
Pacific Journal of
Mathematics

NOTE ON THE DISCRIMINANT OF CERTAIN CYCLOTOMIC
PERIOD POLYNOMIALS

JOHN DAVID BRILLHART

Vol. 152, No. 1 January 1992



PACIFIC JOURNAL OF MATHEMATICS

Vol. 152, No. 1, 1992

NOTE ON THE DISCRIMINANT OF CERTAIN
CYCLOTOMIC PERIOD POLYNOMIALS

JOHN BRILLHART

In this note we determine the discriminant of the period polynomial
for certain binomial periods in the nth cyclotomic field, where n =
pq and p, q are distinct, odd primes.

1. Introduction. The binomial cyclotomic periods r\j for an odd
prime p are defined as

(1) ηj = θj = V + ζ-J, \<j<tzλ9

where ζ = ζp denotes a primitive pth root of unity, which in the
standard Gaussian notation is the case where e — (p-1)/2 and / = 2.
The associated period polynomial is defined to be

2=1

f(2) Ψp(x) = f[(x - θj) = xe

7=1

where

(Here we use θj when r\j is real. The square bracket is the greatest
integer function.)

The formula for the discriminant of this polynomial is

(3)

It is also useful to introduce the polynomial

(4) Ψ{™\x) = fl(x-ΘJι), m>0.
7=1

(See [4] for references to the above.)
In [4], the Lehmers investigated the period polynomial for another

species of binomial period, the case where n = pq, p and q being
distinct, odd primes. As in the prime case, ζ = ζn denotes a primitive
nth root of unity and / = 2. Here e = φ(n)/2 = (p - l)(q - l)/2.
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To define the periods in this case, first solve the congruence x2 = 1
(mod ή) for the two values of x = a φ. ±1 (mod ή). (Sylvester
[7] had investigated the case in which a = - 1 (mod ή).) In what
follows, we will only treat the case where a = -1 (mod p) and a = 1
(mod q) as in [4]. (The other case is the same with the values of p
and q interchanged.) Then the binomial periods ηj(a) are defined
by

(5) ηj(a) = ζj + ζaj, 1 < 7 < ^ , C/,π) = l ,

and the associated period polynomial is

(6) Ψ « ( < I , * ) =
7=1

O",«)=l

Also established is the useful formula

(7) ΨΛ(α,*)=Ψ?

(Observe that the polynomial division on the right is exact.) It
is also shown in [4] that D(Ψn(a, x)) is divisible by the product
p(p-3)(q-l)/2q(p-l)(q-2)/2 ^

This note had its origin in the observation that when the quotient

was computed for small values of p and q, it was always found to
be a power of some integer. In what follows, we will prove that this
is true in general by showing that the quotient is actually (UgP>j)2g~4,
where the integer UJf^ is a particular function of the 0, 's, a function
mentioned by E. Lucas in [6, p. 317]. Unfortunately, Lucas never fully
discussed these and related functions before his tragic and untimely
death in 1891 or explained their uses in developing the properties of a
certain species of elliptic-like functions he claimed he had discovered
and their connection with Fermat's Last Theorem. (See Bell [1].)

The multiplicative properties of the resultant were used in this note,
instead of the more usual direct arguments based on the discriminant
defined in terms of the roots, because this "exterior" approach gives
the results almost automatically when the discriminant is computed
in terms of the resultant using (7). (The form of (12) was originally
found in this way.)
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2. The discriminant formula. In the following derivation we will use
some of the familiar properties of the discriminant and the resultant.
(See [7, pp. 279-289], [2, p. 51].)

Let f(x) — a§xr H h ar and g(x) — box
s H (- bs, r, s >\.

Then it is not difficult to prove that

(8) D(f(g(x))) = (~l)^as

0-
ιbr

0

{

from which we get the special case

(9) D{f{xs)) = {-\γ^{aoarγ-ιsrs[D{f)}s, s > 1.

We will also need the following

LEMMA. Let h(x) = c$xk + •••+£#, k > 1, and suppose that
/(x) = g(χ)h(x) has no multiple zeros. Then

Proof. Since / has no multiple zero, we have that 0 Φ D(f) —
D(g)D(h)R2(g,h), so

(11) D(A)-
D(g)RHg,hY

Also, f'(x) = g(x)h'(x) + g'(x)h(x), so, if α/ are the (distinct) zeros
of g(x), then f'{ai) = g'(ai)h{ai). Since g'(αf) / 0,

(Note deg / ' = s + k - 1.) Substituting this result into (11) gives
(10). D

THEOREM 1.

(12) D(Ψn(a,x)) = (-lΫ^f^p'^Ψ^g'^Ψ
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where

is a rational integer.

Proof. Since Ψn(a, x) =Ψpq)(x9)/Ψp(x), then (10) gives

D(Ψn(a,x)) =
D(Ψp(x))D(ψf(xη)

In the numerator, D(Ψp(x)) = pθ>-*)β by (3), and using (9) with
s = q and r = (p - l)/2,

In the denominator, the second argument in the resultant will have
the factor qxq~x because of the chain rule. Thus, we can use the
multiplicativity of the resultant to obtain:

(13)

x), qx*-ι)R h?p

= R(Ψp(x), qx"

Now, using the properties in [2, p. 51],

R(Ψp(x), qxq-χ) = q^[ΨP

Thus, (13) becomes

Substituting these results in (11) gives:

(14) D(Ψn(a,x)) = (-l)ίε^p^q

But

D(¥«\x))= Π {θ'j-θfΫ

= Π (*J-*I)2 Π
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Substituting this result into (14) gives the theorem. Note that U^
is symmetric in the θ 's, so it is a rational integer. D

In [5] the Lehmers published the special case when p = 5, i.e. when
n = 5q. They observed in this case that the polynomial Pn(x) =
Ψ π (α ? x) has the Fibonacci numbers Fn as their coefficients. They
also established that 5n~ιn2n~4 divides D(Pn(x)). In [3] we proved
that the discriminant in this case has the simple formula

D(Pn(x)) = 5n-ιn2n-4FΪn-\

REFERENCES

[1] E. T. Bell, Analogies between the Un , Vn of Lucas and elliptic functions, Bull.
Amer. Math. Soc, 29 (1923), 401-406.

[2] J. Brillhart, On the Euler and Bernoulli polynomials, J. Reine Angew. Math.,
234(1969), 45-64.

[3] , Letter to the Editor, Fibonacci Quart., 21 (1983), 259.
[4] D. H. and Emma Lehmer,Cyclotomy with short periods, Math. Comp., 41

(1983), 743-758.
[5] , Properties of polynomials having Fibonacci numbers for coefficients, Fi-

bonacci Quart., 21 (1983), 62-64.
[6] E. Lucas, Theorie des functions numeriques simplement periodiques, Amer. J.

Math., 1 (1878), 184-240, 289-321.
[7] J. J. Sylvester, On certain ternary cubic equations, Collected Papers, vol. 3,

Cambridge, 1904; Amer. J. Math., 2 (1879), 357-381.
[8] J. V. Uspensky, Theory of Equations, McGraw-Hill, New York, 1948.

Received May 9, 1990 and in revised form February 10, 1991.

UNIVERSITY OF ARIZONA

TUCSON, AZ 85721





PACIFIC JOURNAL OF MATHEMATICS
EDITORS

V. S. VARADARAJAN
(Managing Editor)

University of California
Los Angeles, CA 90024-1555-05

HERBERT CLEMENS
University of Utah
Salt Lake City, UT 84112

F. MICHAEL CHRIST
University of California
Los Angeles, CA 90024-1555

THOMAS ENRIGHT
University of California, San Diego
La Jolla, CA 92093

NICHOLAS ERCOLANI
University of Arizona
Tucson, AZ 85721

R. FINN
Stanford University
Stanford, CA 94305

VAUGHAN F. R. JONES
University of California
Berkeley, CA 94720

STEVEN KERCKHOFF
Stanford University
Stanford, CA 94305

C. C. MOORE
University of California
Berkeley, CA 94720

MARTIN SCHARLEMANN
University of California
Santa Barbara, CA 93106

HAROLD STARK
University of California, San Diego
La Jolla, CA 92093

ASSOCIATE EDITORS
R. ARENS E. F. BECKENBACH

(1906-1982)

SUPPORTING
UNIVERSITY OF ARIZONA
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA, RENO
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY

B. H. NEUMANN F. WOLF K. YOSHIDA
(1904-1989)

INSTITUTIONS
UNIVERSITY OF OREGON
UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF HAWAII
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON



Pacific Journal of Mathematics
Vol. 152, No. 1 January, 1992

B. V. Rajarama Bhat, On a characterization of velocity maps in the space of
observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

John David Brillhart, Note on the discriminant of certain cyclotomic period
polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Steven R. Costenoble and Stefan Waner, The equivariant Thom
isomorphism theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

Karl Heinz Dovermann and Dong Youp Suh, Smith equivalence for finite
abelian groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Klaus-Jochen Engel, On singular perturbations of second order Cauchy
problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Angel Ferrandez and Pascual Lucas, On surfaces in the 3-dimensional
Lorentz-Minkowski space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

Brian Hartley, A general Brauer-Fowler theorem and centralizers in locally
finite groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Joel Hass, Intersections of least area surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
Edward Kissin, Indices of unbounded derivations of C∗-algebras . . . . . . . . . . 125
Erhard Luft and Denis Karmen Sjerve, On regular coverings of

3-manifolds by homology 3-spheres . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
Daniel Pecker, Sur la projection de variétés algébriques réelles . . . . . . . . . . . . .165
Claus Scheiderer, Some remarks on orderings under finite field

extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
Fernando Serrano, Elliptic surfaces with an ample divisor of genus two . . . . 187

Pacific
JournalofM

athem
atics

1992
Vol.152,N

o.1


	
	
	

