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The asymptotic formula of Weyl, (1,)"? ~ c(n)k/vol(D), shows
that the volume of a bounded domain D in an n dimensional Rie-
mannian manifold is determined by the Dirichlet spectrum, {4},
of the domain. Also, the asymptotic expansion for the trace of the
Dirichlet heat kernel of a smooth bounded domain shows that the
volume of the boundary is determined by the spectrum of the domain.
However, these asymptotic expressions do not tell us, in themselves,
how many eigenvalues one needs in order to approximate the volume of
the domain or its boundary to within a prescribed error. We give sev-
eral results which answer this question, for certain types of domains,
in terms of the geometry of the ambient manifold. Some knowledge
of the domain is needed. In particular, the distance from the bound-
ary to the boundary’s cut locus in the ambient manifold is relevant.
Thus, we also prove a purely differential geometric structure theorem
relating the distance from the boundary of the domain to the interior
part of its cut locus, to the principal curvatures of the boundary.

1. Introduction. We consider the Laplace operator A defined on
a smooth relatively compact domain D in a Riemannian manifold
M". By domain we will always mean connected open set. Let {—4;}
be the set of eigenvalues or spectrum of A with Dirichlet boundary
conditions indexed in increasing order and including multiplicity:

0<Aif4 A3 100,

The spectrum of D determines certain aspects of the geometry of D.
For instance Weyl’s formula:

. A«k Cn
lim =
k—oo k2/m  vol(D)2/n
shows that the spectrum determines the volume of D . More informa-
tion is given by the asymptotic formula for trace(e?), for sufficiently

small ¢,

Y eht= W {vol(D) - 12-% vol(8D)t'/? + 0(:)} .

i=1

In particular, vol(dD) is determined by the spectrum of A.
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An important point is that these asymptotic expressions, in them-
selves, do not tell us how many eigenvalues one would need to estimate
the given geometric quantity (e.g. volume) to within a prescribed error.
This provides motivation for much of what we do here. One would
like to be able to estimate geometric invariants without assuming too
much a priori knowledge of the geometry of D . For example, it would
be unfortunate if in order to tell how large to take k in Weyl’s for-
mula to know the volume to within some ¢ > 0, we needed to know
the volume itself. Along these lines, there is the following result [T]
of Li and Yau for convex domains in R”.

THEOREM 1.1 (Li and Yau). Let D be a convex domain in R".
Given ¢ > 0 there exists an Ny depending only on ¢, n, A and
M (BAy) such that for k > Ny

lk _ Cn
k2/n  (vol(D))2/n

where B > 8n~2n(n+4) and #(BA) = max{j:4; < fA;}.

<é¢

Notice that .Z (A, f) is determined by a finite part of the spectrum.
It is worth pointing out that .# (4, 8) really occurs in the proof as part
of an upper bound for the out-radius:

(1.2) Row < T 4B

A
The derivation of this estimate uses properties of Euclidean space that
fail in spaces of negative curvature. One can, however, give a result
analogous to the above theorem for geodesically convex domains in
hyperbolic space if one is willing to replace .# (4, ) by some assumed
crude upper bound on the out-radius [L].

We employ heat kernel remainder estimates to extend Theorem 1.1
for domains in manifolds of variable curvature. The authors of the
present paper have obtained some results of this type [D-L]. In [D-L],
as in [L] and Theorems 2.3 and 2.13 below, one must in general assume
an a priori estimate on the out-radius as part of the data. In case the
ambient manifold is compact this is not so much to ask since it is more
acceptable to assume something about the ambient manifold and we
can replace the out-radius bound by a bound on the diameter of the
ambient manifold. The assumed out-radius bound provides an upper
bound for the surface area and volume which is needed to obtain the
results in [D-L]. In [D-L] the authors give a way of estimating vol D
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up to arbitrary accuracy from a finite part of the spectrum of A on
D. As in Theorem 1.1 above, D is required to satisfy an appropriate
convexity condition. Whereas the results of [D-L] deal only with the
volume of the domain, in the present paper we obtain analogous results
for the volume of the boundary. In particular, Theorem 2.13 below
shows that one can estimate voldD up to arbitrary accuracy from a
finite part of the Dirichlet spectrum of A on D. However in Theorem
2.13 we do not need convexity. This is true for most results of §2. In
[D-L] we must assume some knowledge of both D and the geometry
of the ambient manifold Af. The situation for Theorem 2.13 below
is similar, and in particular, we need a lower bound for the distance
from 9D to its cut-locus. In other words, we need to add to our
data a lower bound for c3p, where csp > 0 is the supremum of all
numbers such that the normal exponential map expy,, : ¥(0D) — M
is a diffeomorphism on I'= {v € v(8D) : |v| < cgp} . Once a positive
lower bound for cyp is allowed as data, the out-radius estimate can
be eliminated. This is shown in Theorems 2.16 and 2.17 below. In
fact, we will show in Theorem 2.15 that, in this case, an upper bound
for the surface area and volume of D can be determined from a finite
part of the spectrum of D. In Theorem 2.14 an upper bound for the
out-radius itself is given.

Finally, it is desirable to have a way of obtaining the bounds on
cap in terms of boundary curvature and the geometry of M . This
is also motivated by the fact that it is boundary curvature that plays
a role in the asymptotic expansion of the heat kernel for D. The
estimation of the distance to the part of the cut locus of 8D interior
to D is of interest in itself and is the subject of the last half of the
present paper. The following fact also provides motivation for the
results of §3. Let D be a convex domain in R” with D having
principal curvatures bounded above by %. If x € D then there
is a ball of radius R tangent to x and contained in D. This is a
classical result of Blaschke [BI]. We can view Blaschke’s theorem in
terms of the minimum distance from 8D to its interior cut locus. In
these terms the result says that for convex domains in R” a positive
lower bound for this distance can be given once we have appropriate
bounds on the curvature of the boundary dD. That things are not
so simple for boundary convex domains in a general manifold is clear
once we consider the domain on an infinite cylinder S! x R! bounded
by two geodesic circles a distance J apart. Although the curvature of
the boundary of such a domain is zero, we cannot guarantee that it
will contain a ball of a given size. There even exist counterexamples
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in spaces of negative curvature where the domain is contractable. The
final section of this paper gives results that show how far the result of
Blaschke quoted above can be generalized to domains in manifolds.
That there must be exceptional cases is made clear by the example
of a ring on a cylinder given above. For domains in manifolds with
nonnegative sectional curvature the exceptional cases are shown to
have a simple structure not unlike the ring example given here.

Some of the results of this paper and those of [D-L] require that
some kind of convexity condition on D holds. We give the relevant
definitions. Given a submanifold N of codimension 1 in A, the
shape operator with respect to a (local) unit normal field » on N is
defined by

SNu)=v,v

for u € TN. We need only have v smoothly defined along a curve
with tangent u. We will be concerned mainly with the case for which
N is 9D or an inner parallel set for a portion of 6D . Let v;, denote
the inward normal field to dD.

DEFINITION. We will call a domain D in a Riemannian manifold
boundary-convex if —(S9P(u), u) > 0 for all u € TOD. We write

0 < —S9D 1o express this.

We use this terminology to distinguish this type of convexity from
the idea of geodesically convex.

DEFINITION. A domain D in a Riemannian manifold is called
geodesically convex if every two of its points are connected by a min-
imizing geodesic contained completely within D . If the minimizing
geodesic is unique we call the set strongly convex.

DEFINITION. D is weakly convex (in the sense of [D-L]) if whenever
two points in 9D are connected by a unique minimizing geodesic
segment then that segment is contained in the closure of D.

For domains with smooth boundary it is true that all strongly convex
domains are geodesically convex, all geodesically convex domains are
weakly convex, and all weakly convex domains are boundary convex.

2. Eigenvalues, the heat kernel, and geometry. If A/ is noncompact,
then assume D C B(p, R), a geodesic ball of fixed radius R. For
convenience of notation, set R = diam M + 1, when M is compact.
Thus R is an upper bound for the out-radius of D. Finally, we
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assume that we are given a number o such that expy, : v(0D) - M
is a diffeomorphism in a tube I"' = {v € ¥(8D) ||v]| < ¢} . This means
that o is a lower bound for cjp .

Let o; be such that (7, p) — expdP rvy(p) is a diffeomorphism on
(0, o1) x 8D. Thus p; gives the size of an inner tube. Similarly let
0> give the width of an outer tube. For weakly convex domains such a
0> can be determined solely from the geometry of M . This is shown
in [D-L]. We may as well assume that ¢ = min{g;, ¢;}. In all that
follows we will assume that A/ has positive injectivity radius i,. It
should also be noted that when i), appears below it may be replaced
by simply a positive lower bound for i, .

REMARK. Most of the results in this section involve p; as given
in the hypotheses. However, for suitably convex domains in mani-
folds of nonnegative curvature, g¢; can be estimated in terms of the
geometry of the ambient manifold and an upper bound on the prin-
cipal curvatures of the boundary of the domain. This is done in §3.
For this reason each of the main results of this section gives rise to
a corresponding result for convex domains where the reference to o,
is dropped from the hypothesis while assumptions on the boundary
curvature are included. Actually, for a certain class of exceptional
domains, which we identify in §3, we also need to know A; to get the
needed estimate on ;. This is clearly not a drawback when applied
to the results of this section since we use a finite number of eigenval-
ues anyway. The way in which A; comes in to play is explained near
the end of §3.

LEMMA 2.1. (i) Let D C M have a proper inner tube of width o,
as described above. Then we have h < S,‘?;D where h depends only on
n, 01, iy, and a lower bound —a for the sectional curvature of M.
We also have h < trace SPP where h depends only on n, 01, iy, and
a lower bound —(n — 1)a for the Ricci curvature of M .

(ii) Let D C M have a proper outer tube of width g, as described
above. Then we have H > S{P where H depends only on n, 02, iy,
and a lower bound —a for the sectional curvature of M. We also have
H > traceS;?f where H depends only on n, 0,, iy, and a lower
bound —(n — 1)a for the Ricci curvature of M .

Proof. (i) First assume p; < ijs. There is a ball B of radius g,/2
contained inside D with center a distance p;/2 from a given point
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p € 0D . Now, 9B is smooth at p and tangent to 9D at p and thus
S5 (p) < S22 (p),

where 7;, is the inward normal for 9B . If —a is a lower bound for
the sectional curvature then by comparing with a ball of radius p;/2
in a hyperbolic space of constant curvature —a (or a Euclidean space
if a =0) we have

h< 898,

where h depends on g;, n, and a. If we are only given a lower
bound on the Ricci curvature we can only conclude that
h < trace S28.

The first result follows. For the general case we just replace g, by

min {oy, ip}.
(ii) The proof of (ii) is analogous.

LEMMA 2.2. Let D be a domain with smooth boundary in M .

(i) Let —a(n — 1) be a lower bound on the Ricci curvature of M
where a > 0. Then volD < c¢; where ¢, depends only on n, a, and
R.

(ii) Let —a be a lower bound on the sectional curvature of M and
b an upper bound for the sectional curvature of M, where a, b > 0.
Then voldD < ¢y, where ¢, depends only on n, R, a, b, iy, and
either o, or p,.

Proof. The proof of (i) is immediate since volD <volB(p, R+ 1)
< volB_;,(R + 1), where B_,(R+ 1) is a ball of radius R+ 1 in
the simply connected hyperbolic space of constant curvature —a if
—a < 0, and in R” if a = 0. This last inequality is Bishop’s volume
comparison for balls.

For the proof of (ii) we first consider the case where we are given
01 - Let T'; denote the inner proper tube of width p; on which exp??
is a diffeomorphism. By the comparison theory of [H-K] or [W] we
can find a ¢ depending only on n, g;, b, and a lower bound for
S{?mD such that

vol(oD) < ¢ volI.
But by Lemma 2.1(i) we can take ¢ to depend only on n, g, iy,

b, and a. Now voll'y < volB(p, R+ 1) for some p € D and
volB(p, R+1) <volB_,(R+1) where B_,(R+1) is a ball of radius



DOMAINS IN RIEMANNIAN MANIFOLDS 49

R+ 1 in the simply connected hyperbolic space of constant curvature
—a if —a < 0 and in R"” if ¢ = 0. The result in the case where
we are given p; follows. The case where we are given g, is proved
similarly using an outer tube and Lemma 2.1(ii).

THEOREM 2.3. Let M be a (possibly noncompact) complete Rie-
mannian manifold with sectional curvature K and positive injectivity
radius iy . Let D be a bounded domain with smooth compact bound-
ary. Suppose also that —a < K < b, where a,b > 0. Then given
0<d <1 thereis a number N(&) such that

N(J)
(476)"/2 > " e~ —vol(D)

i=1

<col/?,

where N(0) and c¢ depend only on n, 0,, a, b, iy, and R.

Proof. Apply Theorem 3.5 of [D-L] . This reads
(2.4) '(47{1)”/2 Tr Ep(t) — volD'
< a (/Ooo eazse“aasz/“‘ds> vol(dD)C
+ a4(a + b)tvol(D) + dt vol(D)t"/?,

where Ep is the heat kernel for D with Dirichlet boundary condi-
tions. Also, a;, ap, a3 and a4 are universal constants and d de-
pends only on b and the injectivity radius i, of M and C depends
on a and some upper bound for the mean curvature trace S22 . But,
by Lemma 2.1(ii), this upper bound can be given in terms of n,
a, 0y, and ij);. By Lemma 2.2 we see that the right-hand side of
(2.4) is less than Czt!/? for 0 < ¢t < 1, where C; depends only on
n,a,b, iy, 0,and R. Now, by a well known result [D-Li], there
exist constants m and Cs so that A;(D) > Csi?/" for i > m and
where m and Cs depend onlyon n, a, b, iy, and R.

Now choose N(d) > m so that

o) o0 2
Z e < Z oG8 < C 512 |
i=N(6)+1 i=N(8)+1
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Then we have
N(6)
(4n6)"/2 > " e~ — vol(D)
i=1

< Ceo'? + |(4n5)"/2 Tr Ep(J) — vol(D)
< (C6 + C3)51/2 .

Theorem 2.3 above should be compared to Theorem 4.3 of [D-L].
The difference is that in Theorem 2.3 we do not need to have D
weakly convex and we need only the injectivity radius as opposed to
the convexity radius of M . However, we do need to know the bound
0> which was not needed in [D-L].

Next we study the role of the boundary. In all statements below, c;
denote constants depending upon just R, ¢, and the geometry of M
unless otherwise stated. By the geometry of A/ we mean dim M =n,
an upper bound 5 and a lower bound —a on the sectional curvature of
M , and a lower bound on its injectivity radius. Here we take a, b >
0. We may suppose that ¢ < 1 and that o is less than the injectivity
radius of B(p, R+ 2). Let A be a domain with smooth boundary
satisfying B(p, R+2) C AC B(p, R+3). Consider a point x € D of
distance d(x) < p/2 from dD. The point, in 8D, which is closest
to x will be denoted as y. There are balls B and B;, each of radius
0/2, which are respectively internally and externally tangent, at y,
to 0D. Let C = A— B;. We have that B ¢ D c C. Consequently,
Duhamel’s principle gives the monotonicity of heat kernels:

(2.5) Ep(x,x,t)<Ep(x,x,t)<Ec(x,x,t).

It follows from the standard parametrix construction [M-S, R-S] of
the heat kernel, carried out in harmonic coordinates, that

(2.6) max {|EB(x, x,t)— (4nt)™"2(1 - e‘dz(")/’)’,
|Ec(x, x, 1) — (4mt)™"/2(1 - e‘dz(x)/”)l}
< cqe T ONAtp=n/241/2 | oop=n/241 L oy
Combining (2.5)and (2.6), we get, for d(x) < 0/2,
(2.7) Ep(x, x, t) — (4mt)~"/2(1 — e~ ™)/t

< C4e—d2(x)/4tt—n/2+1/2 + cst‘”/z“ + gt
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If d(x) > 0/2, then from [D-L], one has
(2.8) |Ep(x, x, t) — (4nt) 2| < c7t™ "2+ 4 cqt.

It is now easy to derive a remainder estimate for Ep. If M = R",
this was proved earlier by van den Berg [B]. One has

THEOREM 2.9.
B vol D N voldD
(4nt)n/2 ~ 4(4me)(n=1)/2

Tr Ep(t) < Cgt_n/2+1 + C10t.

Proof. One computes the trace of the heat kernel by integrating its
restriction to the diagonal:

Tr ED(z)z/ Ep(x, x, ) dx.
D
Let W denote the set where d(x) < ¢/2. Then
(2.10) Tr ED(t)=/ Ep(x,x,0dx+ [ Ep(x,x,t)dx.
w

D-W
Using (2.8) and Lemma 2.2, we may write

(2.11) /D_WED(x, x, t) — (4nt)~"2 vol(D — W)'

<ecpt™"P et

Similarly from (2.7) and Lemma 2.2,

/ED(x,x,t)—(4nt)‘”/2volW+(47tt)“”/2/ e=d' ()t
w w

< C‘l3l‘_n/2+1 + Cy4t.

Comparison theory, for Jacobi fields along 8D, [H-K], and the upper
bound of vol(6D), were employed in the most recent estimate.
Invoking comparison principles again, along with the elementary

formula, [S], [;° e5ds=x /2, gives

10D
. — (4t "ol W+ — 0 9%
(2 12) L/W’ED(X’ X, Z) ( 7l't) Vo + 4(47-”)}1-—1/2

< C17l_n/2+1 + C13t.
Theorem 2.9 follows by combining (2.10), (2.11), and (2.12).
One may apply Theorem 2.9 to inverse spectral theory. In Theorem

2.3 we determined vol D up to arbitrary accuracy from a finite part
of the spectrum of A. It is now possible to derive a similar result for
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voloD:

THEOREM 2.13. Let D be a bounded domain with smooth boundary
in M. Let —a be a lower bound on the sectional curvature of M and
b an upper bound for the sectional curvature of M, where a, b > 0.
For any given ¢ > 0, there exists a constant c,9, depending upon &, so
that. vol(8D) is determined, up to error of order ¢, by those A; with
i < c19. The number ci9 depends only on ¢,a,b, iy, R, and p.

Proof. From Theorem 2.9, we may choose J suitably small, so that

4(476)"T Tr Ep(d) — % + volaDI < 0!/ < /3.

Fix such a choice of d.

By Theorem 2.3, knowledge of the 4;, for i < ¢;;, determines
volD up to error %(n5)§8/3. Let vol, D be such an approximate
value for volD. Then

|4(4n5)”—2' Tr Ep(s) - 2k D

(md)1/2

Recall that Tr Ep(d) = 32, e % . As shown in the proof of
Theorem 2.3, we can choose ¢;; so that

+voldD| < 2¢/3.

o0
4(4n0) T Y e < g/3.
i=¢y
Combining these ingredients gives for ¢;9 > max(cyq, ¢3):

Cio

4(4n0) T Y e™0h - 2volD oD

<
7o) <e.

i=1
Since vol, D is determined by the first c;; eigenvalues, the proof of
Theorem 2.13 is complete.

We may estimate the out-radius for geodesically convex domains.
Let .#(-) be the eigenvalue counting function as in Theorem 1.1.

THEOREM 2.14. Let D C M be a geodesically convex domain with
smooth boundary. Assume that the Ricci curvature of M satisfies
—a(n - 1)|X|* < Ric(X, X), a >0, forall X € TM. Let o, be
given as above. Then

Rout < 401 (#(B(n, a, 01) +1))
where fB(n, a, 01) depends only on a, 9y, and dimM =n.
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Proof. Let Bj be a ball of radius p; with center pg, for pp € D.
We take pg to be a distance ¢; from 8D and then it is not hard to see
from the definition of p; that By C D. Let g be the furthest point
from py in D. We have that Roy < dist(pg, ¢), where dist denotes
the geodesic distance. Let y: [0, 1] — D be a minimizing geodesic
from py = y(0) to ¢ = y(1). Let k > 0 be the largest integer such

that there exist fp, ¢y, ..., With 0 = <tj <tHh < - < <1
and with dist(y(;), y(ti41)) = 401.
We have

>[40 0] 5 Row .
40 40
Now if dist(y(¢;), dD) > p; then let B; = B(y(t), 01). If
dist(y(¢;), 0D) < py , let x; be the closest point of 8D to y(¢;) and let
B; be the ball of radius g; centered at exp3? p,v;,(x;) . We have that
y(t;) = expdP rvpp(x;) for some 0 < r < p; and hence the distance
from y(¢;) to the center of B; is less than p; . The triangle inequality
gives that B;NBj = for i # j. Also B;,Cc D for 0<i<k.
Let H" , be the simply connected space of constant curvature —a <
0 and dimension #n, let B_;(r) be a geodesic ball of radius r in that
space, and A;(B_,(r)) its first Dirichlet eigenvalue. Choose

ﬂ(n’ a, Ql) 2> A'I(B—a(gl))'

Note that B(n, a, ;) may be chosen explicitly by using the upper
bounds for A;(B_,(r)) given for example in [Ga]. In particular if
a =0 we may let 8 = n(n+4)/20¢ as in [T]. We now show that
k<#(B(n,a, 01)). The Poincaré minimum principle asserts that

o Jpldf)?
A(D) = inf =2 ,
Ip 1?
where the infimum is taken over all f € H} such that f is L?-
orthogonal to the eigenfunctions corresponding to 4;, ..., A4;,_;. Let

fi be the first eigenfunction of B;. We can choose constants a; so
that 3" a;f satisfies the orthogonality conditions needed for the min-
imum principle. Then we have
Ipldfi? _ Zal Jy laf'?
L2 = T& (77
< Jz laf'P
<Sup —————
o Jp (f1)?

Ae(D) <

< sgp A1(B;) < A1(B-4(01)),
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where we have used Cheng’s eigenvalue comparison [C]. Thus, by the
definition of .#, we have k < .#(f(n, a, 0;)). Hence, %m -1<
#(B(n,a, p1)) which implies the result.

The following theorem should be compared to Lemma 2.2. Both
results give upper bounds for voldD and vol D. We point out some
of the differences. First, the constants of Lemma 2.2 depend on R,
and p; or g, while in Theorem 2.15 we need only g;. Secondly, we
point out that the upper bounds below involve the counting function
# and thus a finite part of the spectrum becomes involved.

THEOREM 2.15. Let D be a domain with compact smooth boundary
in a complete Riemannian manifold M. Assume that the sectional
curvature satisfies —a < K < b, where a,b > 0. In particular, D
might not be convex. If 0, is a lower bound on the distance from D
to the interior part of the cut locus of 0D as before then

VOl(aD) < C(n, 01,Iim, 4, b)l(ﬂl(n’ a, Ql))

If we weaken the lower bound on sectional curvature to a lower bound
on Ricci curvature, —a(n — 1) < Ric, then

vol(D) < Cy(n, 01, a)#(Bi(n, a, o1)).

The constants depend only on the indicated quantities. Also, C above
may be taken to depend on a lower bound for SﬁnD instead of iy and
in this case we can take the lower bound on curvature to be the Ricci
curvature bound —a(n — 1) < Ric.

Proof. Let T be the region inside D given by

I = {exp?2(rvin(p)) :p € 0D, 0<r< S
Now, fit as many balls B;(p;/4) inside I" as possible without inter-
secting interiors and with centers a distance g,/4 from 0D. Let
this number be N. Define p on v(8D) by p(&) = (&, E)1/2 for
¢ € v(8D). Now using the fact that for points inside I" the distance
to the boundary is given by po expl1 , and using the triangle inequal-
ity, we see easily that a ball of radius g;/4 centered at a point in D
at a distance p;/4 from the boundary 9D is contained completely
inside I'. It follows from the maximality of N that every point of
I" is at most 3p;/4 from the center of some B;. Thus, by Bishop’s
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volume comparison for balls,

vol(I') < NvolB_, (%) .

Note that so far we only need the lower bound on Ricci curvature.
Now by the comparison theory of [H-K] again we can find a ¢ de-
pending only on 7, 9;, b, and a lower bound for S22 such that

vol(0D) < ¢ volT.

But now if —a is taken as a lower bound on sectional curvature then
by Lemma 2.1 we can take ¢ to depend only on n, g;, i), and a.
Hence,

vol(8D) < Ne¢ vol B_, (34ﬁ> .

Let Bi(n, a, 01) > A1(B-4(01/4)). As in the proof of Theorem
2.14 we can use the Poincaré minimum principle to show that

An(D) £ 4 (B—a (%)) .

Thus, N < .#(pi(n, a, 01)). Finally, the above inequalities combine
to give

vol(8D) < C(n, g1, in, a, b)#(Bi(n, a, 01)).

Now we derive the volume inequality. We only need the lower
bound on Ricci curvature. In addition to the N balls of radius p;/4
inside I', fit as many disjoint balls B} of radius p;/4 inside DT as
possible. Call this number N’. Every point of D —I" must be either
at a distance of not greater than p,/2 from the center of one of the
B} or at a distance of not greater than p;/4 from I" since otherwise
we could fit another ball of radius g;/4 into D —I". Since a point
that has distance less than or equal to p;/4 of I' is within a distance
0 of the center one of the B; C I', we see that the N + N’ balls say
E,- and §§ , with centers coinciding with those of the B; and B} but
with radii g,, cover D. Hence, we have

vol(D) < (N + N')sup{vol(B;), vol(B})} < (N + N') vol(B_a(01))-
1,]

Now, arguing with the minimum principle as before, we easily obtain

Ansn'(D) £ 4 (B—a (%)) :
Thus, as before, we can conclude that
N+ N <A (Bi(n,a, 01))
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and the above combine to give the second inequality of the theorem:.
To get the final statement we simply forego the use of Lemma 2.1.

Theorems 2.16 and 2.17 below should be compared to Theorems 2.3
and 2.13. Notice that the out-radius bound R makes no appearance
in the results which follow.

THEOREM 2.16. Let M be a (possibly noncompact) complete Rie-
mannian manifold with sectional curvature K and positive injectivity
radius iy . Let D be a bounded connected domain with smooth bound-
ary. Suppose also that —a < K < b, where a,b > 0. Then given
0<d <1 thereis a number N(&) such that

N(S)
(4m6)"/2 Y~ e~ —vol(D)| < cd'/?

i=1

where N(0) and ¢ depend only on n,p,a,b,iy and
M(Bi(n, a, 01)).

Also, if we are given an upper bound h, for the mean curvature
trace S2P then we may replace ¢ by p; and h,.

Proof. The proof is like that of Theorem 2.3 except that we use
Theorem 2.15 instead of Lemma 2.2. To get the final statement we
simply forego the use of Lemma 2.1(ii).

THEOREM 2.17. Let D be a bounded domain with smooth boundary
in M. Let —a be a lower bound on the sectional curvature of M and
b an upper bound for the sectional curvature of M where a,b > 0.
For any given ¢ > 0, there exists a constant C,q, depending upon &,
so that. vol(0D) is determined, up to error of order ¢, by those A;
with i < Cy9. The constant Cyg depends onlyon e, n,p,a,b, iy,
and # (B1(n, a, 01)).

Proof. The proof follows the proof of Theorem 2.13 except that we
use Theorem 2.15 instead of Lemma 2.2. Also Theorem 2.16 is cited
to replace Theorem 2.3.

3. 01 and the geometry of convex domains. We now show how
to estimate p; in terms of the geometry of M and the boundary
curvature of D. We have already used the submanifold comparison
theory found for example in [H-K], [G] and [W]. In what follows
we will need a part of these results which we now explain. Let D
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be a domain in a Riemannian manifold M of dimension n. We
assume throughout that 9D is smooth and compact. Let K denote
the sectional curvature of M . If N is any regular submanifold of
M, let n: v(N) — N denote the associated normal bundle. Given
acurve &: (—€,¢e) —» v(N) with ||€(#)|| =1 forall t € (—¢,¢) and
letting y = mo&, y(0) = p, »'(0) = u € T,N we can define an
N-Jacobi field by:

Y(s)= & expl s¢(0)], g
or
Y(s) =d exp) U(s)
where d
U(s) = Z:5€(0) oo
A short calculation gives

) (SN (u), u)
s log [|Y ($)Il],- = I

where £ = £(0). Let v be a unit normal field for N. Incase N =090D
we agree that v = v, and for a point in question p € 8D and
u € T,0D that ¢ be defined by & = v;, oy where y is some curve
in 8D with p(0) = p and y'(0) = u. Of course, the N-Jacobi fields
Y(s) depend on the choice of p and u but this will remain tacit for
notational brevity.

Let 51, 52, ..., S,—; denote the eigenvalues of S}Y. Now, according
to the comparison theory of [W] or [H-K] if we have another situation
where we are given a manifold M with sectional curvature K, a
submanifold N, and associated U(s), Y(s), 5; etc. then we have
the following:

L. If infy; K > K and max;{s;} < min;{5;} then

el _ 17
(3.1) ITE1 = 1T6)]
and
(32) 2 1og | ¥(5)] < & 108 |F(5)]

for all nonnegative s not greater than the first focal distance of N
along the curve s — exp’ s¢(0).
IL. If K > sup,, K and max;{5;} < min;{s;} then

Yl S 1Y)l

(3.3) UG = [T
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and

(34) 4 108 Y(5)] 2 - log [Fi(s)]

for all nonnegative s not greater than the first focal distance of N
along the curve s — exp)) s&(0).

Now, if exp! is a diffeomorphism from a neighborhood # in v(N)
onto # € .# then for a > 0 define

N, =expY({av(x): x e N} n%).

This is a regular submanifold of codimension 1 whenever it is non-
empty. On # define the function r = p o exp? |?‘/1 . Here N, is just
the r = a level submanifold. The associated vector field on % is
0, = grad r. For nonempty N, we have that &, N, is a unit normal
field for N, . In this case, we also have

d (S év v, v)

— log||Y (s =
75 IO ==

where
v=Y(a).

LEMMA 3.5. Let % be a connected open set in v(N) on which exp?
is a diffeomorphism onto % . Let N, C % and 6, be as above. Suppose
that N, is nonempty and let L be a submanifold of codimension 1 in
% tangent to N, at q and with normal field v such that —v = 9, at
q . Suppose also that L lies in the r > o part of exp) % . Then we
have the following.

A If
Sévﬂ <0
then
-Sk<o
at q.
B. Assume that L is connected. Suppose that
Sy <0

and r(p) > o for some p € L. Then there is a point q; € L such that
(=Stw, w) <0

for some we T, L.
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Proof. For A we just take a normal coordinate system {x’} around
g with ;% =9, at ¢ and 5‘37 tangentto N, at ¢ for 1<i<n-1.
Let y; be a curve in N, with »{(0) = u and y, a curve in L with
75(0) = 71(0) = u. Now, since the Christoffel symbols vanish at p,
we have

N, % d>x"(y1(2))
(53" 4, 7 = (gr- Vh) = g

t=0
and similarly for SZ. Thus, the proof reduces to showing that

d*x"(y1(t))

dx"(y1(t))
>0 —_
de? ’

/=0 dt

_ dx"(n(1))

=0,
1=0 dt

t=0

and x"(y,(¢)) > x"(y1(¢)) for small ¢ imply

d2x"(y2(1))

ar >0

t=0

which is elementary.

Now we prove B. We have p € L with r(p) > a. Join p to ¢
with a smooth curve in Z N L starting at ¢ = p(0). Let g* = p(¢)
where ty = sup{¢: r(y(¢)) = a} . Replacing g by g* we then have that
r(y(t)) > a for all ¢ such that 0 < ¢t <J and some small § < % Now
replacing p by y(¢) for some ¢ close to ¢y if necessary we can join
p to g* by a unit speed geodesic 7 in L (with respect to the induced
metric on L) with 7(0) = g*. If we let 7y = sup{¢: r(7(¢)) = o}
and g** = y(fy) then r(¥(¢)) > a for ¢t >ty and r(¢g**) = a. Thus,
we see that, after making the above replacements if necessary and a
reparameterization of y, we may assume that p is connected to g by
a unit speed geodesic in L with respect to the induced metric on L
and with y(0) =g, y(6) =p and r(y(¢)) >a for 0<t<5< 3.

Now the hypothesis Sg“ < 0 means that if we choose coordinates
x!,...,x" ! on N, and set x" = r —a then x!,..., x" give a
coordinate system on % such that Hess x” < 0, when x” = 0. Let
¢:% — V C R" denote this coordinate map . Now on a possibly
smaller neighborhood %’ of g we may express L as the graph of a
function f(x!,..., x"" 1), ie. as the zerosetof g = f—x" in M.
Let f(t) = f(x'op(?), ..., x" 1oy(¢)). Then, since image (y) C L,
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we have f(¢) = x"(y(t)). We have

f"(t) = Hess f(c’)t Bat) + <V%—§—t>f

o 0 o 0
Hessg(at 6t)+Vgatf+Hessx <8t 8t)

However, since 7 is a geodesic in L,

v, 2o <va o Ve >df(Vg/|Vgl)

%0t ndt’ Vgl
o . 9 (dg, df)
\E¥r ‘<V§:E IVgI> Vgl

-~ (a7 (vh)) &7
_ <3 v, Vg>g§:iﬁ'

o’ Vgl
_ o 0\ (dg,df
= — Hess g(at 6t> VeP

Thus, since x" =r — a, we have

Sf"(t) — Hess r((?f §t> = (1 - %) Hess g <%, %)

Let 7 cC %' be an open set with compact closure Z° C %' such that

y([0,0) C#7 . Let T l%" be the unit tangent bundle over 7 and
set ¥ =o(#). Let X be a smooth section of T!%  which extends
2 along y. Define the function Hy = Hess (X, X)op~! on % .

T
We have

Hx(u',...,u")=Hy@',...,u"1,0)

n

+/u iHX(u1 u" 1, s)ds
0 s Yy vee )

for (ul,...,u"ew .
Thus,
Hy(!,...,u")—Hyu',...,u"1,0) < Cu",
where C is independent of (u!, ..., u") € 7 . In fact,

0
C:S;vp {8un ...,un)}.
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We have
Hyw',...,u"!,0)=Hess r(X, X)<O0.

Consequently, if u! = x!(y(?)), ..., u" = x"(y(¢)) and X = £ then

Hy('(0) . " ((0) = Hess 1 (5. )
< Cx"(y(1)) = C ().

Thus we have

') = Cf(t) < (1 - ia;-é:g—la;ﬂ-) Hess g (8%’ %)

Now by choosing J smaller if necessary we can assume that

1
(g, df)/IVl < 5

since df | ’0) = 0, because L and N, are tangent at p. Thus it
remains to show that f”(¢) — Cf(¢) > 0 for some ¢ with

1
< —
O<t<6_2.

We may assume C = 1 since we can replace f(t) by f(VC-lt) if
necessary. Now, with the aim of reaching a contradiction assume that

') < f(1)

forall £, 0<t<d <4i. Notethat f(0) = f'(0) = 0 since L and
N, are tangent at p.
Let ¢ty € (0, d). By the mean value theorem there is a t* € (0, fg)

so that
1wy J(t0) = f(0) _ f(to)
ray =20 S L
0 fo
Note that f(fy) > 0 by our choice of y and J . By another application
of the mean value theorem there is a ¢; with 0 < #; < t* < fy so that

from above we have

)
e,y _ (&) _ f(to)
() = T
Our assumption, and the fact that ¢*, 75 < J < §, gives
f(t) > f'(t1) 2 21(20).

Repeat this procedure with ¢; replacing ¢, to get a ¢, < ¢; with

f(82) = 4f(to)-
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Continuing this procedure gives

() > 2% f(20).

This is a contradiction since the continuity of f on [0, /] implies that
f is uniformly bounded. Thus we conclude that f"(¢') — Cf(¢) > 0
for some ¢ € (0, d). This together with our previous computations

implies that
0
0 < Hess g<8t E) .

0 0
Hess g (81 E) ,
t

and v = ]—g—g-[ , and Lemma

But

is just |Vg|(Stw, w) where w = y. & |
3.5 holds.

?(t)

In the following we establish some notation and record some facts
to be used later.

3.6. Using the notation of the beginning of the section where the
comparison theory was described, consider the case in which M =
S”(ﬁ) and N = 0B,, where B, is a proper geodesic ball of radius
r. We use the inward normal 7. Then, for any &£(¢) as above, and
for 0<s<r<mn/Vb, we have

Y (s)|| sin vb(r — s)
TG~ sinvor

and J
7 log | Y (s)|| = Vb cot(Vb(r — s)).
3.7. Take M = H", the hyperbolic space of constant curvature
—a. Let H",! denote a totally geodesic submanifold of H”, and let

N = P, where l
H'-
P, ={exp,~ rv(p):p € H';'}.
Take 7 to point toward H";! i.e. let

n—1

d H"
Vg = ~7i . exp, ™ tv(p)

n 1

where q = exp f“ rv(p). By symmetry, it suffices to take » =2 and
use coordinates x, y with metric

ds? = dx? + cosh(vax)dy?
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We can take H",! = {x = 0} and P, = {x = r}. An easy computation
in these coordinates gives for 0 <s<r,

[¥(s)]l _ coshya(r—s)
|U(s)|| coshyar ’

—dcilogHYs)ll— Vatanh(ya(r —s)).

3.8. Now let r, @, %,v, N, N, #Q etc. be as in the paragraph
before Lemma 3.5. Suppose that the ambient manifold A/ has non-
negative sectional curvature. Then S < 0 implies Sév" < 0 (recall
that o > 0). To prove this, we can use the comparison fheory quoted
above with the choices £(f) = voy(f), M = R*! xR = R" and
N =R"!x {0} c R*. We use (3.2) and the fact that

% log |[Y(5)||,_, = (Sg"(v), o) /Ilv)1?,

where v can be made equal to any element of TN, by an appropriate
choice of y(¢). We also use that in this case the right-hand side of
(3.2) will be zero.

3.9. We make the following definitions

arctanh!%! .
F(xl,a)s{ 7z if0<x <+a,

00 ifk; >va>0,
meeld) i 5>0,k0>0,
S i£h=0,K >0,
= if5>0,6,=0,
00 ifb=kKk,=0.

Here our convention is that 0 < arccot(k,/vb) < n/2. Also, G(., .):
R*txR* — R is continuous, where R* is the nonnegative real numbers
and R is the extended real numbers.

3.10. If N is a compact manifold and 7: N — N is an isometric
involution without fixed points then 7 can be extended to [0, sp] x N
by 7(s, x) = (so — s, 7(x)). This action also has no fixed points
and so the group of 2 elements generated by 7 acts by isometries on
[0, sp] x N. This action gives a quotient manifold with boundary
which we denote by Nzs, .
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Theorems 3.11 and 3.22 below allow us to replace p; in the spectral
results of §2 by x; and x, in some cases. If the hypothesis of Theorem
3.22(ii) below holds p; can be replaced by boundary curvature bounds
K, and A;. Note that although most results in §2 use both p; and
0, , the number @, was bounded for weakly convex domains in [D-L].

THEOREM 3.11. Let D be a boundary-convex domain in a Riemann-
ian manifold M . Suppose that D is smooth and compact. Let K be
the sectional curvature of M .

(i) If for xy, k3, a, b >0 we have

0<x15—S‘3f5x2
and
—-a<K<b
then (r, p) — exp9? rvi,(p) is a diffeomorphism on (0, r.)x8D where
r« = min{F(k;, a), G(kz, b)}.

(ii) If 0 < —S,‘?f < ky and 0 < K < b then one of the following
holds:

(a) (r, p) — expdP ruvy(p) is a diffeomorphism on (0, G(k3, b)) x
oD or

(b) There is an isometric involution © of 6D without fixed points
such that D is isometric to 0D. s, where sy < 2G(x,, b).

Proof of Theorem 3.11. We will need several lemmas during the
proof the first of which is

LEMMA 3.12. The map (r, p) — exp3P rvy,(p) is a local diffeomor-
phism on (0, Rg) x D where Ry = G(k3, b) and 0 <k;.

First we assume b > 0 and kx, > 0. Let Ry = ar°°°‘\(/';_)/ vh) 1

voke the comparison theory mentioned above with the choices M =

S"(ﬁ), N = 0Bg, and 7 inward. Here By is a geodesic ball of

radius Ry in S”(#). We have

S;BR" = —VbcotVbRy = —k, < SpP
and K = b so that (3.3) holds and gives

1Y (s ®Il _ sinvB(Ro — 5)
1U(s @I sinVbRo

n-

) 1T
2 = >0
) = [T (s
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for 0 < s < Rg. Nowsince ||Y(s)| = ||d exp3P U(s)|| and d exp3? is
already nonsingular in the radial direction we conclude that d exp3?
is nonsingular at any ¢ € v(0D) with & = ryy,(x) as long as 0 <
r < Ry . By the inverse function theorem, exp3? is a diffeomorphism
on some neighborhood of any such point. The cases where » = 0 or
Ky = 0 follow by continuity of G.

We now show that (i) of the theorem holds. Using Lemma 3.12
above we will show next, as an intermediate result, that each segment
Sy given by the image of

r — expd? rvy (x), O<r<r,

does not intersect 8D . Note the strict inequalities for r above. We
start by noticing that the set F = (expd?)~1(0D) is closed and con-
tains the zero section of v(0D) as a union of connected components.
Let Fy be this union and let F; be the part of F — Fy contained
in the v, component(s) of v(0D)— Fy. Now on v(0D) we have a
smooth function p given by p(&) = ||€]|. Let p|. take a minimum
value at some &, € F; C v(0D). Now if p(&)) = all > r. we have our
intermediate result. We will show that the assumption o; < r, leads
to a contradiction. N _

From Lemma 3.12, there is a small ball By (d) = B containing
¢, as its center so that exp}? |5 is a diffcomorphism onto its image

say # C M. Under this diffeomorphism BN F, maps to %nobD.
By taking B smaller if necessary we can guarantee that BN Fy =
& . Now, since at &; the function p restricted to F; achieves the
minimum p(¢;) = @; < r., we must have that at ¢ = expP ¢,
p o (expi? | -) " znop = r|ynsp achieves the minimum «; and so
# NOD is tangent with N, (defined before where here N = 9D and
Y = §) at g and every point p €  NdD has r(p) > ;. Let 6,
be the vector field associated with » on % . Then at ¢ we must have
either

B, =vin(@) or 8|, =—vin(a).

In the first case we see that for ¢ a little smaller than «; the point
exp? tvy(p.) is contained in M — D where p. = n(¢;) € 0D. This
means that exp?? tv;,(p.) must have crossed 0D for some 0 < ¢ <
a; contradicting the minimality of p occurring at &;. Thus, 9, =
—Vin(g) . We will use the comparison theory again to show that

(3.13) (Sa" Xy, Xg) < 0
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for Xy € TyNo, = Ty(% N9D). This together with Lemma 3.5A
implies (S2PX,, X,) > 0 contradicting our hypothesis that S? < 0.
This then implies the desired intermediate result.

Claim. (3.13) holds i.e.

(Sév“‘v, v)
o <0

for any v € Ty Ny, .

Proof of Claim. We can arrange that &(¢) (see the first paragraph of
§3) is chosen so that

N
d (Sa’al v ’ U)
7 10g||Y(S)|||s=o,l = TE
We will need to show that

d
=+ logl|lY(9)l],,, <0.
First assume a > 0. Use the comparison theory with M = H" ,, P,o

and 7 as above (see 3.7), where we now let

rg = —l——arctanh(Kr)
0T Va Va

and x} < min{ya, x;}.
We have that

P
(- — 0D
70 = —\/Etanh\/Ero =—K] > —K] 2 SVm

and, since K = —a < K, we have that (3.2) holds and gives
%logllY(s)H < —+Va tanh+/a(rg—s) <0

for 0 < s < min{G(x;, b), ro} . We have that min{G(x;, b), ro} —
r. as k; — min{y/a, k;} and so we may choose x} so that a; <
min{G(x,, b), ro}. The claim for a > 0 now follows by letting
ki — min{y/a, k;}. The case a = 0 is proven similarly by using
the comparison theory with R” instead of H", and a sphere of ra-
dius 1/x, instead of P .

We now have the intermediate result that the segments S, described
above are contained in D. This implies that L, given by the image
of 9D under

x + exp9? rvi (x)
for 0 < r <r, is contained in D (and does not intersect 6D ).
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Now we are in a position to show that (r, p) — exp3? rvy,(P) is
one to one on (0, r.) x dD. This fails if there exists a point p, and
r, > ry with

expl? rivin(p) = exp® ravin(p)

or points p; # p, with
expi? r1vin(p1) = exp® rovin (p2).

We can reduce to the case where r; < r, . To see this consider the case
where p; # p, and r; = r,. In case the two geodesic segments con-
necting p; and p, to p3 = expiP rivi(p1) = exp3? rvin(p2) do not
meet tangentially or antitangentially then we may extend the segment
D2P3 to a slightly longer geodesic segment say p,ps of length r, + ¢.
Because pip; and p3ps; meet with an angle other than O or = the
usual corner cutting argument shows that rs = dist(p4, 0D) <r; + €.
Thus, if we choose a point ps in D a distance rs; from p,; then
we can consider the segments p,p; and Psps as our replacements. In
other words, since r; < r, +¢& we just replace p; by ps, r» by r,+é¢,
and r; by rs.

In case p;p3; and p,p; meet antitangentially the reduction is trivial,
we just extend p;p; slightly. If pip; and p;p; meet tangentially then
r1 = r, forces p; = p, by uniqueness of geodesics with equal tangents.

Thus, all we need to do is show that assuming

(3.14) exp, r1Vin(P1) = exp?P ryvin(p2), ry<ry<ri,

leads to a contradiction . We proceed with this assumption.
Consider the set L, in v(dD) given by

L, ={&€v(dD):¢=rwpu(x), x €D}

Deﬁne er and zrz by er = CXp_aLD(zrz) al’ld

L, = (expi?)~'L, n{rvin(p): r >0, p€dD}.

Since 9D is compact and Zr; is closed without intersecting the zero
section Fj, we see that pl»z« must achieve a minimum «, atsome & €
~ ’2

L, which must have a; = p(§) < r1 since (3.14) holds. Let Z be a
small neighborhood of ¢ such that expiD P is a diffeomorphism onto

# CD. Then r=poexpi? |~ constrained to S, = expi>(#NL,)

B
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achigves a minimum at the point ¢ = exp, £. Now, by our definition
of IN,,2 and S, there must be a ¢* € i,2 with g = exp, &* and for
some small neighborhood V of &* the restricted map exp‘:’L - isa
diffeomorphism onto an open set V. Define a function ' on V' by
' = poexpl? ]I:/1 . Notice that ¢ € V and #'(q) = r,. Thus, we have
an r, level set for the function ' in V' which we denote by N’

We have that g € exp?? VN f,, ) =N, CS,,. Hence, r| % ach1eves

a minimum a, at g € N;z and so N’ rnust lie in the part of %
corresponding to values of r greater than or equal to ap < r;. Thus,
we once again have two submanifolds tangent at a point ¢. Namely,
the r level set N,, and the /' level set V; . The submanifold N; lies
on the side of N, corresponding to r > ay. N, has an associated
normal O, and N’ has normal field 9, = grad r . Now, if 9, =0,
at g then the two geodesms

t—exp, trin(n(E*)), 0<t<n,

and
t — exp_ tvin(n($)), 0<t<Lay,

are tangent at ¢ = exp oV, ((€)) = exp rviy(E*) . But, by unique-
ness of geodesics with equal tangents and the fact that », > r; > a3,
the geodesic ¢ — exp, v, (n(£*)), 0 <t < ry, must hit 9D at n(&)
for ¢+ with 0 < t < ry, a contradiction of the intermediate result
obtained in the first part of the proof since r, < r.. Now, the case
9, = —0, is impossible since by (3. 13) and Lemma 3.5A (choose

v=0, and L = N;z) we would have S ’2 > 0. But (3.13) applies to

N’ also so that SN’2 <0,a contradlctlon. Thus (3.14) cannot hold
and this completes the proof of (1).

The following elementary lemma plays a crucial role in the proof
of Theorem 3.11(ii).

LEMMA 3.15. Let (0D)q be a connected component of D and let
D, be the band in v(0D) given by

Do = {rvin(p) : p € (9D)y, 0<r<a}.

Suppose that exp?P is a local diffeomorphism on D, . If expd? maps
0D, into 0D and interior(D,) into interior(D) then in fact
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expi®(D,) = D. In particular 8D has at most 2 connected com-
ponents.

Proof. lee D the relative topology inherited from M . We show
that exp (Da) is open and closed in this topology. exp (D ) i
closed since D, is compact and exp? is continuous. Let x €
exp?’ (D ). We show that exp?’ DD, contains an open neighborhood
of x in the D relative topology. If x is interior to D then for
p € (exp?P)~!(x) it must be that p is interior to D, since otherwise
our hypotheses guarantee that x € 0D. Thus we can ﬁnd an open
neighborhood O C interior(ﬁ ) contammg p so that exp | o 1852
d1ﬁ‘eomorph1sm Thus, since exp D(0) c interior(D), we see that
exp3P(0) is a D-open set contammg x and contained in exp? D(D,).
Now, if x € 8D then p € (exp3? |~) I(x) is in 8D, and we can

find an open set O’ containing p on which expiD is a diffeomor-
phism. Our hypotheses and continuity guarantee that for small O',
x € exp% D(0' N D, ) = expiP(0')ND.

Proof of (ii). Once again we have that p| F, achieves a minimum.
Call this minimum value «; as before. The proof of (ii) is similar to
but more difficult than that of (i) above. The program will be first to
strive to prove the intermediate result that the geodesic segments Sy
given by

r— expd? rv(x), 0<r<Ry,
do not intersect 8D for any x € dD. Note that now the segments
Sy have length Ry = G(k,, b). Secondly we strive to show that

(r, p) — expi® rv;n(p)
isonetooneon (0, Ry)xdD. That this map is a local difftfomorphism
was proved in Lemma 3.12. We shall see that the only case in which
we shall not be able to carry this program out is if the domain D has
the structure described in (iib) of the statement of the theorem.

Let 4 be the set of points & € F; such that p(¢) = a;. We have
two cases, namely n(A4) # 0D and n(4) =

Casel. n(A)#0D.

We shall prove that in this case (iia) holds. We first prove the inter-
mediate result that the segments S, described above do not intersect
aD.
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LeMmMA 3.16. w(A) # 0D and oy < Ry implies n(A) has boundary
points in 0D, where 8D has the relative topology inherited from M .

The set 4 is compact since it is closed and dD is compact. By
continuity 7(A4) is compact and therefore closed in the Hausdorff
space D. We wish to show that in the case at hand n(A4) cannot
also be open (in the induced topology on 9D ). To this end let us
assume that 7(A4) is open and seek a contradiction. We are assuming
a; < Rp.

Since m(A) is open and closed, we must have that n(4) contains
a connected component of 9D say (0D)y. If 0D were connected
so that (0D)y = 0D we would be in Case II; 0D = n(A4). However,
even if 0D is not connected, we can use the connectedness of D to
show that (8D)y C n(A) implies n(4) = 8D (Case II). This is a
contradiction since we are in Case I. We have (0D)y C n(A4). The
definition of 4 implies that the set ANQl defined by

Aa, = {01Vin(p) : p € (8D)o C m(A)}
is contained in F;. Identify D with its image in v(0D) under the
zero section. With this notation, we have that Aq, is diffeomorphic
to (D) and Aval U (0D)o forms the boundary of ﬁa, , where

Do = {rvin(p):p € (8D)g, 0<r<ay}.
Since a; < Ry, Lemmas 3.12 and 3.15 imply that
exp? (D )= D.
Let x € 0D. The above considerations show that we can find & €
(BD)OUA with expf? & = x. If & € (0D), then since (BD)O c n(A)
we have x e n(A4). If £ Aal then by the definition of AO‘l and the

established fact /’f Cc F, we see that there is a geodesic of length «;
connecting n(&) € 6D to explP ¢ € 0D, given by

t — exp? tv (m(&)).

By the Gauss lemma and the fact that A c F;, we see that this
geodesic meets 8D perpendlcularly Also, s1nce @, is a minimum of*
p on F; and exp preserves radial distance the above geode51c can
only meet 8D at its endpoints. But this means that X = exp D& must
also be in 7m(4). In fact, the geodesic ¢ — expi? tyjy(x), 0 <t < ay,
is just the reverse of the former geodesic and we see that a;vj,(x) € 4
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and so x € n(A4). Summarizing what we have done so far, we have
shown that n(4) open in 8D implies D = n(A) unless a; > Ry.
Since we are in Case I, we conclude that in this case a; < Ry is
impossible unless 7(A4) has boundary points in the relative topology
on 9D . This proves Lemma 3.16.

Next we shall see even n(A4) having boundary points in D is, in
Case I, incompatible with a; < R so that in Case I, a; > Ry and
we will have our intermediate result. We continue to assume a; < Ry
and will once again reach a contradiction. Let xo € D be a bound-
ary point of n(4) C dD. Let & = a1y (xp). Let # C v(OD) be
a connected open neighborhood of ¢ such that exp? | ~ is a diffeo-
morphism onto a (connected) neighborhood % of g = expfP?¢. We
define r = p o (expf? 7)~! on #Z. Now under this dlffeomorphlsm

Fy N% maps onto 8D N% and (La1 nN¥, ¢) maps onto the pair
(Ne, > q) where N, C L, isthelevel r = ) submanifold as before.
Since the minimum of 7| apny Occurs at g (because & € A) we must
have
T;0D = TyN,,.

Also, just as in the proof of part (i) of the theorem 8, = —v;, at
q . Now 7 is a submersion with dz an isomorphism when restricted
to Ty(FiN#%) = Tz(Lo, N #). Tt follows, after taking # smaller if
necessary, that 7z| Fo@ a diffeomorphism onto its image %" C 9D

where xo € 7. Now since x; is a boundary point of 7(A), there
must be a point xj; € #° with x{ ¢ n(4). This implies that &' =
n=1 g/ (%) must satisfy p(¢’') > ;. Thus the point p = expiP ¢ €
8DN% must satisfy r(p) > a;. Hence we are in a position to apply
(3.8) and Lemma 3.5B to conclude that there exists ¢, € 9DN% and
w € T, 0D with (- SaDw w) < 0. This contradicts our hypothesis
on the curvature of the boundary and so we are forced to conclude
that, in Case I, we must have a; > Ry = G(k,, b). This implies the
intermediate result in this case.

Next we show that, in Case I, the map (r, p) — exp3P ruj(p) is
one to one on (0, Rg) x D . Arguing as in the proof of (i), we see
that we just need to show that assuming

(3.17) exp? rivin(p1) = exp3P rvin(p2), ri<r <Ry,
leads to a contradiction. As before, we consider the sets Z,Z, L,
and IN,,Z. With f,, = (expiP?)~!L, c v(8D) as before we still have
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Z,2 N Fyp = & where Fy is the zero section of v(dD) (identified with
0D). Now p|§ achieves a minimum which we again call a,. Let
A’ be the set of points & € Zrz for which p(¢) = a;. Now n(A4') is
closed. If n(A4’) is also open then (9D)y C n(A’), where (0D), is a
connected component of D . Assume then that this is the case. Then
we see that the set

/I; = {anin(X) X e (8D)0}

is contained in z,z and hence exp‘zD A c L, . Also, we have seen in
the proof of (i) that we have, for all x € (6D),,

d oD d oD *
—expl? twin(x)],., = 7 expl® twin(n(€")] .,
where &* € L, and exp‘?LD &* = g as before. Thus we have the fol-

lowing fact:

Fact 3.18. For any x € (0D)( the geodesic
y it expi? tv(x), O<t<ay+n,

connects x € n(A') to 8D and is perpendicular to 8D at its end-
points.

The above geodesic never intersects 8D for 0 < t < a; +r, by
the intermediate result since a;, 7, < Rg. Thus it must be that o, +
ry > ap. In particular o; < 2Rp. Let us agree to denote ap + r;
by a3. Notice that since (8D)y C n(A4') the number a3 = ay + 1,
is independent of our choice of x € (8D),, the starting point of
the above geodesic. Thus (r, p) — exp?? rvy,(p) maps the boundary
(resp. interior) of [0, a3] x (8D)y into the boundary (resp. interior)
of D. Now apply the following lemma, with o = a3 and U = (0 D).

Let

Z(x) = inf{¢t : expi? tv;,(x) € HD}.

LemMA 3.19. If U is an open subset of 0D contained in {x € D :
Z(x)=a}, a<2Rq and

d oD
77 SXP1 twin(%)|,_,,
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is perpendicular to dD for all x € U then (r, p) — exp? rvy(p) is
a local diffeomorphism on [0, a] x U.

Proof. 1t suffices to show that if & = ry,(p) for some p € U and
0 <r < a then d exp9 ] ¢ is a linear isomorphism. Since d exp??
is always nonsingular in the radial direction we just need to show for
any curve &(f) in v(9D), ||&(2)]] = constant < a, v = £E(1)],_, #0
and &¢(0) = ¢ inward that

d exp9? jév #0.

Consider the curve 6(¢) in D given by n(&(¢)). Let () =
exp?? aviy(0(t)). Notice that 6(¢) is a curve in dD. Since the
geodesic

t — expi? tvjy(x)

where 0 <t < «, isnormal to 9D at both end points, we can consider
the reverse geodesic and we have

(3.20) exp9? svin (0(1)) = expd?(a — 5)vin(0(2)).

From this we see that exp?? avin(6(2)) = 6(¢). Hence, 6'(0) # 0 =
6'(0) £ 0. Let Y(s) be the &D-Jacobi field given by

d
Y(s) = — expl” svin(6(1))] g

and let Y(s) be given by

~R

d
(s) = ECXPL SVm(e I[ 0"

Then from (3.20), we have Y(a —s) = Y(s). Now d exp?: [ v =
Y(r3) where r3 = |&|. If r3 < a/2 (< Rp) then by (3.12), Y (r3) ;é 0.
If r3 > a/2 then a—r3 < Ry and so

Y(r3)=Y(a—r3) #0

since

~

d «
¥(a - rs) = 7 expfP(a = r)uin(8(0))] o
and 6'(0) # 0. This proves the lemma.

In particular, we have, in the present case, that

(r, p) = exp” rvin(p)
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is a local diffeomorphism from [0, a3] x (D), into D. From this
and the comment just before Lemma 3.19, we see that Lemma 3.15
can be applied to conclude that

{expQ? rvin(p) : (r, p) €10, 03] x (8D)o} = D.
But this implies that in fact a3 = «; . It follows as before that
n(A4) = 6D

which is Case II. Since we are in Case I, we are led to conclude that
n(A") is not open in 9D and thus contains a boundary point. Thus,
arguing as in the paragraph before (3.17), once again we are in a
position to use (3.8) and Lemma 3.5B to reach a contradiction. Thus
(r, p) — expd® rvy,(p) is a diffeomorphism on (0, Ry) X 8D.

Casell. n(A)=0D.

LEMMA 3.21. In case n(A) = 8D if a; > 2Ry then (r,p) —
expl? rvp(p) is a diffeomorphism on [0, Ry) x 6D.

Proof. We already have the local diffeomorphism property by 3.12
so it suffices to show that the map is one to one. We once again show
that (3.17) leads to a contradiction if r, < Ro. This time it is much

easier. Let L, , Z,z, and I~,,2 be defined as before. If /’l’f achieves

rn

the minimum o, at say ¢ then the geodesic ¢ — exp? tvy,(x), 0 <
t <az+ry with x = n() meets 0D for the firsttime at t =y +7,.
However a; + r, < 2Rg < a; a contradiction to the meaning of «; .

We must finally consider the case n(A4) = 9D and a; < 2Ry. This
is the only case where the conclusions of (iia) of the theorem have not
been shown to hold. It is this situation in fact where (iib) holds.

Let r; = % —¢ and r, = 3 + ¢ for some &, where 0 < & <
(2Rg —ay)/2. Then r3+r; =a; and r3<r< Ry . We may choose

¢ small enough so that r3, r, > 0. Let Z,2 be as before and consider
the minimum a; of p on Z,Z. Clearly, ay < r, < Ry. The distance
from p = expﬁD rvin(x) to dD, for any x € 8D, is (by assumption)
less than or equal to r3. Thus we see, by considering a geodesic from
p to 9D whose length realizes this distance, that in fact ay <r; <r;.

Let this minimum occur at some point & € Zr2° Then arguing in a
manner similar to the paragraph of 3.14, we see that the geodesic

t — expd? twin(n (%)),
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0<t<ay+ry, meets 9D for the first time when ¢ = ay +r, and is
normal to 8D there. Hence, a, = r3 since we must have ay+r, = a; .
Let x € 0D . By assumption the geodesic,

t — expl? tin(x),

0 <t<aj,hits D only at its end points. Consider the point p € D
given by p = expl? ryvin(x) . Let g € 8D be a closest point of D to
p and let r = dist(p, D). Since a; = r3+r, we have that r <r; so
that in particular ¢ # x. On the other hand since «a; = r; we must
have r; < r and thus » = r;3. But r is the distance from p to D
and this implies that the geodesic segment ¢ — exp)? tvy,(x), r2 <
t <r3+ry,hits 9D normally. This means that the geodesic segment
t — expdP tvyy(x), 0 <t < ay =r3+ry, hits D normally at both end
points. Since x was an arbitrary point in dD, we can apply Lemma
3.19 to get that (r, p) — exp9? rvy,(p) is a local diffeomorphism from
[0, a;]x 0D onto D. Next we show that this map is a local isometry.

By the Gauss lemma, it suffices to show that for all v € T,0D, we

have
ol = [1Y ()]

where Y(r) = 4 exp? rvin(6(t))|,_, and 6'(0) = v. As in the proof

~ ~

of Lemma 3.18 we define § and Y by
6(2) = expi® a1 vin(6(2))

and

~ d N
Y(s) = N exp?? svin (0(2))],_o-
Notice that since we are in Case II, 6(t) € 8D. We can use the
comparison theory with M = R”, N = R*~! ¢ R” to conclude, using
(3.2), that
2(Y'(s), Y(s)) _ d

= —1logl||Y(s 2<0,
EOIE 75 loglY(s)II” <

i.e.
2 (¥(5), Y(9) = 2{¥'(s), ¥(5)) 0.

However a similar statement is true for Y. We have Y (o, —5) = Y(s)
and

02 L (¥(5), Y(5) = 4 (F(a1 -5), Flau - 5))
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Thus £[|Y(s)[> =0, for 0 <s < a;. And |Y(s)]| = [Y(0)]| = ||v]|
for 0 <s < ;. Thus (r, p) — expdP ryp(p) is a local isometry on
[0, a;] x dD. Define a map 7:8D — 0D by p — expi? ajvy(p).
This is clearly a local isometry, even more, it is one to one and hence
an isometry. In fact, it is clear that 7 is an involution and hence
one to one. We can extend 7 to an isometry of [0, a;] X 0D by
t(r, p) = (ay — r, t(p)). This action is free. Q = [0, a;] x dD/(1)
is the quotient manifold (with boundary). It is clear that the map
Q — D induced by (r, p) — exp?? rv;y(p) is a local isometry. We
just need to show that Q — D is 1-1. Notice that Q is compact and
so Q — D is a covering space with a finite number of sheets . Let this
number be k. Thus volQ = kvolD as well as voloQ = kvoldD.
However, it is clear from our construction that 8Q is isometric to 9D
and so voloQ = voldD. It follows that kK = 1. This is equivalent to
Q — D being one to one. This completes the proof of Theorem 3.11.

THEOREM 3.22. Let D be a boundary-convex domain in a Riemann-
ian manifold M . Assume that 8D is compact and smooth. Assume
0<-S9P <k, and 0 < K < b. We then have the following

(i) If one of (a), (b) or (c) below holds then (r, p) — exp3P rvy,(p)
is a diffeomorphism on (0, G(k,, b)) x 8D.
(a) K >0 onall 2-planes in T;D, for some point q € D.
(b) 0# S2P at some point in 8D.
(¢) M has no compact totally geodesic submanifolds.
(ii) If there is a point p € 0D such that the ball of radius R,
centered at exp9P Ryviz(p) is contained in D then

(r, p) = expi® rin(p)
is a diffeomorphism on (0, min{G(x,, b), Ry}) xdD.

Notice that we may take R; to be any number less than the in-
radius of D. In case D is boundary convex we have, by a standard

result [L-Y], that the in-radius is greater than Z so in this case
[L-Y] g N0

we may take R; to be this number. This fact is relevant if one applies
these results to the inverse spectral project of §2.

Proof. The hypotheses of Theorem 3.11(ii) hold. Now (a), (b) or
(c) exclude the possibility that D = 9D, s, and so the conclusions of
Theorem 3.11(iia) hold. Thus (i) holds. For (ii) notice that even in
case D = 0D, 5 holds we must have R; < %ﬁ and the result follows

easily.
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COROLLARY 3.23. Let p € 0D and let py = expiP sovin(p). Let
B(pg, So) denote the geodesic ball of radius sy and center py. The
number sy need not be less than the injectivity radius of M. If the
hypotheses of Theorem 3.11(i) hold then B(pgy, so) C D if so < r«.
If the hypotheses of Theorem 3.11(ii) hold, and D # 8D, s for any
s < 2G(ky, b) and any 7, then B(pg, So) C D with sy = G(k,, b).

(B]

(Bl]
[C]

[D-L]
[D-Li]
[Ga]
[G]
[H-K]
o
[M-S]
[R-S]
[S]
[T]

(W]
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