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Let G be a connected unramified semi-simple group over a p-adic
field F. In this note, we compute a (Macdonald-)Plancherel-type
formula: [ . cop f(NS(&7 hg)dgdh = [ fY(x)I(x, ¢)du(x).
Here f is a spherical function, fV is its Satake transform, and
¢ is a smooth function supported on the elliptic set. For this,
we use the Geometrical Lemma of Bernstein and Zelevinsky,
Macdonald’s Plancherel formula, Macdonald’s formula for the spher-
ical function, results of Casselman on intertwining operators of the
unramified series, and a combinatorial lemma of Arthur. This deriva-
tion follows a procedure of Waldspurger rather closely, where the case
of GL(n) was worked out in detail. We may rewrite this formula as
Jow f(&7'v8)dg = [ fY()1(x, 7)du(x), for y elliptic regular in
G(F) and f spherical. Here I(y, y) is a distribution on the support
of the Plancherel measure (regarded as a compact complex analytic
variety).

Introduction. Let G be a connected unramified semi-simple group
over a p-adic field F, let Gy denote the subset of regular elements
of G(F), and let G denote the subset of elliptic regular elements
of G(F). Let C*(G(F)) denote the algebra of locally constant com-
pactly supported functions on G(F) and let Z(G, K) denote the
commutative subalgebra of spherical functions associated to a hyper-
special, good, maximally bounded subgroup K of G(F).

Let ® C C°(G(F)) denote the subspace of functions on G(F)
supported in G;. For each ¢ € @, define
(0.1) Ty: [ f(h)p(g~ hg)dgdh.

G(F)xG(F)
It is not hard to show that T defines an “elliptic” invariant dis-
tribution in C°(G(F)) with compactly generated support (that is
supp T, C CY, where C C G(F) is compact and C¢ denotes the
set of G(F)-conjugacy classes containing an element of C). In
this note, we restrict Ty to #(G, K) and compute, in §§2-3, a
(Macdonald-)Plancherel-type formula for T:

0.2) Ty(f) = / PO, ¢ dux)
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(see Theorem 3.10 below). For this, we use the Geometrical Lemma
of Bernstein and Zelevinsky, Macdonald’s Plancherel formula, Mac-
donald’s formula for the spherical function, results of Casselman on
intertwining operators of the unramified series, and a combinatorial
lemma of Arthur. This derivation follows the procedure of Wald-
spurger [W] rather closely, where the case of GL(n) was worked out
in detail.

Of course, the distribution 7} also occurs in the context of Arthur’s
local trace formula [Artl]. Let R denote the unitary representation of
G(F)x G(F) on L%(G(F)) given by (R(x1, x2)¥)(¥) := w(x;'vx3),
v € L*(G(F)). Given f = (fi, f2) in CP(G(F)) x CX(G(F)) —
CX(G(F) x G(F)), the kernel of the integral operator R(f) is

(0.3) K (x1, %) = /G o ) dy

- / A ) dy .
G(F)

As in the global trace formula, one wants to find both a “geomet-
ric” and “spectral” formula for a truncated version of the integral of
K¢(x, x). It should be emphasized that this is done below only for a
very restricted class of f = (f, /7).

Thus this paper could be viewed as a special case of Arthur’s local
trace formula [Artl] or as a generalization of part of Waldspurger’s
work [W]. Another way one might interpret these distributions I(x, ¢)
is as follows. We will see in §3 below that the ¢ — I(x, ¢) is G-
admissible in the sense of [HC]. Then, regarding this invariant dis-
tribution as a function (the existence of which is assured by applying
[HC, Theorem 19]), we may rewrite (0.2) as

(0.4) / f(g~'yg)dg = / YOOI v) dux),
G(F)

for y € Gy and f spherical. Here I(x, y) is a distribution on the
support of the Plancherel measure (regarded as a compact complex
analytic variety [M]).

A somewhat analogous formula to (0.4), for stable unipotent or-
bits, has been conjectured in [A]. Assem’s conjecture is a theorem for
GL(n) and a number of other cases. For G = GL(n), the germ ex-
pansion and Assem’s formula yield a relatively explicit expression for
I(x, y) (this idea can essentially be found in [W]). Finally, we remark
that in the case of SL(n) the fundamental lemma of Waldspurger [Wa]
may be reformulated as a functorial property of the I(yx, 7).
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1. Notation and background.

Root spaces. Let G be a connected unramified reductive group of
semi-simple rank / over F which has a splitting defined over an
unramified extension E/F. (Recall that a reductive group G over
F is unramified if it is quasi-split over F and has a splitting over a
finite unramified extension [Car, p. 135].) Let 7 denote a maximal
torus of G, B a Borel subgroup defined over F, and A a maximal
F-split torus G contained in B. Let I' := Gal(E/F), let X* denote
the character lattice of 7', and let £ C X* denote the root system
in X* with respect to 7. The I'-module structure of X* leaves X
invariant. Let £ denote the set of reduced roots of G relative to A4
and A the corresponding reduced fundamental system. These are also
left invariant by I'. The character lattice

(1.1) X*(A) :== Homp_gmps(A4, GL(1)),
may be regarded as a quotient of X* containing X. Let
(1.2) Xi(A) := Homgz(X*(A), Z)

denote the co-character lattice. Let £+ C £ be the subset of positive
roots containing A. We let AV denote the set of dual roots {w,|a €
A} associated to A. For parabolic subgroups P and Q with A C P C
0, let Ag denote the set of simple positive roots of (PN My, Ap),
where Q = MpNy denotes the Levi decomposition and Ap denotes
the center of Mp. As usual, if Q = G then we drop the superscript:
AG = Ap.

For each subset § C A, we denote by P, the parabolic subgroup
containing B associated to 0, by Py = MyN, its Levi decomposition
(so Py =B, My = A), and by Ay = Ay the split component of the
center of M = M,. We abuse language and call a Levi component
M = Mp of a parabolic subgroup P = M N = MpNp a Levi subgroup
of G. Furthermore, by a Levi (parabolic) subgroup we will always
mean a Levi (parabolic) subgroup containing the torus 4 above. We
denote by (M) the set of parabolic subgroups of G having Levi
component M . If P C Q are parabolic subgroups there is a surjective
map between the Lie algebras ap — ap whose kernel will be denoted

ag. From [Art3] we know that there are orthogonal decompositions
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ap = ag EBaIQ) and ap = ap @ (ag)*. For P€ (M) and X € ap, let
X — Xy denote the projection ag — ap and let X — XM denote
the projection ag — af . Furthermore, (AIQ,)V forms a basis for aIQ,
and (Ag)" forms a basis for (a}Q,)*. Let tg denote the characteristic

function on ag of the set
{X € ala(X) >0, aeAl},

and let %}Q, denote the characteristic function on ap of the set
{X € a9]a(X) >0, acAP)}.

The kernel of the map Hj: M(F) — ap defined in [Art3] will be
denoted by M(F)!. This may also be described as the intersection
of all the kernels of the absolute values of the rational characters of
M (F). The Haar measure on M (F)! will be that measure determined
by those on M (F), ap, and the pull-back by the map H),.

The natural pairing (-, -): X,(A4) x X*(4) — Z allows us to identify
X*(A) with the dual lattice of X.(A4). Using this, we may define an
isomorphism

(1.3) Homp.grps(GL(1), 4) = X, (A).

We fix a uniformizing parameter n of F, |z|r = g~ !, and let
A, € A(F) denote the image oV(n) of 7, regarding the coroot oV
as an element of Homp_gp(GL(1), 4). If G 1is split over F then it
satisfies (a) dp(a,) = ¢~ 2, (b) {a.|a € A} generates the abelian group
A(F)/(A(F)NK) freely, and (¢) w;'law, = aa;(”A(a)’a> , where vy
is as in (1.4) below ([Car, pp. 141-142], [M, pp. 42-43]). To each
pezu %Z, we associate as in [Car, (24)] a real number g5 > 0. If G
is split and o € X then ¢, = ¢, ¢,/» = |, where g denotes the order
of the residue field.
Let

Ay = Xu(A)g = Xi(A) @z R =ap, X'(4)r:=X"(4) 2R,

and extend (-, -) to X,(A)r x X*(A4)r. We use this pairing to identify
X*(A)r and its R-vector space dual with 27 g. Thus we have two
bases A C X*(A)g and AV C X,(4)g of & g such that (a", ) =
25a,; forall a, f€A. Let X.(4)c := X«(4) Q@27 C.

We fix a special, good, maximally bounded subgroup K of G(F).
Each w € W := Ng(r)(4)/Cg(r)(A4) has a representation in K by
means of the identification

Ng(r)(A)/Cg(ry(4) = (K N Ngry(A4))/ (K N Cgry(A4))
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[Car, p. 140] (here C; denotes the centralizer and Ng; denotes the
normalizer).
There is a surjection v4: A(F) — X,(A) characterized by

(1.4) (vq(a), A*) = vp(A*(a)), VA* € X*(A), a€ A(F),

where vg: F* — Z denotes the normalized valuation. Thus we obtain
an isomorphism

(1.5) vl X.(4) = A(F)/(A(F)NK).

Thus every unramified character of A(F) may be identified with a
character of the discrete group X.(A4). More generally, to each Levi
M of G we have

X(Ay) = {X € Xu(A)lv ' (X) € Ay (F)/(Au(F) N K)} .

Denote
Sy r = ap = Xi(Apy) @z R.

Let
IM = {X € X.(A)|v;'(X) e MY (F)/(A(F)nK)}

and let oM = oM ®z R. Recall the projection &4 g — M is
X — XM,
The complex dual of X.(A) is

(1.6) X(4)" = X*(A)c/X(A)*,

where X.(A) denotes the lattice of all A* € X*(A4)c such that, for all
Ao € Xu(A), (A, A*) € 2iZ. Let C*! denote the unit circle in C.
We will use the notation & ¢ to denote the complex dual of &4 g,
so that

(1.7) Homun(A(F), CY 29/} /L,
as complex varieties, where
L:={A¢ MA*,CM(aV) €Z, Yaed}.

In fact, once we fix an ordering of the roots A this isomorphism
is canonical. Here Homy,, is defined as follows. If H(F) is any
closed subgroup of G(F), with the inherited compact-open topology
and if V is any (complex) Hilbert space, with the discrete topology,
then Hom,(H(F), End V') is the set of continuous homomorphisms
H(F) — End V' with a non-zero H(F)n K-fixed vector.
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Intertwining operators. For the unramified principal series represen-
tations (v, I(x)) of G(F), associated to a character y of A(F), we
refer to [Car]. We remark that the pairing (-, -) on I(y) xI(x~!) de-
fined in [Car] allows us to identify the contragredient representation
(v, I(x)~) with (Vx—l ,I(x7Y)).

Let x be a regular unramified character of A(F) (so wy, w € Wy,
are all distinct), and let 7,: I(x) — I(wy) denote the intertwining
operator of [Car]. If ®x , € I(x)X denotes the unique K-fixed vector
satisfying @k ,(1) = 1 then Casselman [Casl], [Car, Theorem 3.9]
has shown that

(1.8) Tw(Px,x) = cw(X) Pk, wy »

where

cw(X) = H CalX) s

a€Xt , wa<0
(- g)2a7 ' 2(@a))(1 - 4, 1(aa))
CalX) = 1 1(aa)? '

It is also known that Ty, = Ty Tw,, provided [(wjw,) = [(w;) +
[(w;) (here /(w) denotes the length of w € W).

Plancherel’s formula and Macdonald’s formula. Let # (G, K) de-
note the subalgebra of C°(G) consisting of bi-K-invariant functions
and C*(G, K) the analogous subalgebra of C°(G)—the space of
locally constant functions on G(F). Let G(F)! denote the kernel of
the map Hg: G(F) — ag.

For fe€I(x),and y unramified, define

f1(g) = /K fkg)dk,

where the measure on K has total volume 1, and let Ty := ®% , .
Macdonald’s formula states that

LEMMA 1.9. If x is an unramified regular character of A(F) then
Ty(a)=Q7'05(a)'? ) c(wx)(wx)(a), aecAF),
wew
where

Q:= Z(IwI:I),

wew
I denoting the Iwahori subgroup of G and c(x) := ci(x~1) (see (1.8)).
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For f € #(G, K) and x unramified, define the Fourier transform
of f at y by

(1.10) = [ o T80 s

Let Qx(G) denote the set of all zonal spherical functions of G(F)!
relative to K:

(1.11) Qk(G) :={we C>®(G, K)|w(1) =1 and,
VfeZ(G,K), f+w=Arw, some is€C}.

Let Q}(G) denote the subset of all positive definite zonal spherical
functions. It is known that, if x is unitary, then I, € Qf(G) [M,
Theorem 3.3.12]. We define, more generally, the Fourier transform of
feZ(G,K) at we Qf(G) by

(1.12) Fe:= [ oy (@08 ds.

The relation between the Fourier transform and the Satake transform
is given on [M, p. 47]. The Plancherel measure du(w) is a positive
measure on Q%(G) such that, for all /€ #(G, K),

(1.13) V(@) € LXQL(G), du)

and
a9 [ ifePde= [ 1f@)Pdu).
G(F) Q(G)
By a theorem of Godement, such a measure exists and is unique.

LEMMA 1.5 (Macdonald [M, Theorem 5.1.2]). The support of the
Plancherel measure is the complex torus (1.7). Let s = (S1, ..., 8) €
¢, let ds denote the Haar measure on S/f /L having total
volume 1, and let dy be the corresponding Haar measure on
Homeont(A(F), C*1) obtained by transport of measure by (1.7). The
Plancherel measure of G(F) with respect to K is

du(x) = WQV—,Icu)rZ dy.
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COROLLARY 1.16. For all f € #Z(G, K), we have
f©= [ S duw)
Q(G)

= [ T du).

A,C

Also, for all fi, f, € #Z(G, K), we have
[ f@h@de= [ feF@du)
G(F) QL(G)

= / R OR 0 du).
/L

4,C

The Jacquet functor. The maximal compact subgroup K has the
property that for any parabolic subgroup P = MN of G, G(F) =
P(F)K , and for each Levi M of G, and every parabolic PM of M,
we also have M(F) = PM(F)(K N M(F)) [Car, p. 140]. In this case,
the notion of “compactly induced” representations [BZ, §1.8] agrees
with the usual notion of “unitarily induced” representations. Let

(1.17) ig,m: AlgM — AlgG,
denote unitary induction, in the notation of [BZ], and let
(1.18) v, g: AlgG — AlgM

denote the Jacquet functor [BZ, §2.3] (called the first Jacquet functor
in [Car, §2.2]). We shall sometimes write ny = ryr g(n) and Vp(1) =
i, M(T).

Let W), denote the F-rational Weyl group of M . The special case
of the “Geometrical lemma” of Bernstein-Zelevinsky which we need
is the following

LEMMA 1.19 [BZ, §2.12]. There is an enumeration wy, ..., Wi of
W Wy (which we regard as a subgroup of W as in [Cas2, §1]) such
that, for each x € Alg A, we have the following decomposition of M-
modules

"m,6016,4X) =V D Vi1 D+ D V1 D W ={0},
where each
Viel/Vi Zipg, a(wjx),
is an irreducible M-module.

Let V(5 denote the semi-simplification of an AM-module V.
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CoROLLARY 1.20. For each y € AlgA, we have the following de-
composition of M-modules

m,oic, A= B in,alwy),
wew/w,,

where the coset representations w are chosen as in Lemma 1.19.

REMARK. If y is regular, so wy # x for all w € W/W),, then
a result of Casselman [Cas2, §§3, 6] implies that ry goig, 4(x) isa
semi-simple M-module.

Proof. Follows from Lemma 1.19 and the definition of the semi-
simplification. o

2. Inner products of some matrix coefficients.

Matrix coefficients. Assume as before that G is connected, unram-
ified, and reductive. Let P = M N denote a standard parabolic sub-
group of G. We often write G in place of G(F) when there is no
confusion.

We choose measures da, dn, dg so that meas(A(F) N K) =
meas(N(F)NK) = meas(K) = 1, let x denote an unramified regular
character of A(F), and let V3(x) denote the space of the full prin-
cipal series representation induced unitarily from y. The elements
of Vp(x) may be regarded as functions on G determined by their
restriction to K. Let Ry, denote the restriction map sending locally
constant functions on K to functions on M (F)NK . From Casselman
[Cas2, §4], there is a canonical pairing (-, )y on Va(x)n X Va(x~Vn
such that, for all f, f' € Vz(x), there is an ¢ > 0 (depending on f,
/' but independent of y) satisfying

(2.1 (ic, )@ f, e =(ra,goic, () v, fV)N.
for all a € A=(¢), where
A~ (e) :={a € A(F)/Z(G(F))||a(a)lr < &, Va €A},

and where (-, -)¢ is as in [Car]. When ¢ =1 we denote this by 4~ .
This pairing allows us to identify Vz(x~!)y with the contragredient
of Vg(x)n . The fact that ¢ is independent of (unramified) y follows
from [Car, §3]. The dependence of f, f' (once a basis {K,} of
subgroup neighborhoods of the identity with respect to B has been
fixed [Cas2, §1.4]) can be seen from [Cas2, §§4.1-4.2].
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LEMMA 2.2. For x unramified regular, and any a € A~ ,

ru,clic, a)@f) = Y ic,a(wx)(@)fw,

weEW/W,,

where fy, is defined by rys ¢(f) = fx = @y, fw Jor f € Vp(x). Here
the decomposition is by Corollary 1.20 above and the coset representa-
tives w are chosen (without further mention) as in Lemma 1.19.

Proof. This is an immediate consequence of the fact that

(2.3) fn=> RyoTyf

and hence

(i, 400@N)n = 3 Ras 0 Tuic, a(0)(a) f
- §36‘/2<a)(wx>(a>RM o Tuf
- iiG,Au)N(a)RMo Ty
= o A(OW(@) fr

LeEMMA 2.4. If the image of f € Vg(x) under the Jacquet functor is
fv = @weW/WM fw € Va(x)n and the image of ' € Va(x~') under
the Jacquet functor is fyy = @yeww, fu € Va(x~Yn then

(st f]lV>N= z C('LU,M, X)(fwaf'l:)>M:
weWw/wW,,

Jor some constants c(w, M, x) (to be determined later) and where
(u, Wy :=/ u(k)u'(k)dk .
M(F)NK

REMARK. We remark that for our choice of Haar measures, if u, u’
eZ (M, MNK) then (u, u')p =u(l)u'(1).

Proof. 1dentify Vp(x)y withthe M-module @ycpw ia,m(w .
As vector spaces, any bilinear pairing on
Ve(x)n x By(x~ )N

is of the form

<Z’ ZI) = Z aw,w'<z’w’ Z;;’)Oa

w,w'eW|W,
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where the a,, ,,+ areconstants, z =(zy|w € W/Wy) € D in, 4(wy),
Z' = (2, |w' € W[Wy) € By im,a(w'x™"), and (zy, z,,)o denotes
the pairing on VM (x) = ipr, 4(x). Using (2.1), we want to show that
Ay =0 1if w#w'.

Suppose not: if a,, , # 0 for some w # w’, choose z to be such
that every component is zero except z,, and choose z’ to be such
that every component is zero except z, .. We have

™,6 06, A(X)(@)i, wy):z— 82 (a)(wy)(a)z,
and, of course, (w; x~!)(a) = (w’'x)(a)~!. In particular,

(rm,coig,a(X)@)z, 2') # (z, v, 0 ig, a(x ) (@)Z"),
for a € A=(¢). This is a contradiction. ]

The following result generalizes Macdonald’s formula (for split
groups). An analogous result is in [W, Lemma 1.3.1]. The proof given
here, which is more of a verification than a derivation, is different
from that in [W] in that we use Macdonald’s formula (twice, in fact)
to evaluate the coefficients instead of a direct calculation.

LEMMA 2.5. Let x beasin (2.2), f € Vg(x), and f" € Va(x™!).
For a € A= (¢), we have

(g, a()@)f, f)
= > cw,M, )" (a)(wx)(@){RmoTwf, RmoTuwf)u,
weEW[W,,

where € > 0 depends only on the level of f, f'. Here c(w, M, x) is
given by
1 c(wx)
o O el () em (@)

In particular, if M = Cg(A) then

_ 1 C(wy)
cw, 4, 2)=0 cw(X)cw(x™1)’

as in [M] (for f=®k , and ' =Pk ,).

REMARK. Suppose that f is bi-invariant under Ky C K and f" is
bi-invariant under K C K. We will use the fact that we may choose
¢ > 0 once and for all with the property that the analogous identity
holds true (with this fixed value of &) even if G is replaced by a
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Levi M and f is replaced by f(w, k) := iy 4(wx)RuTyw f, where
w e W/Wy and k € K are arbitrary.

Proof. The identity itself, modulo the evaluation of the constants,
follows from Lemmas 2.2 and 2.4. To evaluate the constants when
M = Cg(A), take f =Pk , and f' = CDK,X_I (in the notation of
[Car]). Then (i¢, 4(x)(a)f, f') =T,(a), by [Car, p. 151]. Moreover,

wa = qu)K,x = cw(X)(DK,wx ’
and
Tuf = Tu®g -1 =cw(X™)Pg yy-1
by (1.8), so by the remark following Lemma 2.4, the identity becomes
Ty@) =Y cw, 4, )é(a)(wx)(@)(wx™" ) @)ew(X)cw(x™").
wew

Comparing this with Macdonald’s formula (1.9) gives the result
claimed when M = Cg(4).

In general we must proceed as follows. Taking f, f’ as above, we
find that

T@)= 3 cw, M, )is,s)@Tu®y , To®¥ )y
weWw /W,

= Y cw, M, )TY (@) cM(x)eM ()
wew|w,,

=d6(a)'? Y (w'r)(@)c(w'y).
w'ew
The last equality is just Macdonald’s formula for G. On the other
hand, Macdonald’s formula for M states that

Ty (@) = om(@)'? Y (vwy)(@)eu(vwy).
veW,,
Plugging this into the above equation gives

Ty(a)=u(a)'?Qy D cw, M, )
weW /W,

x Y (vwy)(@)euvwy)ed (x71).
vEW,,
Comparing these two equations gives
c(vwy)
em(vwy)ef (el (x=1)”
for any v € W/W,,. Taking v = 1 gives the lemma. O

c(lw, M, x)=
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LEMMA 2.6. Let x, x' be two regular unramified characters of A(F)
andlet ue Vg(x~') and v € Vz(x'~'). Forall a€ A= (g), with ¢ > 0
as in (2.5),

/K i, 4((&)Px., Walic, sX)(&)Pk W) dg
a
=meas(KaK) > cyla,w, x)emla, w', x)
w,weW|W,,
x (u(w, x), u'(w', *))g,
where u(w, g) = (ig. 4(x)(@)RuTu®x 4, RasTwn(g)tas

Proof. Using Lemma 2.5, we have

/K i, 4(0(&)9x . Walic, 4 &)k - W) dg

= meas(KaK) [ (ig.4(1)(@)@s 1. k)
x (i, A(X'N@)@k v, n(k)W')gdk
= meas(KaK) Z c(lw, M, y)
w,w' eW|W,,
xc(w', M, x') /K(iG,A(X)(a)RMTw(DK,x » RuTwr(k)u)p
X (ig, 4(X V@) Ry Ty Px s Ry Tyn(k)u )y dk,

where 7 := iz 4(X)lk = ig,4(x")|k is independent of (unramified) y .
Plugging Casselman’s (1.8) into this, we find that the above equation
equals

d(a) meas(KakK) z c(lw, M, x)
w,w'eW[W,,

x c(w', M, x")ew()(wx)(@)e, (X)(w'y)(a)
x /K (Ry®x wy» RurTwn(k)d)as
X (Ry®x o 4 » RuTyym(k)u")pr dk .
Putting these equations together gives the desired result. O

A truncated inner product of matrix coefficients. Let T € &, g and
assume that d(7T) := inf,cA(T', @) is positive, so T belongs to the
positive Weyl chamber. The set
(2.7)  (T) = {a € X.(4) modvs(Z(G(F))(a, a) >0,

(@¥,a-T)<0, VaeA},
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is obviously finite. By (1.4), we may choose T as above so that
v (A (T)) C 47(e),
where &4 (T) = v (A™)—Zy(T). Define G(T) := KVZI(%(T)C)K C
K.A7(e)-K
Using the bijection (1.5), we define
2.8) JT(x,x,u,u")

= ) / (i, 4(X)(8)Pk,x» )G
acv; ((T))
x (i, A(x')(&)Pk 4> U")cdg.

Before calculating this, we need the following

LEMMA 2.9. Let y be a regular unramified character of A(F) and
lee T=3% T,a" € X.(A) C Ly r beasabove. Foreach subset w C A
with corresponding parabolic P = P,,, there is an entire function of x,
denoted F,, 1(x) = Fp,1(x), uniformly bounded on the support of the
Plancherel measure (1.7), such that

Z x(a) = ZFw,T(X)H(I_X(aa))—I

aev, ' (¥,(T)) wCA atw
= [T = x(@))™" Y Fo,r(0) [T (1 - x(aa))
a€A wCA zéza
=60 Y. Fpr() [I (1-2(a0)),
PP acA-A,

where 0 is defined in (2.13) below. (Of course, the zeros of Fy. r(x)
cancel with the poles of [1,e.,(1-x(as))~", since v (4(T)) is finite.)
In fact, Fy, 1(x) may be written as

Fo,7(x) = [[ x(@a)™Fu(),

where F,(x) is independent of T .

REMARK. The statement of the lemma remains true if we replace
VZI(MA(T)) by A~(1), provided the sum is defined (either y is in
the product of half-planes where the sum converges absolutely, or, if
x belongs to the complement of this region define the sum by analytic
continuation). In this case, the poles of this meromorphic function of

x are precisely those of [],..,(q — x(aa))~!
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Proof. First consider the part of 1/;1 (Z4(T)) away from the walls:
Z4(T)reg = {a € Xi(4) modv(Z(G(F)))|
(a,a)>0,{",a-T) <0, VaeA}.
We can assume x(a) is of the form

x@@) = [[ ¢ =[] ¢,

a€A acA
where Res, < 0. In this case, one can see directly that

> x@=Fy () [J(1 - x(@)™",
aev'(#,(T),,) a€A
where Fj 7(x) is a polynomial in the x(a,). Now let
Hy(T)w = {a € HZy(T)|{a, a) <0,
Vaew, {(a,a) =0, VaeA-w},
$0 y(T)p = (T )reg and
(2.10) Sy(T) = [ [ (D)oo
wWEA
In each case, one can see directly that

(2.11) > x@=Fur(x) [T(1 - x@@)™",
acv; (#(T),) acw
and the result follows. O
From [M, Proposition 3.2.15] we find that, for a € 47 (1),
(2.12) meas(KaK) = d(a)"'1Q,,
where Q, = Q, € Z is constant on each Vgl(,sa&(T)w) . The case of

the above lemma which we will need is the following. Assume that
X, x' are unramified regular unitary characters of A(F). Then

> > (wx)@)(w'x')(a)Qa,

acv; (H,(T)) w,w'eW

equals
(2.13) Yo bwxw' )M Y QpFp, r(wxw'y)
w,wew PP
x I (1-(wxw'x') (@),
aGA—AP
where

00 = [1(1 - x(a0)) .

a€A
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PROPOSITION 2.14. Assume that x , x' are unramified regular char-
acters of A(F), that ue Vg(x~'), W € Vg(x'™'), and that T € 4 g
is chosen as above (depending on G and the “level” of u,u'). We
have

I 2 u,w)= Y CT(x, X', w, w)Twu, Tyi)s.
w,w'ew
If T € X.(A) is chosen sufficiently regular as in Lemma 2.9, then
CT(x, x',w, w') may be effectively calculated using Lemma 2.9 and
(2.13). In any case, CT(x, x', w, w’') is meromorphic in x and x'
and has no poles on the support of the Plancherel measure (1.7). (Note
that the sum here is over W and not W/[W)y.)

REMARK. We only indicate below the formal derivative of the for-
mula, referring the proof of the statement about the poles and mero-
morphicity to Lemma 2.9 and (2.13).

Proof. The proof is by induction on the semi-simple rank of G.

If the semi-simple rank of G is O then G is a torus and the result
follows immediately from definition (2.8), (2.12), Lemma 2.6 and the
case of Lemma 2.9 mentioned in (2.13). Indeed, in this case

v (a(T)) = vy (y(T)°)
s0 (2.12) gives
(2.15a) > S(a)(wy)(a)(w'y')(a) meas(KaK)
acv;(&,(T))
= Y (wx)(@(wy)a)Q4.
aev; ' ((T))

By (2.13), this is

(2.15b) > QuFo,r(wxw'y) [T (1 - (wxw'x)(aa))™" .
wCA aEw
Putting these together gives
TP u, )= > / (i, 4A(X)(8)Pk x> U)G
aev; (s, (1)) T KK

X (ic,4(X')(8)Pk > U)cdg
= Y Y. emla,w, Yeu(a, w', X){Twu, Tyu)e,
w,w'eW aev;(#,(T))
by Lemma 2.6.
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Now suppose that the semi-simple rank of G is greater than zero.
By the induction hypothesis the result holds true for all proper Levi
subgroups of G.

Let D C v4(Z(G)) ® R be a subset invariant under translation by
vy(Z(G)),let T, U € &4 g be such that d(U —T) > 0 with T as
above. Let (M, D, T, U) denote the characteristic function of the
set of X € % g such that

XgeD,
(a, XMy>0, (&, XM)<(a,TM), VaecAM,
(a, Xp) > (o, Tyr), (&, Xpr) < (&, Uy, Va e A9 — AM |

Let Ip(X) equal 1 if X; € D and equal O otherwise. Observe that the
statement and proof of [W, Lemma II.3.1], in the context of GL(n),
is valid without change for the more general class of groups G used
here. Multiplying both sides of the equation in [W, Lemma I1.3.1] by
Ip we obtain the following equation (see also [W, p. 15]):

&G,D,U,U)= Y &M,D,T,U).
McCG

We will use the same notation for the pull-back of &(M, D, T, U)
to A(F) via v4 in (1.4).
Let

216) JF (x, ¥ u, )= Y / (ig, 4(X)(&)Px 1 » UG
o KakK
acv,; (¥,(U))

X (ic,4(x")(&)Pk 4 » W)cdg

= X80, 0,0, 0)a) [ 6.0} &)x. W

X (i, 4(X')(&)®Pk 4> U)cdg
=Y ¥ [ o a0@®r.y. 1)

MCG ged-
x {ic, 4(X')(&)®Pk 4 » W)cdg-&(M, D, T, U)(a)
(

= ML 2w,
MCG
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where each JDT ’U(M , X, X', u,u), defined by the identity above,
depends on T and U but the sum over M of them depends only on

U.
To verify the proposition we calculate the JDT ’U(M s X X u, )
inductively. We consider the cases M = G and M # G separately.
Case M = G . In this case there is no dependence on U :

217 JL VG, x, X', u, o)
= Z /KaK(iG,A(X)(g)q)K,X, u)g

acA”
X (iG,A(X,)(g)q)K,x' ’ u’>G dg'é(Ga D, T’ T)(a)

=I5, X' u, u).

Case M # G. In this case the semi-simple rank of M is strictly
less than that of G, so the induction hypothesis is applicable to M .
Suppose X € ap is such that é(M,D, T, U)(X) = 1. For each
o € X6 — IM with a > 0 there exists a g € A — AM sych that
a— f is a positive root, so (a, X) > (f, X). We thus have (o, X) >
(B, X) > (B, T). With T chosen sufficiently regular, Lemma 2.6
gives

(2.18) /K o, a0 (&)%x . Welic, )&, - ¥)od

= ) vol(KaK)
w,w'eW|W,,

x fK (iG. 4(wX)(@RuPk wy, Ry Twrt (k)Y ps
X (ig, 4(@' 1) @Ru®g o 1> RuToym(k)u")ay de

= Z vol(KakK)
w,w'ewW|W,

x [ o, AW @D 4w, )
% {ig, 4 1) @My ., W', k) dk,

where u(w, k) := Ry Tyn(k)u. Concerning the integral in this last
expression, reversing the reasoning in the proof of Lemma 2.6 above
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gives
(2.19) /K (g, 4w @M, | u(w, k)
(ig, A(wx’)(a)dD wiy ¥ (W', k))ydk

/ / (g, 4w a) w(w , k) pr
(lG,A(w )(a)CDKM,w,X, , '(w’, hk)pdhdk
= dp(a) " vol(KMaKM)~1
<[t D@, W, )
X (iM,A(w'x’)(m)QJI‘gM’w,x, , W', k) ydmdk.

(This is the analog of the calculation on [W, bottom of p. 16].) We
will now show that this last expression is the integral over K of the
summand of Jg’U’M(wx, w'y', u(w, k), u(w', k)), where D' will
be defined below. This inner product

T UMy, w'y, u(w, k), u(w’, k)

is an M-analog of our original inner product, so the induction hy-

pothesis applies.
In more detail, by (2.12) there is a constant c;; independent of a

such that
cudp(a)d(a)~! = vol(KaK) vol(KMakM)~!
Now plug (2.19) into (2.18) to get

(2.20)
J5UM, 2, 1, u, )

—or Y /K[Z{(M,D,T,U)(a)

w,w'eW|W,, acAd”
; M
X /KM“KM(ZM,A("UX)(’")‘DKMW  u(w, k))y

X (ing, (W' XN M@ o W (W', K)ardm | dk.

Denote by D (T, U) the set of X € &7 g such that
X¢eD, (a,X-T)>0 and (&, X-U)<0, VaecAC-AM.
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We have ([W, p. 17])
(2.21) EM,D,T,U)=EM(M,Dy(T,U), T, T),
which gives our D’ mentioned above. Putting together (2.20), (2.21),
and the definition of the inner product integral, we obtain
JTUM, 3, u, )
=Y, /JD . oywx, Wy, w(w, k), w'(w', k) dk.
w,w'eW/W,

Note that the T chosen above depends only on G and the “level” of
u and u'. We want to apply the induction hypothesis with u and
u' replaced by u(w, k) and u'(w’, k), but with the same 7. To
check that this is valid it suffices to check that the level of u(w, k)
and u/(w’, k) in M is not worse than the level of # and #' in
G. Since W is finite, K is compact, and u, ¥’ are supported in
some fixed compact set, we may fix 7 so large that the induction
hypothesis applies to #, ¥’ and all the u(w, k), ' (w’, k). Applying
the induction hypothesis to JDTM(T,U)(wX s wy', u(w, k), vw', k),
we obtain

(2.22a) J3 UM, x, 2, u, o)

—ar Y [ X Chwrwr v

w,w' eW[W,, v,v'EW,,
X (TMu(w, k) THu (W', k) dk.
In fact, since u(w, k) := Ry Tyn(k)u it follows that
/ S (TMuw, k), TMU W', kY dk = S (Tyu, Tyu')g
v,V GW’ v,V EW’

where ¢ = wfwMvw, ¢ = wfwMv'w', and wM denotes the
longest element of W), (see [W, p. 17, egs. (2), (3)]). Therefore,
(2.22b) J3 UM, x, X, u, )

=cy Z CiV(w, v')(Twu, Tyw)cdk,

w,w'ew

where C1:Y(v, v') takes the form

(223) Cyy¥(v,v) = eu (=)™ 37 x(M)@ralt, ', v, V).
acA”
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Here y,(x, x', v, v') is meromorphic in ¥ and y’, having no poles
on the support of the Plancherel measure (1.7), and y(M) denotes
the characteristic function of the set of a € A~ such that

vq(a)g €D,
<C¥,I/A(a)M—TM>>O, (d>VA(a)M_UM)>O’ vaEAG_AM9
(&, vg(@™ - TM) >0, VYaecAM.

Collecting equations (2.16), (2.17), (2.22), and (2.23), we get

(2.24)
Ip Vs 1w, W)
=J0YG, i x u, u)+ Y IV M, L W)
McCG
MZG
=JEGx uw)+ Y (Twu, Tyuhe Y, Cipl(v, v))
w,w'ew MCG
M#G
=y u, W) e Y, (Twu, Ty
w,w'ew
X Y vals x5 v, ) Y (1) M y(M)(a).
acA” %;g

Here is where we apply a combinatorial lemma. In the notation of
[Art3], we have

(2.25) x(M)(a)
= In(v6(a)6)T§(ve(a) = T, U = T)i"(vg(a) - T),
where 1p denotes the characteristic function of D and I'¢, (X, Y) =

rgl(X—Y)%M(Y—X). By [Morn, Lemma 13.1.3, lecture 13] (or [Art2,
§2]), we have

(226) D (=) My (M)(a)
McG
M#£G

= 1p(v6(a)6) (=)™ D[t (v4(a) - U) — tM(v4(a) - T)].

The function 1p(vg(a)g)tM (vg(a) — T) is the characteristic function
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of v;'((T)°). From (2.25) and (2.26), we obtain

> v, 1 v, v) Y (1) My (M)(a)
acA” %;g
= (_1)rk(G) Z 7a(X 5 X’: v, vl) - (—l)rk(G)
aev; ' (#,(U))
X Y, vax.x,v,v)
acv; ' (#,(T))
— (_l)rk(G) Z ya(x , X/, v, ’U’) _ (_l)rk(G)
aev; (#,(T))

X > valx, X, v, v).
acv; "(Z,(U))

Plugging these into (2.24), we obtain the proposition. Note that the
dependence on 7T in the final expression is fictitious since the left-
hand side depends only on U.

In fact, these sums can be rewritten using Lemma 2.9—see also
(2.13). 0

3. Integrating the kernel. The Fourier transform of a truncated or-
bital integral. Let

(3.1) G(T)= |J Kak,
aev; ' (4,(T))

and recall

(3.2) Ty(g 'he)
= (ig,4A(X)(M)ic, 4(X)(&)Pxk iG,A(X~1)(g)¢K,X—1)G-

We wish to calculate, for ¢ € C°(G), the Fourier transform
(3 Iae)= [ T [ elehe)dgdn
G(F) G(T)

- / Ty(g " he)p(h)dhdg.
G(T)xG(F)

The idea is to expand (3.2) into a double series using an orthogonal
basis and, for each term in the expansion, use the computations of the
previous section to evaluate (3.3).
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ProPoOSITION 3.4. Let T € X.(A) be as in Proposition 2.14 and let
X be unramified, regular character of A(F). We have

I(x, ¢)= lim o QT X w, v, ¢)f(wy/wx)!,

X'w,w’eW
independent of T(!), where 0 is as in (2.13), and
QT (x, 1", w, w', ¢)
=t Ty Ty, aA(O(OICT (X, 11w, wo(wy/w'y'),

in the notation of (2.14). The map ¢ — I(x, ¢) is an invariant G-
admissible distribution on G, in the sense of [HC). Moreover, if w #
w’ then

lim Q7(x, x', w, w', $)f(wx/w'y)" =0.
X =X

Proof of 3.4. The operator adjoint to
Tw: Va(x™") = Vgu(wx™)
is
Ty: Ve(wy) — Va(x),
SO
(3.5) (Twu, T, u')e=(u, TypT,w)g.

Let {u;|i € I} denote an (A(F) N K)-bi-invariant orthonormal basis
for Vg(x), {ujli € I} its dual basis for Va(x~!) (so(u;, uf)e = dij).
Expand

i6,a(0)(&)Px = D (ic, A(X)(&)Px x> i),
and |
i, 4™ )&k -1 = D (iG, alx ™) (&) y-rs )}
This and (3.2) give J
Lu(e™'he) = 3 lio.4(0)(8)%x . i)
:’(](EiG,A(X)(h)ui: u3)6lic, A(X")&)Pk 1> Uj)G -
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Plugging this into the definition of I7(x, ¢) gives

0= X % [ liean@®., u

aev \(F(T)) 1.J€l
X (ic, A(x "' )(&)Px 1> Uj)Gdg

x / () ig. a00) (s , u5) dh
G(F)

= > T, 7w, up)
i,jel

x [ io, ) hyus, w3) dh
G(F)
= > I 27t up, w)ic, a(0)(Duis )6

i,jel

By Proposition 2.14 and (3.5), this is

o> CTu Tt w,w)

1’161 w,w’EW

X (ui, Ty Tyui)e(ic, a(0) (@i, Wj)e

Since {u;}, {u}} are orthonormal bases,

S (ui, Ty T i) lic, a00@i, w6 = t1T Toyric, a(X)(H)]
i,jel

Collecting these results gives the first statement of the proposition,
except for the claim that the result is independent of T € X.(A).
Putting together Proposition 3.4 and the evaluation of the coefficients
CT(x, x',w,w’) in (2.13), we obtain the last part of the proposi-
tion. The claim that the result is independent of T follows from
Proposition 2.14.

It remains to prove the admissibility. From [HC, §14] it follows
that the distribution ¢ — tr[T;, T, ig, 4(x)(¢)] is a meromorphic fam-
ily of admissible distributions. Therefore, ¢ — QT (x, x', w, w’, ¢)
satisfies the G-admissibility property of [HC, §14]. Since I(y, ¢) is
the limit of a linear combination of the Q7 (x, ¥, w, w’, ¢), it also
satisfies the G-admissibility property. This proves the proposition
completely. O

Integrating the kernel. Let ¢ € C°(G) have supp¢ C Ggy. The
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support of the distribution

OIS (R

 f(g'hg)(hydgdh
G(F)'xG(F)

= [ f()®sh)dh
G(F)

= [ @ hph)dh,
G(F)

for f € CX(G), is compactly generated by a well-known lemma of
Harish-Chandra. Here, for & € G,

@y = [ olg~he)dh,

with respect to ordinary Haar measure on G(F)'. Let f € C*(G)
and let ¢ be any locally constant function with compact support in
G so that, writing

FG)'= |J KakK,
acA™ (1)

there are only finitely many cosets KaK which support f and ¢.
The following lemma is a corollary of a well-known lemma of
Harish-Chandra.

LeEMMA 3.8. Let ¢ be any locally constant function with compact
support in Gy and let [ € Z (G, K). There is a compact set Cy 4 C
G(F) for which f(g='hg)¢(h) # 0 implies g€ Cy 4.

For f and ¢ as above, by Lemma 3.8 we have

(39)  supp ( i . f(g“hg)¢(h)dh) c Kvg'(tu(T)K,

where T is sufficiently large and satisfies the conditions of Proposition
2.14. Fixsucha T =T(f, ¢) and let

(0= [ f(e  he)sh)dgdh,
G(T)xG(F)

so IT(f,¢)=1I(f, ). For f € #(G, K), the Plancherel formula
(1.16) gives

flehe)= [ FTye heyduto.

A4,C

From this we obtain the following “spectral expansion™:
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THEOREM 3.10. Let f and ¢ be as in Lemma 3.8, and T =
T(f, ¢) asin (3.9). We have

W= % fan

ev; ' (Z(T))

x / £ 0Ty (g™ hg) du(x)p(h) dg dh
.

4,C

- / PO, ) dulx).,
.

A4,C

where 1(x , ¢) is given by Proposition 3.4.

The Weyl integration formula states that

2
(3.11) /G oy VU= ZIWTl [ A meas(T ()

. d
></ v(g ‘tg)jf—dt
T(FNG(F)

where T runs over a complete set of representatives of non-conjugate
Cartans of G(F)! and Wy denotes the Weyl group of 7. Taking
f, ¢ asin Lemma 3.8, we have that [.#(c)dc = 0, for any regular
non-elliptic conjugacy class C c G(F)!. Plugglng ¥ = f®, into
(3.11), we obtain the “geometric” expansion:

(3.12)  I(f,$)=Y WII/FI A(t)*® (1), (1) dt
T

I(Fr)

where @/ is the orbital integral of f as above.
The equality between (3.10) and (3.12) may be regarded as a special
case of Arthur’s local trace formula.
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