorphism n from (M, ey) onto L
such that:
n(x)=x forxin M and n(ey) =e,

where ey = ex’" ;
(2) L and e have the following properties:
(i) the central support of e in L is equal to 1;
(i) exe = Ey(x)e for x in M,
(iii) Ep(e) = B!, where B =[M : NJ;
(iv) L= (M u{e})".

Proof. The implication (1) = (2) is clear. Assume that (2) holds.
Denote by MeyM (resp. MeM) the subset of (M, ey) (resp. L)
constituted by all finite sums of elements of the form aeyb (resp.
aeb) with a, b in M. The MeyM (resp. MeM) is a strongly
dense *-subalgebra of (M, ey) (resp. L), by properties (i), (ii) and
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(iv): see [3], Proposition 3.6.1. Denote by Q € L*({M, ey)) and
by Q' € L?(L) the positive vectors associated to tr; M.e, andto trp
respectively. Then the subspaces MeyMQ and MeMS) are dense
in L>({M, ey)) and in L?(L) respectively. Using property (iii) one
verifies that the map

n n
Z ajerjQ s Zajebjﬁ’
j=1 j=1

is an isometry from MeyMQ to MeMSY . Thus it extends to a sur-
jective isometry u from L2((M, ey)) onto L?>(L). Then we set

n(x) =uxu* for x in (M, ey).

We get
n n
/4 (Zajerj) = Zajebj
j=1 J=1
for ay,...,a,, by,..., by in M it is easy to check that n(x) = x
for x in M. O

Assume henceforth that there exists a normalized Markov trace try,
of modulus g = [M : N] for the pair N C M. Denote by Ey,
the conditional expectation from M, onto M, associated to the
Markov trace try,, and let (ex)x>1 be the sequence of projections
associated to the Markov traces. The following relations hold:

(a) exey =ee if |[k—11>2;

(b) ererriex = B le; for every k (see [5)).

Set for n >0 and for k > 1

grlf = (€n+kCntk—1"""€k)(€ntk+1 " €ks1) " (€ntk ** " €nik)
€ M2n+k+l

f+1 __y,,gn , where y, = p"*tD/2 " and f,4 = f;1+1

The proof of the following lemma is exactly the same as in the case
of factors [7], §2:

LEMMA 5.9. With the notations above, one has:
(1) (gr})* = gr} = (ens1 - '32n+l)g,}_1(62n e lntt)s
(1) fuiq s aprojection in NNMy,.»;
(iii) Ep, (k) = B~(+Y Jgh+l
(iv) E (fn+1) p=(r+D,
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THEOREM 5.10. Let N C M be as above. Denote by ey , the
projection of L*(M,) onto the closed subspace [NQ,], where Q, is
the positive vector associated to tray . Then there exists an isomorphism
nn from (M, ey n) onto My, such that

nn(x) =x for x in M, and nty(en n) = fn.

Proof. By Lemma 5.8, assume that we have for some n > 1:

(i) the central support of f, in M,, equals I;

(11) InXfo=EN n(x)fn for x in M,;

(iii) En,(fy) = A"

(iv) Map = (MU {fn})".

Remark that (i) to (iv) hold for n = 1. Let us check them for n+1.
Condition (iii) is statement (iv) of Lemma 5.9.

(i) Every central projection of M, , is of the form JgJ where g
is a central projection of M, and where J is the canonical involution
on L2(M,,,,). We prove that glJgJ #0 if g #0:

81JaJ = (ens1 - €2n)e2ns18n—1(€2n - €ns1)Ja]
= (ep1 - ‘eZn)eanqg;l—[(eZn “lnil);
hence
tra,  (82J9)) = B~V try, (g8,-1) >0
by induction hypothesis.

(i1) It suffices to show that f,.1xe,y 11 = EN ni1(xeny)fus1 for
x and y in M,,. As e,,; commutes with A, and as e,,,; commutes
with f, , we have:

far1Xeny fusy = v2(8n)" xeny g,
= Vrzz(en+l o 'e2n)g;—1x(62n+l cr€pce 'eZn+1)ygr1—1(e2n e entl)
= (12,2 )2 B enst - €angt) Suxy fu(€an - - €ngt)
= B‘IEN,n(Xy)f;zH = EN,n+l(xen)")fn+l'

(iv) By Kaplansky’s density theorem and by induction, it is easy to
see that the subspace M»,_1€5,_1€21€2n41 M2, fnM>, is strongly dense
in Mj,42. As try, is a Markov trace, and as M, is isomorphic
to (My, en n),then My, f, = M,f, by Lemma 1.2 of [6]. Then by
going on in the same way, we see that the subspace

Mn+l(en+l o ‘92n+l)fn(92n e )Mn+1

is strongly dense in M,,.>. As (eny1- - €ns1)fn(€n - €4y1) 18 pro-
portional to f,,;, we have that M, f,,1 M, is strongly dense in
M2n+2 . O
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Finally, let us mention the following observation which may be com-
pared to the original definition of index in the case of factors [S]:

PROPOSITION 5.11. Assume that N C M is a pair as in Theorem
5.10. Denote by try the restriction to N of the Markov trace trys.
Then the trace try: on N' C B(L?*(M)) defined by

try(y') = [M : N7 trp(eny’™) fory' in N',

is a normalized Markov trace of modulus [M : N1 = [N': M'] for the
pair M' C N'. Moreover one has for every & in L2 (M):

[M : Ntry (ef™)) = trn(eM).

Proof. We have: Dﬁ',(w) = ((cyw)™ ) for w in Z(N). Hence

try oD} (w) = [M : N~ trag((en((cnw)in)in i)
= [M : NY" " trar (DY ((cyw)s))
=[M : N)[M : NI try(enw)
=[M : N]tryo(w) for w in Z(N).

Moreover, try/(1) = [M : N]~! trM(cg\‘,‘) =[M : NI"1try (DY (1)) =
1. Finally, if & € L2(M), we get by definition of cy = cnx(L*(M)):

(eéN’) )v = cn(ef"))iv,  hence

[M : Nty (ef) = trag(ew(eM)) = y(el™). o

REFERENCES

[11 A. Connes, On the spatial theory of von Neumann algebras, J. Funct. Anal., 35
(1980), 153-164.

[2] J. Dixmier, von Neumann Algebras, North-Holland, Amsterdam (1981).

[31 F.Goodman, P. de la Harpe and V. Jones, Coxeter-Dynkin diagrams and towers
of algebras, Chapters 1, 2, 3, preprint (1986 & 1987).

[41 U. Haagerup, The standard form of von Neumann algebras, Math. Scand., 37
(1975), 271-283.

[51 V. F.R. Jones, Index for subfactors, Invent. Math., 72 (1983), 1-25.

[6] M. Pimsner and S. Popa, Entropy and index for subfactors, Ann. Scient. Ec.
Norm. Sup., 4eme série, 19 (1986), 57-106.

[71 —, Iterating the Basic Construction, preprint, INCREST, (1986).

[81 S. Sakai, C*-Algebras and W™*-Algebras, Springer, New York (1971).



70 PAUL JOLISSAINT

[91 H. Schaefer, Topological Vector Spaces, Springer, New York (1980).
[10] M. Takesaki, Theory of Operator Algebras 1, Springer, New York (1979).

Received November 20, 1988 and in revised form March 30, 1989. Work supported
by the Swiss National Foundation for Scientific Research while the author was visiting
UC Berkeley.

UNIVERSITE DE GENEVE

SECTION DE MATHEMATIQUES

CASE PosTALE 240

2-4, RUE DE LIEVRE

CH-1211 GENEVE 24, SWITZERLAND



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
V. S. VARADARAJAN R. FINN C. C. MOORE
(Managing Editor) Stanford University University of California
University of California Stanford, CA 94305 Berkeley, CA 94720
Los Angeles, CA 90024-1555-05
HERMANN FLASCHKA MARTIN SCHARLEMANN
HERBERT CLEMENS University of Arizona University of California
University of Utah Tucson, AZ 85721 Santa Barbara, CA 93106
Salt Lake City, UT 84112 VAUGHAN F. R. JoNEs HAROLD STARK
THOMAS ENRIGHT University of California University of California, San Diego
University of California, San Diego Berkeley, CA 94720 La Jolla, CA 92093
La Jolla, CA 92093
STEVEN KERCKHOFF
Stanford University
Stanford, CA 94305
ASSOCIATE EDITORS
R. ARENS E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YOsHIDA

(1906-1982)

(1904-1989)

SUPPORTING INSTITUTIONS

UNIVERSITY OF ARIZONA

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA

MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA, RENO

NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY

UNIVERSITY OF OREGON

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY

UNIVERSITY OF HAWAII

UNIVERSITY OF TOKYO

UNIVERSITY OF UTAH

WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON



Pacific Journal of Mathematics

Vol. 146, No. 1 November, 1990

Primo Brandi and Anna Salvadori, A quasi-additivity type condition and

the integral over a BV variety .......... ... . i 1
Dong M. Chung, Chull Park and David Lee Skoug, Operator-valued

Feynman integrals via conditional Feynman integrals ................... 21
Paul Jolissaint, Index for pairs of finite von Neumann algebras .............. 43
Miodrag Mateljevi¢ and Miroslav Pavlovié¢, Multipliers of H” and

BMOA 71
Himadri Kumar Mukerjee, Poincaré cobordism exact sequences and

Characterisation . .............uuiiin it 85
Thomas H. Otway, The coupled Yang-Mills-Dirac equations for differential

forms .o 103
Sechiko Takahashi, Nevanlinna parametrizations for the extended

interpolation problem ............ ... 115

P. C. Trombi, Uniform asymptotics for real reductive Lie groups ........... 131




	
	
	

