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In this paper, we study the principal value integral on boundaries
of subvarieties in strongly pseudoconvex domains and using it, we give
a condition for the extendability of Lipschitz functions.

Introduction. Let D be a strongly pseudoconvex domain in Cn

with C°° boundary. Henkin [6] and Ramirez [12] obtained indepen-
dently the support function g(ζ9 z) for D which depends holomor-
phically on z, and then, using this support function, they obtained
the integral formula for holomorphic functions in 5 . On the other
hand, Stout [14], when p = 1, and then, Hatziafratis [5], when p is
arbitrary, obtained the integral formula for a certain subvariety V of
codimension p in D. By using the support function g(ζ, z) and
the integral formula for V, we can obtain the kernel Ω(£, z) for
(C, z) e dV x D. In this paper, we shall define the principal value
integral P.V. fdVf(ζ)Ω(ζ, z) for a Lipschitz function / on dV and
z edV. The definition of the principal value integral is the same as
that of Alt [2] when V = D (cf. Dolbeault [4]). By using the principal
value integral we can give the condition for a Lipschitz function on
d V to be the boundary value of a function that is holomorphic in
D and continuous on D. Finally we end the introduction by giving
an example which shows that the Lipschitz continuity is necessary in
order to define the principal value integral.

EXAMPLE. Define φ e C°°(0, oo) such that

r i i f o < β < i ,
ΨK) 1 0 i f 0 > § .

Extend φ to an odd function on R\{0}. Let D be the unit disc in C
and / be a function on dD such that

if 0< \θ\ <π,

if 0 = 0.
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Then / is continuous but not Lipschitz continuous on dD. Compute
the principal value integral at 1 G dD. We find

Pv-L ί m d ζ

' 2 π i J l ζ l = ι ζ - l

eiθ _

yiθ

dθ

ε—•in- z,/t j£ er l

I z π/4 j ^/^ _j_ j

= lim 7— / - — - - ^ — - dθ + (finite value).
ε—o+ 2π Jε log θ ew - 1

But we have
1 eiθ + 1 -2/

' 0 - 1 θ log 0
when 0 —• 0 + . This shows that the principal value integral of / at
1 does not converge.

1. The integral formula on subvarieties. Let D be a bounded strong-
ly pseudoconvex domain in Cn with C°° boundary. Let p be a
defining function of D, i.e., D = {z: p(z) < 0}. We set

ί=l

According to the construction of Henkin [6] (cf. Henkin-Leiterer [8],
p. 108), there exists a pseudoconvex neighborhood D of D, a neigh-
borhood W of dD, and a C°° function g f f x ΰ ^ C such that
for each ζ £ W, g(ζ, z) is holomorphic in D. For r > 0, define
Δ r = {(£, z) G W x D: \ζ - z\ < r}. Then there exist a constant
<7i > 0 and a non-vanishing C°° function Q(f, z) on Δσ such that
g(ζ, z) = F(£, z)β(C, z) for (C, z) G Δσi and g(C, z) φ 0 for
(C, z) G FF x £>|Δσ . Moreover g(ζ, z) admits a division

7 = 1

with g,: W x £> —• C of class C°° and holomorphic in the second

variable. Let h\, ... ,hp (p < ή) be holomorphic functions in D.
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Define

V = {z eD: hi(z) = ••• = hp(z) = 0}, V=VnD.

Assume that

(1) dhiA -AdhpAdp^O on dV.

By Hefer's theorem, there exist holomorphic functions hjj(ζ, z) for

(C, z) € D x D such that

hi(ζ)-hi(z) = , z)(ζj -zj),

7=1

Define
hn ... hpι dζgx ... dζgλ

gn hχn ... hpn dζgn ... dζgn

d(hι,...,hp)n

^ ( o = (-i)p ( p + 1 ) / 2ιvA(or2

and

where

dζi . . .

dh. dh i r » r

of ••• af d^n ... dζn

1

' (n - p)\(2πi)»-P '
Let n-p = k. We define the kernel Ω(ζ, z) by

Ω(C,z) =

Let ^4(i>) (resp. A(V)) be the space of functions that are holomor-
phic in D (resp. V) and continuous on D (resp. V). Then Hatzi-
afratis [5] proved the following.

THEOREM 1. For f eA(V) and z eV, the integral formula

(2) f(z)= I /(C)Ω(C,z)
JdV

holds.

Now we begin by proving the following lemma.
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LEMMA 1. If h\(z) = z^+ 1, ... , hp(z) = zn, then we have

7=1 ; 1
iφj

Proof. By the definition of ah , βh, we have

gX O O

O O
8p l O

gn O l dζgn-dζgn

g\

gk

7=1

O O

O O
l O

O l dζn--dζn

= (_l ) ( "-* κ Γ f c + 1 ]k\dζx Λ---Λdζk

{-\)PjΨ
dζχ dζγ

dζk- -dζk

Therefore we have

Kv(ζ, z) = (_ , z)

v ' 7=1 iφi

This completes the proof of Lemma 1.

For σ > 0, we set Sζ>σ = {z: \z — ζ\ < σ}. Then we have the
following.
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LEMMA 2. Let σ, 0 < σ < θ\, be sufficiently small Then for
ζ e dV, z e DnSζjσ, we can choose a local coordinate system in
such a way that

D(Γ ^ - 2k

U ' }~ (2πi

where e(ζ, z) is a (k, k - 1) form satisfying e(ζ, z) = O(\ζ - z\).

Proof. By a local holomorphic change of coordinates, we may as-
sume that h\ = Zfc+1, . . . , hp = zn. We have (cf. Anderson and
Berndtsson [3], Lemma 3),

_ r(1Λ (Σ?=i g ̂ O) Λ (ΣU dζgj Λ
" ( } g(ζ,z)6k

where c(k) = (-1
If \ζ - z\ < σ, then we obtain

ί = l

Therefore we have

By Lemma 1, we obtain

/ V-̂ N ^ dp ( y\ / ^ / y y\ j y \ A I ^ V^ "o" / dp / y\ f\( r y\ \ A

- ( Σ 2 a f (C)β(C? ζ)dζ.) A(2 Σdζ(dζ(OQ(ζ> 0)Λ«
1 j=ι J 7 = 1 J

Ω(ζ,z) =

e(ζ,z)

F(ζ,zfQ(ζ,z

2k

(2πi)k F(ζ,z)k

This completes the proof of Lemma 2.
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Now we prove the following lemma which will be used in the proof
of Theorem 2 in order to calculate the principal value of the kernel
function.

LEMMA 3. For ζ, z edV, it holds that

Proof. We may assume that h\ = z^ + 1 , . . . , hp = zn . By the Taylor
expansion, we have

k

k

\ Σ1

o

On the other hand we have

Thus we obtain
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1(F(ζ,z)-F(z,ζ))

k

-Σ
= -p(ζ) + p(z) + 0(\ζ - z|3) = O(\ζ - z | 3 ) .

This completes the proof of Lemma 3.

2. The principal value of the kernel function. Let z edV and / be
a continuous function on d V. If

lim /
ε^0+ Jd

exists, then we stand for the above limit by

P.V. / f(ζ)Ω(ζ,z).
Jdv

Now we are going to prove the following theorem which was obtained
by Kerzman and Stein [9] when k = n.

THEOREM 2. For z edV, it holds that

P.V./ ±

Proof. Let q e dV be fixed. We may assume that for δ > 0
sufficiently small,
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For zGFflS ί ) (i,we have

« , 7 = 1

+ Σ
ι,7=l dZi°ZJ

For simplicity, we may assume that q — 0. By (1), we can find a new
local coordinate system w\, ... ,wn by letting

and choosing W\, ... ,wn suitably such that w(0) = 0. Then we
have

k

By a unitary transformation w't = (tί j , . . . , wf

n), we obtain

/»(«;') = Re ί Σ

where (a\, ... , a^) is a non zero vector. Again we can find a new
local coordinate system ζ = (£i, . . . , ζn) such that

k

(3)

We set ζj — Xj + iyj. Then we have

dp(0)/\(ddp)k-l(0)

Λ (J2 - ^ 4 . ( 0 ) ^ Λ rfC/1

Since dp = 0 on <9 F , we have

7=1 °XJ j=\
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Therefore we have

{ddp)k-ιdp(0)Λ{ddp)k-ι(0)

( k
Y „ d f? (0)dxf A
^dwjdwj ' J

= 2k~2ik(k - ly.dyi Λ dx2 Ady2Λ Λ dxk Λ dyk

Thus, by Lemma 2, we obtain

(4)

2k-2{k - \)\dyx Λdx2Λdy2Λ---Λdxk Adyk + O(\ζ\ + \ζ- z\)

Let v be the unit inner normal of d V at 0. Then we have

We set, for δ > 0 sufficiently small, z = vδ. Then we have

F(ζ,z)-F(ζ,0)

|g

Σ

k f)2n

+ Σ ("»v2 - "ft* - vJ^BζM
= -δ + O(δ\ζ\

On the other hand we have
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and

ί=2

Thus we obtain

Taking account of Lemma 3, we have

F(ζ, z) = F(C,0) -δ + O(\ζ\δ + δ2)

1=2

We set

Then, by (4), we have

2k-2(k-l)lσ(dζ)

where <τ(rfC) is the surface element of {ζ G 9 F : \F(ζ, 0)| < e}.
We set C; = (ζi, . . . , C/k)- It holds from (3) that (dp/dxι)(0) φ 0.
Therefore by the implicit function theorem, p = 0 can be represented
by xγ = ̂ ( J J , £'), where 9? is a smooth function satisfying ^(0,0) =
0. Thus we have X\ = O(\y\\ + \ζf\). Hence there exists a constant
Ci > 0 such that

Therefore, for ε > 0 sufficiently small, we have

c {ζ e ΘV: \F(ζ9 0)| < ε} c | c € dV: | |Cf + i>i| < | ε } .

Thus we have

^ 2 σ(dζ)

{C6f lκ:|F(c,o)|<. } F(ζ, vδψ >
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provided the limit of the right-hand side exists. We set A = δ + \ζ'\2 +

iyx. Then we have F(ζ9uδ)=A + i' where g7 = O(\ζ\3+ δ\ζ\ + δ2).
Then for some constant C2 > 0, it holds that

— < c (\C'\ δ)
A ~~

Thus if we choose δ and ε sufficiently small, then we have

On the other hand we have

1 1 1 *>,
ί A i ζ& \ IT Air

[A + 0)κ Aκ

where If' satisfies, for some constant C3 > 0,

It holds that

ICΊ

Thus we obtain

The dilation (y - 1, ζ') -π- ( ίy ! , v^C) gives

limβ(0, ε) = —. hm

The calculation of this limit is contained in Koranyi and Vagi [10] as
follows. Consider the integral

Introduce polar coordinates in Ck~x,

p = \ζ'\, ω = p , σ(dζ) = p2k

where dω is the surface element in the unit sphere S2k~3 in Ck~ι.
We denote the volume of the unit sphere S2k~* by IS 2 ^" 3 ! . Next we
make the variable change

u = p2, du — 2pdρ
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and then introduce polar coordinates in the u, y\ halfplane,

u + iyι=seiθ, ~<θ<^, ε<s<R,

dudy\ = sdsdθ.

We find

He R) = \S2k~3\ ί P2k~3dpdyι

Ί{f<yi+p*<R>}(l + ρ2 + iyi)k

_ \S2k~3\ f uk~xdudyx

J ε2<yϊ+u2<R, 0<

f

J{

Γ/2 k-2aja fR

/ cos* ι θ dθ /
J-n/2 Jε

/2

The variable change 0 — • # - § , s -* ^ finally gives

o Ji/R p{p - ιeιθ)

Then Koranyi and Vagi ([10], Lemma 6.2, p. 613) gives

πk~x π πk

Hence we obtain

which completes the proof of Theorem 2.

3. The continuous extension to the boundary. The following propo-
sition is proved essentially by Adachi [1] (cf. Henkin [7]). But for the
comparison with the principal value integral, we give the sketch of the
proof.

PROPOSITION 1. Define, for z eD\dV,

H(z)= ( Ω(ζ,z).
Jζedv

Then the function

κ ' I l (zedV)

belongs to A(D).
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Proof. Since H(z) is holomorphic in D\dV, it is sufficient to show
that, for z°edV,

lim_ H{z) = 1.
° \ d v

We may assume that

By (1), we may assume, without loss of generality, that (dp/dζ\)(z°)
0. For z G Szo σ , we consider the system of equations for ζ°

(C?, . . . , CS) o f the following form:

(5) 1=1

We set ε = (|z^+ 1 |
2 + + \zn\

2)ιl2 . Then by Adachi [1], there exist
positive constants σι (< σ\), γ\ and j2 such that for any σ < oi and
any z e Szo σ/2 n ( 5 | 9 F ) , there exists a unique solution ζ° = £°(z)
of the system (5) which belongs to the set Szo σΓ\V and satisfies the
following.

(6)

(7)

ε<\z-ζ°\<γιε,

i = l

< γ2ε(\ζ - z\ + ε).

From the integral formula (2) we have

H(ζ°) = 1.

Hence it is sufficient to show that

\H(z)-H(ζ°)\ = 0.

Let zeSzo σ,2Π(D\dV). Let V be an open subset in V with smooth

boundary such that V c V <z V* c V. By using Stokes' formula, we
have

H(z)= f Ω ( C , z ) - /
JdV JV-l

Define
Ψ(z) =
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It is sufficient to show that

We can write Ψ(z) in the following form

A(ζ,z)ψ{z)=L
+

' . . J = l

A (Q - zj)Bj(ζ, z)

h g(ζ,z)k+ι

where A(ζ, z), Bj(ζ, z) are (k, k) forms that are smooth in (ζ, z)
and holomorphic in z. By using (6), (7), there are positive constants
γ$ and 74 such that

dλ U=i

εdV

+ 74
J(V-

\ζ-z\ε(\ζ-z\

(V-v)nSj, \g(C,z)\k+2

By the estimates obtained by Henkin [7], we have for some constant
75 > 0

(8)

Let

λ(z-ζ°))
dλ \λ=l < y5(β|logε|

z(θ) = ζ° + θ(z - ζ°) for 0 6 [ 0 , 1 ] .

Then the uniqueness of the solution of the system (5) implies ζ°(z(θ))
= ζ°(z). Therefore from (8), we have, for some constant γβ>0,

dλ u=
dΨ(ζ°(z(θ))+λ(z(θ)-ζ°(z(θ))))

dλ
<γ6(θε\lo$(θε)\



ON THE EXTENSION OF LIPSCHITZ FUNCTIONS

Thus we obtain for some constant γη > 0,
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|Ψ(z)-Ψ(Cϋ)| =
d

fι 1
Jo Θ

<yΊ I (
Jo

m 1, θ

which completes the proof of Proposition 1.

4. The extension of Lipschitz functions from the boundary. In order
to prove Lemma 5, we need the following lemma which is the modified
version of Lemma 3.1 of Henkin [6].

LEMMA 4. Let t = (tx,... , tlk) e R2k, ε > 0, 0 < δ < 1, tf =

{h> ? hk) Then we have

1 "

where γ is the constant which is independent of e and δ.

Proof (a) In case ε2 < \δ2. Since δ2 < \t'\2 + ε2, we have \t'\2 >
\δ2. Therefore we have

/ i <

If k = 1, then we have

dt2- dtIk

'{δ2/2<\t'\2<l}(\t '\2

Ί ^
δ/2

If k > 2, by using polar coordinates, we have for some γ\ > 0,
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fι [πr2k-2sin2k-3φdθ
1 Jδ/2 Jo (r* + r2 cos2 φ)kβ

fι fπrk-2sin2k-3φdφ
~YiJδ/2 Jo {r2 + cos2φfl2

lδ/2

fι , fπ sin2 / :"V ,
<V\ I dr I -z τ~dφ

Jδ/2 Jo r + cosz φ
^ fl A fl dS fl 2+ -1 ίl\ A
<Yι dr -x =• = γ\ I - tan ι - } dr

Jδ/2 J-ιr2+s2 nJγ/2r \rj

/ -P <
Jδ/2 r

/

Jδ/2

(b) In case ε2 > \δ2. Then we have

dh-dt2k

If k = 1, then we have for some y-i > 0,

If k > 2, then we obtain for some 73 > 0,

ι fπ r2k-2sin2k-3φdθ

JX- o Jo [{r2

fι fπ sm2k

o Jo (r + δ2/r

Jo δ2/r + r 2 Jδ2 λ

This completes the proof of Lemma 4.

Define, for δ > 0,

(dV)δ = {w: \w - ζ\ < δ for some ζ e dV}

Then we have
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LEMMA 5. There exists SQ > 0 such that for any z e D and any δ
(0 < δ < δ0), it holds that

hsZS\sz^dv\F{ζ,z)\k δ

where γ is independent of z and δ.

Proof. There exist positive constants <5o and y\ such that

-RtF(ζ,z)>p(ζ)-p(z) + γi\ζ-z\2 foτz€(dV)δo,ζeSz>so.

We may assume that z € (dV)δoΠD, dpφO on (dV)δo, and that

Vnsz,δ0 = {weSzJo: wk+i = --- = wn = 0}.

We can find a new local coordinate system t = (t\,..., *2») by letting

t\ + it2 = P(O - p{z) + /Imf (C, z),

and choosing t$,..., t ̂  suitably such that t(z) = 0. Then there

exist positive constants 72 > ?3 a id 74 s u c n

Define ε2 - \p{z)\ + \zk+ι\
2-\ h | z n | 2 . Taking account of the relation

(SlΛ\Sz,δ)ndVc{t:tι=-,

hj-\ + ihj --Zj (j = k+l,... ,n)},

we have, together with Lemma 4, for some γ$ > 0,

><i:f<M> K'i + • • • + ' i* + ε 2 ) 2 +

which completes the proof of Lemma 5.

We set

Kv(ζ,z) = Nv(ζ,z)σ(dζ).

Then we have the following.
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LEMMA 6. Let 0 < a < 1. Then there exists a positive constant <5Q

such that for any z e D and any δ (0 < δ < SQ) ,

-L
where γ is independent of δ and z.

Proof. There exists a positive constant γ\ such that

\ζ - z\aσ(dζ)
<Vι ί

Js

Thus, by Lemma 5, we have

3 "

which completes the proof of Lemma 6.

Let F be a closed subset of Cn. According to the definition of
Stein [13], we define the Lipschitz space for 0 < a < 1 such that

Lip(α, F) = {/: \f(x)\ < M, \f(χ)-f(y)\ < M\x-y\",x,y e F}.

From the extension theorem (Stein [13], Theorem 3, p. 174), f e
Lip(α, F) can be regarded as an element of Lip(α, Cn). We shall
prove the following theorem which was proved by Martinelli in the
case when the kernel is Bochner-Martinelli kernel (cf. Martinelli [11],
Dolbeault [4]).

THEOREM 3. Let f e Liρ(α, dV). Then it holds that for any z e
dV•,

lim /
t-+z,t€D\dVJζ€dV

ζedv

Proof. Since / € Lip(α, d V), the integral of the right-hand side
converges. In view of Lemma 6, for ε > 0, there exists δ > 0 such
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that for any w e Z), we have

\f(ζ)-f(w)\\Nv(ζ,w)\

219

We set

T(ζ,w) =

\g(C,z)\k

(f(ζ)-f(w))Nv(ζ,w)

σ(dζ)<ε.

g(ζ_, wf
Aδ = {(ζ,w)edVxD:\w-ζ\>δ}.

Since T(ζ, w) is continuous on As, there exists p (0 < p < δ) such
that

\T(ζ, z) - T(ζ,w)\<ε, |/(z) - / ( « ; ) | < ε

foτ\w-z\<p, \ζ-z\>2p, ζedV.

By Proposition 1, there exists a constant γ\ such that

\H{t)\<γx for t€D\dV.

Thus we have for \t- z\< p, te D\dV,

ί (/(C) - /(2))Ω(C, 0 - / (/(C) - f(z)MC, z)

ί T(ζ, t)σ(dζ) + (f(t) - f{z))H{t) - ! T(ζ, z)σ(dζ)
JdV JdV

\T(ζ,z)\σ(dζ)+ f \T{ζ,ή\σ(dζ)

< γ\ε + ε / σ(dζ) + ε + ε <
JdV\Sz 2δ

This completes the proof of Theorem 3.

Now we shall prove the following theorem which shows that any Lip-
schitz function on d V is the continuous boundary value of a function
of A(D) by adding jdV(f(ζ) -f( ))Kv(ζ, . ) .

THEOREM 4. Let f e Lip(α ,dV), 0 < a < 1.

/(z) = f{z) + I (/(C) - /(z))Ω(C, z) /or z e 9 F,
Jζedv
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and

F(z) = / /(C)Ω(C,z) forzeD\dV.
Jζedv

Then the holomorphic function F{z) can be extended continuously to
Z) and it has the boundary value F\^γ — f.

Proof. For z € d V, we have from Theorem 3,

lim (F(t)-f(z))
t->z,teD\dV

= lim (I (/(ί)-/(z))Ω(C,ί)
t->z9teD\dv \JdV

- ί
Since F(z) is holomorphic in 5 | 5 F , F e 4̂(Z>). This completes the
proof of Theorem 4.

The boundary value / is also represented by

f(z) = \f{z) + P.V. / /(C)Ω(C,z)

in view of the following.

LEMMA 7. Let f e Lip(α, dV) and z edV. Then we have

P.V./ f(ζ)Ω(ζ,z) = (f(ζ)-f(z))Ω(ζ,z) + -f(z).
JdV JdV z

Proof. We set, for ε > 0, M(ε) = dVn{ζ: \g(ζ, z)\ > δ). In view
of Lemma 6 and Theorem 2, we obtain

lim / /(C)Ω(C, z) = lim / (/(£) - /(z))Ω(C, z)

Ω(C,z)

/
dV ι

This completes the proof of Lemma 7.

Now we are going to prove the following which is a main theorem
in this paper.
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THEOREM 5. Let f e Lip(α, dV), 0 < a < 1. If f satisfies for
any z edV,

P.V. / /(C)Ω(C, *) = ! / ( * ) ,
Jdv ι

then there exists a function F e A{D) such that F\dγ = / .

Proof. We set

F(z) = I /(C)Ω(C,z) for zeD\ΘV.
JdV

Then F can be extended continuously to D and satisfies, for z edV,

which completes the proof of Theorem 5.
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