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Bounded Hankel forms with respect to weighted norms are studied.
The Nehari’s theorem about the norms of the classical Hankel forms
is generalized. This is essentially a lifting theorem due to Cotlar and
Sadosky. Moreover a theorem about the essential norms of Hankel
forms is proved. This relates with a theorem of Adamjan, Arov and
Krein in the special case and gives a new lifting theorem which has
applications to weighted norm inequalities, and the F. and M. Riesz
theorem.

1. Introduction. Let

o oo
Ala, b= > > Ajjab;
I=—00 j=—00
where a and b are finite sequences. Then A[a, b] is called a ses-
quilinear form in the variables a and 5.

Let & be the set of all trigonometric polynomials and m the nor-
malized Lebesgue measure on the unit circle 7. If we put u =
Z;-Z:_najzf fora=(..,0,a_n,...,a9,4a1,...,a,,0,...) then
u belongs to & and [|ul*dm=Y__, |a;*. Let

A(u,v) = Ala, b}
where u = Y7__ a;z/ and v = Y7L b;Z/. Then we say that
A(u, v) is a sesquilinear form on & x % . It is clear that

A(Bruy + Pauaz, v) = BrA(ur, v) + f2A(uz, v)
and

A(u, a1v; + axvy) = a1 A(u, vy) + @ A(u, v3).
If 4;; = a(i+ j) then A(u, v) is called a Hankel form on & x &
and we will write those forms ¢(u, v), w(u, v) or etc.

Let #Z, ={fe®?: f(j)=0if j<0} and #Z_ ={feP: f(j)=0
if j > 0}. If A4 is restricted to 2, x #_ then the restriction of A
is called a sesquilinear form on %, x #_. If ¢ is a Hankel form on
P x P then we will write

H, = the restriction of ¢ to #, x Z_
and ¢ is called a symbol of H, .

123



124 TAKAHIKO NAKAZI

A sesquilinear form 4 on £ x &£ is said to be bounded if there
exists a positive constant y such that |A(u, v)| <y if [|ul?dm <1
and [|v|?dm < 1. We will generalize this definition. Let x and v
be finite positive Borel measures on 7. A sesquilinear form 4 on
P x P is said to be bounded w.r.t. (u, v) if there exists a positive
constant y such that

A, v)]? 5y2/|u|2du/|v|2du (U, v €P).

The smallest number y for which the inequality above is refered to
as the norm of the form A4 and we will write y = |||4]||, where the
pair of measures is fixed. Similarly for the norm y of the form 4 on
P, x P_ we will write y = ||4||. When the form A(u, v) is bounded
on #x P wrt. (u,v),itcan be extended to a form on (the L2(u)-
closure of %) x (the L?(v)-closure of ). Then we will still write
A(u', v') for v’ and v’ in the closures. It is the same for the case of
P X P_ .

For 0 < p < 00 HP = HP(m) denotes the usual Hardy space, that
is, the LP = L?(m)-closure of &, . C denotes the set of all continu-
ous functions on 7'. Then H* 4 C is the closure of |J,_; Z"H*> [9,
Theorem 2].

Our program is as follows. In §2 we will give representations of
bounded Hankel forms on #x.% . In §3 generalizing Nehari’s theorem
([13], [15, p. 6]) we will calculate the norms of bounded Hankel forms
on #,. x%_. This is, in fact, the lifting theorem of Cotlar and Sadosky
[4] that appears as a corollary in §6. In §4 we will determine compact
bounded Hankel forms on %, x &_. This relates with Hartman’s
theorem [8] in a special case. In §5 we will give the distance between
a given Hankel form and the set of all compact sesquilinear forms.
In §6 as a result of the previous sections we will obtain a new lifting
theorem which contains one due to Cotlar and Sadosky [4]. In §7
we will apply results in the previous sections to problems in weighted
norm inequalities as in [3] and to get a quantitative F. and M. Riesz
theorem [16].

2. Bounded Hankel forms on & x & . For some pair 4 and v
of finite positive Borel measures on 7T, there exist nonzero bounded
sesquilinear forms w.r.t. (u, v) but in Corollary 1 it is shown that no
nonzero Hankel forms can exist.

ProrosITION 1. If ¢ is a bounded Hankel form on & x # w.r.t.
(u,v) and |||p||| =y then the following are valid.
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(1) There exists a finite Borel measure A on T such that
¢(u,v)=/uvd/1 (u,vePr)
and
A(E)| < 7|u(E)llv(E)

for any Borel set E in T.

(2) If u = pug+ us and v = v, + vs are Lebesgue decompositions
w.r.t. A then ¢ can be assumed to be a bounded Hankel form on
P x P with respect to (Ug, Vg) -

Proof. There exists a bounded linear operator @ from Lz(u.) to
L?(v) suchthat ¢(u, v) = [(®u)Tdv . Since ¢(z', Z/) = o(1, z'*)),

¢(u,v)=/uﬁkdu (u,veP)

where k = ®1 € L*(v). Set dA = kdv; then

’/umm "< y2/|u|2du/[v]2dy

for any u € L*(u) and v € L?(v), and hence (1) follows. There
is a Borel set E;, in T with u,(E,;) = vs(E;) = 0 on which A is
concentrated. Then xg € L2(u) N L%*(v) and so

2
l/uvdz < yz/lulzdua/|v|2dua

for any u € L?(us) = xg L*(1) and v € L?(v,) = x5 L?(v). This
implies (2).

COROLLARY 1. If ¢ is a bounded Hankel form on P x P w.r.t.
(u,v), and u and v are mutually singular, then ¢ =0.

COROLLARY 2. If ¢ is a bounded Hankel form on P x &P w.r.t.
(wdm, wrdm), then for some k in L*®

p(u,v)= /uﬁk\/wlwz dm (u, v eP).

Conversely such ¢ is bounded w.r.t. (w;dm, wydm).
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3. Bounded Hankel forms on £, x &_. In this section we will give
a generalization of Nehari’s theorem (see [13], [15, p. 6]) which was
proved in the case of 4 = v = m. For any Hankel form ¢ on #x %,
if H, is bounded on £, x #_ w.r.t. (u,v) then there exists a finite
Borel measure 4 on 7T such that

¢(u,v)=/uﬁdi (e P, ,ver).

The proof is similar to the proof of Proposition 1. Let A = A, + 45,
U= U+ us and v = v, +vs be Lebesgue decompositions with respect
to m. Put

@q(u, v) =/uﬁdia and ¢s(u, v) =/uﬁdls

forany u, v in &#. Then H, and H, are bounded Hankel forms
on #. x P wrt (Ug,v;) and (U, vs), respectively. Moreover
max(||Hy, ||, [Hy ) = [ Hp|l.

For set

H?(u) = the L?(u)-closure of ..

Then Eﬁz(u) is the L?(u)-closure of #_ . Suppose E; is a Borel set
with m(E;) = 0 where u; and v, are concentrated on E;, and E,
is a Borel set with m(E,) = 1 where u, and v, are concentrated on
E,. E, can be chosen to be the complement of E; in 7. Then both
the characteristic functions g and xg belong to H?(u) nfﬁz(y).
Moreover H?(u) = xg H* (1) ® g H* (1), and xg H*(u) = H*(uq)
and yg H*(u) = H*(us) = L*(us) . This implies the above statement
about H, and H, .

To prove the generalized Nehari’s theorem, we need the following
lemma which will be used in later sections, too.

LEMMA 1. Let A be a bounded sesquilinear form on P, x P_ w.r.t.
(wydm, wydm) and w; = |h;|* for j =1, 2 where both hy and h,
are outer functions in H?. If we put

B(f,g) =AM\, hy'e) (fe , ges)

then B is a bounded sesquilinear form w.rt. (m,m, ) and ||B| =
141 - )

Proof. Let y = ||4]|; then
A, g)P <72 / Pl dm / 182 ka2 dm
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forany fe€e # and g€ # . Forany f € £ and g € #_, set
F=hf and G=hyg. Then F € H?> and G € ZH* . Hence

AKT'F, b\ G)? < y2/|F|2dm/|G|2dm.
Since both #; and A, are outer functions, we get the lemma.
The following theorem is a generalization of Nehari’s theorem (cf.

[15, Theorem 1.3]) but this is the lifting theorem of Cotlar and Sadosky
in [4], with other notation. A new proof is given here (cf. [17]).

THEOREM 2. Let ¢ be a Hankel form on P x . If H, is bounded
w.r.t. (U, v) then there exists a Hankel form y bounded w.r.t. (u,v)
on P x P such that

Hy =H, and [||y|l| = [lH,l|.
Proof. Let y = |Hy||. By the remark above Lemma 1

0s(f s 2P < 7 / /1 dus / 1&l? dvs

forall f €%, and g € #_. Since H?(us) = L?(u;), this implies that
lllgsll]| < y. Now we will prove that there exists a bounded Hankel
form y, with respect to (x4, v;) such that

Hy =H, and |||yl =I[H,,[|.

Then setting ¥ = y, + @5, the theorem follows because ¢ = ¢, + ¢
and max(|Hp, ||, |Hp,|) = |Hyll. Let dus = widm and dv, =
wrdm.

Case 1. logw, ¢ L! or logw, ¢ L!. We may assume that
logw; ¢ L!. By the remark above Lemma 1,

0alf &P < 7 [ 1/Pwidm [IgPusdm  (e2,, ges).

Since logw; ¢ L!, H*(w,dm) = L?*(w;dm) and hence for any
UEL and g€ »_

0alit, &)1 < 72 / uPPw, dm / \g2ws dm.

Fixany ne€ Z, . For any u; € # and g, € z"#_, there exists u € #
and g € #_ such that u; = z"u and g; = z"g. Hence

021 5 8117 = |9a(z"u, 2"g))* = |pa(u, 8)I?
< y2/|u1|2w1dm/lg1|2wzdm-
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By the same argument for any u, v € &

|9a(u, v)|* < 72/lu|2w1 dm/lv}zwz dm.
This implies that |||p4||| < y. Put v, = ¢,.

Case I1. logw; € L! and logw, € L!. There exist outer functions
h; and h, in H? such that w; = |1 |? and w, = |hy|? (cf. [6, p.
53]). Let dA, = w3dm. By Lemma 1
2

} [ rethh) s dm
sy2/|f|2dm/|g|2dm (fe, geP.).

Let s = w3(h1hy)~!; then by a duality argument there exists / € H®
such that ||s + /]lcc < 7. By Schwarz’s lemma, this implies that

2
’/(s—i—l)ulﬂz dm| < y2/|u1|2 dm/luzlzdm (Uy, Uy € P).

Let v; = h7'uy and v, = F;luz for any wu;, u, € #. Then v, €
L?(wydm) and v, € L*(w,dm) . Hence

2
'/vlv2w3dm+/vﬁ2(lh1h2)dm

< ?2/|01|2w1dm/|112|2w2 dm.

Since h;'® and h;'% are dense in L% (w;dm) and L*(w,dm),
respectively, if we put

¢0(u,v)=/(1h1h2)uvdm (u, v € P)

then ¢¢ is a bounded Hankel form on #xZ w.r.t. (widm, wydm),
H, =0 and |||pa+ ¢ol|| < 7. Put yo=9,+ 9.

Theorem 2 implies that ||Hyl|| = inf{|||¢ + o|||: H,, = 0}.

In Theorem 2 if du = dv = dm then Nehari’s theorem follows
and if du = dv = wdm then the scalar version of a theorem of Page
[9] follows.

4. Compact bounded Hankel forms on %, x &_. The ideas of this
section are closely related to those of [2]. In particular, the concept of
compact form and Theorem 3 are in Theorem 1a in [2]. Let 4 be a
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bounded sesquilinear form on £, x #_ w.r.t. (u, v). We say that 4
is compact if there exists a null decreasing sequence {y,} such that

A S, P <% [IPdu [lsPav  (fes, gea)
and
A 2P <o [1fPdu [1gPdy  (fesr, ges)

for n =1,2,.... When y, =0 and y,_; # 0 for some n, 4
is called finite n. In this section we will give a generalization of
Hartman’s theorem [8] which was proved in the case of u =v = m
and describes compact Hankel forms. However Theorem 4 does not
show Hartman’s theorem (see Remark).

LEMMA 2. If A is a nonzero compact (finite n # 0, resp.) sesquilin-
ear form w.r.t. (u,v) associated with {y,}, then it is a nonzero com-
pact (finite n # 0, resp.) sesquilinear form w.rt. (w,dm, w,dm)
associated with {y,} where du/dm = w, and dv/dm = w,. More-
over both logw; and logw, are integrable.

Proof. Let E, and E; be Borel sets as in the remark before Lemma

1. Then xz and xg belong to H*(u) 07_1172(1/). Hence for n =
1,2,...

Az, 2" f, P <93 [ 1P dus [lsldv  (fes, ges)
and
A 27 P <32 [P du [lsPd  (feo gesm).
Since H?(us) = L*(us) and H?(v) = L2(v;),for n=1,2, ...
e, )2 <33 [luitdus [1sPay  wes ges)
and
A, 25 0)P <9 [P du [ ofdn  (fes, ver).
As n — oo, it follows that A(xg f, g) = A(f, xgg) = 0 for all

f€P and g € £ . Hence A(z"f, g) = A(xg,z"f, Xx£,8) and
A(f,Z7"¢) = A(xg,f, x£,z"g). This implies that 4 is a nonzero
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compact (finite n # 0, resp.) sesquilinear form w.r.t. (w;dm,
wydm) associated with {y,}. If logw; ¢ L! or logw, ¢ L! then
H?*(w;dm) = L*(w,dm) or H*(w,dm) = L*(w,dm). By the same
argument to the above, we can show that A4 is a zero form. Thus the
lemma follows.

THEOREM 3. Let n be a nonnegative integer.

(1) H, isfinite n =0 if and only if there exists a function h in H!
such that o(f, 8)= [ fghdm (fe P.,ge€P).

(2) When n # 0, H, is finite n if and only if there exists a function
h in Z'H' and out of H' such that ¢(f, g) = [fghdm (f €
P.,8EP).

Proof. (1) There exists a finite Borel measure A such that ¢(f, g) =
[fgdA (feP,geP ). If H, is zero, by the proof of Lemma 2
o(f, &) =0E, f, Xe,8) and hence A is absolutely continuous w.r.t.
dm. Let dA = hdm; then hdm annihilates z%, and so h € H!.

The converse is clear.
(2) Let H, be finite, n # 0. By Corollary 2, Theorem 2 and Lemma
2, there exists a nonzero function # in L! such that

0(f,8)= [ feham (fes, ges)

Since H, is finite, n # 0, by Lemma 2 there exist y;, y2, ..., ¥»
with y, =0 such thatfor 1 <j<n
2
l / 2l fghdm

< Y}/Iflzwl dm/lglzwzdm (feR, ,ger),

where w; = du/dm and wy = dv/dm. Moreover there exist outer
functions A; and A, such that |h,-|2 =w; for j=1,2. By Lemma
l,for 1<j<n

‘/zfﬁ(hlhz)‘lhdm

<7 [1fPam [1sPam  (fes ges)

and hence ||z/(h1hy)~'h + H®|| < y;. Since y, = 0, (hhy)7'h €
Z"H> and hence h € Z"H! and h ¢ H' because H, isrank n # 0.
The converse is clear because for such 4, [z"fghdm =0 (f €
P, 8EP).

2
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In the proof of Theorem 3, hh, € H' and h = (hyhy)u where
u € Z"H* . The following theorem is the generalization of this result.

THEOREM 4. H, is nonzero and compact w.r.t. (u, v) if and only
if there exists a function h = hyxu in H' x (H® +C) and out of H'
such that

¢(f,g)=/f?hdm (feP. ,geP)

and hy = hyhy where h; is an outer function in H?, w; = |hj],
du/dm =w; and dv/dm = w,.

Proof. Let H, be nonzero and compact. By Lemma 2, we may
assume that du = wy; dm and dv = w, dm, and there exists an outer
function A; in H? with w; = |hj|*>. By the proof of Theorem 3,
|z7(hyhy)~th + H®|| < y; and y; —» 0 as j — oo. Thus (hyhy)"lh e
H® + C and hence & = (hihy)u € H' x (H*® + C) and out of H!.
For the converse, put ||z/u+ H*®|| = y;; then y; —» 0 as j — oo and
for each j there exists g; € H* such that

|27k + hhagj| < vjlhiha).

Hence for each j
. . 2
(21 9 =| [ 2/ reham| <37 [11glbimaldm
<3} [\Pwidm [ |gPuwsdm

for all f € #, and g € #_. This implies that H, is nonzero and
compact w.r.t. (u,v).

If h="hyxuisin H' x (H® + C) and ¢,(f, g) = [ fghdm
(f€P,, g€ P ) then H, iscompact w.r.t. (u;,v;) where du, =
dv, = |ho|*dm.

If u is a complex finite Borel measure on T and 2(n) = [e~"0du
= 0 for any negative integer », then du = hdm for some s in H!.
This is the famous F. and M. Riesz theorem (cf. [11, p. 47]) and
a corollary of the following corollary which follows from Theorem 3
and 4. That is, it is just the case of ¢y =0.

COROLLARY 4. Let u be a complex finite Borel measure on T and

/Z"qu ;Fe%,/mdmm}.

&n = sup{
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If ¢, — 0 as n— oo then wu=hdm and h isin H' x (H® +C). If
e, =0 for some n >0 then h belongs to Z"H'.

Proof. By Schwarz’s lemma,
sp{| [ fzdu|sfean seo, [Irpau <1
and /|g|2d|u| < 1} <.

Now apply Theorems 3 and 4 for ¢(z"f, g)= [z"fgdu.

S. Distance between H, and the set of all compact sesquilinear
forms.

THEOREM 5. Let H, be a bounded Hankel form and A a compact
(finite n, resp.) sesquilinear form on P, x #_ w.rt. (u,v). If
|H,+ A|| <y then there exists a symbol y such that H, is a compact
(finite n, resp.) Hankel form w.r.t. (u,v) and |||¢ + w||| < 7.

Proof. By the remark preceding Lemma 1, we can decompose ¢ =
9a + ¢s where H, is bounded w.r.t. (ug, ua) and H, is bounded
w.r.t. (us,vs). If |Hy + A|| <y then by Lemma 2 and the proof of
Theorem 2 ]|[¢sll| <7 and ||H, +A4| < 7. Hence we may assume that
0 =04, h=Us=w dm and v = v, = wydm. If logw, ¢ L*(m)
or logw, ¢ L'(m), by Lemma 2 A(f,g) =0 (f€ P, , g€ P)
and hence Theorem 2 implies the theorem. By Lemma 1

p(hi f By )+ AT f by g)?

<3 [Iffdm [|gPdm  (fez, ges)
and there exists a null decreasing sequence {y,} such that
[A(hT 2" by 8)P
<3} [ 124 dm [1gPdm  (feo., ges)
Hence there exist bounded linear operators H; and & from H?(m)
to ZH (m) such that
(Hif, 8)=(Uf, &) =0hi'f hy'g)

and

(f,8) =AhT'f, hy'g)
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where [ € L*°(m) and ( , ) denotes the usual inner product with
respect to m. Let U be a unilateral shift on H?; then ||&/ U"|| — 0
because y, — 0. By the same argument as in [10, p. 6], there exists a
function k € H*® + C such that ||/ + k|l < 1. Similarly to the proof
of Theorem 2 put

v(u,v)= /(khlhz)uﬂdm (u,vepr).

Then y is a bounded Hankel form w.r.t. (w,dm, wydm) and by
Theorem 4 H, is compact. Thus |||¢ + y||| < 7.

Theorem 5 implies that inf{||H, + A4||: A ranges over all compact
sesquilinear forms} = inf{|||¢ + v|||: H, ranges over all compact
Hankel forms}. When du = dv = dm, this relates a theorem of
Adamjan, Arov and Krein (cf. [1], [15, p. 6]). However the former
does not imply the latter (see Remark).

6. Lifting theorem. In this section we obtain a new lifting theorem
which contains one due to Cotlar and Sadosky [2]. Let 4;; (i,j =
1, 2) be bilinear forms on & x & and suppose

Ap(u, u) >0, Ap(u,u)>0 and Ap(u,v) = Ay(u,v).

Set
2

A, w) = Y Ay(u;, u))
i,j=1
where u = (11, u3) and u; € & for i =1,2. We write A = [4,/].
If p;j (i,j=1,2) are finite Borel measures on T and

Aij(u,'v)=/uﬁdp,~j uMeP . ,ver),
then 4;; (i, j =1, 2) are bounded Hankel forms on & x & w.r.t.
(Ipijl5 |pijl) . By the hypothesis on [4;;]

P11 20, pp=>20 and p;=7,.

We write A =[4;;] =[pij]=p and we call p a matrix of measures.
A > 0 w.r.t. I means that A is positive w.r.t. T':

2
A, u)= Y A;j(u;,u;)>0  (uel)
i, j=1
where I' denotes & x &# or P, x Z#_.
We say that A is compact (finite n, resp.) w.r.t. p if A1 = Ay =
0 and A;, is compact (finite n) w.rt. (p11, p22)-
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THEOREM 6. Let p be a matrix of measures. If
p+A>0 wrt P xF_

where A is compact (finite n, resp.) w.r.t. p, then there exists a
compact (finite n, resp.) matrix © of measures w.r.t. p such that

p+t>=0 wrt P xP.
Proof . Let
polf. )= [ fgdpa  (fesr, ges)

Then ¢,3 + A;; is a bounded bilinear form on £, x #Z_ w.rt. (p;;,
p22) because p+ A > 0. Let ||p12 + 412]| £ . By Theorem 5, there
exists a symbol w such that H, is a compact (finite n, resp.) w.r.t.
(p11, p22) and |||@12 + w||| < y. By Theorems 3 and 4, there exists a
function 4 in L! such that

vif, )= [ fehdm  (fes, gez)

Then dti, = hdm 1is the desired measure.

CoroLLARY 3 (Cotlar and Sadosky). Let p be a matrix of measures.

If
p>0 wrt P xF_

then there exists a finite n = 0 matrix t© of measures such that
p+r>=0 wrt P xP.
By Theorems 3 and 4, we can describe compact (finite n, resp.)

matrices of measures w.r.t. p.

7. Weighted norm inequalities. In this section we show known re-
sults in the L? weighted problem, using the theorems of §§3, 4 and
5. For any fixed nonnegative integer n, we want to find the positive
measure u for which there is a nonzero positive measure v, such
that

[z fav < [z +gPdn  (fes., ges).

The inequality above is equivalent to the following one:

l/z”f‘gduzS/Iflzd(u—vn)/lglzdu (fe€P,g€F).
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Hence the problem is related with prediction problems when such a
measure 4 arises as the spectral density of a discrete weakly station-
ary Gaussian stochastic process. The following proposition is due to
Arocena, Cotlar and Sadosky [3]. The Helson-Szegd theorem [10] and
the Koosis theorem [12] follow from the first part in it.

PRrOPOSITION 7. Let u be a positive measure. There is a nonzero
positive measure v such that

[iravs [if+ePdn (Fes,ges)

if and only if dv =udm and there is a nonzero k in H' such that
lw +k|? < (w - w)w

where du = wdm + dug. Then if log(w —u) is in L' then u <
(1—y Hw and y > 1.

We can prove Proposition 7 using the lifting theorem of Cotlar and
Sadosky (Theorem 2 or Corollary 3) as that in [3]. The following
theorem is closely related to results in [3]. We will give a proof using
Theorems 3 and 4.

THEOREM 8. Let u be a positive measure. For any fixed nonnegative
integer n, let v, be a nonzero positive measure such that

[z rdm s [127 4 gPdu (feo e,

Suppose that there exists a positive measure A and a decreasing se-
quence {&,} such that v, = u—éenA and 0<e¢, <1.

(1) &, = 0 for some n ifand only if dv, =du =wdm and w = sh
where h is an outer function with w = |h| and s isin Z"H®.

(2) ¢4 = 0 as n — oo if and only if dv, = (w; — g,wy)dm,
du = wydm, di = wydm +dA; and wy = shihy where h; is an
outer function with w; = lhj|2 for j=1,2 and s isin H® + C.

Proof. Set
o, v) = [wdn  (w,ve);

then by the remark before Theorem 7 H, is finite #» and compact
w.rt. (4, u) for (1) and (2), respectively. (1) follows from (2) of
Theorem 3. For if ¢, = 0 for some n then w € Z"H! and hence
w = |h| =Z"qh where q is in H*. (2) follows from Theorem 4.
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In Theorem 8, if A = u this was proved by Helson and Sarason
[10]). Theorem 8 is also a corollary of Theorem 6 which is a new
lifting theorem:.

ReMARK. Hankel operators from HZ?(u) to Eﬁz(u). Let x4 and v
be finite positive Borel measures on 7. M} and MY are multiplica-
tion operators by the coordinate function z on L2(u) and L?(v), re-
spectively. Let @ be a bounded linear operator from L2(u) to L3(v)
and (®u,v) = [(Pu)vdv for u, v in #. Then ®M} = M!®
if and only if ¢(u,v) = (®Pu,v) is a bounded Hankel form on
PxP wrt. (u,v). Let P and Q be the orthogonal projec-

tions from L2(x) to H?(u) and from L2(v) to ZH (v), respec-
tively. Put H = Q®P; then (Hf, g) = H,(f, g) for f in &,
and g in #_. Put S¥ = PM¥|H?(u) and S% = QMY[ZH (v); then
HS? = (SZ)*H. Theorem 2 calculates the norm of H. In general,
even if H is a compact linear operator, H, may not be a compact
sesquilinear form.

When 4 =v = m, ® is a multiplication operator Mg by a func-
tion ® in L*®(m) and |®| = ||®||e = |||@l|]. H is called a Hankel
operator and ||H| = ||Hp||. H, is a compact Hankel form if and
only if H is a compact Hankel operator. For by Theorem 4 H, is
compact if and only if ¢(f, g) = [fghdm (f € #., f € F#)
and 2 € H® + C. By Hartman’s theorem (cf. [15, Theorem 1.4])
H is compact if and only if ® € H* + C. Moreover the essential
norm ||H||, of H coincides with inf{||H, + 4||: 4 ranges over all
compact sesquilinear forms}. For by a theorem of Adamjan, Arov
and Krein [1], ||H|le = ||® + H® + C||. While by Theorems 4 and
5 inf||H, + A|| = inf{|||¢ + v|||: Hy ranges over all compact Hankel
forms} = ||h + H® + C|| where ¢(f, g)= [ fghdm.
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