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We construct a vertex type state model in Turaev’s sense for the
multi-variable (non-reduced) Alexander polynomial. Our model is a
colored version of the 6-vertex free fermion model. To show the cor-
respondence of our model and the multi-variable Alexander polyno-
mial, we introduce colored braid groups and their Magnus representa-
tions. By using this model, a new set of axioms for the multi-variable
Alexander polynomial is obtained.

1. Introduction. In [1], the Jones polynomial V" in [9] and its higher
spin versions are directly constructed from some solutions of Yang-
Baxter equations. Let P be the HOMFLY polynomial in [5], [16]
and F be the Kauffman polynomial in [12]. Then these invariants
are both two-variable extensions of the Jones polynomial V. In [19],
Turaev constructs P and F from vertex type state models. Turaev
introduced an enhanced Yang-Baxter operator, from which we get an
invariant of links. He constructed enhanced Yang-Baxter operators
from the R-matrices in [7] and showed that the related invariants
are specializations of P and F. But this family does not contain
the Alexander polynomial, which is the most famous link invariant.
Deguchi and Akutsu [4] propose enhanced Yang-Baxter operators asso-
ciated with a family of link invariants, which includes Turaev’s family
corresponding to P and also includes the reduced Alexander polyno-
mial. We construct an enhanced Yang-Baxter operator for the Conway
potential function V. The potential function V is a version of the
non-reduced Alexander polynomial. As is shown in [6], V of a link
is defined uniquely as a Laurent polynomial in variables associated
with the connected components of the link. Kauffman gives an inter-
pretation of the multi-variable Alexander polynomial by using a state
model in §6 of [11]. In his model, there is no corresponding model in
statistical mechanics. On the other hand, as is shown in Remark 2.4,
our model comes from a solution of the Yang-Baxter equation, which
assures the solvability of a lattice model in statistical mechanics.

In §2, we introduce an enhanced colored Yang-Baxter operator. This
operator was introduced by Turaev [19] for non-colored links. From
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an enhanced colored Yang-Baxter operator, we get an invariant of links
with colored component. In Example 2.3, we give a colored Yang-
Baxter operator. The main interest of this paper is to investigate this
operator and related link invariants. This operator is a colored version
of the solution in [4].

In §§3-5, we construct a link invariant from a colored enhanced
Yang-Baxter operator by using Turaev’s idea. We can apply Turaev’s
method in [19] for our operator to get a link invariant. But the re-
sulting invariant is constantly equal to zero. To construct a non-trivial
invariant, we introduce a notion of redundant enhanced colored Yang-:
Baxter operator. In §6, we prove that our invariant is equal to the
Conway potential function. To show this fact, we need Magnus rep-
resentation of a colored braid group. Our invariant and the Conway
potential function are both related to the Magnus representation. They
are linear combinations of traces of exterior product representations
of the Magnus representation.

In §7, we give an “axiomatic determination” for the Conway poten-
tial function V. The Jones polynomial has a very simple, well-known
axiomatic determination. It is determined by the skein relation. Tu-
raev gave a set of axioms for V in §4.2 of [18]. But the Doubling
Axiom 4.2.6 in [18] is not a local relation. Local axioms for V are
discussed in [6] and [15]. But they did not succeed in getting a com-
plete set of relations for links with more than 3 colors. Instead of
Turaev’s Doubling Axiom, a new local relation is added to the known
relations. This relation is much more complicated in comparison with
the other relations and a simpler local relation is still needed.

2. Enhanced color Yang-Baxter operator S;. Let K be a field. We
extend the contents of [19], §2 for enhanced colored Yang-Baxter op-
erators. Let d(1),d(2),...,d(c),... be non-negative integers and
vy, y@ o ve, ... be d(1),d(?2),...,d(),...-dimensional
K-vector spaces. Let R >%): V) @ V(&) » V@ @ VE) (¢, c =
1,2,...) bea (K-linear) isomorphism. The set of operators {R(¢-%)}
is called a colored Yang-Baxter operator (or, briefly, a CYB-operator)
if it satisfies the equality

(2.1) (R@-%) @id)(id ® R %)) (R@%) g id)
= (id ® R %)(R€%) @ id)(id ® R€<).

This corresponds to the braid relation with colored strings.
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For f € End(V(Cx) Q- - @ Vi g V(Cn)) , we define an operator
trace Spy" " 26 (f) € End(V©) @ - ® V-0 by the following.
Let {vlc),. C)} be a basis for V(© for ¢ € {c;, ..., cy} and
let f i ,"" l‘ lj" denote the matrix element of f with respect to the
above ba51s 1.e.

fw (€)® ®v(€)) Z f-]l Jnet3dn (C)® ®v( )

n 12 n
1<j,<d(c,)
1<j,<d(c,)

For 1 <i; <d(c;),...,1<i,<d(cy), we put

@y s e e

- Tl een
1<j,<d(c,) - Tn-
1<j,_<d(c,_,)
1<j<d(c)

ExaMPLE 2.1. If n = 1, then the operator trace Sp(lc): End(V () —
K is the ordinary trace. Let n=2, d(c)=2 and feEnd(V @V (©);
then we have

o (R T
sz ()= 2 1, 2]
M+ B+ 5

DEFINITION 2.2. Let S be a collection of a set of CYB-operators
{R%)} (¢1,¢ =1,2,...), K-homomorphisms pu(©: V(© — p(©
and non-zero elements ac) and B in K (¢ =1,2,...). Then
S is called an enhanced colored Yang-Baxter operator (brieﬂy, ECYB-
operator) if the elements of S satisfying the following:

(1) Rlc.6) o (ﬂ(c,) ®ﬂ(cz)) = (#(cz) ®ﬂ( )) o R(¢:¢)

(2) SpSO(RE o (id @ 4©)) = a@pid; SpEI(RED) o
(id ® u(9)) = (al9)~1gid.

The collection S is denoted by S = (R€:%) ; ul©) | () gy,

ExamMPLE 2.3. Let ¢;,%,... be indeterminants and K =
C(t1, ty,...) be the field of rational functions in ¢y, ¢,.... Let
d(c) = 2 for all positive integers c. Fix a basis {0\, v{} for V(.
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Let

-1

(23) Re = EY @B + S —E Y @ By

CZ
le, (6,6 o 1(6:6) | (656 o p(656)
+}c_Ez,l YRLE LV HE L TRE
2
1 (e,6) o pl656)
_51.22’2 2 ®E2’22 1 s
2
where the symbol Elgc‘k’ %) denotes the homomorphism V() — V(@)

which transforms v to ’U]((cz) and transforms v\, with j # i, into

j
0. The inverse of R(¢i-%) is given by

i
(24) (Ree) = —E% Y @ B + B @ £

1
Ie (c,,c,) (c,,c,)
+iE1’22 1 ®E2’Il 2
1
=1 ee) - ey (€.¢) o pler16)
1 E2,22’ 1 ®E1 ,11’ 2 _tczEz’z2 1 ®E2,12 27

<

Let 49 = EfY - E{y), @ =1, BO = ;' and S = (R€%);
p© ol B)) . A simple computation shows that
(1) the set of operators {R(¢-%)} is a CYB-operator,

(2) Sy is an ECYB-operator.
REMARK 2.4. Let R(¢-%) be as above and R(€-%)(x) = R(¢-%)x —

(R@-<))~1x=1 for x € C\{0}. Then R(¢-%)(x) satisfies the Yang-
Baxter equation with spectral parameters

(2.5) (R (x) @ id)(id ® R %) (x)) (R %) (y) ® id)

= (id ® R %) ())(R> ) (xy) ® id)(id ® R4 (x)).
This solution is a colored version of the free-fermion 6-vertex model
(see, for example, [17]).

The main purpose of this paper is to investigate some properties of
the ECYB-operator Sy given in the above example.

3. Markov trace of colored links and colored braids.

DEFINITION 3.1 (colored links). A colored link is a pair of an ori-
ented link and a mapping from the connected components of the link
to N.
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Let B, be the braid group on n-strings and let oy, 05, ..., 0,_;
be the standard generators of B, . Let &, be the symmetric group of
degree n. Let 6: B, — &, be the group homomorphism sending o;
to the transposition (ii+1)€ &, for 1 <i<n-1. Then B, acts
on {l1,2,...,n} by 6.

DEFINITION 3.2 (colored braids). A colored braidis (b; ¢y, ¢y, ...,
cn) where b€ By and ¢y, ..., ¢y €N with ¢ =¢; for 1<i<n.

We denote by b the link represented by the closure of . Then the
above condition for the colors ¢;, ..., ¢, implies that the closure of
b has a coloring coming from ¢;, ..., ¢,. The connected component
of b containing the ith point at the top of b is colored by ¢;. We
denote by (b; ¢y, ¢3, ..., cn)” the colored link represented by b with
colors defined as above. We need Alexander’s theorem and Markov’s
theorem (Theorem 2.1 and Theorem 2.3 in [2]) for colored links and
colored braids.

THEOREM 3.3 (Alexander’s theorem for colored links). A colored link
can be represented by the closure of a colored braid.

Proof. For a colored link L, let » be a braid whose closure rep-
resents L as a non-colored link. For i =1,2,..., let C; be the
component of L such that the corresponding component of b con-
tains the ith point at the top of b. Let ¢; be the color of C;. Then
the closure (b; ¢y, ¢z, ..., cy)”~ represents L. O

DEFINITION 3.4 (Markov equivalence). Let B be the set of colored
braids and let ~ be the equivalence relation generated by the follow-
ing.

(1) Let by, b, € B, and (b1by; ¢y, ¢z, ..., Cn) be a colored braid.
Then

(biby; 1y casenn s Cn) ~ (B2bys Cp(1)5 o (2)5 - -+ 5 Cb,(n)) -
(2) For be By, let (b;c, 2, ..., cy) be a colored braid. Then

(bscr,Cryunscn)~ (bt e, ca, .. Cnycn).

An element of the set of the equivalence classes B/ ~ is called a
Markov class.

THEOREM 3.5 (Markov’s theorem for colored links). The closures of
two colored braids are equivalent as colored links if and only if the
colored braids belong to the same Markov class.
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Proof. Every step of the proof of Theorem 2.3 in [2] is compatible
with the coloring. O
Now, we define an invariant of colored links by using an ECYB-
operator S = (R-%) | u(©)  ald) gy,
DEFINITION 3.6 (colored braid group). Let
B,(,c‘ e G) {b&€Byl(b;cy,...,cn) is acolored braid}.

In other words, b € B,(f" 6 if Co(i) = Ci for 1 < i < n. Then

the set B,(,c"""c") is a subgroup of B, and is called the colored braid
group with the colors ¢1, ¢, ..., Cy.

(¢, ,.nsc) 1 (Cp=101y > Cy=1)

For by€B," "™ and b,€B,, we have by b b,€B),* 2,

For b € B,(,c"""c") , we define an element pch 1o Go) (b) in

End(V@ @ V@ g .- V(@) as follows. Let b = g; 0; ---g; . Put

b® =g;0; ---0;  and

k 1
(3.1) Ry = id® ) @ R shuen) @ id®=i=1),
Let p % (b) = RyR,--- R, . Then
p_(gc’ ’""c")(b) €End(V@ e r@e...@ V).

Since R(i-¢) satisfies the colored braid relation (2.2), the above defi-

nition of pS 22 6a) implies the following

ProrosITION 3.7.
pfgc‘ SR B,(,c' s Cy) End(V @ @ V@ ®...@ V)

is a representation of the group B,(f‘ )

DEeFINITION 3.8 (Markov trace). Let Spgc‘j’ %) denote the compo-

sition of operator traces of Spic"""c') , Spgilc ) ,S §C+1 )
1.e.

(c,, N (¢ seesC,_y) € sunsCy)
(32)  SplG; = gpl o)L gplaragple

for i > j > 0 and put
(3.3) TLS(»C‘""’C”)(b)

-1
—w" 12y
— ( H (a(c w (b) (H ﬂ(c) Spﬁf,o c,)
ce{c,, c}

C(PS D (b)) @ ue) @ - @ ul@))),
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where w()(b) denotes the number of crossings of b such that the
strings of the over path and the under path are both colored by c.
Then Té(f‘ ++%) s a function from the colored braid group B

to K. The function Téc”""c") is called the Markov trace of S.

PROPOSITION 3.9. The Markov trace TS(Cl %) ofan ECYB-operator
S satisifes the following.
(1) For b, € B,(,c"""c") and b, € B,, we have

T;Cbz(l) 5 eas Cbz(,,))(bz—lbl bz) — T‘S(<CI 5 e ’C,,) (bl) .

C yunsC C .
( ) yith Cn = Cpyi, We

(2) For b € B % bgt! € B

have
Téc"""c"’c"“)(blan) _ Técl,...,cn,cn+l)(b10’:1)
— Tévcl’m’c")(bl) (cn :Cn+1).

Proof. The proof of this theorem is similar to that of Theorem 3.1.2
in [19] and so we omit it. O

With Alexander’s theorem and Markov’s theorem for colored links
and colored braids (Theorem 3.3 and Theorem 3.5), the above propo-
sition implies the following theorem.

THEOREM 3.10. Let S be an ECYB-operator. Let Xg: {colored
braidy — K be the mapping defined by Xg(b;ci,...,cn) =
T. ;C“""C")(b). Then Xg induces an isotopy invariant of colored ori-
ented links.

ExAMPLE 3.11. Let Sy be the ECYB-operator in Example 2.3. Then
Ts, is an invariant of colored links. But this invariant is equal to 0
for all the colored oriented links because of Proposition 4.4 given later
and Trace(u(©)) =0 for ¢; =1, 2,.... So we need a new technique
to withdraw a non-trivial invariant from the ECYB-operator Sy .

4. Redundant ECYB-operator and modified Markov trace. To with-
draw a non-trivial invariant from the ECYB-operator S, , we focus on
a special property of Sy .

Let S = (R ; u©) o) B)) be an ECYB-operator. Fix pos-
(C: ;l""c") be the subalgebra of

itive integers n and ¢y, ..., ¢,. Let Ay
End(V(©)®---@V(%)) spanned by the image péc"""c")(B,SC‘""’c")). We
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regard A¢ s 1 as the one-dimensional subalgebra of End(V (<)) spanned
by the 1dent1ty element.

DEeFINITION 4.1 (redundant ECYB-operator). The ECYB-operator

S’ is called redundant if, for x € Af;i ;l"-’cn) :

C (€)5eesCp_y)

(4.1) Spy Y (x(1d® D @ u@)) € Ag

forall n > 1, ¢;,...,cn € N. Let (R, u, a, f) be an enhanced
Yang-Baxter operator in the sense of §2.3 in [19]. We regard this as
an ECYB-operator by putting R(¢:%) = R, u9 = u, o9 = o and
B = p. Wecall (R;u,a,p) redundant if the associated ECYB-
operator is redundant.

ExAMPLES 4.2. (1) The enhanced Yang-Baxter operators associated
with the Jones polynomial V' and its two-variable extensions P, F
in [19] are redundant.

(2) Let Sy = (R-%); u© o) ) be the ECYB-operator in

Example 2.3. Fix a positive integer ¢p and let S(()CO) = (R(%:%);
), ol% | ). Then S((f‘)) is a redundant enhanced Yang-Baxter

operator and the associated algebra A§§2 @ 2%) js a quotient of Iwa-
hori’s Hecke algebra. (See Proposition 5.1 and Lemma 6.11.)

DEFINITION 4.3 (modified Markov trace). Let § = (R(€>); ul©),
o), B)) be an ECYB-operator. With the notation in (3.2), put

(42) Ty (b)

-1
ST o) () s
ce{c,,....c,} k=1

. (pgcla,cn)(b)(id®lu Cz K- ®ﬂ Cn)))'

Then Ty (b) € End(V'(©)).
The definition of redundant ECYB-operators implies the following.

N

ProrosITION 4.4. Let (b;cy, .. ) be a colored brazd If the
ECYB-operator S is redundant, then TS h ) "(b) € End(V(©)) is a
scalar matrix. Moreover,

c,)

(4.3) T (b) = Trace(u@) T (b).
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DEFINITION 4.5 (modified Markov trace). For a redundant ECYB-
operator S, the mapping Téc"l’ w2 a) sending b € Bf,c"""c") to the
scalar T éc,ll’ ""C")(b) € K is called the modified Markov trace of S'.

THEOREM 4.6 (invariant of non-colored links). Let S = (R(-%) ;
u©  al) | B be a redundant ECYB-operator. Fix a positive integer
co and let S\% = (R%-%); pc), al%), &)Y, For b € B,, we put
X §c°i (b) = Téc,"l’ %) (b)Y, Then X éc"’l is an invariant of noncolored
links and

(4.4) XS (b) = Trace(u) X3) (b).

Theorem 3.10 and (4.3) imply (4.4). The claim of the above theo-
rem is that X éf"i is still an invariant of links even in the case
Trace(u(©)) = 0. The proof of this theorem is similar to that of
Theorem 3.1.2 in [19] and we omit it.

ExAMPLE 4.7. Let S; be the ECYB-operator in Example 2.3 and
fix a positive integer ¢;. Then X éj",)l coincides with the reduced

Alexander-Conway polynomial in variable #. . For details, see [4],
[13] and [14]. In [13] and [14], they use an argument about one-tangles

instead of the redundancy of Séc") .

5. The multi-variable Alexander-Conway potential function.

PROPOSITION 5.1. Let Sy be the ECYB-operator defined by Example
2.3. Then S, is redundant.

The proof of this proposition is long and so is given in Appendix
A. The next two theorems are the main results of this paper.

THEOREM 5.2. Let Sy be the ECYB-operator in Example 2.3. For
a colored braid (b; ¢y, ..., cy), let

(5.1) As, (b5 ety ooy Cn) = (te, — 1) T (B).
Then As_ is an isotopy invariant of colored links.

Proof. We show that As, is invariant for all the elements of a
Markov class of colored braids introduced in Definition 3.4. The
defining condition (2) of ECYB-operator implies that

(5.2) Aso(banil;cl,cz, s CnyCn)=Ag (bscr, sl Cn).
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The defining condition (1) of ECYB-operator implies that
(53) Aso(b; C1,Crycuny Cn) = ASD(O'k_lbO'k; cak(l) s eees cak(n))
for kK > 2. We show that
(5.4)  As(bscr,casnn s ) =Ag (a7 bayscr,c1,63, .00, Cn).
Since
Spiffﬁc‘ ’c3""’cn)(p‘(gc2’cl ’Ca’"-’cn)(al—lbal)(id®2 ® #(63) R ® ﬂ(cn)))
— (R(C2 ’Cl))—lspglc’lécz »Cy5 ...,Cn)
. (,quc' ,cz,c3,...,c,.)(b)(id®2 QUN @ @ pu))RE )
we have
Spizc,ziq ’Cs’""cn)(pgz’cx ’ca""’cn)(a-l'“lbo-l)(id ® ﬂ(Cl) ® ‘u(é}) R - ® 'u(c,,)))
— Sp(202 ’C')(R(CZ’CI))—ISp;C,léCZ seesC,)
. (pgl ’02""’Cn)(b)(id®2 Qu @ @ ul))RE-(id @ pl).
Because S is redundant,
Spy, 205" V() @ 4 @ - @ ) € AT
and so there are «, f# € K such that
S (p e (b)(1dB2 @ ) @ -+ ® ul))
=a+ BR(czacl)R(cl ,CZ) .
But actual computation shows that
Spgcl ’CZ)(id ® ’u(cz)) =0 ,
Sp(zc,,cz)(R(cz,cl)R(cl )(id @ u@)) = te, — tc—ll
and
Sp(zcz,C‘)((R(cz,cl))—lR(cz,cl)R(cl,CZ)R(cz,cl)(id®‘u(cl))) =1t - tc—21 )
Hence we have (5.4). O
THEOREM 5.3. Let Sy be the ECYB-operator in Example 2.3 and let
A, be the invariant of colored links in Theorem 5.2. Then As, s equal

to Conway'’s potential function, which is a version of the multi-variable
Alexander polynomial.

The next section is devoted to the proof of the above theorem.
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6. Magnus representation of colored braid groups and the multi-
variable Alexander polynomial. To prove Theorem 5.3, we use the rela-
tion between the multivariable Alexander polynomial and the Magnus
representation of the colored braid group Bf,c‘ %) In this section,
we focus on this relation. In Chapter 3 of the book [2], the Magnus
representations of braid groups and pure braid groups are discussed.
We reformulate them for the colored braid group B,(f‘ vaCa)

Let F, be a free group of rank », with generators «a;, ..., a,.
The braid group B, acts on F, by
g;-aj= aiai+1a,~—1 s OicQig] =0y,

(6.1) e,
ogiraj=a; fj#i,i+1.

This induces an action of the colored braid group B on F,

since B,(,c‘ 6) s a subgroup of B, .

DEerINITION 6.1 (Fox’s free-differential calculus). Let KF,, denote

the group rings of F,, over C. Foreach j=1, ..., n thereis a linear
mapping
9 :KF, — KF,
da;
given by
0 , ¢

,
~1)/2
(6.2) e a;! af:) = Zekéik,ja?l‘ ---aE—f" u ,
k=1

where ¢, = £1 and 51}(,1 is the Kronecker 6, where 6;j =1 if i =
and 6;; =0 if i #j.

Proposition 3.2 of [2] shows that the mapping 8 /d«; is well-defined.
This mapping is called Fox’s free-differential calculus.

Let B,(,cl =) pe the colored braid group. Let 5. , ..., s be inde-
terminates corresponding to ¢;, ..., ¢, and let
K=C(Sc1, cee s S(;n)
be the field of rational functions in s , ..., s, with coefficients in

C. Let n(¢:->%) be the C-algebra homomorphism from F, to K
which sends of! to si!.

DEFINITION 6.2 (Magnus representation). For b € B,(f"""c"), let

&es-6)(b) be the n x n matrix defined by
g(cl,---,cn)(b)ij — g6e6) (3(5 . ai))

Baj
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with entries in K . This mapping is a group homomorphism according

to the following theorem and is called the Magnus representation of
(¢, 5..-5C,)
B! ",

THEOREM 6.3. The mapping &€i>-%): b — EC:6)(b) defines a
group homomorphism from Bﬁf"""c") into the multiplicative group of

n x n matrices over K .

Proof. For b € B,(,c"""c"), we have nlé>¢)(b-q;) = oy =

se = ml%)(a;) from the definition of B,(,C" %) This implies
that n(&-%)(b.a) = nl&>%)(a) for a € F,, which is the condi-
tion (3-18) in [2]. Therefore, we can apply Theorem 3.9 in [2] for our
case and then we get Theorem 6.3. O

For later use, we need a set of generators of B and their
representation matrices.

PROPOSITION 6.4 (generators). The colored braid group B,(f‘ ) s
generated by the following elements o;; of By.

_ 7y =1 -1 -1 Lo
(63) Oij = 0j_10j-2 " 0i4+10; G'H_l . 0'] 20'1 1 (1 Sl<_]$7l),

where y;; =1 if c;=cj and p;j =2 if ¢; #¢;j.

Proof. Let H be the group generated by o;; (1 < i < j < n).
Then H contains the pure braid group P,. Let &, be the symmetric
group of degree n and 6: B, — &, be the group homomorphism

introduced in Definition 3.1. Let G;C"""C") = H(Bf,c"""c")). Then
Sy = (1€ Sulexy = ¢ (1 < i< m)},

and 6(g;;) (1 < i < j < n) generate &l % | Hence O(H) =
&%) On the other hand, the kernel of 8 coincides with P,
which is a normal subgroup of B, (%) Hence B(c’ a6 g gener-
atedby g;; (1<i<j<n) smceB(" &) =P,H=H. 0O

To get the representation matrix of the generators, we have to com-
pute d(b-a;)/0a;. Let apg = apopiy--- aq for 1 <p<g<n. The
definition (6.1) of the action of B, on F, implies that

a; (fi#p,q),

(6.4) qu cQ; = apqap lq 1 (if l = p) ’ if CP = cq s

ap+1,q—1ap,q—1 (if i =gq),
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and

a; (ifi#p,q),
6.5 = apgal a a;! (if i =p)
(6.5) Opg-a;= Pa%pi1,q-1%,9-1% ¢ p),

-1 ~1 P
Ayt q-1%4% q_1%+1,q-1 (fi=4),
ifcp #¢4.

Therefore, the representation matrices are given as follows. Let s, =

! —
ScpS(;p+l tr 'qu and Sc' - 1 - Scl . If Cp - Cq Py

(6.6) ¢,

1 p—1 p p+1 q-1 q q+1 n
1 0 0 0 0 0 0
0 - i 0 0, S 0, 0 0 -~ 0
0. 0 St SpSc, T Spa=2%, Sp.a—t o ---0
0--- 0 0 1 0 0 0 --- 0
0-- 0 0 Lo 0 0 -0
0 0 s 40 Spi2,0-1%, 7 Sa—1,4-1%, 0 0 -0
0--- 0 0 0 0 0 1 -0
0 0 0 0 0 0 0 i
If ¢, # ¢4,
(6.7)
gerin(g )
1 p—1 p p+1 g-—1 q qg+1 n
1 0 0 0 0 0 0 0
0 i 0 , 0 0,6 0 0
0 0 scp +scpscq —s”scqscp —sp’q_zscqscp S, )q,lscp 0 0
0 0 1 0 0 0 0
0 0 -1 0 ’ -1 1 1 ro 0 0 0
0--- 0 S, q=1%, TSpa2,0-1%,5%, T TS—1,4-15%,%, 5, o --- 0
0..-. 0 0 0 0 0 1 -0
0--- 0 0 0 Lo 0 0 o - i

As Lemma 3.11.1 of [2], we have

LEMMA 6.5. The Magnus representation E(€i>-:%) of B,(,c"""c") is
reducible to an (n — 1)-dimensional representation.

We denote the image of b € BY"""%) in this (n — 1)-dimensional
representation by ((¢>--%)(b). The representation {(€i--<) is irre-
ducible. But we do not use this fact. As (3-28) of [2], we have
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PROPOSITION 6.6. Let b € B,(f"'“’c") , and A(b) be the Alexander
polynomial of the closure b. Assume that c; # c; for some i # j; then

(6.8) (c,Sc, S, — DA(D) = det({ (1) (b) — id).

Let 1: B,(,C1 ) B,(,c"""’c‘) be the group isomorphism defined by

1(01)) = Op— j110n—j42- Oni10.0 0 ot ol
ij n—j+1Y%n—j+2 n—i—1Y%; ;Y% i1 n—j+2%n—j+1-

Let ¢ = &€ %01 and w = {o1. Then (6.8) implies that
(6.9) (¢,5e, -+ Se. — DA(D) = det(y(€-<)(b) — id)

For b € B,(,C“""C"), let w;(b) denote the sum of the signatures of
crossing points of » for which the undercrossing arc has color ;. Note
that w;(b) is equal to the sum of the signatures of crossing points of
b for which the overcrossing arc has color i. In fact, w;(b) is equal
to the sum of the linking number 1k(L;, b\L;) and the writhe of the
sublink L; of b consist of the components colored by i. Then (2.4)
of [6] shows that the Conway potential function V is given by

det(p—a)(p) —id) [ £

ie{c,,...,c,}

6.10) V(b) =
( ) V) (tCIICZ"'tcn_taltc_zl"'tc—"l)

Let U be the representation space of w(¢i--%) . Let !//,ic"""c") be the
representation of B'""“) on the space of k-fold exterior product

/\k U defined by

(cyseescy)

W, (b)Y (v A+ Avp)
= S (BY) (W) A--- Al S(b)(vg) .

Similarly let qbkc"""c") be the representation of B,(f"""c") defined by
the k-fold exterior product of ¢(¢i-:) . By taking the eigenvalues of
w(c>-6)(b) into account, we have

PROPOSITION 6.7. For b€ BS"%) | we have

n—1
(6.11) det(y@ ) (b) —id) = 3 (—1)" ¥~ Trace(y " (b)).
k=0
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Let V(© be the 2-dimensional vector space introduced in Example
2.3 and vf, v§ its basis. Let V%) = V@ g ... @ V@ and
Vk(c‘ %) be the subspace of V(€>~%) spanned by the elements vfl '®
"®’U-C" with #{j|i; = 2} = k. Then V;C(C"""C") is invariant under the
actlon of p(C" G)(BlarG)y where péf"""c") is the representation
of B,, e c) introduced in Proposition 3.6. Let péc"""c") denote
the representation of B on I/}C(C"""c) Let /’s( %) be the

representation of B,(,c"""c") defined by

oy @)= I @%@ ) e d).

ie{c,,...,c,}

,C,)

Let /\k pf;‘i “) denote the representation of B(c""' obtained

from the natural action to /\k ™ induced by p( )

(e “

LEMMA 6.8. Two representations Ps. %) and NF pf;‘i""c") are

equivalent.

Proof. The linear isomorphism

R; = id®t-1 ® R€¢) id®@=i=1) . r(ess€) _y €15 esCys€sensCy)

1mp11es /\kR(C 4). /\k(V ey /\k(V(C" '“’c"""c"))- Let fj =
V'®: - ®v1’ L QUY@UI T @ - @ur € VG and g = 90
QU 1’ ‘®v '®v, it .. ®’l)1 € V(c" SLELAREY Then {fis s fn}
and {gi,..., g} are bases of V(c” %) and V Chreer i) re-
spectively. The matrix /\k R; w1th respect to the basis {f; A--- A

filiy < ip < - < g} and {g A Aglih < @2 < < i}
is equal to the matrix tfl‘lid®(i'1)R(cz’cr+1) ®1d®(” i=1). V(C" )
V(c"""c”"c"""c) where the bases f; A---Af; and g A---Ag;

correspond to ’U ®- - ®U) ‘ with jp=11if j, & {i1,..., 0} and
Jp=21if j, € {11 y o lk} This implies the statement of the above
lemma. &

LEMMA 6.9. Let ¢/~¢) be the representation of B de-
fined by
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w,(b)

(6.12) ¢/(c, ""’C")(b) — ¢(cl,..‘,cn)(b) H t;

ie{c,,...,c,} 51=tx_2’52=lz_2”"

Then the representation ,{)(Scl 1 ""c")(b) is equivalent to the representation

¢’("1 seesCy) .

Proof. This lemma is proved by comparing the representation ma-
trices of generators of B\""%)  In fact, the matrices pgf,‘;""c") (0if)
and ¢'¢>-+>%)(g;;) are intertwined by a diagonal matrix with diagonal -
elements dy =1, dy = tgzt;l‘, dy = tgstgzldz, e, dn = t?nt;"fldn_l .0

Combining above two lemmas, we know that the two representa-
tions pgf‘k’""c") and A* ¢/>-:) are equivalent. On the other hand,
PCir6) = ylas6) @y, where g is the trivial representation of

B,(,"‘1 2 o) sending every element to 1. Hence we have

ey s

LEMMA 6.10. Let y,, %) be the representation of B de-
fined by

6.13) v @) =yt I 4

ie{c,,...,c,} s,=t]_2 ,52=t2‘2,

Then the representation péc‘ v ) (b) is equivalent to the representation

e, , ey 5 sCp)

AR s C,) o W
Let g € C\{0} such that g* # 1 for any integer k. Let H,_(q)
be Iwahori’s Hecke algebra defined by
(6.14) H,_1(q)=(T1, ..., T,|TiT; = T;T;(|i - j| =2 2),
T;TinTi= Tin TiTisy, TP = (-4 )T - 1=0)
as a C-algebra. Let I be the two-sided ideal of H,_(q) generated
by the elements (7; + ¢~ ')(Tj+q7 ') (1<j<i-1<n-2).

LEMMA 6.11. The algebra Aéf‘ ;l""c") is isomorphic to (H,_1(q)/1)®
K as an abstract K-algebra.

Proof. Lemmas 6.8-6.10 show that the algebra A(Scl - %) s isomor-
phic to @)-) M _ c(K) where M (K) is the full-matrix algebra
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over K of size ,_1C; and ,_;C; = (n— 1)!/i{(n — 1 — i)!. By using
the representation theory of H,_;(g), which is isomorphic to C&,,,
(Hy_1(q)/1) is isomorphic to @/ M _c(C). Hence (H,_1(9)/I)®

K is isomorphic to A(C &) . O
Proof of Theorem 5.3. Since ://,'c(c‘ »=2%) s an irreducible represen-
tation, Lemma 6.10 implies that the invariant Tg , is a linear com-

bination of traces of representations l//;((c‘ ""’C")(b) 0<k<n-1).
On the other hand, (6.10) and Proposition 6.7 imply that the Conway
potential function is a linear combination of traces of representations
l//,,((c"""c") (0 < k < n—1). Both invariants are equal to 0 for split

links; we have

(6.15) Tg (1) = Tg ;((a})) = = =Tg (67~ 055)") =
S,1((012"' n—l)A) =1,
A =A(ef)) = =A((ef 07 5)7) =0
A(of 05 )) =1.
Hence the following proposition shows that Tg,l(B) =A(b). O
Let n(c “) be a linear combination of traces of y/,'((cl""’c") with
coefficients a; € K, where l//,lc(c' %) s the representation of
B %) introduced in Lemma 6.10;
i) (py = nX:l oy Trace y; =% (b) for b e BL
k=0
PROPOSITION 6.12. The coefficients oy, are determined by the values
of T,Sc"""c")(l), Tr(;cl""’c")(alz)’ o T,SC‘ (Gl af---a2 ).

Proof. Let H,_;(q) be Iwahori’s Hecke algebra defined by (6.14)
and I the two-sided ideal of H,_;(q) generated by the elements
(Ti+q~ ) (Tj+q7 ') (1<j<i—-1<n-2). Then, for x € H,_(q),
there are by, ...,b,_1 €K and g, ..., g,—1 € H,_1(q) such that
(6.16) be0+b1g1“1T12g1+b2g2’1T12T22g2

oot by1g, lTl Tr%—lgn—l mod /.
Let 7: H,_1(q9)/I — K be a linear function such that 7(xy) = 7(yx).

Then 7 is a linear combination of the traces of irreducible representa-
tions of S, corresponding to a hook type partition of n. A hook type
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partition is a partition of the form (m, 1¥). Moreover, (6.16) implies

that 7 is determined by the values (1), ©(T?), ..., ©(T? - - T2_ )
-

Let nf,c‘ o) = 7% % Lemma 6.11 shows that 4%, C)
isomorphic to (H,_1(q)/I ) ® K as an abstract K-algebra. Hence we
can apply the above argument to 79>% and we know that 5{¢’~%
is determined by the values at 1, o2, 0?03, ..., 6?65 ---02_,. This
. . t 3 ety . .
implies that nf, o) is determined by the values at 1, 62, 022, ...,
o?c}-- 0'2 if ¢ ,...,t are in a neighborhood of ¢, and so this
statement is also true for generic f¢ , ..., I - O-

7. Axioms for the Conway potential function. Hartley proposes ax-
ioms to determine the potential functions of bi-colored links in [6].
Nakanishi gives a complete set of axioms to determine the potential
functions for colored links with up to 3 colors. In the following, we
give axioms for the potential function of colored links. The potential
function has the following characters.

(1) Let Ly, L_ and Ly be three links which are identical except
within a ball where they are shown as in Flgure 1. Then the potential
function V satisfies

V(L) = (tc — ;1) V(Lo) — V(L-) = 0.

(2) Let Ly, , L__ and Ly be three links which are identical except
within a ball where they are shown as in Figure 1. Then the potential
function V satisfies

V(L) — (tetg + 171531V (Loo) + V(L--) = 0.

(3) Let L2, Li221> L1122, Logirs Lyt , Lyy and Lggo be seven
links which are identical except within a ball where they are shown
as in Figure 1. Let

g(x)=x+x71, gx)=x-x
Then V satisfies
8+(te,) 8- (tc,)V(La112) — 8-(2c,) 8+(2c,)V(L1221)
— 8- (7' 1)(V(Ln22) + V(L)) + g- (2"t te,) 8+ (2, )V (L11)
— 8+(16) 8- (te, 1e,17" )V (L2) — 8-(2:712)V (Looo) = O

(4) For a trivial knot L with color ¢, V(L) = 1/(t. — t;1).

(5) Let Ls and Lg be four links which are identical except within a
ball where they are shown as in Figure 1. Then V satisfies
(tc = 1:")V(Ls) = V(Le) = 0.

(6) For a split union L of a link and a trivial knot, V(L) =

-1
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c d c d C d

(& C C C C C @ @ H

L+ L- LO L++ L_- LOO
c d e ¢ d e o d e © d . (¢ C
Ly L, Lj L4 Ls L¢

abc abc

alerelibileli

Loz L1221 Liun Lo Ly Looo
FIGURE 1

REMARK 7.1. (1) The 5th relation is a generalization of the relations
(V) and (VII) in [15].

(2) The 3rd relation is not known before. But we can show this rela-
tion by a direct computation using the state model. This relation can
be thought of as a generalization of (VIII) in [15]. We do not need the
Doubling Axiom 4.2.6 in [18]. This is obtained by the following way.
Let Sy be the ECYB-operator in Example 2.3. Then the argument in

§6 shows that the algebra A(Cl P “) is isomorphic to Hy(q). Hence

quc o ) is 6-dimensional and so there must be a linear relation
0’

among seven elements 1, o7, 0}, 620}, 07, 0}, 010301, 0200, 1

actually computed this relation with MACSYMA by using the 8-
dimensional representation of Afgc‘ ’362’63) obtained by the ECYB-
operator. ’

THEOREM 7.2. The above relations (1)-(6) determine the potential
function.

REMARK 7.3. The first three relations are local relations. With these
relations, we can reduce V of a colored link to a linear combination
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of V’s of links which are split sums of trivial knots, Hopf links and
connected sums of Hopf links. The last three relations determine V
of such reduced links.

Proof of Theorem 7.2. Let S be the ECYB-operator of Example
2.3. Then, with Theorem 5.3, we know that V satisfies the relations
(1)-(6) because a computation shows that T , satisfies (1)-(6). So it
remains to show that we can compute V of any closed colored braid
by using the relations (1)-(6).

Let 6 be the group homomorphism from B, to the symmetric
group S, defined by 6(g;) = (ii+1). Then B, actson {1, 2, ..., n}
by 0. Let 1% be the two-sided ideal of CB\"“) generated
by the elements b~ !xb, where b € B, and x is one of the elements

0; — 8-(t,,) - a7t (if cp(iy = Cp(ir1)) >

07 = 8+(te, tey,,,) + 070 (i cogiy # Chiivn)
and

2
g+(tcb(,,))g-(tcb( )0i110; Gir1 — g——(tcb(m))g+(tcb(,+2))aiai2+lGi

1+1)

-1 2 2 2 2 -1 2
—&- (tcb(,) tcb(i+2) ) ( 0i 0iy1 + 0i110; ) + 8- (tcb(,-) tcb(1+l) tcb(i+2) ) 8+ (tcb(1+2) )ai
_ -1 2 -2 2
8+ (tcb(z) ) 8- (tcb(o tcb(z+1) tcb(i+2) ) Tit1 8- (tcb(x+l) Coir2) )

of CBr(lcb(l),...,cb(")) Let M'scl,...,cn) _ CB,(,C"m’c")/lr(,c“m’c") and p, the
natural projection from CB,(,C"""C") to M,gc"""c") fori=1,2,...,
n-1.

LEMMA 7.4. The algebra M3(Cl "%2%) s spanned by the images of 1,

2 62 0202 0202 gl0l02
a{, 05, 0{05, 050{, 6y050; as a C-vector space.

Proof of this lemma is given in Appendix B.

LEMMA 7.5. The algebra M,(,C"""C") is generated by pn(0?), pn(03),
ey pn(a;:'_l) e B,(,C"""c") .

Proof. We claim that () the mage of every generator o;; eB,(fI 26
is written in terms of the images of ¢?,..., 02 . This fact and

Lemma 7.4 imply Lemma 7.5. To show (), we use the induction
on n. If n =3 then Lemma 7.4 implies (*) and Lemma 7.5. For
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the n = k > 3 case, we assume that (x) and Lemma 7.5 are proved
for the case n = k — 1. Then the induction hypothesis implies that

pi(0;j) is written in terms of py(02), pr(62), ..., pk(0?_,) if j<k
or i > 1. It remains to show that py(oy;) is written in terms of
pi(0}), pi(03), ..., pr(of_)). Recall that

Otk = Oy 0'20'120'{1 ‘e 0-]:_11 .

-1

The middle part g;_, - -- 0201202‘ L. o,_, can be considered as an el-

ement of B,(:_"l""c"‘z &) and so we can apply the induction hypothesis

to this part. Then Lemma 7.5 implies that
pr(o1k) = apr (V) + Bor(z10k_10¢ 507 22)

for some o, B €C and ¥, 21, 2 € CB.; %7, where CB,; %

is considered as a subalgebra of CB,(:"'"’C"). By Lemma 7.4,

pk(ak_la,f_zak_l) is a linear combination of the images of 1, a,f_z ,
2 2 2 2 22 2 2 2

Oj_15 Of_20j_1 > Ok_10;_, and g;_,07_,0;_,. Hence we get Lemma

7.5 for the case n. O

Now prove Theorem 7.2 by an inducution on n. If n =1, then the
closure of a 1-braid is a trivial knot. Assume that n > 2. Note that the
mapping V from colored links to C can be considered as a mapping

from CB{ %) to C by V(a1bi+- - +arby) = a1 V(b)) +- - -+, V(by)
for ay,...,0,€C and by, ..., b, eB,(,C"""C"). Since V(x) =0 for
X € I,(,c"""c") , V is factored by M,(,C1 26 , we may consider V as a
linear mapping from M,(,c"""c") to C. Lemma 7.4 and Lemma 7.5
imply the following:

LEMMA 7.6. The algebra M\ is a union of

Mnc_lim,cn_l)p"(ar%—l)My(,C_lim’cn_‘) and Mr(lc_limc"—l)-

This lemma implies that, for every x € CBY""*%) there are o, f€
Cand y, z;, zp€ M%) such that p,(x)=ay+Bz1pa(62_,)z2.
Hence V(x) = aV(y) + BV(z1pn(c?_,)z2). But, by using the rela-
tion (5), we have V(x) =aV(y)+ (¢, — tc‘”fl)ﬂV(zlzz). Hence the

n—1
computation of V for elements of M."""%) is reduced to that of

M,gc_‘i""c"“) . This completes the proof of the theorem. ]
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Appendix A. Proof of Proposition 4.8. To prove Proposition 4.8, we
need the following two lemmas.

LEMMA A.1. Let r(¢-%) = R(@:¢)R(6) ¢ End(V(€-%). Let 1y, 1y
be elements of End(V(1-%:%)) defined by r; = r¢-%) ®id, r, =id®

. - C, 56, ,C.
&) Then {1, r, ry, rira, rary, rirary} is a basis of Ag‘3 226)

Proof. Let A;ch’ %) is the subalgebra of Ag 3(cy, ¢z, c3) gener-
atedby 1, r; and r,. Let

gx)=x+x71, g (x)=x-x"".

From the definition of R(¢-%) | we have

(A.1) reee) 4 (rl @)= = gy (te ),

(A.2)  g-(tctc,)rarry — 8-(le e )riran
= 8-(tc,/tc,)(rir2 + r2ry)
+ (=8t 16,12) + 8- (te, 12 /1) + 8-(tc, /2,71
— (—g- (L te,te)) + 8- (L2 1c,/1c) + g-(tc, [ te,))12
+ 8- (te,)8-(tc,) 8- (1 '1c,) -

. /c, ,c,,C .
From these two relations, we know that the algebra Aé e ) s
spanned by {1, r, ry, rirp, rpry, rirpr1} as a linear space. Actual
computation shows that {1, r;, ro, riry, rary, rirpry} is linearly inde-
. . ”c, ,C,,C,)
pendent. Hence {1, r, ry, i1y, rar1, Firary } is a basis of Agy.
(c c

In the following, we show that Ag 3 = Ag; ) by showing that the
generators of Ag 3 are written in terms of r; and 7.

Cys

Case 1. First, we treat the case ¢; = ¢, = ¢3 = c¢. In this case,

B{“) is generated by o; and g,. Hence 45> is generated by
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R€9id and id®R€-9) . But we have R = g_(£.)" ! ((R>9)2—1)

and so we have A(C €€ - As(cf €)

,Cy)
2 1S gen-

Case 2. Assume that ¢; = ¢; # c3. In this case, Bgc‘ 4
erated by g, and 02 Hence A(l “:4) g generated by R4 ®id
and r,. But we have R(-9) = ((R(C N2 —1)/(g. — g-') and so we

have A(C"C"c) = A’(c3c"c ).

Case 3. Assume that ¢; # ¢; = ¢3. In this case, B:(;cl’cl’cs) is
generated by o2 and g,. Hence, as in Case 2, we get Aé,cl ;CZ’Cz) =
A§f13’ €y56y) .

Case 4. Assume that ¢; = ¢ # ¢, . In this case, Bgc

ated by o7, 0} and g, !g,0;. Hence A(Sc‘;cz’ “) is generated by 7y, 1
and ((R-%)~! ®id)(id ® R(-¢)) (R <) @ id). But a computation

shows that

3CysCi) -
RERY 1s gener-

(A.3) (RN~ @id)(id ® R ) (R %) @ id)
(%) L1
Bl g—(tcltc ) g—-(tc )rl
g-(8t,)
(tc )8-(te )g—(tcl lcz)
_ g+(tcl) "y
8 (1e)8-(1e,)8-(le,1c,) ' °
g—(zcltgz)
- 8—(tc)8-(tc,)8-(tc tc,)
g+(tcz)
8-(c,)8—(tc,)8—(tc L))

nr

rirry.

(€,65¢) _ '(C,,cz,C)
So we have AS’3 AS s

Case 5. Assume that ¢ # c2, ¢, # ¢3 and ¢} # ¢3. In this case,
B % s generated by 012, 02 and o;'0}c;. Hence A(C"CZ’C) is
generated by r;, r, and ((R-%)~! ®id)(id ® R 1))(1d®R(CwC3))
(R-%) @ id) . But a computation shows that
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(A4) (RC%)! @id)(id ® R@>%)(id ® R 9) (R %) @ id)

_ 8-(tc,/tc,) 8- (te, tc, /e, + g-(tc,/tc,)8-(tc,)
8-(tc,)8-(tc 1c,) g-(tc,)8-(tc 1c,)

1

g+(t§1tcz) o 8+(tc) ror
8- (1c)8-(lete) * 8-(tc)8-(lele,)
g+(tc c) g+(tc2)

1 ryrry.

T e (te)g(tet) T et g (b te)

) =Agcl’62’c1). 0

s

(e,
So we have As,3

LEMMA A.2. Let A(Sc‘ ;""C") be the associated algebra of S. We

=€ n— l) ’cn)

regard AS 1 as a subalgebra of Ag‘ . naturally. Then

(RN {€5mesCyy) (¢)5eesc,_y)
(A5) Agl, " = A T + Ag T

n
- (1d®"=2) @ (R +%-1) Ry ,cn>))Agfj;1:f"—’) :

Proof. We prove by an induction on n. First, we treat the case
n = 2. The algebra A’ « Cz) is generated by 1 and R(&:@)R(:%) if
ca#c. Ifeg=c= c, then A(SC”ZC) is generated by 1 and R(:9),
But R:9) = ((R€:9)2 — 1)/(t, — t;!) and so Agc 2C) is generated by

1 and (R(:9)2, Hence A( D %) is generated by 1 and R(-¢)R(-¢)
for any ¢; and ¢;. The quadratlc relation (3.8) proves the lemma.
Next, treat the case n = 3. In this case, Lemma 3.15 implies (A.5).

Now, prove for n> 3. The group B % is generated by its
1 .

subgroup B ) and the elements g, -+ 0, :10,?*0;(“ CeOp_q
(1<k<n- 1) where y, =1 if ¢, = ¢, and y, = 2 if otherwise.
By the induction hypothesis, it is enough to show that p(C" v )(a,f"_ |

,C y
)(an 110 "50p—1) are contained in

and p(c‘ .

Ag\; in |)+A§ - ln 1 (ld®(n 2) ®(R("’ e I)R(C,, 1 )))A(n

c

We know that pg'" """ (g,_1)=p§ " (62 — 1) (1, — 171
if ¢, = ¢, . Hence, from the formula (3.10) and (3.11), we know that

3 st c
the element p sl )(an 11 g, an 1) can be written as a linear combi-

nation of the elements p(S" (1), pS" v )(o‘,%_z), pz" )(a,f D>
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ps" (02 402 ), A (G2 02_y) and pg Y (02 y02 102 ,).
Hence the lemma is proved. O

Proof of Proposition 4.8. By Lemma 3.16, every element x €
A(Sc‘;""c"“’c") is written as x = y; + YR %) RG-1>%)ys where

s
V1,2, V3 € Ag:n_l »- Hence we have

(A6) Spyt ) (x(id®" ") x ple))
_ sp(c‘, )(yl(id®(n—1) ® ’u(c")))
+ spléo ")(yzR(Cn"’n~1)R(Cn—l )y (1d® D @ p(@)))

=J)2r3,
which is contained in AA((;‘,’I'"1 " ‘). o
Appendix B. Proof of Lemma 7.4. Let
g+(x)=x+x‘1, g_(x)=x—-x"1.

C. C

The definition of I3 (12¢:¢) and the relations of B; imply that

C. C

LEmMMA B.1. Let b e B(c" "7 and x be one of

2 2
g+ (te,,)8-(tc,, )01 020702

1
—g—(tcb(z))g+(tc‘ 3})(g+( cbm b(z))0'10'20'1 - O'1 0'20'1)
~1 —1
8-z, cb(x Ley J(oio} +afoiof) + g—(tcbl ey ey ) Beyy + e )oi

b(S)
“g+(tcb(l))g—(tcb(,)tcb(z)tc atas — g-(2; c )012 ’

b(3) b(3)

g+(tc,, )g-(tc,, )otor0t0, — g (L, )8+ (L, Yoi0F 07

~8-(1) te,, )&+ (te, Lo, )O10301 — 07 ' 030y
+ (8+(te, L, )O105 01 — 610707 ")

+8- (1) te, ey, )8+t )OT — 84 (le,,) 8~ (tey te, 1o )O103 0
-8 (c 2.)at

g+(te, )8-(t,, )01 020702

—8- (tcb(z))g+(tc,, )(g+(tc,,(l le,, )010201 —0'102201 )
-8-(t; cbm Cb(3))(al o301 + ojaf) + (1 b(ll)lc,,(z)tc,,(s))g+(tc,,(3))‘7f1
—g+(tcb(l))g—( Con) 2)t¢;1)) 2 —g-(t; Cb(: )0'12 )

Cb(S)
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2 _—1
g+(tcb(3))g—(tcb(z))(g+(tcb<3) tcb(z))0'20'120'2 — 01050, ")

2. 2 - 222, 42
“g—(tcb(z))g+(tcb(3))al 020702 — &-(¢ : cm))(o'z aio;5 + 0,07)

Chty

-1 4
+8-(t Cy ( tcb(Z) zcbu) )8+ (tcbm ) 02 61 8+ (tcb<1> )8-(1 Sy Cb<2) tcbu) )02
—§- ( c

1)
0)02

b(3

2 2 2
8+( cb(l))g_ (tc,)(2 Josoios — 8- (fcb(z) )g+(tcm))01 0207 02

2 -1_2
—8- ( Cot) c,,(3))(g+( Co3) cbm)azdl gy — 04 0'201)
(ng(tcb(3 tc“ )0'20'120'2 - 0'10'220'1—1)

+8- (1 Loy tey, ) 8+ (e, ) 050102
2 ) 4

-1
_g+(tcb(1))g_(tcb(l) ¢ Z)tcb )) - 8- ( Sh) Cb 3) 92
-1 .2
g+(tcb )g—( )(g+( [ cb(z))020'1202 — 0] 0501)

2. 2 -1 2.4 1 25252
—g_(tcb(z))g+(tcb(3))al 02070y - 8-(lg, L, )(0707 + 030{0%)

1,4

+g-(t; Cbtl) cb(z Cyi3) )g+(tcb(3))0'1 0'2 g+(tcb(,))g (tcb(‘ ? b<z)tcb(3))a2
—-2 2 2
—8- ( Sy cb( ))02 .

Then p,(b='xb) =0

Proof of Lemma 7.4. We can solve the above six equations with re-
spect to 010301, 02010,, 07 'a}ay, a10}0] !, 60?0} and glo,0i0; if

— 008 (6 + 1) (te,, — 1) (L, + (2 +1)

c

b)) b b3 by )
3 4 2 2 3 2 3 2 2 2 2
t -2 =1 1t
( Sy Cb2) Ch3) Sy by o) Soty Cb2) o) o1y “Chay o3
2 2 2 2 3 4 4 3
+t 1t -t t -1l t
Cb(l) Cb(Z) Cb(3) cb(2) Cb3 cb(l) cb() Cb(l) cb(2) cb(l) cb(Z)
2 3 3 2 2 2
— — t t + 215t — 1
o) Cr2) Sy o o1y Cpz Chry Coi2) Cb(1>)
( 4 6 4 2 2 6 M4 6 4
<2> C(3) oty “Coxy Coa) o1y b2 o) o) So3)
4 4 2 4 4 4 4 4 2 .4
+ 2l t. t +t —1
Sy Sy o) o1y Coy Che3) %) b3 Sy S o
2 2 4 2 4 4 4 2 2 4 2
—t t -+ =+ —1t
S S e S S Sy b Gy Sy b b3
4 2 4 2 2 2 2 2 2 2
—t t t t 2t t;
b2 o) Coy Ch2) o3 Sy Ch2) Ch ) o)
4 2 2 2 2 4
-1t - 217t —t + 1 0.
Sty o) Chy Coen) cb(S) Cony Cb(z)) 7
(¢,56,,¢4)

This 1mp11es that all the elements in M, can be written in terms
of 1, ‘71 , 022, 0107, 0,07 and al 02 al if the parameters le s L, and
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t., are generic. Note that the above condition is also satisfied in the
case ¢; = C3,Cy = C3,Cy = C3 Or ¢; = c; = c3 if the parameters
ti, ty, --- are generic. This implies Lemma 7.4. o
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