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In this paper we study a class of Volterra integrodifferential equa-
tions that arise in the description of elastic liguids, such as polymer
melts and dilute or concentrated polymer solutions. The deformation
of a small cube-shaped sample of such a liquid can be approximately
described by a symmetric 3 x 3-matrix: If the material undergoes
some prescribed deformation for times ¢ < 0 and then is allowed to
recover without constraints for ¢ > 0 (stress-free recoil), and if in-
ertial effects are ignored, these matrices obey an ordinary first order
Volterra integrodifferential equation. Incompressibility of the ma-
terial imposes the nonlinear constraint that the determinant of the
matrices remain constant. In addition, there is a natural small pa-
rameter 7 > O, proportional to Newtonian viscosity, which multiplies
the derivative. In the case # = 0, which is also of physical interest,
the problem reduces to an implicit Volterra integral equation.

1. Introduction. The problem under study thus can be classified as
a singularly perturbed Volterra integrodifferential equation on a man-
ifold. In this paper we present an existence and uniqueness theory,
asymptotic results (as ¢ — oo) for the cases # >0 and # =0, and a
study of the behavior of the solutions as # | 0. Thus, we follow the
program of the influential paper [11], in which these questions were
studied for the case of elongational flows.

In the remainder of this section, the physical background of the
problem is described, the equations to be studied are derived, and
some special classes of deformations are listed for later reference. Sec-
tion 2 reviews known results for the important class of elongational
deformations. In §3, we develop some useful facts concerning the dif-
ferential geometry of the manifold on which the equation holds. In §4,
we show that the problem under study has a natural gradient structure
and give a basic local existence and uniqueness theorem for the case
n > 0. Section 5 deals with global existence and with the existence
of asymptotic limits of solutions as ¢ — oo, still for n > 0. In §6,
we develop a variational framework in which local and global exis-
tence and uniqueness and the existence of asymptotic limits can also
be proved for the reduced implicit equation that results from setting
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n = 0. In §7, we study the behavior of solutions as 7 | 0, in an initial
layer near ¢ = 0. Section 8 is concerned with this question for large
t. The results of these two sections give a description up to terms of
order n* for some a > 0, uniformly in 0 < ¢ < co. In §9, some
general qualitative properties of asymptotic limits are presented, and
these results are used in §10 to give a unified explanation for various
free recoil phenomena such as non-recovery of the initial shape after a
stretching history and lateral expansion after a previous simple shear.

If the material under consideration occupies a reference region € C
R3? at time ¢ = —oo0, its deformation can be described by a family of
diffeomorphisms

(1) y(,1):Q—->R> (teR).

Let

denote the deformation gradient, and let
IG-,:): Q—-R>»3  (teR)

denote the body stress tensor (see [10]). Then isochoric motions of
the material are governed by the partial differential equations

2
@ (Bt 0) = Ve e o1E. 1),
where p is the mass density, assumed to be constant, f denotes the
body force per unit mass, and the divergence is formed with respect to
the second component (cf. [5], [10], [17]). Here II(¢, ¢) depends on
the deformation gradient (and its history up to time ¢) at the particle
¢ through a suitable constitutive relation. For isochoric motions, we
have to add the incompressibility condition

(3) detF(&, 1) =1 for all (&, 1).

This paper is concerned with homogeneous flows, i.e. flows for which
F does not depend on &. Thus y(-, ¢) should be an affine mapping
for all ¢t € R, and the equations of motion (2) will only hold for
very special body forces. Heuristically, the “interior” behavior of the
material (away from any boundary effects) might be described in this
way. The class of experiments to be described here consists in sub-
jecting the material to a homogeneous deformation up to time ¢ =0
and then allowing its stress-free recovery for ¢ > 0 with vanishing
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body forces. The analysis below is based on the additional simplify-
ing assumption that the inertial forces can be neglected for ¢ > 0;
thus the equations of motion will no longer be satisfied. Nevertheless,
such simplifications can be used to test the applicability of constitu-
tive relations by comparing mathematical predictions to experimental
observations; see [9].

The mathematical problem thus consists in solving the implicit
equation for F(:) (the dependence on ¢ can now be omitted)

(4) (i) =0 (t>0)

for a given history (F(#));<o. A relation between II(¢) and the values
of (F(s))s<: then is needed to close the system of equations; a general
class of such relations will now be introduced.

Let y(t) = FT(t)F(t) denote Green’s deformation tensor. The K-
BKZ-model for incompressible elastic liquids (proposed in [2] and [8])
postulates a relation of the form

($)TI() = - p(1)y™) = n 57 (1)

+/t (I/Vl(t—ss’ll(tss)’;“Z(t’S))y—l(s)

—o0

—Wat—s, AL, 5), Aa(t, )y~ (O)y(s)y~1(2)) dt,

where p(-) is a reactive scalar pressure, 7 > 0 is Newtonian viscos-
ity, A1(¢, s) = tr(y(0)y~1(s)) and (¢, s) = tr(y~1(¢)y(s)) are relative
strain invariants, and

Wi, du ) = (e, o)

for a suitable scalar function W: (0, oo) X [3, 00) X[3, 0c0) — R. The
constitutive relation (5) contains the case of a Newtonian liquid (for
W = 0) and is analogous to the well-known formula for incompress-
ible isotropic homogeneous hyperelastic materials ([S], [19]). It can be
specialized to many other constitutive laws of integral type (see §10
below).

The problem of free elastic recoil for homogeneous flows therefore
consists in finding a solution (y(-), p(:)) of (4), (5), together with the
incompressibility condition

(6) dety() =1,
for prescribed y(-) on (—oo, 0] that satisfies also (6).
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The components of y and of its inverse y~! describe the defor-
mation of an embedded material sample that is a parallelopiped of
unit volume, in the following way. Let e;, e, e3 denote the vectors
describing the edges of the parallelopiped. The lengths of these edges
at time ¢ are obviously given by ,/7;;, and cosines of angles between
edges are given by y;;/,/7i7,;,if i # j. Let E;;, E! ; denote the two
faces of the parallelopiped that are parallel to ¢; and e; (i # j), let
y~! = (yV);,j, and set k = 6 — i — j. Then the separation between
E;; and Ej; at time ¢ is equal to (y¥*(z))=1/2, and the cosine of the
angle between E;; and E; is given by y™*(¢)/\/yi(6)y*k(z).

Certain deformations are of special interest, such as shear-free de-
Sformations, where

a 00
(7) y=(0b0).
0 0 ¢

Here and below all quantities depend on ¢. Examples of such defor-
mations are filament stretching, where a =y > 1,b = ¢ = y~1/2,
sheet stretching, which is of the same form with y < 1, and a defor-
mation called pure shear (rather inappropriately), where a = x, b =
x~!, ¢ =1 and which describes e.g. a deformation between two rolls.
In the case of filament stretching, the quantity y is called the elonga-
tion ratio. Another important class consists in shear flows in which

1 a b
(8) y=|a 1+a®> ab+c ,
b ab+c 1+4b%+c?

with a, b, c € R. In particular, flows in which a(-) = s(-) and

b(-) = ¢(-) = 0 are called simple shear flows, and in this case 6(¢) =

arctan s(¢) is known as the angle of shear. It will be shown in §10 that

flow histories of the form (7) will give deformations of the same form

under free recovery and that in general flow histories of the form (8)

will not result in deformations of the same form under free recovery.
For later reference we define the set

(9) M={4ecR>34=4T ,detd=1, 4> 0}.

The unit matrix will be denoted by I € M, and the notation for"
contractions

A:B =1tr(AB) =tr(BA)
for A, B €M will be used. For the euclidean matrix norm, we write
4|l = (4 : A)'/2. Analytic functions such as square roots, logarithms
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and exponentials of matrices from M can be defined by the usual
diagonalization construction. Note that tr(log4) =0 for all A € M.
Positive constants whose values may change from line to line will be
denoted by the same letter K, L, ... ; constants that have a specific
meaning and are referred to in other parts of the paper have indices.

2. Results for elongational deformations. The problem to be studied
here has received much attention for flow histories of the form (7) with
b = ¢, since it is then possible to find a solution of the same form
for ¢t > 0. Here we give a brief overview of these results. In this case
the system obtained from (5) and the incompressibility condition (6)
reduces to only two equations for the two unknown functions y(:) =
a(-) and p(-). One can then eliminate the pressure p (see §4 for this
procedure in the general case) and reduce the problem further to a
single equation of the form

(10) 0=/ + [ -5, 50, ¥5)ds

for the elongation ratio y. For the separable case F(s, {,¢) =
a(s)Fy(¢, &) this equation was studied in [11]. For a wide class of
physically reasonable kernels a(-) and material functions Fy(-), the
authors of this paper proved

(1) results on global existence, uniqueness, and comparison of so-
lutions for the case n >0,

(ii) the existence of asymptotic limits in this case,

(iii) similar results for the implicit Volterra integrodifferential equa-
tion that results from setting 1 =0,

(iv) the existence of an initial layer for the solutions as #n | O,
where the solution is governed by an ordinary differential equation on
a fast time scale, and the uniform convergence of the solutions for
large times, as 7 | 0,

(v) and some qualitative statements on the asymptotic behavior,
including convergence rates and the result that for an important class
of kernels and stretch histories the limit y(oo) of the elongation ratio
will always be different from y(—o0) = 1.

In [12] and [14], (10) and another related scalar equation were stud-
ied numerically, and [12] contains also results for the case that a force
is acting on the material sample for ¢ > 0. In [7], a nonconvolution
version of this equation was studied, and alternative proofs for some
of the same results were given. In [1], a formal asymptotic expansion
scheme for solutions of (10) (as n | 0) was described, and more pre-
cise estimates for the solutions were given in a special case. In [16] a
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refined model for filament stretching was discussed that incorporates
inertial and boundary effects and leads to a scalar partial differential
equation. For further results on elongational flows, we refer to [15].

3. Differential geometry of M. In this section we equip the set
M, defined in (9), with the structure of a Riemannian manifold and
derive the formulae for covariant differentiation and for geodesics on
M. The reader is referred to [6] for background material. One easily
verifies that M is a smooth five-dimensional submanifold of the linear
space of symmetric 3 x 3-matrices; in fact, M is an unbounded closed
strictly convex hypersurface, due to the concavity of the function 4 —
(det 4)1/3 on the cone of positive definite symmetric 3 x 3-matrices.
For A € M, the tangent space at A4 is given by

TM={BecR>3BT=B,B: 47! =0},

where A~! = ad A agrees with the adjoint of 4 and therefore is
a quadratic expression in the elements of 4. Then the matrix ex-
ponential exp: 71M — M is a global diffeomorphism with inverse
log: M — Ti1M..

Let TM be the tangent bundle of M. Introduce a Riemannian
structure on TM by defining the scalar products

(11) (B, C)4:=tr(47'BA™1C) = (4"V2BA1/2) : (4~1/2C4~1/?)

for AeM and B, CeT4M. Let | -| 4 be the corresponding norm
(and thus || - ||t =1 - ||). The second formula shows that the mapping

(12) O TM—TiM, Dy(B)=A"12B4"1/2

is an isometry, and this suggests to define a covariant differentiation
on M as follows: Let J be an interval, 4: J — M be smooth, and
B:J — TM be a vectorfield along A4, then set

VBt = Oy (%QAU)B(O)
= B(t) ~ 3 (4047 (0B(1) + BOA™ () 4(1)).

One checks that this is indeed the unique covariant differentiation
(Levi-Civita connection) that is induced by the Riemannian structure.
(It is sufficient to note that the product rule holds

LX), X = A7 00X (1), X0 a0



VOLTERRA EQUATION IN RHEOLOGY 31

and to compute that the torsion vanishes.) The fact that ®, is
an isometry implies that parallel transport from T,M to T ;M is
given by (ID;il o®, and thus path-independent, implying that also the
curvature of this connection vanishes, i.e. that M is flat. Further,
Vo A'(t) = A"(t) — A'(t)47'(t)4'(¢) , and geodesics in M are char-
acterized by the second order equation C"(t) = C'(¢1)C~1(¢£)C'(¢t) and
explicitly given by
C(t) = A %exp(t - ®4(B))A? (4eM, Be T M),
where exp denotes the usual matrix exponential. The induced geode-
sic distance on M can thus be computed as
d(4, B) = |[log(472BA™'72)| = ||log(B~"/>4B~1/?)|.

Finally we note that the function (4, B) - 4:B~! on M x M has
the properties
(13) A:B71>3
with equality if and only if 4 =B,
(14) AlA-B|?<A:B'-3<A-|4- B
for any A, B€ K Cc M compact, with A, A depending on K, and
(15) A:B' - 00 % ||AB7!|| — .
The proofs of these statements are left to the reader.

4. Gradient structure and local existence. Returning to problem (5),
we show in this section that the problem has a natural “gradient struc-
ture”, and we give conditions for a basic local existence and uniqueness

result, if n > 0. To simplify the notation, we shall write from now
on C(t) = y~1(¢). Then (5) together with (4) takes the form

(16)  p(C(t) +nC'(2)
t
=/_ (Wit -5, (2, 5), Aa(t, $))C(s)
— Wit —s, M2, 5), Az(t, $))C()CY(s)C(2)) dt

on M, where W;, W5, 41, A have the same meaning as above. Equa-
tions (16) and (17) below will be referred to as (16,), (17,) resp. as
(169), (17p), depending on whether # > 0 or # =0 in (5). Similarly,
we shall refer to solutions of these equations as C”(-) resp. as C9(-).
Let F: M x M — R be a smooth function of the form

F(A,B)=y(A4':B,4:B7Y),
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and define as usual the gradient of F with respect to its first argument
as the element of 7,M satisfying

(grad,F(4, B), Ca = L F(A(D), Blimo

for all C € T4M, where A is continued as a curve in M with AN(O) =
A, A'(0) = C. A simple calculation then shows that

grad F(A,B)=iA—y,-B+y, - AB~'4
with A € R given by
A=3(y1- AV :B-y,-4:B7).
Here, y; = (8/84i)w(41, A2). This argument shows that (16,) can
also be written in the form

(17) nC'(t) = — / " erad H(t—s, C(¢), C(s))ds

t
- -/ h(t—s, C(2), C(s))ds
—00
as an equation that holds in T¢(;)M, with

H(s,A,B)=W(s, A ':B,A:B7Y),
h(s, A, B) =grad/H(s, A, B) € T{M.

Here and below grad ;A denotes the gradient of H with respect to
its second argument. This “abstract” form of (16,) shows that the
equation has a gradient structure, if the Riemannian metric on TM
is chosen as above.

Moreover, this observation shows how to eliminate the pressure
p(-) from (16,): Taking the contraction with C~!(¢) and noting that
C'(t): C~1(¢t) = 0, we obtain

3p(t>=/_’ (WAt =5, At 5), Aalt, SHA(E, 5)
- VVZ(t =S, A-l(ts S) ’ AZ(t: s))A‘Z(t’ S)) dS.

Inserting this back into (16,), we obtain an equation for C alone; for
the case n > 0, it is easy to see that det C(¢) remains constant along
any solution of this equation. We next list a set of basic assumptions
which will always be used in the sequel.
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(HO) The partial derivatives

W’——Q-W W-—iW W = o2 W and
T os PT oA 1T 9584,
W= 2
L vy vidd

are measurable and bounded; for any R > 0, there exists mg €
L0, co; R) such that forall s >0,3<4; <R andall i, j

(18) IVVI'(Sa '11’12)|a IVVl'j(Ssj'lalZ)ISmR(s):
(19) |W'(s, A1, A2)|, |W](s, A1, A2)| < mg(s).

The function Cj: (—o0, 0) — M is measurable and bounded, and
Coo € M is a given matrix. For all s >0, W(s, 3, 3) =0.
Under these assumptions the (covariant) derivative

Vegrad 4H(s, A, B) = Vh(s, A, B)

(with respect to the second argument) exists as a linear self-map of
T,M for all s, A, B and satisfies an estimate of the form

”VgradAH(S’ A’ B)” < mR(S) ’

with R = || 4|+ ||B||. As usual, we shall write Vgradg(s, 4, B) for
the image of an element C € T4,M under this map. We shall compute
this derivative in §6 below.

Local existence and uniqueness of solutions for (16,) now follow
by eliminating the pressure as shown above, converting the integro-
differential equation into an integral equation, and applying a standard
contraction argument (see e.g. [13]).

PROPOSITION 4.1. Let 1 > 0. Then there exists a unique solution
C"(-) of (16,) on some maximal interval [0, ty) that satisfies C"(0) =
Coo and is continued as Cy(-) on (—o0, 0). If ty < 0o, then

lim sup ||C"(¢)|| = oc.
t—1,

For the proof of this proposition the gradient structure (17) need
not be assumed; also, assumption (19) in (HO) is not necessary.

5. Global properties for 7 > 0. According to the previous proposi-
tion, it suffices to give an a priori estimate for a solution of (16,) to
guarantee its global existence. Such an estimate will be derived in this
section by an energy argument that will also allow us to deduce the
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existence of an asymptotic limit, using the gradient structure (17,).
We assume throughout this section that # > 0 and write C(:) for
C"(-). The following additional hypotheses will be used:

(H1) Forsome Ky >0, m(-) € L(0, co; R) and forall (s, 4;, 43),

(20) W(s, 41, 42)+m(s) 20,
(21) Wiis, A, A2) S Ko(W (s, 41, A2) + m(s)).

(H2) There exists some ¢ > 0 such that for all (s, 4;, 43)

(22) W(S ’ A‘l ) )'2) 2 0’
(23) Wi(s, A1, A2) +0W (s, A1, 42) <0,

o0
(24)  infe® / W(s, A, Aa)ds — oo as Ay, Ay — oo.
= t

To illustrate these assumptions, consider the separable case
(25) W(S ’ }'l ’ A’Z) = a(s)%(ll ’ }'2)

with a() € L'(0, co; R). Then (HO) holds if a is locally abso-
lutely continuous with |a'(-)] € L1(0, co; R) and if W, is sufficiently
smooth; (2) holds if W, is bounded from below, and (21) is true if
additionally @’ < Kpa on (0, oo). Further, (22) holds if W} and a
are non-negative, (23) follows if additionally a' +da <0, and (24) is
implied by the assumption that Wy(4;, 42) — o© as 4;, 4, — o0 and

/ a(s)ds > ce™
t

for some ¢ > 0, for all £ > 0. In particular, (23) and (24) certainly
follow if a is the Laplace-Stieltjes transform of a non-negative finite
Borel-measure x4 with support on [d, oo) such that x({d}) > 0. Such
kernels occur frequently in applications, where the support of u is a
discrete set of reciprocals of relaxation times (see [9] and [15] for more
details).

THEOREM 5.1. Assume that (HO) holds.

(a) If (H1) holds, then the unique solution of (16,) exists for all
t>0.

(b) If (H2) (22) and (23) hold, then there exist Coo € M and K =
K(n, Co(:), Coo) > O such that

(26) IC(#) = Coll < K - €792,
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(c) If (H2) (24) holds, then for some K = K(sup;<ol|Co(?)|l, Coo)
that is independent of n

(27) sup |C(9)|| < K.
>0
To prove these results, we use a suitable energy identity.

LEMMA 5.2. Let H: (0, 00) x M x M — R be defined as in §4,
and set H'(s, A, B)y=d/dsH(s, A, B). Let C(-) be any solution of
(164) on (0, to), then for all t € (0, tp)

t
@) 1 ICOly+ 5 ([ He-s.c), coas)
- / " Ht-s,C(t), C(s)) ds.

Proof of Lemma 5.2. The identity follows by differentiating
t
/ H(t—s, C(t), C(s))ds
—00

with respect to ¢ and using (17,) and the definition of the Rieman-
nian structure on 7M.

Proof of Theorem 5.1. Using (21) in (28) and integrating from 0
to t < ty, where ty is the length of the maximal existence interval,
implies the identity

t
- NG ds+ [ _H(t-s, C0), Clo)ds

t ps
<K (1 +/ / H(s—7, C(s), C(r))dtds) .
0 J-o0
Since H is uniformly bounded from below, this implies that

t
| e )1 ds
0

remains bounded as ¢ T fy. Therefore the solution can be continued
past fy, unless ¢ty = oco. Part (a) is proved.

To prove parts (b) and (c), we multiply (28) with €% and note that
the result can be written as

29 EC Ol + 3 (¢4 [_Ha-s, C0, Co)ds)

t
= o / (H'(t-s, C(t), C(s))
+dH(t-s, C(t), C(s)))ds.
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Here the right hand side is nonpositive by (H1) (23). Integrating this
estimate gives

t t
(30) 7 / €35/ C1(5) 125 ds + €0 / H(t—s, C(t), C(s))ds < L
0 —00

where L depends only on sup,<||Co(f)|| and on ||Cpll. Dropping
the second term and recalling the definition of the scalar product on
the left hand side implies that

(31) t — et C'(t) - C7(2)

is uniformly bounded in L2(0, oo; R3:3). A standard Gronwall argu-
ment implies first that

lcwl =0 (exp (\/—%»

for some K > 0 uniformly in ¢. Thus (31) implies also that
e—0t/2

Ic) - C@)ll =0 (exp ( \/’;_5)) s

for all 0 <t < s, and (26) follows.
To prove part (c), we drop the first term in (30) and derive the
estimate

e"‘/o W(t—s,Ct): Co(s), C(t): CyM(s))ds < L

for all ¢. By (H2) (24), C~1(¢): Co(s) + C(2) : Co“l(s) cannot exceed
a certain bound, if s varies in a suitable subset of (—oo, 0) with
positive measure. Then a uniform bound for the C(¢) follows from
(15) and the essential boundedness of Cy(:) on (—o0, 0).

The L2-estimate (30) can be viewed as a bound on the “logarithmic
derivative” of C(-). In [11], pointwise estimates of the derivative of
C(-) itself (in the scalar version (10)) were obtained by means of
comparison arguments.

6. Solutions for # = 0. If the viscosity # vanishes, then the reduced
equation (16¢) and its abstract version (17;) are implicit Volterra in»
tegral equations for C(¢), and in general it is not possible to isolate
C(t) from them (cf. [1] for some exceptions in the case of elongational
flows). In this section we use the gradient structure of (17;) to iden-
tify conditions under which local and global existence and uniqueness
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results hold, and we also deduce the existence of asymptotic limits of
solutions as ¢ — co.

From (17) it follows that C(-) is a solution on [0, #;) if and only
if for any 0 < ¢ < tp the matrix C(¢) is a stationary point of the
functional defined by

(32) A—»/OOOW(S,A’I:C(t—s),A:C“(t—s))ds

=/0°°H(s,A, C(t-s)ds (AeM).

Some important properties of functionals of this type can be deduced
from the following lemma.

LEMMA 6.1. Let F: M x M — R be given by
F(A,B)=y(4"':B,A:B™),
where y is a smooth function.
(a) Then for any C € T4M the covariant derivative of grad ,F with
respect to its argument satisfies
(33)  (VcgradF(4, B), C)4
=y, - ATICA7ICA™ ' :B+y, - CA™'C: B!
+ Y11 - (A71CA7 i B) 4+ yyy - (C: B71)?
—2y12-(471C4A71: B)(C: B7Y).
Here y; and y;; are the partial derivatives of y , and their arguments
are A"':B and A:B7!.
(b) If the function
(34) &, ) - w(e, e)
is convex for &, { > log3, and if w,(3, 3), v»(3, 3) >0, then for any
CeT M
(35) (VceradF(4, B), C)y4
> (A7 B) lyy + (4: B ly)||C 13
In particular, if yvi(3, 3) + w2(3, 3) > 0, then the right hand side of
(35) is bounded below by c||C||% with ¢ =c(4, B) > 0.

Proof. To prove part (a), let A(f) = A/2exp(t®4(C))A/? be the
geodesic through A4 with initial velocity 4'(0) = C. Then
d2

g (A(t), B)lizo = (VcgradF(4, B), C)4,
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since V 4,4'(1) = 0. A direct computation of the left hand side of
this identity then proves (33).

For the proof of part (b), we set D = A~1/2BA~1/2 and C* =
®,(C). The left hand side of (33) can then be written as

(36) w11(C*: D)* = 2y15(C* : D)(C* : D™1) + ypp(C* : D712
+ y1tr(C*DC*) + yrtr(C*D~LC*).

Now
(C*: D)? = (tr((D'/2C*)TD'/?))?2 < tr(C*DC*) - tr D

by Cauchy-Schwarz. Since trC* = 0, we can replace D with the
positive definite matrix D; = D —¢trDI, e = (rDtrD~ 1! =
(471 : B)(4 : B~1))~!, without changing the left hand side. The
right hand side now becomes

(1 = 3e)tr D(tr(C*DC*) — e tr D||C*||?).
Rearranging the resulting inequality implies
tr(C*DC*) > (tr D~ Y)Y C*||*> + (tr D)~} (C* : D)2,

A similar estimate holds if D is replaced with D~!. Thus the expres-
sion in (36) is bounded below by

(37) (v + w1 (tr D)~1)(C* : D)? — 2y15(C* : D)(C* : D7)
+ (W22 + wa(tr D™H)~H(C* : D712
+(4: By + 471 Byy)|| )%

Recall now that the arguments of y are trD=4"!: B and trD~! =
A: B~!. One then checks easily that the quadratic form in (C*: D,
C* : D71) in this expression is positive semidefinite if and only if (34)
holds. In particular, if y,(3, 3) + v2(3, 3) > 0, then w (41, 42) +
Wwa(A1, A2) > 0g > 0 whenever 3 < 4;, 4, < R, and the last assertion
of part (b) follows.

The reduced problem (16g) will be (locally) uniquely solvable if
some of the assumptions in the above Lemma hold for the functionals
appearing in (32). Set p(s) = Wi(s, 3, 3)+ W,(s, 3, 3), then the key
hypothesis is

(H3) (&,8) — W(s, €5, e*) is convex on [3, o0) x [3, 0o) for all
s>0, Wi(s,3,3)>20 (i=1,2;5>0), f[°p(s)ds >0.
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LEMMA 6.2. Let W satisfy (HO) and (H3). Let B € L®(—o00, 0; M)
and define the functional

(38)  G(4; B()) = /0 " H(s, A, B(~s))ds

= /0 W(-s, A1 : B(s), 4: B~Y(s))ds

for Ae M.

(a) Then for any A € M there exists ¢ = e(A, ||B(")||lc0) > 0 such
that for all C € TM
(39) (Vcerad,G(4, B(), C)a 2 &l|C|1%

(b) There exists exactly one stationary point A of G(-, B(-))
on M, and the mapping B(-) — A is bounded on bounded sets of
L>®(0, co; M).

(c) Let R > 0, then there exists mg € L!(~oco0, 0; R) such that
for any By, B, € L®(—c0, 0; M) with ||B;(-)]lc < R the stationary
points A; of G(-, B;(*)) satisfy

0
(40) 41 - 2] < [ _ ma(s)|Bi(s) - Ba(o)] ds.

Proof. Part (a) follows directly from (H3) by integrating and using
Lemma 6.1(b). To prove part (b), we first note that (H3) also implies
that

(A1) Wi, ki, k) 2 (s, 3, 3)log A + Wals, 3, 3)log 22

and therefore G(4, B(-)) — oo as ||4|| — oo, uniformly for B(:) in
bounded sets in L*®(—oco0, 0; M). Thus G(-, B(-)) has at least one
stationary point (a global minimum). However, since (a) is equivalent
to the strict convexity of any function ¢ — G(A(¢), B()), if t — A(t)
is any geodesic in M, no other stationary points can exist, proving

(b).
To prove part (c), let By, By € L*(0,00; M), A€M and C €
T,M. Then by a direct estimation, using (HO)

IV c(8rad G, By()) — grad (G(A, Ba())l
0
< [ ke@lBi(s) - Bo)] ds

for a suitable kg € L!(—0c0, 0; R), R > ||Bi(*)||oo . Moreover, the map
C — Vgrad ,G(4, B(+))
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mapping T4M into itself is nonsingular by part (a). By the implicit
function theorem and standard results on the dependence of parame-
ters (see [18]), the assertion follows.

A basic existence result for solutions of the reduced equation (16¢)
can now be deduced.

THEOREM 6.3. Let W satisfy hypotheses (HO) and (H3). Then
there exist to > 0 and a unique continuously differentiable function
C0: [0, ty) — M such that (16o) holds for all 0 < t < to, with C°
continued as Cy on (—oo, 0). Moreover, if the maximal existence in-
terval [0, t*) of the solution is bounded, then ||CO(t)|| — oo as t 1 ¢*.

Proof. The proof uses a standard contraction mapping argument.
By Lemma 6.2, there exists exactly one stationary point C% of the
function G(-, Cy(:)). For R, t> 0, let Xg, , be the complete metric
space

Xr,: = {B € C([0, ], M)|B(0) = C*, ||B(s) - C®|| SR (0 < s < 1)}

equipped with the supremum metric d(-, -). For any element B €
Xr:,0<s<t,—00<1<0,set Bg(r) = Co(s+71),if s+7<
0, Bs(t) =B(s+1),if 0<s+1<t, and define F(B(:)) := 4(:) by
requiring that A(s) € M is the stationary point of G(:, Bs(:)). Then
F: Xg,;— L*(0, t; M) is well-defined.

We next note that images of F are continuous functions: Let A(s;)
=F(B(-))(s;) (i=0,1). Then by Lemma 6.2(c)

0
I4s0) - Aol < [  ma(=1)|B, (1)~ By (7]

with some fixed mr € L1(0, oo; R). The right hand side of this
inequality will go to zero as |sp — 5| — 0, as a standard argument
shows (approximate mg by a bounded function with compact support
and use Egorov’s theorem). This estimate, with sy = 0, 4(sg) = C%,
also shows that F will map Xg , into itself, if ¢ is sufficiently small.
Finally, if B; € Xg,; and 4; = F(B;) for i =0, 1, then by Lemma
6.2(c)

t
d(dy, Ay) < / mg(s)ds - d(Bo, By)
0
and F will be a contraction, if ¢ is reduced further. By Banach’s

Fixed Point Theorem, this implies the existence and uniqueness of a
local continuous solution C9(-).
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We next note that solutions can only cease to exist if they become
unbounded: If ||CO(s)| is bounded on some interval [0, #], then
C® must have a limit as ¢ 1 ¢y, by the same argument that proved the
continuity of images of F above. Then the solution can be continued
past tg.

Finally, the continuous differentiability of the solution C9(.) for
t > 0 follows by noting that CO(¢) is the unique point on M at
which the vector field

t
A —->/ grad H(t—s, A, C%s))dse TM
-0

has a zero. Here CO(s) = Cy(s) for s < 0. If C? is continuous for
t > 0, this family of vector fields on 7M is continuously differen-
tiable in ¢ by (HO). The implicit function theorem implies that C°
is continuously differentiable.

The final result of this section gives global existence of solutions
and the existence of asymptotic limits under essentially the same con-
ditions as in the case n > 0. We drop the superscript and write C
for CO in the rest of this section.

THEOREM 6.4. Let W satisfy hypotheses (HO), (H2) with some & >
0, and (H3). Then there exist a unique C'-solution C(-) of (16¢) on
[0, 00), some Cx € M and some ¢ > 0 such that ||C(t) — Cx|| =
O(e~%) as t — .

Proof. Let C(-) be the unique local solution of (16y) with maximal
existence interval [0, ¢*). Define the energy

42) E(t)= /0 Y H(s, C(1), Ct—s))ds
= /t W(t—s,CY(1): C(s), C(t) : C~\(s))ds.

We claim that for all ¢ € [0, *)
(43) E(t) < e ®E(0),

where J is as in (H2). This estimate can be proved in the same way as
Theorem 5.1(b) and (c), i.e. by showing the energy identity (28) and
deriving (30) from it, since C(-) is differentiable. We want to give a
slightly different argument for (43) that does not require the solution
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to be differentiable. Let 0 <t < ¢+ 7 < t*. Since C(f+ ) minimizes
a functional of the form (38), we have

(44) ®HNE(t 4 1)
t+7
< e’ Wit+t-s,C7l(t): C(s), C(t): CT1(s)) ds.
Now (H2) implies that W (g + 7, A1, 43) < e %W (o, A1, A) for all
o >0,A;,2 > 3. Applying this to the part of the integral in (44)
that extends from —oo to ¢ and noting that the remaining integral

eéf/OT W(s, C-1(f): Clt+1—5), C(6) : C-1(t + 7 —5))ds

is uniformly of the order O(t) and in fact o(7) if ¢ is a Lebesgue
point of C(-), we deduce (43). From (43), a global uniform a priori
bound for the solution follows just as in the proof of Theorem 5.1(c).
Therefore, the solution exists for all times and is uniformly bounded.
Moreover, for some small o > 0, sufficiently large X > 0, and a
suitable s; > g, by (41) and (43)
t t —1(p) -
[ o -conds <k [ (Wi, 3, 91og )
t—o t

-0

+Wy(sy, 3, 3)10gC_(t)_:§C:is'_)) ds

<K t W(s1, C"Yt): C(s), C(t): C™l(s))ds

t—o

< KE(t) < Ke %E(0).
Thus,
t
C(t) - o~ / C(s)ds = O(e=%").
t—o

Then well-known results on linear Volterra equations (see [13]) imply
that C(-) must tend to some limit Cy, at an exponential rate.

7. The initial layer. In this section, we investigate the behavior of
solutions of (16,) as n tends to 0, for small ¢. It is shown that the
solution behavior is approximately governed by an ordinary differen-
tial equation on a fast time scale, whose solutions tend to the limit
C% = C9(0), the natural initial value of the solution of the reduced
equation (16g). These are natural extensions of the results given in
[11].
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We define the mapping v: M — TM by
oo -
w(A) = grad 4 / Wi(s, AL : C%=s), A: CY (=s))ds
0

_ /ooh(s, A, CO(=s))ds € TM,
0

where h(s, A, B) =grad ,W(s, A~': B, A: B~!) is as defined in §4.
Then y is the gradient of the functional

W(A4) = /Ooo H(s, A, CO(=s))ds.

Let C" be a solution of (16,) for some # > 0. Then in T¢nyM for
t>0

0=nC" ) +/t h(t—s, C(t), C(s))ds
= nC (1) + w(C(1)) + /0 hi—s, CUe), CT(s))ds
+ /0 Ph(t+5, CME), Co(=s)) — h(s, C(2), Co(—s)))ds.

Now set C (1) = C"(nt) (we drop the superscript, since it will always
be clear from the context which value of # is used), then in the new
time variable 7

(49) C'(r) + w(C(v)) = f(n)
with
(50) f(o) = /a h(o s, C'(a), C'(s)) ds

0

+ /Ooo(h(a +5, C(g), Co(=5))
~h(s, C"(a), Cy(-s))) ds.

We assume now that (HO), (H2) and (H3) hold, and first investigate
the solution behavior of the ordinary differential equation

(51) D(7)+y(D(x) =0 inTpyM  (120)
that results from setting f”(-) = 0 in (49).

LemMA 7.1. Forany D(0) € M, equation (51) has a unique solution
on [0, 00), and there exist constants K , e > 0 such that

(52) ID(1) - CP < Ke™®*  (120),
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where C% is the unique minimum of ¥ on M, i.e. the initial value

of CO(.).

Proof. Local existence and uniqueness follow from the smoothness
assumptions made in (HO). Moreover,

(53 L9D() = - D@l

implying that the Lyapunov function W(D(7)) must decrease as long
as the solution is not stationary. Thus the solution must exist for all
times, and its w-limit set must be contained in the set of stationary
points of ¥. By Lemma 6.2, ¥ has the unique minimum C% and no
other stationary points. Thus the solution D(-) must tend to the limit
C%. The estimate (52) can be obtained by forming the covariant
derivative of (51) (which exists due to (HO)) and multiplying with
D'(1). Using (39), this gives

1d
S I @l +elD @)l <0,
and (52) follows.
THEOREM 7.2. Let y be defined as above, and assume that (HO)-
(H3) hold. Let C"(-) be the solution of (17,) and D(-) be the solution
of (51). Then there exist constants K, L > 0, depending on the data,

but not on n, such that for 0 < t < 1 and all small positive n the
Jfollowing estimates hold:

cw-o (2

d K (12
~.cn < = | LeLt/n —et/n
dtC (t)“_”(ne +t+e ),

2
(54) < K%eﬂ/ﬂ,

(55) |
where ¢ is as in (52).

Proof. The equations (49) and (51) can also be interpreted as or-
dinary differential equations in the linear space of symmetric 3 x 3-.
matrices, if the pressure term contained in ¥ is eliminated as in §4.
We now recall that by Theorem 5.1(c) the C” are uniformly bounded,
independent of 5. Therefore

(56) lw(C(®) = wD(@)Il < LIC(7) - D)
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for all T and #n, with a uniform Lipschitz constant L > 0. Also,
inspection of (50) together with (HO) and the uniform bound for the
C" shows that for some K that does not depend on 7

(57) I/ (n7)|| < nK
for 0 <7< 1/n. Thus by (49) and (51)

16(x) - D(x)]| < /0 "18'(0) - D'(@)| do

T ~
S/ (L||C(e) — D(o)|| + nKo)da.
0
Solving this integral inequality gives
(58) IC(z) - D(x)|| < Knz?el

for 0 <7< 1/n and for some K, > 0. Replacing t with /% in (58)
results in (54).
To prove (55), we estimate

d d .y d (1
el <nfgero-ge G e Gl

s IIW’(’”-W(D Q)
#ren+ v (b (1)) - wo)

2
< LK%eL‘/” +Kt+ Ke™/n,

which is (55).

Theorem 7.2 implies that for small 7 and for times ¢ < O(|nlog7n|)
the material sample behaves approximately like a viscoelastic solid.
We note that (54) and (55) imply in particular estimates of the form

(59.a)

C'(t)~D (%) ” <Kn* (05t t(n),
(59.b) IC(#) — COO)|| < Kn™  (to(n) < t < 280(n))

where ty(n) = cnjlogn|, the small constant ¢ is fixed, « > 0, and
K > 0 is independent of a and 7. Also, by choosing ¢ sufficiently
small, we can guarantee that

d

(60) ZCTO < Knf (to(n) <2< 210(n))




46 HANS ENGLER

and B > 0 can be made as close to zero as we please. These estimates
are considerably weaker than those given in [11] for the scalar equa-
tion, where e.g. the right hand side of (54) is replaced by K¢+ O(n),
leading to right hand sides Kn|log#n| in (59.a,b). With some addi-
tional effort, such estimates can probably also be proved for the prob-
lem under consideration; however, in the next section, only the weaker
results given here will be used.

8. Interior estimates. The purpose of this section is to show that
C"(t) — C%t) as t — oo, uniformly on any set that is bounded away
from O, at an algebraic rate in 5 (see (61)). Together with (59), this
gives a complete description of the behavior of C"(t) for 0 <t < oo,
as 1 | 0, up to terms of order n*. We introduce the additional
hypothesis

(H4) For any R > 0 there exist K = Kg > 0 and m(:) = mg(-) €
L1(0, oo; R) such that

—mgp(s) S W"(s, Ay, 42)
S—KW'(S,/ll,ﬂ.z) (0<s<00,3<4;<R).
We note that (H2) and (H4) together imply that
—KW(S’ A1, AZ) < W,(S’ A1, }'2) < _JW(S, A1, 12)

with K depending on the size of A1, 4;.

THEOREM 8.1. Let (HO), (H2), (H3) and (H4) hold. Then for any
¢ >0 there exist o >0, K > 0 such that

(61) sup [|C(t) — CO(1)|| < K.
t>cnllogn|

For the proof, we need some estimates for the norm of C"'(t) on
the intervals on which (61) is claimed to hold. These are given in the
following lemma. In its statement and proof all norms ||C" (¢)|| are
understood to be evaluated at C"(z).

LEMMA 8.2. With the assumptions and notation of Theorem 8.1 and
0 > 0 as in (H2), there exist constants ¢, K > 0, independent of 7,
such that for all 0 <ty <t; < o0

! tl ! !
(62) ne®||C (2)]* + 8/ e”||C7 ()| ds < K + ne’||C7 (to)|1>
tO

Proof. The right hand side of (16,) is absolutely continuous, hence
C"" exists almost everywhere. We differentiate (16,) covariantly,
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form the inner product in Ten(nM with C'7'(t) , and multiply the
result with e%!, where J is as in (H2). This gives the identity

2 (Zeicr@p+e [ -, e, csyas)

+eft / | (V er 812 4h(t =5, CT(8), C(s)), C" (1)) ¢y ds
§ (g”c’f(t)”2 +/_OO(H”(t—s, C(t), C"(s))

+OH(t—s, C'(1), C"(s)))ds) .

By Lemma 6.2, the last term on the left hand side of this identity can
be estimated from below by &||C" (s)||, where ¢ > 0 is some constant,
independent of n due to the uniform bound for the C"(-) that was
established in Theorem 5.1. For the same reason we can apply (H4)
to estimate the right hand side of this identity from above by

, t
(Bicror-& [ H-s, 10, Cro)ds).
—00
Now integrate the resulting inequality between ¢, and ¢; to obtain

' ’ tl !
(64)  ne™CT (0| = el )P+ 2 [ eICT (5)IP ds

tO
tl 12
<['er (n5||c" Ol

%

_2K / CH—s, C), C”(s))ds) d.

By estimate (30), the right hand side is bounded uniformly in ¢y, ¢,
and 7, and the lemma follows.

Proof of Theorem 8.1. For any ¢ > 0, C9(¢) is the unique minimizer
of the functional

t
(65) A—>G°(t,A)=/ H(t—s, 4, C%s))ds,
-0
while C"(¢) is a critical point of the functional
(66) A—Gl(t, A) = G"(t, A)+nC" (1): 4,
t
G”(t,A)=/ H(t—s, A, C"(s))ds,
—00
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cf. (32) and Lemma 6.2. Let C](f) be the unique minimizer of the
functional G"(¢, -); since the C"(-) are uniformly bounded, so are
the C/(:). Then by Lemma 6.2(c)

67)  IC°() -]l < /Ot mg(t =) C%(s) = C"(s)l| ds

for all 0 <t < 0o, with mg(:) € (L! N L*®)(0, o). Next, by Lemma
8.2 and (60),
(68) n|lCT (D) < n'/2e~2(Ky + Kyn~P),

whenever ¢ > t9(n) = cn|logn|, where B > 0 can be made as small as
we please by choosing ¢ > 0 small. Picking ¢ so small that 8 < 1/2,
this estimate implies

n|C" (1)) < KnFe?42

for t > ty(n), with K, k,d > 0 independent of n. Consider now
the full functional G}(¢, -) . Lemma 6.2 implies that for all sufficiently
small #n and for all ¢ > #y(n), an estimate of the form (39) holds for
this functional in a sufficiently large ball in M in which all solutions
live. Thus C”(t) is the unique minimizer of G{(¢, -) in this ball, and
we can estimate with some p > 0

(69) G;’(t, C'(t)) =G"(t, C"(2)) + nC"'(t) :C(t) = G"(t, C"(2))
< G'(t, C1) - plICI(t) — (D)2
< G'(t, CT(B) +nC" () : CJ(2)
- plCl(®) - C"(0)|? + Kn*
< G(t, C(2)) +nCT () : C(t)
= 2p||CY(®) - C"()|* + Kn*
= Gl(t, C"(1)) - 2p||C () = C"(D)|* + K"
and thus
(70) lcn(e) - Cl ()]l < K2
for all ¢ > ty(n) . Combining this estimate with (67) gives

(71) €)= CM(O)l| < Kn*/? + /0; mg(t = )| C%(s) = C(s)l| ds

for t > to(n). This integral inequality implies
(72) ICO%(2) - C"(0)|| < Kn*/?e™
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for some fixed constants K, L, for all ¢ > t5(n). On the other hand,
by the L2-estimate for ||C” (-)|| in Lemma 8.2 and by the proof of
Lemma 6.4, we have

(73) IC7(2) = C(s)l| < Ke™™

for all t > s > ty(n) and also for n =0, ¢t > s > 0, for some fixed
K, 0 > 0. Combining (72) and (73) gives

IC(¢) — CO2)|| < 2Ke™% + Kn*/?eLs

from which the theorem follows by choosing

oK

s-———K———Ilo | and a= —<
ST o) BT 2o+ L)

9. Qualitative behavior. In this section, some qualitative proper-
ties for the finite time and asymptotic behavior of solutions of (16,)
and (16g) will be derived. In particular, these results will be used in
the next section to show that under suitable assumptions a shear-free
deformation history always leads to a shear-free recovery and that a
simple shear or pure shear history can never lead to a recovery in the

same deformation class. Some qualitative results from [11] are also
recovered.

THEOREM 9.1. Let V C R3:3 be a linear space such that AB~'A €
V whenever A, B € VNM. Let the assumptions (H0)-(H4) hold,
let n > 0, and assume that C"(:) is a solution of (16,) with data
Co("), Coo €V. Then C"(t) eV (0<t< ).

Proof. Let q(-) denote the seminorm given by g(4) = dist(4, V)
for symmetric 3 x 3-matrices 4. Then g(AB) < K(A)q(B) for some
constant K(A4). Nowlet u(t) = q(C"(t)), and assume first that n > 0.
Integrating the integrodifferential equation (16,) once with respect to
t and applying ¢(-) to the result gives an integral inequality of the
form

nu(t) < /0 “a(t, $)u(s) ds

with a(-, -) depending on the solution itself, since g(Cy(-)) = 0,
q(Coo) = 0 by assumption. By Gronwall’s lemma, u(z) = 0, i.e.
C'(t) eV forall t>0. If n =0, then C%_:) can be approximated
uniformly by solutions C7"(-) that remain in V, by the results of §§7
and 8. Thus also C%(-) remains in V.
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COROLLARY 9.2. If W does not depend on its last argument, then
the solution C"(-) will be in the linear space spanned by a.e. Cy(-)
(if n = 0) resp. by a.e. Co(-) and Coo (if n > 0). If W does not
depend on its second argument, then the solutions C"(-) will satisfy
(C1(:))~Y € Vi, where Vi is the linear space spanned by a.e. Co‘l(-)
(if n=0) resp. by a.e. C5'(") and by Cg! (if n>0).

Proof. The first assertion can be proved in the same way as Theo-
rem 9.1. The second statement follows from the first since D"(-) =
(Cn())~! satisfies (16,) with W (s, Ay, 4;) replaced by W (s, 4, A1)
and with data C;!(), Cy' .

The second main result of this section will allow us to prove that for
certain deformation histories, the material sample will never recover
to its original shape or to any shape it has previously been in. These
surprising effects, which are discussed in more detail for a special
constitutive relation in [9], will be explained in the next section. An
abstract version of Theorem 9.3 below states that if K c R3:3 is the
closed convex hull of {Cy(¢)|t < 0}U{Cgo}U {0}, then for 0 <t < 0
the solution C"(¢) will be in the interior of K (relative to the linear
space spanned by K). We prefer to state this property in the form of
inequalities for components of the solution.

The following hypothesis will be needed.

(H5)(i) W: [0, oo)x[3, 00)x[3, o0o) — R does not depend on its last
argument.
(iii) Wi(s, 3) >0 fora.e. s> 0.

THEOREM 9.3. Let the assumptions (HO)-(H3) and (HS5) hold. Let
C"(-) be the solution of (16,) for n > 0. Let D € R®>3. If n > 0,
we assume that {t|Cy(t) # Coo} is not a null set and that \D : Cy(-)| +
|D : Coo| is not identically zero. If n =0, we assume that Cy(-) is not
a.e. identically equal to a constant matrix and that |D : Cy(-)| is not
identically zero. Let ag <0 < a1 be numbers such that

(74) ag < Cy(s):D<a; (s<0), and
ag<Cp:D<ay, ifn>0.

Then

(75) ag < C't): D < ay (t>0)
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and

(76) ap < zl_i'rgo C"(t):D < ay.

Note that the existence of the limit in (76) follows from previous
results. For the proof, we need some simple auxiliary estimates. If
(HS) (i) holds, then (16,) has the quasilinear form

(717) nC (t) + p(H)C(t) = / " b(e, $)C(s)ds
with
b(t,s)=W(t—s,At,s)),
p(t) = / bo(t, s)ds,

bo(t, s) = Wi(t—s, A(¢, 5))
A(t, ) = C"1(8) : C(s).

Al(t, s)

3 and

We also abbreviate a(s) = Wi(s, 3) and a(z) = [ a(s)ds.

LEMMA 9.4. With all assumptions and notations as above, the fol-
lowing estimates hold for 0 < s,t,7<00,3<A<R,with 6 >0 as
in (H2) and e =¢(R) >0, Ko = K(R) > 0.

(78) b(s, 1) > a(t),

(79) a(s) > KoeXB-Vw (s, 1),
(80) a(t) > ee™?!,

(81) 0 < p(t) —a(0) < Kpe ™.

Proof. The first estimate follows directly from (H3). By (HS) (ii),
X Aa(s) > Wi(s, 4)
and therefore, since W(s, 3) =0,
Ky'eFo=3a(s) > W (s, A),

which is (79). Integrating with respect to s and using (H2) implies
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(80). Finally, by (HS) (ii) and (H2)

0 <p(t) —a(0)
=/t (Vﬂ(t—s,l”(t,s))mg”—sl—l/ﬂ(t—s,3)) ds

—00

1 [t s g JEd
=§/_m/3 ZF Wt =s5. O deds
t Alt,s)
sKO/ / Wi(t-s,&)déds
-0 J3
t
=Ko/ Wi(t—s, 2, s))ds < Koe™®,
which proves (81).

Proof of Theorem 9.3. We suppress the dependence on 7 and set
u(t)=C"(¢t): D. Then

t
(82) nu'(t) = / (b(t, s)u(s) — by(t, s)u(t))ds.
—00

We first prove (75) for the case n > 0 by means of a standard com-
parison argument. Assume, €.g., that u(¢) = a; for some ¢ > 0 and
that u(s) < o for all s < ¢, u(-) not identically zero on (—o0, ¢].
If oy = 0, then the right hand side equals [’ b(¢, s)u(s)ds <
fﬁoo a(t — s)u(s)ds < 0. Similarly, if a; > 0, then the right hand
side can be estimated by f_too(b(t, s) — bo(t, s5))ds - ay. This quan-
tity must be negative, since C"(s) is not identically equal to C"(¢)
for 5 < t, therefore A"(¢,s) is not identically equal to 3, therefore
b(t,s) < by(t,s) for s in a set with positive measure. Thus in either
case u'(t) < 0 together with u(f) = a;, and this is only possible if
t = 0. Therefore u(t) < a; for all ¢ > 0, and similarly u(¢) > ag for
all t>0.

Consider now the case n = 0. Then u satisfies the Volterra integral
equation

(83) u(t) = /_ . b;’(’t)s) u(s) ds

for all £ > 0. Assume again that u(¢) = a; for some ¢, u(s) < a; for
s <t. If a; =0, then the right hand side of this equation must be
negative by assumption, a contradiction. If «; > 0, then, since C”(:)
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is not identically constant on (—oo, ¢], we have [*_b(z, s)/p(t)ds <
1, and

w=u= [ Zppusrass [ S

again a contradiction. Thus u(¢) < a; for all ¢ > 0, and by the same
argument u(t) > o for all ¢ > 0. Estimate (75) has been proved.

We now turn to the estimate (76), which will be proved by means
of the same argument both for # > 0 and for n = 0. Assume, e.g.,
that lim; ., u(t) = a;. Set w(t) = u(t) — a;, then by assumption
w(t) <0 for all ¢+ and w(f) < 0 on some subset of (—oo, 0) with
positive measure. Set ¢ = ¢ [;° e %w(-s)ds < 0, where ¢ and §
are as in (80). Since a; >0,

(84) nw'(t) + p(Hw(t) < /_t b(t, s)w(s)ds.

We want to derive a contradiction to the assumption that lim;_,., w(z)
= 0. For this purpose, let v: [T, co) — R be the unique solution of
the problem

(85) nv'(¢) + p(t)u(?)
=/t b(t,s)u(s)ds (t>T), v@)=w(l) (<T)

ds-a1<a1,

where T > 0 will be chosen below. A comparison argument, using
that b(t, s) > a(t—s) > 0, shows that w(¢) <wv(t) <0 forall t>T
and hence also v(f) — 0 as ¢t — oo. We integrate (85) from 7 to
T +s > T and obtain after rearranging terms and using the definition
of v for t<T

(86) nv(T+s)+/OsE(s—1)'u(T+t)d‘c
+/s(p(T+t)—E(0))v(T+r)dr
0

- /T @(T = 1) - &(T + 5 — 7))w(t) dt + nu(T).

o0
We now choose T so large that forall t > T

co
_27(—0 <w(t)Lv(t) L0,

where 0 and c are as above and K is as in (81). Then

/Os(p(T +1) = a(0)u(T + 7)dr

T ) c T
A Koe 2Ko dt 2@ ,
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and thus the limes inferior (as s — oo) of the left hand side of (86)
is bounded below by %e“’ T | On the other hand, the right hand side
of (86) can be estimated from above by

T T
/ ee?T~y(1)dr —/ a(T +s - tw(t)dr

[e o] —00

<ce 9T — /ooﬁ(s+ )Yw(T —1)dT.
0

Taking the limes superior of this expression as § — oo, we arrive at

the contradiction c

58_” < ceoT.
Therefore, w(-) cannot go to 0 as ¢ — oo, and lim,_, #(¢) must be
strictly less than «;. By the same argument, lim;, u(¢) > ag. The

theorem is completely proved.

10. Applications to rheological models.

Examples of K-BKZ-models. We first conisder the rubberlike liquid
model ([9]), for which

Wi(s, i1, A2) = my($)A1
and the Ward-Jenkins-model ([20]), with
W(s, A1, d2) = my(s)A; + ma(s)Aa.

Here the kernels m;(-) have the form
N
mi(s) = Zaife_s/t"' J a;j 20, 11 >172>-->0.
j=1

Obviously, hypotheses (HO)-(H4) hold for both models, and (HS)
holds for the rubberlike liquid model. Similarly, these hypotheses hold
for a number of phenomenological models of K-BKZ-type in which
Wi(s, A, A2) = Z;Ll m;(s)U;(A1, A2) with functions U; that are of
polynomial or logarithmic type, such as Zapas’ model ([21]).
Consider next the Doi-Edwards-model ([4]), for which in the nota-
tion of §4 :

H(s, A, B) = u(s)U(B~'24B71/%) = u(s)U(4'2B~14'1?),
with

u(s) =K 3 eI, UD)= [ logwTDv),
k odd lvl=1
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where K, T > 0 are some material constants, according to calcula-
tions given in [3]. Since the kernel u(-) has a singularity at 0, the
theory developed here can only be applied if the sum is extended over
finitely many terms. From the definition of U(D) = U(B~1/24B~1/2),
it is clear that this function depends only on the spectrum of the matrix
D, and thus this is indeed a K-BKZ-model. Assumptions (HO)-(H2)
then are easy to check. Checking (H3), however, is quite awkward. It
is easier to show directly that the crucial property (39) holds for U, as
follows: Let A, Be M, let A(:) be a geodesic in M with A(0) = 4
and 4/'(0)=CeT/M, ie.

A(f) = AV 2exp(t4~12CA~1/2) 4112,
As before, let B~1/24(0)B~'/2 = D. Then
d2

(Vcgrad U(B~124B711%), C) 4 = WU(BEI/zA(t)B—I/Z)h:o
B / (wTB-12CA~'CB~'/2v)(vTDv) — (wWTB~1/2CB~1/2y)?
v)=1 (vTDv)? '

By Cauchy-Schwarz, the integrand is non-negative and zero if and
only if the vectors 4/2B~1/2y and A~Y2CB~1/2vy are linearly de-
pendent. This will only be true for all v from the unit sphere of R3
if the matrix A~1/2CA~1/? is a multiple of the unit matrix. But since
trA~1/2CA4~Y/2 = 0, this means that C = 0. Thus the integral above
must be positive for all C # 0, and (39) holds. Since also (H4) holds
if only finitely many terms are used in the definition of the kernel
u(-), all results in §§5-8 hold for this modified Doi-Edwards model.

Deformations with orthogonal imbedded planes or vectors. In the
remainder of this section, we use the notation for special deformations
that was introduced in §1. First, some classes of deformation histories
will be identified which will always lead to a recoil in the same class,
without assuming (HS5). By Theorem 9.1, we have to identify linear
spaces V of 3 x 3-matrices such that AB~14 € V whenever 4, B €
VNM. One such space consists of all symmetric matrices of the form

*x x 0
A= % % 0
0 0 =

where * stands for an arbitrary real number. Then Theorem 9.1 ap-
plies. By the interpretation of the deformation tensor y given in §1,
this means that there exist a vector and a plane, embedded in the
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material, that remain orthogonal throughout the entire deformation
history. Then also the recoil will have this property. Thus a defor-
mation history consisting of shear-free deformations and simple shear
will lead to deformations of the form above during recoil. All diago-
nal matrices in R3:3 also form an admissible space V. Thus, if there
are three embedded vectors that formed an orthogonal system for the
entire deformation history, they will remain orthogonal during the re-
coil. Thus a shear-free history will always lead to a shear-free recoil.
An even smaller space V is obtained, if an additional linear relation is
to hold for the diagonal elements, as well as for their reciprocals. One
can show that essentially the only such relation is that two diagonal
elements be equal. This of course corresponds to sheet stretching and
filament stretching, the case that was studied in [11].

If W(s, A1, 42) does not depend on its last argument, then by
Corollary 9.2 also the space V of all symmetric matrices of the form

* % 0
A= * * x
0 * =«

can be used. This means that any two embedded material planes
will remain orthogonal during the recoil, if they were so during the
deformation history.

Deformations with constant plane separation. In the remainder of
this section, hypothesis (H5) will be assumed, such that Theorem
9.3 can be applied. Consider now a deformation history, given by
(7(t))e<0 = (C1(#))e<0, for which a diagonal component of C(-) is
constant (positive) on (—oo, 0], but for which y(-) itself is not con-
stant. This means that there are two parallel planes in the material
sample whose separation remained constant throughout the entire de-
formation history. We claim that for all # > 0 and also in the limit
as t — oo these planes will have a separation that is strictly larger.
To prove this, assume that the two parallel planes are spanned by the
vectors e; and e,. Then their separation is given by (y33())~1/2 =

C33(-). By Theorem 9.3, if Cj3(-) is constant and positive on
(—o00, 0], it will be strictly less on (0, oo) and in the limit as ¢ — oo;
which proves the claim. Both pure shear and simple shear have this
property. The result shows that after deformation histories in these
classes, “the liquid will ‘recover’ to a state which it has never previ-
ously been in” ([9]).
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Elongational flows. We now specifically consider the cases of fil-
ament stretching and sheet stretching, where y(-) is the elongation
ratio. Then »~!() = C(-) has the same form as y(-) (with y~!(¢) in-
stead of y(¢)), and after a history of this form, the recoil will always
lead to states of the same form, as was shown above. In the case of
filament stretching, assume that for —co <t <0

1<y(t) <y =supy(t),
t<0

which corresponds to the case of filament stretching, and that y > 1.
Then an application of Theorem 9.3 shows that 1 < y(¢) <y for all
t >0 and that 1 < lim;, y(¢) <¥. Similarly, if for —co <¢<0

y=infy) <y <1

and y < 1 (the case of sheet stretching), then y < y(¢) < 1 for all
t>0 and y < lim;. y(f) < 1. These results were deduced in [11]
under much more general assumptions.

Pure shear. We next consider deformation histories of the form
(7) with a(t) = x(t), b(t) = x~1(t), ¢(t) = 1, and assume that for
—00<t<0

1 <x(t) <X =supx(?)
1<0

and that X > 0. By the same arguments as above, for ¢t > 0
a(it) 0 0
Y@= 0 b 0 |,
0 0 ¢
with the relation a(¢)b(¢)c(¢) =1 and
b(t) >x7!, 1<c(?) <a(t)

and consequently also a(t) < X. These relations will also hold for the
limit as ¢ — oo.

Simple shear. We finally study the recoil of material samples fol-
lowing a deformation history of the form (8), with a(-) =s(-), b(:) =
¢(-)=0, and

0<s(t) <5 =sups(?) (t<0),5>0.
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1+s* —s O
yl=1 —s 1 0]}.
0 0 1

By Theorem 9.1, therefore

a -b 0 c? be 0
yl={-b ¢ 0}, p=|bc cl+b2 0 |,
0 0 ¢ 0 0 ¢!

since also c(ac — b%) = 1. By Theorem 9.3, the inequalities

Then for t <0

O0<b<sys, O<c<1,
a=c?+b¥1<1+72,
- <a-(1+5)c<0,
Ky
b—
1+ 52
hold for all ¢+ > 0 and in the limit as ¢ — oo. One reads off that
the sample will expand in the e,-direction and by a smaller amount
also in the es-direction, and that it will contract in the e;-direction.
An upper bound for the expansion ratio in the e,-direction can be
obtained from the estimate

a<0

cl+b2=ac<1+32,

implying that ¢! + »% < secf, where 6 = sup,<o0(¢) is the maxi-
mal shear angle and 6(-) is defined as in §1. Also, the material slice
between any two planes parallel to (e;, e3) or to (e;, ;) will expand

by the same amount ¢~!/2 < v/sec@. Similarly, since

a=c24b2 2 <142+~ —sec’P+sinftand,
V14352
we have the universal lower bound (sec28 + sinftan0)~1/2 for the
separation ratio of two planes that are parallel to e; and e; before
and after recovery. In experiments, some lateral expansion of ma-
terial samples has been observed; however, experimental data do not
confirm that the two expansion ratios will be the same for the (e, e3)-
plane and for the (e;, e;)-plane, as predicted here (see [9]).
For the angle

1 bc _
= COS

b
—_— 1 —
Ve (el + b2 vac

6 = cos™
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between the vectors e; and e,, the inequalities above imply the esti-
mate

(1]

(2]
[3]

(4]

[5]
[6]

(71
(8]

9]
[10]

(11]

[12]

[13]
[14]
[15]

[16]

[17]

[18]

> cos” ———= =inf0(?).

6 > cos™
1+52 <0

V1+5% 4 5
a
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