NONSPLIT RING SPECTRA AND PRODUCTS OF B-ELEMENTS
IN THE STABLE HOMOTOPY OF MOORE SPACES

JIN KUN LIN

Volume 155 No. 1 September 1992



PACIFIC JOURNAL OF MATHEMATICS
Vol. 155, No. 1, 1992

NONSPLIT RING SPECTRA AND PRODUCTS
OF B-ELEMENTS IN THE STABLE HOMOTOPY
OF MOORE SPACES

JINKUN LIN

This paper proves trivialities and nontrivialities of some products
of higher order S, elements in the stable homotopy of Moore
spaces. The proof is based mainly on properties of nonsplit ring spec-
tra K, (the cofibre of r-iterated Adams map with r not divisible by
prime p > 5) which are given in the rest of the paper.

1. Introduction. Let S be the sphere spectrum and M the Moore
spectrum modulo a prime p > 5 given by the cofibration S AN
M L 3S. Consider the Brown-Peterson spectrum BP at p; it is
known that there is a map a:X9M — M such that the induced BP,
homomorphism a, =v:BP,/(p) — BP./(p), g =2(p—1).

Let K, be the cofibre of o’ given by the cofibration
(1.1) SraM 2 M K, I sty
In [4] and [6], S. Oka showed that K, is a ring spectrum for » > 1;
if r =0 (mod p) it is called a split ring spectrum since K, A K,
splits into four summands K,, XK,, X9t'K,, 92K, If r £ 0
(mod p), it is called a nonsplit ring spectrum since K, A K, splits only
into three summands K,, XL A K,, /92K, , where L is the cofibre
of ¢ = jo"i€emn,_S.

In the nonsplit case, S. Oka showed in [4] that there is a direct
summand decomposition

(1.2) [Z*K,, K,] = Mod @ Der ® Mod &

where Mod consists of right K,-module maps, Der consists of ele-
ments which behave as a derivation on the cohomology defined by
K, and 6y = ilijj. € [E"92K,, K,]. Moreover, Mod is a commu-
tative subring, ker{(i,i)*:[Z*K,, K;] — 7.K,} = Der & Mod J, and
(iyi)*:Mod — n.K, is an isomorphism.

One of the most important properties which are shown in [4] is
0'f — f6' € Mod for any f € Mod, ¢’ = ij. € [~ 'K,, K,] and
the commutativity ¢’ f? = fP¢’ for any f € Mod having even degree.
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This has been found very useful in the detection of higher order B,
elements in .S (cf. [8]).

From [8] and [9], there exist f; € Mod N [Z*K|, K] for p > 5,
s<p"if ptt>2ors<p"-1if t =1 such that the induced
BP, homomorphism (fs). = vépn, Biprs) = JsSsis is known to be a
B-element in [X2*M , M] such that

By s € Ext!*M = Extg;i sp(BP., BP.M)

converges to S, /51 € T.M in the Adams-Novikov spectral sequence
Ext**M = n.M .

In this paper, we will prove the following trivialities and nontrivi-
alities of products of B,/ elements in [Z*M, M].

THEOREM 1. Let p > 5. The following relations on products of f3-
elements in [X*M , M) hold-

(1) Bikip'ss) Buprysy =0 for s<p" if ptt>2, s<p"-11ift=1
and k # -1 (mod p).

(2) ﬂ(ktp"/s)éﬂ(tp"/s) =0 for s < pn—l if p ft>2,s< Pn_l -11if
t=1 and k# —1 (mod p), where 6 =ij€[Z"'M, M].

(3) Bap 0 Biaprss) = —Buap” 10 Biapmys) if one of the following con-
ditions holds

(i) s <min(p" !, p"Yifptt>2and pta>2.

i) s < min(p” = ,p" =1 ifptt>2anda=1.
(iii) s <min(p" ! —1,p"™ VYift=1andpta>?2.
(iv) s<min(p" ! -1, p" ' -1 ift=a=1.

(4) Suppose that s <p" if ptt>2or s<p"—1ift=1, r<p™
ifpta>2orr<p™-1ifa=1; then

Biapm ) - Biepr1s) 95 Biapm1r0 Biuprysy) # 0

if r+s5>p"+p" ' and one of the following conditions holds:
(1) m=n, a+t=0 (mod p).
(i) m=n-1, a#1 (modp).
(i) m<n—-1, a# -1 (mod p).

(i

Theorem I is proved by using some results on nonsplit ring spectra
K, given in S. Oka [4] and some results on Ext'**M/ given in Miller
and Wilson [1]. The proof also needs some further properties of K,
which are not in [4], mainly the following fact on commutativity of
some elements in [2*K,, K,].
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THEOREM II. If r £ 0 (mod p) and g, f € ModN[2*K,, K,], then
g7 (B0 f? = 1780) = (~)/Mel(3o /7 — f50)g”

and &y fl’2 = fl’zéo if f has even degree, where &y = i,ijj. is the

unique generator in [E~"972K,, K,]. If r = 0 (mod p), 8o f? — fPdy

belongs to the commutative subring &, of [X*K,, K,] and the above
two equalities also hold.

The proof of Theorem I will be given in §2. In §3, we first recall
some results on K, given in [4], then develop some further technical
results on K, and prove Theorem II. ’

2. Proof of Theorem I. From [8] and [9], there exists f €
[ZP'e+DIK K] for s<p" if ptt>2o0r s<p"—1if t=1
such that the induced BP, homomorphism f, = vép":BP* /(p, v§) -
BP./(p,v]). We may assume f € Mod (or f € %, incase s =0
(mod p)) since the components of f in Der and Mod Jy induce
the zero homomorphism. Then jifis = B,r/s) € [E*M, M] and
Bikep 1) Buptss) = JeS* i Ji S 1.

Recall that ¢’ = i)’ € [E%9"1K;, K] and d¢'f — f0' € Mod.
From commutativity of Mod, we have f(é'f — fé') = (0'f — fo')f
or equivalently 26’ —4¢'f? = 2(f*6' — f6'f). Composing f with the
above equation, inductively we have

f8 -8 =rfa -, r21,
and f%6'f = i (6 fFH1+k fA+16") if welet r—1 =k # -1 (modp).
SO0 Bk /sy Biupss) = jLfk8' i’ = 0; this proves Theorem I (1).

(2) From [8], there exists [ € [ ®+)4K,, K] such that the
induced BP, homomorphism f, = vép"_ and f € Mod. Hence
2= vf and By 0Burssy = JefPiijiifPi = ji P80 fi.
From Theorem II, f?(3of? — fPdy) = (dof? — fPdy)fP or equiva-
lently f226y — 6of% = 2(f%#Jy — fP6,f?). By induction we have
[P0 — 6o f™ = r(fPdy — fr~VPGy fP) for r > 1. Thus

R e (L LAMLE S TAED

for k #—1 (mod p) and s0 B,y 50 Bpr/sy) = JsS*P00fPi; = 0.

(3) In all cases, there exists f € Mod N [E?" @+D4K;, K,] and
g € Modn[Z#" 'e+)aK | K,] such that f, = vé"n_l and g, = vf”m_l
Then By /50 Biiprys) = Js&PisijjsfPis = js&P o fP s .
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From Theorem II, g?(JofP — fPdy) = (0o fP — fPdy)gP or equiva-
lently gPdf? + fPoog? = 6o fP g7 + &P fPdo . Hence Bgpm /)0 Bi1pr /sy +
Btp" 150 Biapm sy = Js(8700SP + fP0g?)is = 0.

(4) From [4, p. 422], ij!: Ky — ES‘I“K, induces a cofibration

wsag, Yy K, s K S wsari g
which realizes the short exact sequence
0— BP./(p, v]) == BP./(p, v[**) = BP./(p, v}) = 0

such that y, = v{ and then induces Ext exact sequence

o Extbotsag, Yo pxibotg, o Lo Extho UK

(U) Extkt! t—qu — ...

where we briefly write Ext**X = ExtBP pp(BP., BP,X) and (i,j)«
as the boundary homomorphism. Moreover we have (cf. [8] (3.23))

g o s g y _r
Yrortsly = Lrps@ s Pras,slrys = gy JsPrs,s = O Jpyse

Note that the behavior of ., p., (i}ji)« in the above Ext exact se-
quence is compatible with that of y, p, ilj; in the cofibration, i.e.,
we also have w,(i})« = (I;45)xv], Px(ir4s)s = (i5)« in the Ext stage,
where (i'),: Ext**M — Ext**K, is the reduction in the following
exact sequence

()EtktKr Etk+1tqu—+"'

Case (A). r+s = p*+p"!. Let g € Modn [Z*K,, K,] and
f € Mod N [Z*K;, K;] such that g, =v3? and f = 'uz . Consider
Bap /r)ﬂ(tp /s) — jrgirjsfi €M, M].

Suppose that jl.gi,j.fi, = 0; then gi,j;fi; = i,k for some k €
.M and the arguments below show that it yields a contradiction.

Since j;fisi € m.M is detected by € Ext! M, then i,j! fili €
n.K, is detected by

(l;‘)*(ﬂtlp"/s) = (i;)*(vf_lﬂtlp"/r-{-s—l)
= (l//] ’r)*i:‘(ﬁtlp"/p"—f-pn—l—l) (S EXtIKr.

From [1, p. 132 Theorem 1.1(b)(iii)],

o Exthotraps U Extkotag

/
tp" /s

iL(cy(tp™) = 200" ~P"" by € Ext' K,
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ny ;3 : ! 1
where c¢;(¢tp") in [1] actually is o o™ -1 € Ext'M and hy €
Ext'K, is the v,-torsion free generator. Hence i.j.fili € m,.K, is
n n—1

detected by 2t(l//1,r)*(v§p P hy) € Ext!K, .
Since g € Mod N [X*K,, K,] and (gili). = v € Ext’K,, then

gijifiti € m, K, is detected by the product

v 21y ) (0 P o)

= 26(y1 ) (VP ) £ 0 € Ext'K,

m n n—1
(if it is zero, then vy " 77 hy = (i|ji_,)«(x) for some x €

Ext0: @"+10"-p" )p+1a+ra g byt the group vanishes for degree rea-
sons, cf. [1, p. 140 Prop. 6.3]).

Hence i)k € n.K, and so k € n,M has BP filtration 1, i.e. k is de-
tected by some y € Ext' M and (i;)*(y)=2t(t//1,,)*(vgpm“""_pn lho);é
0 € Ext'K,. Thus (1,_)s(») = (pr,,-Dx(ip)+(») = 0 and y = v}"'y
for some ¥ € Ext!s@"+p"—p"")(p+a+apr

From [1, p. 132 Theorem 1.1], Ext! M is generated by vithy (u>0)
and v¥c(bp’) O<u<p’+p'1-1if ptb>2,0<u<p’if b=
1) additively, where Ay € Ext' M is the v;-torsion free generator and
c1(bp®) € Ext! M is the v,-torsion generator whose internal degree is
(bpS —p* N+ 1)g+q.

It is impossible for ¥ = vhg since then (i}).(y) = (i)«(v]~'y) =0
which yields a contradiction.

If ¥ = v¥c;(bp®) with u > 0, then y = v{~'y = v]z for z =
v;‘“lcl (bp®) and so (i})«(y) = 0 which yields a contradiction.

If ¥ = ¢;(bp*), then for degree reasons (bp — 1)ps~! = ap™ +tp" —
p"!.If m=n,a+t=0 (modp),then b=a+t=0 (modp)
which yields a contradiction. If m = n—-1 and a # 1 (mod p),
(bp—1)pS~ ! =(a+tp—1)p* 1 andso bp—1=0 (modp) if s<n,
a=11if s>n and a =0 (mod p) if s = n all of which yields
contradictions. Similarly, there is a contradiction if m < n — 1 and
a # —1 (mod p). Thus we have Bpm /) - Byprys) # 0 for r+s =
p" + p"~! and one of the conditions (i)-(iii) holds.

Case (B). r+s>p"+p"1.

Let u = (r +5) — (p" + p"!); then there are ¢ and d such that
u=c+d and c<r,d<s. From[6, p. 277 Lemma 2.4], d(i;) =0 =
d(j;). Moreover, Mod C kerd, so B,/ = J1&1rs Buprss) = Js S
all belong to ker d which is a commutative subring of [X*M , M].
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Since o4 ! fit0 = j'_,ps s—afisij , there exists /€ ModN[Z*K,_4,
K,_4] such that p; ;4 fiti=fi'_,i and f,= vé”" ; then o B,,n /50

= oo fi56 = ji_yfi_40 = Biipr/s—ad -
Suppose that B~/ - Buprs) = 0. Then

Bap™ jr—oyBiap*s-a)0 = Biap™ jr—oy@* Biipss)0
= —a? By /5y Blap™ jr-c)0 = @ Blap™ iryBiupr 150 = 0.

By applying the derivation d to the above equation we have
Bap™ jr—c)Bp"/s-a) = O which contradicts case (A) when one of the
conditions (i)-(iii) holds.

Hence we have B,m/Bprsy # 0 for r+5s > p" + p"~! and
one of the conditions (i)-(iii) holds.  Bipm/rBpr/sy # O implies
Biapm 119 Bpnjs) # O since by applying the derivation d to the equa-
tion ﬂ(apm/r)éﬂ(tp"/s) =0 we will have ﬂ(ap'"/r)ﬁ(tp"/s) =0. O

3. Structure of nonsplit ring spectra. In this section, we will develop
some technical results on nonsplit ring spectra K, and prove Theorem
IL

We first recall some facts on K, given in [4]. A spectrum X is called
a Z, spectrum if there are two maps my: M AX — X, my: XX —
M A X such that

(3.1) mx(iAly) =1y, (JAlx)myx =1y,

mymy =0, (iNlyymxy+mx(JAlx) = lyax,

where M 1is the mod p Moore spectrum and my is called an M-
module action of X . For Z, spectra X, Y, Z , we define d:[2' X, Y]
— [Z*1X, Y] to be d(f) = my(ly A /)y . If my is associative,
then d is a derivation, i.e.

(3.2) d*=0, d(fg)=(-1)d(f)g+fd(g)

for ge[Z*X,Y], f€[2*Y,Z] and degg =¢.

We briefly write K, , i), j. as K, i’, j'. Since pAlg =0:SAK —
S AK , then there is a homotopy equivalence M AK = KVXIK . From
[4, p. 432], there is an associative M-module action m: M AK — K
and m:XK — M A K is an associated element such that

(3.3) m(inlg) =1k, (JAlg)m=lg,

mm=0, (iANlgym+m(jAlg)=1yrk.
So (3.2) also holdsincase X =Y =Z =K.
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Let ¢ =o' € [Z9M, M] and ¢, = ja'i € myy1S, =1 Alg €
[Zr9-1K, K], then [4, p. 431 (5.14) and p. 432 Remark 5.7] showed
that

(3.4) o=ra" o, ¢i'=id¢p,

j’$ = _¢6j’9 550 = 6053
where 6 = ij € [Z°!M, M], & = i'ijj € [T 2K,K], a =
Mad) € [Z4K, K], o = A(dad) € [EZ971K, K] and A:[T'M, M] —

[Zr+1K, K] is defined to be A(f) = m(f A 1g)m. [4, p. 432 (6.2)]
also showed that

(3.5) d A lg =mom.
Then there is a homotopy equivalence
(3.6) KAK=KVILAKVIMHIK

where L is the cofibre of ¢; = j¢i given by the cofibration

(3.7) sra-1g b, g 1 I srag
and there exist

wKANK—-K, ppKAK—-3ILAK, us:KAK—Z9t2K
v3:K > KAK, vy:SLAK—>KAK, v:I?KKAK

such that (cf. [4, p. 433])

(3.8) (A) wu(@Aig)=m, (j'Algv=m,
(B) m(i' Alg)=("AN1g)(JAlk),
(J'Algva = (i N1g)(J" A k),
©) ("ANgua=m(j'Ng), wn("Alg)=({"Nlg)m,
(D) mrp=0, uv =0, wpr=0, pv,=I1.

Let us =jj'Alg, v3=1iiAlg, (A) and (B) imply

(3.9) (A uvy=1g, wpv=Ilg,
(B) mov3=0, p3,=0,
(O wvuz+vaps + v3u = Igak.
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Recall that &' = //j' € [E-"9-'K , K], & = i'ijj' € [E-"9—2K , K] and
0 =ij € [Z"M, M]; they satisfy (cf. [4, p. 434])

(3.10) do)=—1p, d(©)=0, d(d) =7
LemMA 3.11 ([4, p. 434 Lemma 6.2]). There exist elements
Ae[Z'K,LAK], Ae[E " 'LAK,K]

such that
(i) J"Alk)A=0d", A" Ag) =6,
(i) A= (" A1g)i'8, jA=67(j" Ak),
(i) (1 AJ)A= =" Ap)o)", AL Ai') = —i'8(j" A1),
(iv) AA = 26,.

THEOREM 3.12 ([4, p. 438 Theorems 6.5 and 6.6]). There is a choice
of (u, Uy, v, v,) such that

uT =p, Tv=v,
ol =~ +Au, Tvy=-v,+VA

and any such p is an associative multiplication of K, where T:K A
K — K A K is the switching map.

DEFINITION 3.13 ([4, p. 423 Def. 2.2)].

Mod = {f € [Z*K, K]|u(f A 1k) = fu},
Der = {f € [Z*K, K]|fpu = u(f N k) +u(lk A )}

That is, Mod consists of right K-module maps and Der consists of
elements which behave as a derivation on the cohomology defined by
K.

THEOREM 3.14 ([4, p. 424 Remark 2.4 and p. 423 Lemma 2.3]).
There is a direct summand decomposition

[Z*K, K] = Mod @ Der & Mod J

and ker iy = Der®Mod dy, [Der, Mod] C Mod, where iy =i'i:S —
K is injection of the bottom cell and (f, g] denotes the graded com-
mutator fg— (—1)/elgf.

By using Theorem 3.12 and (3.8) (A) (B) (D), we can easily check
that hv =0, hvy =0, hv3 =0 for h = u(d'Alg)+u(lxgAd')—d'u.
Hence it follows from (3.9)(C) that 6'u = u(d’' Ag)+u(lx Ad') and
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so 0’ € Der. From Theorem 3.14, [¢', f] € Mod for f € Mod and
in particular we have ' fP = fPo' for f € Mod having even degree.

Now we consider further properties of [X*K , K| which are not in [4].
Define

do:[Z°K , K] — [Z5+7912K | K]
to be do(f) = u(f ANg)v. dy has the following important properties.

ProposITION 3.15. (1) dy(dg) = 1x, do(gdy) = g for g € Mod.
(2) ker dy = Mod @ Der, imdy C Mod.

Proof. (1) From (3.9) (A),
do(do) = (o A 1x)v = u(l'i N 1g)(Jjj' AN g)v = 1k

and do(gdo) = u(gdo A 1)V = gu(do A 1x)v = g.
(2) It is easily seen that Mod C kerd, and for f € Der

do(f) =u(f N1k)v = fuv —u(lk A f)v
=—uT(lxk A flv = —u(f N lg)v = —do(f) = 0;
then Der C kerd,. On the other hand, if f € kerdy, let f = f; +
f» + f3d with f1, f3 € Mod and f, € Der, (cf. Thm. 3.14), then

0 =dy(f) =do(f30y) = f3 and so f € Der®Mod. imdy C Mod is
immediate. o

ProrosITION 3.16. (1) If h € Mod, u € Der, then hu € Der; in
particular, Mod é' C Der.

(2) do(d'g) = (-1)"*'d(g) + d'do(g), do(gd') = —d(g2), where
t =degg and g, is the component of g in Der in the decomposition
in Theorem 3.14.

Proof. (1) If h € Mod and u € Der, then hu = u(h A 1) and
up = p(uA1lg)+ u(lxg Au). Hence
hup = hu(u A1) +hu(lg Au)
=ulhuANg)+huT(1x Au), (uT = p from Thm. 3.12)
=uhunlg)+uh AN1g)T(1gx Au)
=u(hunlg)+uT(1gx A hu)
= u(hu A 1g) + u(l1g A hu)

and so hu € Der. Since ¢’ € Der, then Mod ¢’ C Der.
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(2) If g € Mod, then dy(£19') = u(£16' AN 1g)v = gu(d' Alg)v =
0. Since [d’, g1] € Mod, then dy(d'g;) = dp(g16’) =0.
Let g = g1+ g + g30p with g, g3 € Mod and g; € Der; then

do(0'g) = dp(d' g2) + do(d'g300)
=dy(6'g2) +0'g3 — (—1)' g30".

Moreover,

do(0'g2) = u(1x A" )vus(1x A g@)v + u(lx Ad"vaus(lk A g2)v
+u(lg A" )w3u(lx A g)v,  (cf. (3.9)(C))
= u(d' Ng)Trauy(1x A &)V,
(since 1st and 3rd terms are zero)
= —u(' AN (g Ag)v, (Tv,=-vy+vA)
= —m(IiN1g)J" AN g)u(lg A g)v,

((J' AN g)va = (ij" A k)
=-m('ANg) Ik Ag)v, (("Alk)u2=m@' Alk))
= (-)"*"'m(IyAg)m, (m=('Alk)v)
= (-1)"*'d(g).

Hence

do(6'g) = (-1)""d(g,) + 6’83 — (—1)'g36"
= (—1)"*'d(g) + &' (do(g);

note that d(g) = d(gy) + &30’ and dy(g) = &3 .-
The proof of dy(gd’') = —d(g) is similar. m]

ProrposiTION 3.17. If g € Der, then gé' € Moddy and d(g) €
Mod. Moreover, g € Mod ¢’ if d(g) =0.

Proof. Since g € Der, then gi'i =0 (cf. Thm. 3.14) and so gi’' =
nj for some n € n.K. n can be extended to 7 € [Z*K, K] such that
n=mni'i and 7€ Mod. Then gdé’' =7i'ijj' = 7dy € Mod Jy .

On the other hand, 77 = dy(77dy) = do(gd’') = —d(g), so d(g) €
Mod. Moreover, if d(g) =0, then gi' =7i'ij = —d(g)i'ij = 0 and
so g =gj forsome g e[Z*M, K]. Since gdy =0, then
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0=wu(1x A g)(1k Ado)v
= u(lx A g)vus(1g A do)v
+ u(lg A )vaua(1x Ado)v + u(lk A g)v3u(lg A do)v

= u(lx A g)vauar(1xk Ado)v + g

(u(1xg A g)v =0, u(1x Ado)v = 1k)
= u(lxg A 822 T(do A 1)V + & (Tv =v)
= — u(1g A 8)vaua(Go AV + u(1x A 8)v2Au(do A1)V + g

(u2T = —p2 + Ap)

=g+ u(Ik AgMA (1a(do Alk) = (I"j A Lk)(ijJ' A lk) = 0)
=g — u(g A lg)A (uT = pu, Tv, = —vy + VA)
=g - uEA LK) NgrA (since g = Z)')

=g - u@EA1k)(IA LK) AN 1g)A ((J' A g)va = (iJ" A 1k))
=g — u(giAlg)d’ ((J"A1g)A=").
Thus g =ud’, where u = u(gi A lgx) € Mod. O

ProrosITION 3.18. ¢ € Mod and there exists ¢ € Der such that

de)=¢.

Proof. Recall (3.4), ¢ = ra’"la’, where @ = A(ad) and o =
A(6ad) . Hence, it follows from im A ¢ Mod that ¢ € Mod.

From Lemma 3.11(i) and (3.4), ¢A(i" A 1g) = ¢6' = i'"6¢j’ = 0;
then ¢A = u(j” Alg) for some u € [Z*K, K]. Hence it follows from
Lemma 3.11(iv) and (i) that

2660 = $AA = u(j" A 1x)A = ud’

and so 2¢ = 2dy(¢dy) = do(ud’) = —d(uy) (cf. Prop. 3.16(2)). Thus
¢=d(e) if welet e =—4u,. O

ProrosITION 3.19. (1) If g € Mod and gé’' =0 (resp. 6’'g = 0),
then g =n resp. g = ¢n) for some n € Mod.

(2) If n € Mod, then n¢ = 0 if and only if n = d(u) for some
u € Der.

Proof. (1) Since gdy(j” A 1x) = gi'dj'(j" A 1x) = gi'j’/A = 0
(cf. Lemma 3.11(ii)), then gdy = 7(jdi A 1x) = ¢ for some 7 €
[Z*K, K]. Let 7 = m + ma + m3dg_with n;, 73 € Mod and 1, €
Der. Then gdp = 119 + 12¢ + 13609 and g = do(gdo) = do(m29) +
do(n300¢) . However, do(n3009) = do(n3¢do) = n3¢ (cf. (3.4)) and
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mé—(—1)'¢n, € Mod, do(n2$) = £do(¢n2) = 0 (note that ¢n, € Der
from Prop. 3.16(1)); then g = n3¢ with 53 € Mod.

If g € Mod and 6’g = 0, then gd’ = gé' — (—1)¢l§’g € Mod N
Mod ¢’ c ModNDer=0. So g = n¢ = +én for some 1 € Mod.

(2) dwypm=m(1y Auymem=m(1y Au)(¢ Alg)=m($ A lg)-
(1g Au)=0. Then d(u)p =d(u)pm(i A1g)=0.

Conversely, if #¢ = 0 for n € Mod, then n¢i'i = 0 = ni'ijpi
and so 7ni'ij¢ = uj for some u € n,K. u can be extended to u €
[Z*K, K] such that %i'i = u and % € Mod. Then #ni'ij¢ = ui’ij and
Uy = 0, U = do(udy) = 0. Hence ni'ij¢p = 0 and ni'ij = wi’ for
some w € [Z*K, K]. Thus ndy = wd’', n = do(ndyg) = dp(wd’) =
—d(w;), where w, is the component of w in Der, see Proposition
3.16(2). 0

ProrosiTioN 3.20. If g € Mod, then dy(dog) = g and dog — gdp €
Mod @ Der.

Proof.

do(d08) = u(do A 1k)(g A 1k)v
= p(bo AN g)Tvuz(1x A g)v + u(do A 1k)Tvaux(1x A )V
+ 1B AN g)Trau(lg A gy (cf. (3.9)(C))
= (7' Nx)(1k A g — u(do A 1x)vapa(lk A )V
+ (0o A g)vAur(1x A g)v
(since u(1x A g)v =0, Tvy = —vy +VA)
=g+ Au(1x Ag)v (since u(dg A 1g)va =0, cf. (3.8)).

Let h =dy(dpg) — g = Aur(1x A g)v. Then h € Mod and
J'h=jAu(1x A8 =6j'(j" ANg)pa(lk A g)v
=0j'm(j' ANg)(Ix Agv =3dj'm(ly Ag)m = j'd(g) = 0.

So 6’h = 0 and from Prop. 3.19(1) we have & = ¢g; for some
g1 € Mod, i.e. there is some g; € Mod such that

do(6og) — g =¢g and j'¢g =0.

Thus inductively we have g, gs+1 € Mod (s > 0 with gy = g)
such that dy(dogs) — & = Pgs+1 and j'dge1 =0 (s >0). It is easily
seen for degree reasons that g, ; = 0 for s large and so dy(dpgs) = &s
for some fixed large s.
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Since j'¢gs = 0, then ¢dj’gs = 0 (cf. (3.4)) and so 6/'gs = j'k
for some k € [2*K, K]. Hence dpgx = 0’k and g5 = dp(dogs) =
do(0'k) = +d(k) + 0'dy(k) (cf. Prop. 3.16(2)). Thus ¢gs = O since
¢d(k)=0 and $#6’=0 (cf. Prop. 3.19(2) and (3.4)). Hence dy(dogs—1)
— g_1 = ¢gs = 0 and inductively we have dy(dpg) = & .

Since dy(dpg — gdp) = g — & = 0, then dyg — gdy € ker dy =
Mod @ Der. O

Now we are ready to prove Theorem II stated in §1.

Proof of Theorem 11. Let f, g € Mod N [X*K,, K,] and r £ 0
(mod p). From Prop. 3.20 we may assume Jqf? — fPdy = hy + hy
with /#; € Mod and A, € Der. By applying the derivation d, d(h;) =
d(of? — fPdy) = 6'f? — fP6' = 0 (cf. Thm. 3.14). Hence hy = ud’
for some u € Mod (cf. Prop. 3.17). Hence

g"(60f? = f760) = %hy + g7’ = (—)/ 1\ (hy + u6)g?
= (=)VHel (S0 7 = 1750)8”
since g7 commutes with ¢’ and A;,u € Mod.

Moreover, if f has even degree, f?(dyf? — fPdg) = (9o f? — fPdg) fP
and by induction we have f%?8y—dyf*? = k(f*Psy— fk=Drg, fP) for
k > 1. In particular we have fp250 =Jdy fl’2 .

If r =0 (mod p), [6] showed that there exists 6 € [Z'K,, K]
such that 6, = ilij, j'6 = —ijj. and apart from the deriva-
tion d:[X°K,, K,] — [Zt'K,, K,] there is another derivation d’:
[Z°K,, K,] — [Z*+"9+1K,, K,] such that

d'(")=-1g, d'0)=0, d@)= -1g, d(d')=0.
Moreover, there is a direct summand decomposition
[Z*K;, K/ ] =% @ .0 ® 6.0’ ® %00’

such that %, = kerd Nkerd’ is a commutative subring (cf. [6, p. 297
Thm. 5.5, 5.6]) and 6 /P = fP§, &' fP = fP§’ for f € %, having even
degree (cf. [6, p. 298 Cor. 5.7]).

Hence 50=35', d(éofl’—fpdo):&’fp—fpé’=0, d’((SOfP—fPéo) =
0fP — fP5 =0 and so Oy fP — fPSy € kerd Nkerd' =%,. O
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