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The notion of Weierstrass gap sequence is extended to singular
points on an integral projective Gorenstein curve. There are many gap
sequences at such a point and the nongaps need not form a semigroup.

1. Let X denote an integral, projective Gorenstein curve of arith-
metic genus g > 1 defined over an algebraically closed field k. In
previous articles ([6, 11]), we have defined Weierstrass points on such
a curve if k = C. We stated that the notions of Weierstrass gaps and
nongaps did not seem to apply at a singular point P, since one is now
interested in all 0-dimensional subschemes supported at P and not
the Weil divisors nP. Here, we present a generalization of gaps and
nongaps to singular points by considering certain chains of ideals in
the local ring at P.

Let P be any closed point of X. Let & denote the local ring
at P and let mp denote the maximal ideal of @». Then &p is a
one-dimensional Gorenstein domain. If J is any nonzero ideal of
@p, then the quotient ring @p/J is a finite-dimensional vector space
over k. We will let col(J) denote the colength of J, which is the
dimension of the vector space @p/J .

(1.1) DerFINITION. By a Weierstrass chain in @p, we will mean a
chain # of ideals

. mp=J1DJp D D

such that col(J;) =k for k=1,2,...,2g—-1.

First, we will see that every ideal of colength at most 2g — 1 occurs
in some Weierstrass chain.

(1.2) LEMMA. Let J be a proper ideal of @p with col(J) =n.

1) There exists an ideal J' of @p such that J C J' and col(J') =
n—1.

2) There exists an ideal J" of @p such that J > J" and col(J") =
n+1.
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112 R. F. LAX AND CARL WIDLAND

Proof. We will prove (2). The proof of (1) is similar and is given
in [11].

First, note that there are ideals of finite colength that are properly
contained in J; for example, mpJ cannot equal (0), since &p is
a domain, and mpJ cannot equal J by Nakayama’s Lemma. Let
J” be an ideal that is properly contained in J and has minimum
colength (necessarily at least n +1). Choose x € J with x ¢ J". It
suffices to show that the image of x generates the subspace J/J” of
the vector space @p/J". By the choice of J”, we have J" + (x)=J.
Suppose y € J. Then there exists z € @p such that y — xz € J".
Write z =a+t, where t € mp and a is either 0 or a unit in @p. We
claim that xt € J”. If xt ¢ J”, then we would have J” + (xt) = J .
Hence, there would exist u € @p such that x — xtu = x(1 —tu) € J".
But since ¢ € mp, we have that 1 — fu is a unit, so this would imply
that x € J”. Therefore, xt€ J”. Since y —xz=y—-ax—-xte J",
we may conclude that y — ax € J"”. Thus the image of x in J/J"
generates J/J" as a vector space over k. ]

(1.3) CorOLLARY. Every ideal of @p of colength at most 2g — 1
occurs in some Weierstrass chain.

The next ingredient we need is a Riemann-Roch theorem for sub-
schemes on a Gorenstein curve. If Z is a proper closed subscheme
of X and if .# is the sheaf of ideals defining Z , then the degree of
Z , denoted d(Z), is given by

dZ)= Y col(A).
Q€Supp(Z)
Let w denote the sheaf of dualizing differentials on X . Since X is
Gorenstein, w is locally free. With this notation, we have

(1.4) THEOREM. dim; Homy (7, Ox) — dim HO(X, # ®p o) =
dZ)+1-g.

Proof [11]. (Also, see [4].) O
The elements of Homy (7, @x) may be identified with rational
functions on X . Indeed, we have
Hom@X (f s ﬁx) = m Hom% (fQ s @’Q)
Qex
and Hom% (%0, o) 1s the fractional ideal (& : %)) in the quotient
field of & for each Q € X (cf. [10], p. 37). Thus, if Q is a smooth
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point and .# is the invertible sheaf defining the divisor nQ, then
Homg (7, &) is just the space H'(X, &#(nQ)).

If J is a proper ideal of &p, let .#(J) denote the sheaf of &y-
ideals defined by #(J)p =J and #(J)g = forall Q # P. Put

h(J) = dimc Homg (7 (J), &x).

(1.5) LemMMA. (1) A(mp)=1.
(2) If J is a proper ideal of @p and col(J) > 2g —2, then h(J) =
col(J)+1-g.

Proof. The first assertion is Lemma 1 of [11]. (This basically says
that w is base-point-free.) The second assertion follows from The-
orem (1.4) if we can show that HO(X, 7 (J) ®g, @) = 0. Suppose
c e H' (X, #(J) ®g, @) . Then the image of o in wp liesin Jwp.
If 7 generates wp, then locally at P we may write ¢ = ft1, with
felJ.If og#0, then we have

ordp o = ordp f = dim@p/(f) > col(J) > 2g — 2.

But ordgo > 0 for all Q # P, so this would contradict the fact that
the degree of a dualizing differential is 2g — 2. Thus

HY X, 7(J)®s, w)=0. 0

(1.6) LEMMA. Suppose Ji, J» are nonzero ideals of @p such that
JiDJy and col(J) =col(J;) + 1.
Then either h(J,) = h(Jy) or h(Jy) = h(Jy) + 1.

Proof. Applying the functor Hom@ax( , @x) to the exact sequence
0—7(h)—o7(N) =7 (N)/F () -0,
we obtain the exact sequence

0 — Homg (#(J1)/F()2), &x) — Homg (F(J1), &x)

— Homg (F (%), &x) = Extg (F(N1)[F (D), O%).
The quotient sheaf .#(J;)/-#(J;) is O at all points except P and its
stalk at P is J;/J, = k. Since &p is a one-dimensional Cohen-
Macaulay ring, we have Homg (7 (J1)/# (), @x) = Homg (k, p)

=0 by [9, Thm. 17.1]. And since @p is a one-dimensional Gorenstein
ring, we have Ext}x(f(Jl)/f(Jz), Ox) = Extgp(k, @p) = k by [9,
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Thm. 18.1]. It now follows from (x) that we have an inclusion
Homg (# (1), &x)/ Homg (5 (1), Ox) — k.
Thus, either A(J;) = A(Jy) or h(Jy) =h(Jy)+ 1. ]

The above lemmas are analogous to results one needs in the smooth
case to prove the Weierstrass Gap Theorem. We can now give a gen-
eralization of this theorem to integral, projective Gorenstein curves.

(1.7) TueorREM (Weierstrass Gap Theorem for Gorenstein curves).
Given any Weierstrass chain

C.mp=J1DJp D D Jryy
in Op, there exist precisely g integers
l=p<pp<yp;3<--<pg<2g-1
such that h(J,) = h(Jyk_l) for k=2,3,...,¢.

Proof. From Lemma (1.5), we know that h(mp) =1 and h(Jo4-1)
= g. The Theorem now follows from Lemma (1.6). o

(1.8) DEFINITIONS. We call the integers 7., k=1,2, ..., g, the
Weierstrass gaps of the Weierstrass chain % and the sequence 1,
72, ..., vg Will be called the Weierstrass gap sequence of & . A nongap
of the chain # is any nonnegative integer that is not a gap. The weight
of the chain #, denoted w(%), is defined by

g
w(®) = (k).

k=1

(1.9) THEOREM. Assume k =C and g > 1. If P is a singular point
of X, then there exists a Weierstrass chain in @p of positive weight.

Proof. Under the given assumptions, we showed in [6] and [11] that
every singular point of X is a Weierstrass point and that a point P
is a Weierstrass point if and only if there exists an ideal J of &p
such that col(J) = g and A(J) > 1. By Corollary (1.3), there is a
Weierstrass chain in @p in which J occurs. Since A(J) > 1, there
must be a nongap of this chain that is less than or equal to g. It
follows that this chain has positive weight. O

2. We will give two examples to illustrate phenomena that may oc-
cur in the singular case, but do not occur in the smooth case. First,
there may be many different gap sequences possible at a singular point.
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Secondly, the nongaps of a chain at a singular point do not necessarily
form a semigroup.

(2.1) ExaMPLE. Let X be the projective plane curve over C defined
by y3z = x%. Then X is the image of P! via the map

(t, u) — (BPu, t*, u*

and X has arithmetic genus 3. Let P denote the point (0,0, 1),
which is the only singularity of X. Let & denote the local ring at P
and let ¢ denote the normalization of & . Then we have

& =C+C +Ct*+150.

A basis for HO(X, w) is given by dt/t?, dt/t3, dt/t®. According
to the definition in [6] (or [11]), the point P is a Weierstrass point of
weight 22. To see this, note that the dualizing differential 7 = dt/¢
generates wp. We then write dt/t® = 1t,dt/t? = 31, dt/t? = t*7.
In the notation of [6], we then have F; =1, F| , =13, F 3=1t*in
a neighborhood of P. To compute the “wronskian” in [6], we must
differentiate “with respect to 7.” For example, we have dF; ; =
3t2dt = 3187, and so F, , = 3t8. The wronskian section p in a
neighborhood of P is given by

1 A 4
p=|0 388 4° |=12:22.
0 2413 36¢14

The point (0, 1, 0) at infinity is a (smooth) Weierstrass point of
weight 2.

We will give examples of three Weierstrass chains in &, each having
a different gap sequence. For the first chain, consider

G: (B, >, )08, 7,81, 8, 0 >0, 2, 9.

We then have the following table:

TABLE 1
Basis of Basis of
J col(J) HO(X,J(J)®w) Hom(f(J),ﬁX) h(J)
@, 1 Pr, it 1 1
*, 2 it 1 1
@, 17, 3 0 1 1
8,7 4 0 1,¢7! 2
@, 2,0 5 0 1,7, 2 3
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Therefore, the gap sequence of this chain is 1, 2, 3. This shows that
there can be chains with zero weight at a singular point.
Now consider the chain

G (B, @, >, )o@, 8,0 o8, 2, t19).

By proceeding as above, it can be seen that the gap sequence of
this chain is 1, 2, 4. (Note that if J = (¢, %), then a basis for
Hom(#(J), &) is 1, t~1.) For a third chain, consider

G (B, o, o>, ) ouH o, 18).

Then the gap sequence of this chain is 1, 2, 5. (Note that if J = (%),
then a basis for Hom(.#(J), @x) is 1, t~!, t~*.) Therefore, all three
possible gap sequences that can occur at points on smooth nonhyperel-
liptic curves of genus 3 occur as gap sequences of Weierstrass chains
in the local ring of this singularity.

The example above of a weight 0 Weierstrass chain at a singularity
can be generalized as follows.

(2.2) ProPOSITION. Suppose X is rational and has precisely one sin-
gularity P. Let cp denote the conductor of @p in its integral closure
@p. Then any Weierstrass chain in @p in which cp occurs has zero
weight.

Proof. Since @p is a one-dimensional Gorenstein ring, we have by
[5] that col(cp) = dim, @p /@p . Since X is rational and P is the only
singularity, it follows that col(cp) = g, the arithmetic genus of X . It
now suffices to show that A(cp) = 1, for then any Weierstrass chain
in which cp occurs must have gap sequence 1,2, ..., g.

We claim that HomgP(CP, Op) = @p . From the definition of cp, it
is easy to see that @p C Homg (cp, @p). Now, suppose s generates
cp In @N’p and let f € Homg;(cP,é’p). Then fsé’}o = fcp C Op.
Hence, by the definition of cp, we have fs € cp =s@p and so f €
@p. Now, if f € Homgx(f (cp), @x), then it follows that f is a
global regular function on the normalization of X, hence f must be
constant. Therefore, we have A(cp) =1. m]

We note that cp = (1%, 7, £8), as an ideal of #, in Example (2.1).

(2.3) ExaMPLE. In this example, we show that the nongaps of a
Weierstrass chain do not necessarily form an additive semigroup. Let
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X' be a nonsingular curve of genus 6 over C with a Weierstrass point
P’ such that the gap sequenceat P’ is 1,2,4,5, 7, 8. (For compact
Riemann surfaces, it was shown by Maclachlan [8] that every possible
Weierstrass gap sequence with first nongap 3 actually occurs.) Let ¢
denote a local coordinate on X' centered at P'. Let ¢1, ¢2, ..., @6
be the basis of the regular differentials on X’ such that locally at P’
we have

pr=dt, @y=tdt, @3=03dt, os=t"dt,
0s = tSdt, pe=1"dt.
Now form a curve X with arithmetic genus 7 by creating a cusp at

P';ie., X will have a point P such that X\ {P} = X'\ {P'} and the
local ring at P will be

@P = C+ tzﬁp’ .

Then a basis for HO(X, w) is 7, @1, ¢2, ..., ¢, where locally at P
we have

t=dt/t?, ¢ =t1, @,=871, @3=101,
os=151, o@s=181, @¢=11.
Consider the Weierstrass chain in @p consisting of the ideals in the
first column of Table 2.

As can be seen from this table, the gap sequence of this Weierstrass
chainis 1,2, 3,5,6,8,9. In particular, 4 is a nongap, but 8 is a

TABLE 2
Basis of
J col(J) HY (X, 7(J)® ) h(J)
(tzat:) 1 P15 P25 P35 P45 P55 g 1
(t4,t5) 2 @25 P35 P45 P55 V¢ 1
(ts,tG) 3 P35 Pgs P55 Ps 1
(, 1) 4 P35 045 P55 P 2
(t6’ t7) 5 P45 P55 96 2
Et;, t;; g 95, 9 §
r,t s, 9
@, 1'% 8 5% ’ 3
@9, ' 9 0 3
', 1% 10 0 4
2, 1% 11 0 5
"3, M 12 0 6
("4, 1'% 13 0 7
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gap. We therefore have

(2.4) ProPoOSITION. The nongaps of a Weierstrass chain at a singular
point do not necessarily form an additive semigroup.

We note that a possible reason for the failure of the semigroup
property is that the colength of the product of two ideals in the local
ring at a singularity need not equal the sum of the colengths of the
two ideals.

3. On a more positive note, we will extend a well-known result in
the smooth case by showing that if 2 is a nongap of a Weierstrass
chain, then the curve is hyperelliptic. (We call an integral, projective,
possibly singular, curve X hyperelliptic if there exists a morphism
¢ : X — P! of degree 2. Such a curve is necessarily Gorenstein [1].)

(3.1) LEMMA. Suppose Jy D J, D - D Jy,_; is a Weierstrass chain
in @p. If 2 is a nongap of this chain, then J, is a principal ideal.

Proof. We may suppose that P is a singular point of X . Since 2 is
a nongap, there exists a nonconstant function f in Hom(.#(J/,), @x).
Note that f € @p for all P' # P. Let x: X — X denote the nor-
malization. If f were in the local ring at every point of the fiber
n~1(P), then f would be in the local ring at every point of X and
hence f would be constant. Thus, since f is nonconstant, there exists
Q € n~1(P) such that ordyp /< 0.

Choose o € H(X, #(J,)®w) such that ordy o is minimal (view-
ing ¢ as a rational differential on X ). Since 0 € Jo,wp and f €
Hom(.#(J;), @x), we have that fo € H(X, w). Since ordg fo <
ordg o, we must have fo ¢ Jowp. We claim that this implies that
fo generates wp. Indeed, by Theorem (1.4),

dimH(X, #(Hh)@w)=g—-1,

so we may choose a basis 0;, ..., 0, of H (X, #(J;) ® w) such
that fo, 0,,..., 0, 1is a basis of HY(X, w). Since o5, ..., g, are
in mpwp and since h(mp) = 1, we have that fo ¢ mpwp. It
follows that fo generates wp.

Now write ¢ = f;fo for some f; € @p. Note that f; is not a
unit in @p since f ¢ &p. Now, given any f € J,, we have f =
(ff)fi, where ff € @p since f € Hom(.#(J;), @x). It follows that
J> C fi@p . But J, has colength 2 and the maximal ideal of @ is not
principal, so we conclude that J, = fi@p. O
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We note that Example (2.1) shows that Lemma (3.1) fails if “2” is
replaced by “3”.

(3.2) THEOREM. Suppose k = C. The following are equivalent:

(1) X is hyperelliptic.

(2) At every Weierstrass point of X , there is a Weierstrass chain with
2 as a nongap.

(3) At some Weierstrass point of X , there is a Weierstrass chain with
2 as a nongap.

Proof. (1) = (2): Suppose ¢: X — P! is a morphism of degree
2 and let P be a singular point of X. By composing ¢ with an
automorphism of P!, we may assume that ¢(P) =0. Let 0: C(T) —
K(X) be the field homomorphism associated to ¢ and suppose f =
0(T). Then f € mp. Since P is singular, ordp f > 2, and since ¢
has degree 2, we conclude that ordp f = 2. It follows that f has no
other zeros on X and so ¢~!(0) = {P}. Then the ideal J generated
by f in &p has colength 2 and f~! is a nonconstant element in
Homy (#(J), @x). Thus 2 is a nongap of any Weierstrass chain in
@p that contains J .

Now we need to show that 2 is a nongap at every smooth Weierstrass
point of X. Let #: X — X denote the normalization of X and
let & denote the genus of X. Then ¢ ozm: X — P! has degree 2.

Let Qi, ..., Q2z+2 be the ramification points of ¢ om. (These are
exactly the Weierstrass points of X if & > 1.) Put P, = n(Q;),
i=1,...,22 +2. Some of the P’s may be smooth points and

some may be (unibranch) singularities. If P; is a smooth point of X,
then the Weierstrass weight of P; will be (g — 1)g/2, just as in the
classical case. We need to see that the smooth points among the P;’s
are precisely all the smooth Weierstrass points of X and to see this,
we need to compute the Weierstrass weight (as in [6] or [11]) of the
singular points among the P;’s.

So, suppose P is a unibranch singularity of X such that n~1(P)
is a branch point of pom. Let w: X’ — X denote the partial nor-
malization of X at P and let Q denote w~!(P). The genus of X’
is g' = g —dp, where dp = dimdgy/gp. Let f € K(X) = K(X') be
a rational function with order 2 at P (and at Q) and no other zeros.

We may choose a basis a;, 03, ..., Oy of HY(X’, wy') and a local
coordinate t on X' centered at Q such that locally at Q we have
oj=f/~'dt for j=1,2,..., g . Now, it is not hard to see that the

local ring at P is of the form
Op=C+ fC+ f2C+ -+ f%7IC+ ford,.
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A basis of HO(X, w) is then Ol ey Ogi s Ogiyy s Ogiins e s Og,
where locally at P we have
dt ,
Uk‘—’—‘m fork=g +1,,g

Now, wp is generated by 7 = g, = dt/ f 9, . To compute the Weier-
strass weight of P we need to write each of the dualizing differentials
in the above basis as a rational function times 7 and then we need to
form the wronskian by differentiating “with respect to 7.” Reordering
the basis above as gy, ..., Og'15 015 ..., Og , We have that locally at
P we may write these differentials as

T, f1, f21, ..., f& 1.

It is then not hard to see, as in the proof of Proposition 3 in [6],
that W (P), the Weierstrass weight of P, is W(P) = dp(g — 1)g +
ordp Wi(1, f, f2,..., f¢71), where W, is the usual wronskian of
rational functions obtained by differentiating with respect to ¢. Since
f has order 2 at Q, we have

ordg Wi(L, f, f2, ..., f&1)
=0-0)+2-1)+@d-2)+--+(2(g-1)-g)
=1+2+3+--+g-1=(g-1)g/2.

Therefore, the Weierstrass weight of P is (dp + 1/2)(g - 1)g.

Now, suppose P;, P, ..., P, are the unibranch singularities of X
and Py, Pry2, ..., Pyz4p are smooth points of X such that n(P)
is a branch point of pox for i =1,2,...,22+2. X may have
other singularities (necessarily double points), so let R;, ..., R; be
the other singular points of X. From [6], we have that for j =
L,...,s, W(R)) > dr (g — 1)g, where og = dimﬁRj/ﬁRj and @71;}
is the normalization of TR, - The sum of the Weierstrass weights of
all points of X is g3 — g and the sum of the weights of the P,’s and
Rj’s is at least

r

Y Gr+1/2)(g-1)g+(22+2-r)(g-1)g/2+) dr(g-1)g
i=1 Jj=1

r N
=(g-1)g (g+ 1+ dp +25R,)
i=1 j=1

=(g-Dglg+1)=¢g*-g,
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since & = g -3 [_10p — X iy dg,. Therefore, there are no other
smooth Weierstrass points of X .

(2) = (3): This is obvious. (3) = (1): Suppose P is a Weierstrass
point of X such that 2 is a nongap of a Weierstrass chain at P.
If P is smooth, then (1) follows as in the classical case. If P is a
singular point, then by Lemma (3.1) there exists a rational function
f€K(X) such that f~1e€dp, ordp f~1 =2, and h(f~'Op)=2. 1t
then follows from Proposition 4 of [11] that there exists a morphism
¢: X — P! of degree 2. o

(3.3) CorOLLARY. Every integral projective Gorenstein curve of arith-
metic genus 2 over C is hyperelliptic.

Proof. Such a curve has Weierstrass points and the first nongap of
any positive weight Weierstrass chain at a point on a curve of arith-
metic genus 2 must be 2.

4. The main open problem here is to determine a relationship be-
tween the Weierstrass weight of a singular point, as defined in [6]
or [11], and the weights of the various Weierstrass chains in the lo-
cal ring of that singularity. This amounts to relating the vanishing
orders at a point of a basis of dualizing differentials with the Weier-
strass nongaps at that point. We note that in Example (2.1), where the
Weierstrass weight of P is 22, if one considers only ideals generated
by monomials in ¢, then there are 14 Weierstrass chains of weight 0,
five Weierstrass chains of weight 1 each, and one Weierstrass chain of
weight 2. At a cusp on a rational curve with g simple cusps, if one
considers only ideals generated by monomials in a uniformizing pa-
rameter at the smooth point on the normalization lying over the cusp,
then there are F,_;F, weight 1 Weierstrass chains, where F, denotes
the nth term in the Fibonacci sequence. This number is bigger than
the Weierstrass weight of such a cusp for g > 6, so it appears that
not all the Weierstrass chains contribute to the Weierstrass weight.

Weierstrass chains should also be related to the following question.
One knows that as a family 22 — T of smooth curves degenerates to
a singular, integral Gorenstein curve, many of the Weierstrass points
on the smooth curves tend to the singularities and the Weierstrass
weight of a singularity is the sum of the Weierstrass weights of con-
verging points on nearby smooth curves (see [7]). But what exactly
happens in the limit to the gap sequences at the Weierstrass points on
the smooth curves? Which Weierstrass chains occur as limits of the
divisors P;, 2P, 3P, ..., (2g — 1)P;, where {P;};cr is a family of
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points on the smooth curves converging to a singular point of the limit
curve? This should be related to work of Eisenbud and Harris [2, 3].

(1]

(2]
(3]
(4]
(3]
(6]
(7]
(8]
(9]

[10]
[11]
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