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In this article we show that the exceptional sets for Poisson-Szego
integrals of potentials of H” functions in the unit ball in C" have a
certain Hausdorff measure zero, and that this result is sharp.

Let B" denote the unit ball in C” with boundary S, o will denote
the normalized Lebesgue measure on S. We let R denote the (holo-
morphic) radial derivative R = E;;l z;0/0z;. A holomorphic func-
tion f belongs to #Z7 if supg.,<; [, |f(r{)|? do({) < co. In [2] and
[5] it was shown that if R¥f e #? where 0<p <1 and n—kp >0
then the function f has an admissible limit on S\E where E has
non-isotropic Hausdorff measure zero in dimension m = n —kp, and
this result is sharp. For p > 1, the proper measure for the exceptional
sets is a certain capacity; see [4]. In [1] D. Adams proved an analogous
result for harmonic functions, see also [2]. For harmonic functions the
result is the following: if u is a fractional integral of order S (i.e.
Bessel potential) of an H?(R”") distribution, 0 < p < 1, then the
Poisson integral of # has non-tangential limits on R"\E where E
has Hausdorff measure zero in dimension m = n — fp. Again, for
p > 1, the proper measure of the exceptional sets is capacity.

In this paper we prove an analogous result for certain non-isotropic
potentials on S. If k is a positive integer, kK < n, we let

L(z,O)=11-(z, 01", z,{€S.

For a function v on S let
(L) (2) = / I(z, Ou(0) do (D).
S

The kernels I; will play the role of the Bessel kernels in R". Indeed,
I, is the fundamental solution for a certain sublaplacian on S, see
[9]. In contrast to the cases mentioned above we can handle only the
case where k is an integer. If
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is the Poisson-Szeg6 kernel we are interested in exceptional sets of
functions

PlLv)(z) = fs P(z, OIxv)(0) do(()

where v is a distribution in the atomic Hardy space H?(S), 0 <p <
1, of Garnett and Latter [7]. We will show that the set where such a
function fails to have an admissible limit has non-isotropic Hausdorff
measure zero in dimension m = n — kp. The method of [2] shows
the following: if u is a continuous function in B"” whose admissible
maximal function Mu € L?(do), 0 <p <1, and if

F(z) = /01 (log %)k_lu(tz)dt

where n — kp > 0 then the admissible maximal function MF €
LP(dv) for any measure v on S that satisfies v(B({, d)) < d"*»
for all B({,d) ={y € S: |1 —({, n)] < 6}. If we knew this to be
true for all F = P[I,v], v € H?, then it would follow in a standard
way that all such P[[;v] have admissible limits on the complement
of a set whose non-isotropic Hausdorff measure is zero in dimension
n — kp, see [2] and [5]. Assuming this, our problem reduces to the
following: Given v € H?, 0 < p < 1, show that there is a u with
Mu € I?(do) so that

1 k-1
(0.1) PILw)(z) = /O (log%) w(iz)dt.

Now it is an elementary exercise in integration by parts to show that
(0.1) holds if

k
u(z) = (r% + Id) P[Lv])(rz) = (R+ R + Id)*P[Iv](z2),
where R = 377_,Z;0/0Z;. In other words we want to show that if

= P[v],v € H?, 0 < p < 1, then (R + R + Id)*F has its
admissible maximal function in L?(do). This is the content of this
paper.

The main problem we face is that even though F is a Poisson-Szeg6
integral its derivatives may not be. However, the results of D. Geller
give us a way around this difficulty. In [8], Geller introduces a family
of differential operators

Aaﬁ=(1—|Z|2){Z(6U—Z, )a aa__+aR+,3R aﬂ}
3y
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and a family of kernels
(1 _ |212)n+a+ﬂ
(1 =z, O)mre(1 = (L, z)"+h”

Here a, f € C and C,p is an appropriate constant. Note that Agg
is the invariant Laplacian of [11], and P = Py, is the Poisson-Szegd
kernel above. It is a straightforward calculation that A,gP,s =0 (the
differentiations being with respect to z) and that P,z is an approxi-
mate identity as long as Re(rn+a+ f) > 0, and hence for such values
of a and f

zeB",[eSs.

Pop(z,0) = Ca,p

U(z) = /S Pog(z, Qu(l) do(() = Paglul(2)

solves the Dirichlet problem A,gU =0, U =u on §. The relevance
of all this is that if AypU = 0 then certain derivatives DU satisfy
A,pDU = 0 for appropriate a and f. Returning to our original
problem we have F = P[I;v], v € H?, 0 < p < 1. We show that
(R+ R+ Id)*F can be written in the form Y S,s(R, R)F , where
a, B are non-positive integers, |a|+|B| < k, S,5(R, R) has degree
|Bl in R and |a| in R and A,zS,s(R, R)F = 0. That is we write
(R+R+Id)*F asasum of solutions to the equations A,z U = 0. After
establishing a unicity theorem for the Dirichlet problem for certain
values of «, f (a unicity theorem that is already implicit in the work
of C. R. Graham [10] in the case of the Heisenberg group) we see that
for each «, f we have

Sa,ﬂ(R’ K)17(2) = Paﬂ[Saﬂ(R’ E)F](Z)

Now we want to get into a position to apply standard techniques
from harmonic analysis; singular integrals and approximate identi-
ties. For our range of a and B, P,z is a smooth approximate
identity and hence if S,5(R, R)F were in H? it would follow that
P,plSap(R, R)F] would have its admissible maximal function in L7,
which is what we want. So what we want to show is that if F =
PIv], v € H?, then if j+1 < k RIR'F|; lies in H?. What
we mean, of course, is that the map v — RfFIP[Ikv]Is , originally
defined for smooth functions, can be realized as a standard singular
integral on S and hence maps H? to H?. We do this by exploiting
an idea of R. Graham [10] who showed that certain radial derivatives
of U = P[u], when restricted to the boundary, are actually tangen-
tial. What we show is this: if u is sufficiently restricted then for each
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a, B, |a| +|B| < k, there is a polynomial Q,s in two variables, of
total degree at most |a| + || such that

Saﬂ(R’ R)P[ulls = Qaﬂ(La Z)u

on S. Here L, L are certain tangential derivatives on S. Then it
remains only to show that the map v — Q,4(L, L)I;v can be realized
as a standard singular integral and hence maps H? to H?.

We end the introduction with a few more definitions: for i < j,

_ 0 _ 0

T =Zi— —Z;——
H ’6zj Jazi

and

Then we define

L=3 T,T;
i<j
and _ _
L=> T,T;
i<j
and )

In [8], Geller gives the following “radial-tangential” form for A,p :

dop = (1= 1zP){ 7 (1 - ZPIRR- %5 + L R+ )

+aR+ﬂR—aﬂ}.

For the definition of admissible limit we need the admissible approach
region

Du(0) = {ze B 1= (2. 01 < 51~ 1P},
f has an admissible limit at { if

i
zqg,lzrgpa(c) /(@)

exists for all a > 0 and the admissible maximal function M, f({) is
defined as

sup |f(z2)l.

z€D,({)
For the definition of non-isotropic Hausdorff measure, see [4].
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LEMMA 1.1. If Aypf =0 then

(i) Aa,p-1(RF - BS) =0,
(ii) Aqo1,p(Rf —af) =0.

Proof. That something like this should hold is suggested by (1.3) of
[8]. In fact a proof can be based on formulas (1.3) and (1.12) of [8].
If this line of reasoning is followed we see that, for example,

Bagr(RF =81+ 5L =0

9z;

and then we need to check directly that

of \ _
Aa’ﬂ_l (8_21—) -_ 0.

It seems just as easy to check the lemma directly. This is a straight-
forward calculation.

CoROLLARY. Suppose AU =0 in B" and j,l are non-negative
integers. Then there are polynomials F, g(x,y), with degree —a in
x and —p in y such that

RRU= Y FuR,RU

lal+|BI<j+!

and
AopFap(R, R)U =0

in B"*.
Proof. The proof follows by induction on j + /, using the lemma.

In [8], Geller introduces the kernels P,z which solve the Dirichlet
problem for the operator A,z. We will need to know that, at least
for certain values of a, §, this solution is unique. This uniqueness
is implicit in the work of Graham [10]. However, since there is no
proof in print we will provide one here. To that end we need the
following lemma which gives the relation between the operators A, g
and certain automorphisms of the ball. The automorphisms are the
9. given on page 25 of [11]. ¢,(0) = a, p,(a) =0, ¢;' = ¢, , among
other properties. Given a € B and «, # define

heP(z)=(1-(a, z2)*(1 - (z, a)’.



6 P. AHERN AND C. CASCANTE
LEMMA 1.2.
Ay gl P (U 0 9)] = hg PI(Anpu) © 9a).

(Just to be very clear, on neither side of the equation is hZ"ﬁ composed
with ¢,.)

Proof. First we need the following: fix 0 < r <1 and let

0(z) = ( Zy—r Sz SZn )

l—rzy’ 1=rzy’ "7 1=rzg

where s = V1 —7r2. Let h(z) = (1 —rz;)*(1 — rz;)#. We need to
know that

(11) Aaﬁ(h-uo(p)=h-(Aaﬁu)o(p.

This can be done by appealing to formula (1.12) of [8] and using the
dilation invariance of analogous operators Agﬂ defined in the Siegel
upper half space. Or it can be proved by a rather lengthy direct cal-
culation which we omit. We will now assume (1.1) holds. Let U be
defined by U(z) = —z, and apply (1.1) to uo U and we have the con-
clusion of the lemma for a = (r, 0, ..., 0), if we take into account
the fact that A, g4 commutes with any unitary matrix. Now if we use
the formula U¢, = py,U, which is easily verified for any unitary U,
we have the result of the lemma.

In [8], it is shown that if A,z f =0 in B” then forevery 0 <r <1,
we have

(1.2) F(-a, -B;n; r2)f(0) = /S £(r0) do(0).

Here F(a, b; c; x) denotes the usual hypergeometric function. Now
supposing that A,pu = 0, and w € B” we may apply (1.2) to u =
h2? (w0 py) to obtain

(1.3) Zap(Nu(w) = /S 1P (rO)u(pu(rl)) do (),

where we let g,4(r) = F(—a, —f8; n; r?). We will use (1.3) to draw
some conclusions about boundary behaviour and uniqueness of solu-
tions of A,gu =0.

LEMMA 1.3. Fix a, f€C.
(i) There is a bounded u,u # 0 such that A,pu =0 if and only
if gap is bounded.
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(ii) There is a function u continuous on B", u # 0, such that
A,pu =0 in B", if and only if lim,_,; g,p(r) exists.

(iii) There is a function u continuous on B", u =0 on 8B",
u#0, and Aypu=0 in B" if and only if lim,_,; g,4(r) exists and is
zero.

Proof. The proof follows immediately from (1.3) and the fact that
if we define G(z) = g(|z|) then A,3G =0 in B", a fact which is
clear from the discussion on page 369 of [8]. Part (iii) tells us that
if lim,_,; g, p(r) exists and is not zero then we have uniqueness for
the Dirichlet problem for A, i.e. if u;, u; € C(B") and A,puy =
A,pu; =0 in B" and u; = u; on OB” then u; = u, in B". Note
that this is the case when «, f arerealand n+a+ 8 > 0.

Now assuming that «, f are non-positive integers and »n + a +
B > 0, then the Dirichlet problem A, pu = 0, u = f on 9dB”"
has a unique solution u, for any continuous f, given by u(z) =
J Py, 5(z, 0)f(§)do({). We want to see what this solution looks like
when f € H(p, q), the space of harmonic homogeneous polynomi-
als of bidegree (p, q). As in [6], we look for a solution of the form
u(rl) = h(r?)f(r{) . We conclude that the function # is a solution of
the hypergeometric equation

(1-h"(O)+[(p+g+n)—P-a+q-+ DA ()
—(p—a)(g— B)h(t) = 0.
The only solutions of this equation which are smooth at 0 are multiples

of the hypergeometric function F(p—a, g—f; p+q+n; t). It follows
that

_Fp—a,q-B;p+qg+n;r?)
= Foa,a-Fiprarmin’ )

From known properties of the hypergeometric series we have that
(1.4) h(r) = fi(r) + f(r)(1 = r)"***F log(1 - 1)
where fi, f> are analyticat r=1.

Our next result shows if A,gzu = 0 then, with appropriate restric-
tions on o and f, certain radial derivatives of u are actually tan-

gential. This type of phenomenon was first studied by R. Graham,
[10].
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LEMMA 1.4. Suppose a, $ <0 and n+a+ f > 2. Take u €
H(p, q) for some p, q and let U = P,g[u], then we have

_ 1 B + (B+n—-1\
RUls_a+ﬂ+n—l{n—1L ( n—1 )L aﬂ}u
::qaﬂ(Laz)u:
— 1 a a+n—1\=
RUls—a+B+n—l{n—1L_( n—1 )L—aﬂ}u
=qaﬂ(L,Z)u.

Proof. Using the “radial tangential” form for A,g we see that

1
|z|?

n-1
2

{(1 —|z2)RRU - %U + (R+§)U}

+aRU + BRU — apU = 0.

Since n+a+ B > 2, it follows from (1.4) that RRU = O(log 1),
as r — 1, and hence that (1 —|z|?)RRU — 0 as |z| — 1. Letting
|z — 1 we have, since %5 = —1(L + L),

1

§(L+Z)U+

on S, or,

n—

5 l(R+F)U+o¢RU+ﬂﬁU—aﬂUEO

(n;1+a>RU+ (";1 +/?)FU=0‘/’U"%(L+Z)U

on S. But we also have that
— 1 —
R—-—R= n—_—(L -L)

as differential operators. If we solve these two equations for RU and
RU on S we get the lemma.

COROLLARY. Suppose u € H(p, q) for some p,q and j+1 < n.
Then there is a polynomial Q in 2 variables of total degree < j+1 so

that if U = Pyo[u] then RJFIUIS =Q(L,L)u.

Proof. We do induction on j+/. From the corollary to Lemma 1.1
we have

RORU= Y FyuR,RU,
o +BI< +~1
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where A,pF,4(R, R)U = 0. Hence R'R U = ¥ RF,5(R, R)U. By
Lemma 1.4

R(Faﬂ(R’ R)U)ls = I(L’ z)(Faﬂ(R, R_)U)ls

where [ is first degree. By induction F,z(R, R)U|s is a polynomial
in L, L of degree at most j+/ — 1 acting on u.

If we now combine the corollaries to Lemmas 1.1, 1.4 we get the
following.

THEOREM 1. Suppose j+ 1 < n. Then there are polynomials Q,p,
le| +|B| < j+! such thatif ue H(p, q) and U = Pylu] we have

RRU= Y PulQus(L, Dyul
lal+BI<j+

Proof. From the corollary to Lemma 1.1 we have

RRU= Y FuR,RU

|+ BI<j+

where A,pF,5(R, R)U =0. Since j+/<n, Fg(R,R)Uec C'(B")
and hence by uniqueness for the Dirichlet problem we have

Faﬂ(Ra _-R)U = Paﬁ[Faﬂ(Ra 7{—)[J]
Now on S, F,s(R, R)U = Q,s(L, L)u by the corollary to Lemma
1.4,

We have proved the theorem for u € H(p, q), we will need to
extend it to the case u = I;v where v € L?, provided j+/<k. We
need to know how I; actson H(p, q).

LEMMA 1.5. For ve H(p, q),

Lo = r(l:,(—%kk))z{(p + #)k(q-}- Z’%’E)k}‘lv.

Proof. 1t is easy to check that I;(voU) = (Iyv)o U for any unitary
U. Since H(p, q) is minimal under the action of the unitary group,
it is enough to prove the lemma in case v({) = ¢¥ C‘ZI . We write

n— n—k

11— (z, O = (1= (2, )~ - (¢, z))~C5.
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If we expand each factor in a binomial series and integrate term by
term we arrive at

1 I(2E +p+ HI(2E + g+ j)
ie)(z) = F(_"—‘r"_)(;) Totatnt i )Zf?g'

Recognizing the series as essentially

-k -k
F(n +p,£——+q;p+q+n;1)

2 2

we arrive at the desired formula.

On the other hand if u € H(p,q) then Lu = —p(qg +n — 1)u
and Lu = —q(p + n — l)u, see [3]. Hence if v € H(p, q) and
degQ,p(L, L) < j+I[=k then

Qaﬂ(L, Z)Ikv = C(p ’ q)’U
where

Cl2pq + (p + q)(n — 1)]¥
IC, 9)| < [ pqﬂ_ip q)(nﬁk )] <C

(P + 5%)k(g + 55k
independent of p, ¢q.

Hence the mapping
v — Qa/;(L, f)Ik'u

extends to be a bounded map from L2 to L2. Moreover, when v € L2
then the differential operator Q,4(L, L) applied to I;v in the sense
of distributions is the same as the operator just described above. From
this it follows that if ;v is C*™ on some open set Q C S then the
Qup(L, L)}v just described and the function obtained by applying
the differential operator Q,4(L, L) to [;v agree on Q. This will be
used later.
We now summarize our results so far.

THEOREM 2. Fix k < n, then there are polynomials Q,p in 2 vari-
ables of total degree at most k so that for v € L?> we have

(R+R+ D Pollivl= Y PuplQup(L, D)Iv].
la|+|BI<k

Proof. We just note that (R+ R+ 1I)* is a sum of terms of the form
R'R with j+ 1< k. Wejust add and group like terms.

Next we want to show that the operators Q,z(L, L)I; , which ex-
tend to be bounded in L? actually extend to be bounded in H?,
O<p<l1.
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THEOREM 3. Suppose r +s < k and let K be the operator defined
by Kv=L'T’Iv, then K is bounded in H?, 0 <p <1.

Proof. We consider the smooth approximations K, where [;(z, {)
is replaced by |1 — r(z, {)|*~". K, is a multiplier on each H(p, q)
and in fact if Ku = C(p, q)u for ue€ H(p, q), then

Ku=r"*C(p, q)u

and so it follows that ||K,u — Kul||;» — 0 as r — 1. If we can show
that for every (p, o) atom a we have ||K,a||pr < C where C is
independent of r and a, then the theorem will follow in a standard
way. To establish this we note the following: we calculate that for
a, b >0 we have that

T Tii(1 - (g, w)™(1 - r(w, {)™°

is a sum of two terms, one of the form

Giwj — w1 = r{g, w) ™1 = r(w, £)) 70!
and the other of the form

(Wi + ¢w;) (1 —r(l, w) ™ (1 —r{w, {))7°.

If we add on i < j and use the fact that Y-, |{;w; — Cjwi|? =
1 - (¢, w)|?> we see that Ly(1 —r{{, w))~¢(1 —r{w, {))~? is a sum
of terms of the form

(1= [, w)H(A = (€, w)™ (1 = r{w, §)~>!
and

(&, wyQ =r, w) 11— r(w, )72
There is a similar expression for L;. So if we apply L; — L; to
(1= rg, w) T (1 - r(w, £))F*
we get a sum of terms of the form
(1=K, w)»' (A= rg, w) ™1 - r{w, )

where a+b—-1 < n-k+r+s. Now if we let D, denote any w
derivative which has k 7j;’s and (R — R)I-times we see that we have

C
IDwKr(Ca w)l S Il _ (C’ w)|n+§+l'
From this estimate it follows in a standard way that K, is uniformly
bounded on (p, co) atoms (see [4]).
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Finally we point out that in our case, (a, # <0, n+a+f > 0) Py
is a smooth approximate identity and hence we have

THEOREM. For 0 < p <1 we have

M Pogfllzr < Cll |-

Putting all these results together, as indicated in the introduction we
have our main theorem.

THEOREM 4. Suppose 0 < k < n, k is a positive integer and 0 <
p<1,and n—kp > 0. Then there is a constant C such that if v is
a measure on S that satisfies v(B((, 8)) < 6"kP | then

/ Mo PP dv < Cllv|E,
Jorall ve HP, all a > 0.

COROLLARY. Foreach v € H?, 0 < p <1, thereisaset EC S
with non-isotropic Hausdorff measure zero in dimension n — kp such
that F = P[I;v] has admissible limits on S\E .

Proof. The corollary follows from the theorem and results of W.
Cohn [5].
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