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We find an explicit decomposition for the metaplectic representa-
tion restricted to either member of the dual reductive pair (U(1),

U(1)) in SL(2, F), where F is a p-adic field, with p odd.

1. Introduction and preliminaries. Let F be a p-adic field of odd
residual characteristic with ¢ being the order of the residue class field.
Let & be the ring of integers, & the prime ideal, % the units, 7 a
prime element, and v the valuationon F. Let G =SL(2, F).

For ¢ = (‘C’Z) € G,let x()=c if ¢ #0, and let x(o) =d if
¢ = 0. Define a 2-cocycle on G by

a(g81, &) = (x(&1), x(82))(—x(81)x(&2) > x(£182))-

This cocycle determines a nontrivial 2-sheeted covering group G of
G [G1].

Let E be a quadratic extension of F, and x — X the Galois action.
The group U(1) which preserves the Hermitian form (x, y) — x7 on
E is isomorphic to the group N! of norm one elements in E. The
pair of subgroups (U(1), U(1)) of SL(2) form a dual reductive pair
[H]. This dual pair is one of the simplest examples over a p-adic field.
Some other basic examples of dual reductive pairs are discussed in
[G2]. In this paper we determine the decomposition of the oscillator
representation of G upon restriction to U(1) C G.

The results in this paper have recently been applied by Rogawski
to the problem of calculating the multiplicities of certain auto-
morphic representations 7 of U(A) in the discrete spectrum of
L2(U(k)\U(A)), where U is a unitary group in 3 variables defined
relative to a quadratic extension of number fields K/k [R1, R2]. 1
would like to thank Rogawski for several stimulating conversations
and for encouraging me to publish this paper.

Let 7 be a character of F. Choose a normalized measure yx so
that u(@) = qﬂzn , where w(7) is the conductor of 7. Denote this
measure by d.x. Then if we define the Fourier transform on S(F),
the space of locally compact functions on F with compact support,
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366 COURTNEY MOEN
by
Fx) = / F0)t2xy) dey,

we have f(x) = f(-x). For ae F, we set 7,(x) = t(ax). Let

r(1)= lim_ - 1(x?) dex.

Recall [Sh] that x(7) =1 if w(r) even, and

k(D) =G(r)=q"t Y t(n"'x?)
X€C|P

if n = w(r) isodd. For u € Z, let (%) =1 if u is a square,
and (%) = —1 otherwise. Then we have G(1)> = (3}) and G(1,) =
(%)G(1) for ue#% .

We now define the metaplectic representation W = W7* of G as-

sociated to the quadratic form Q(x) = x? by specifying the action on
generators [G1]. Here { = +1, and |a| is the absolute value on F.

w ((5) - €) 70 = cxo®) ),
W ((3.2) - €) £ = dlalt 25 flax),

w((54)¢) Sx) = (@) /().

The cocycle defining G splits on the compact subgroup K = SLy(@)
by a function s : K — Z,. K thus lifts as a subgroup of G by k —
(k, s(k)), and we may thus restrict W to obtain a representation of
K on S(F). Note that U(1) ¢ K. Our goal is to find the characters
of U(1) which appear in the restriction of W to U(1).

Let S(&", &%) be the space of functions on F which have support
on %" and which are constant on cosets of . in Z". Suppose
w(t)=n>1. Then S(@, P") is invariant under W' restricted to
K, and the group

K, = {k eKlk= ((1) ?) mod "}
acts trivially on S(&, %"). We thus obtain a representation W, =
WrF of K/K, = SLy(@[P") on S(@, P"). Note that we may con-
sider 7 as a character of & /#".
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2. Calculation of the trace. In this section we calculate the trace
of W,(t), where t denotes either an element of T or its image in

SL (@ /™), and
T={(2)a"~ta=1}

is the torus in G corresponding to the quadratic extension E =
F(y/a). It will suffice tolet a = 7 or a = ¢, a primitive (g — 1) st
root of unity in & .

LemMA 1. For t = ( b‘; Z ) € T, we have the decomposition

o = ((G2) ) (LD ) (G
(29 70).

where y(t) = (a,b) if a=¢,be %, and a ¢ 7%, and y(t) = 1

otherwise. Also,

@ ((at) 1) = (5 5) ) ((C0) - ) (GT7) 1)
().

Proof. Both statements are clearly true if 5=0, so we suppose b #0.
A calculation shows that the right side of (1) equals (¢, (a, baa)y(t)).
We must therefore show that s(¢) = (a, baa)y(t) for ¢t # £I. Recall
[G] that s(¢) = (ba,a) if b # 0 and ba ¢ %, and s(t) = 1 oth-
erwise. First suppose a@ = #. In this case a € Z, so (a, brna) =
(a,bn) = s(t). Now suppose o = ¢. If b ¢ %, then b% €
Pl =a?=1+bkcl1+PcCc¥ =>ac¥%. Then y(t) = 1,
so (a, bea)y(t) = (a, be) =s(t). If b € Z, then s(t) = 1, so we
must show (a, bea)y(t) = 1. If a € Z, then y(t) = 1 so we need
(a, bea) =1, whichistruesince a€ % and be% . If a ¢ %Z , then
y(t) = (a, b), so we must show (a, bea)(a,b) =1« (a,ea) =1.
But a ¢ % = a’? € % = 1+b%e € P2 = —b% € 1+P2. This shows
—e€%?,s0 (a,ea)=(a,(—&)(—a)) =(a, —-¢)(a, —a) = (a, —a) =
1.

LEMMA 2. Suppose t = (b"aZ) €T and ae€ %. Then for f €
S@, 7",
(Wa(t, s())N)(x) =

x(7)

k(Tq)

> Kpalax, s)e (252) 165,

SEC |P"
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where, for c € @,

Ke(x,s)=q" > t(—cr?)t(-2xr)t(2rs).
a|P"

Proof. For any ¢ € S(&@ , %"), we have, for c € @,

(7 ((£1) - 1)8)

But ¢eS(@,9"")¢$ES(@’,9M),sofor c €@, we have

w (1) ) (1) )sesie, o

For any y € S(&@, "), we have

i(x) = [vo)e2xy) dey = /ﬁ W) T(2xy) dey
= w(r+y)t(2x(r+y))dry
regﬂ" '[92,"
= ¥ v [ v duy.

re@ | p"

But y — 7(2xy) is trivialon " & xe€@,s0 y(x)=0if x ¢ &,
and if x € @, we have

px) =gt Y p(exr).

red |P"
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Therefore,

(D) 1))
et 2 (7))
xw ((°2) 1) @) (r)e(-2xr)
- S % cen (w((40) 1) ¢) o200

re@|P"

=_K_(_T-)_3-q‘” Y w(=crP)r(=2xr) Y d(s)T(2rs).

k(t_1) ; .
red | SEC [P

But
k(1)
K(to1)

(1) D)= ¥ Kix. 9

s€0 | P"

so we get

where for c€ @,

K(x,s)=q" Z 1(—cr?)t(—2xr)1(2rs).
re@ | "

Now we calculate the action of W, (¢, s(¢)) for a € % . Note that
in this case, y(t) = 1. For f e S(@, #"), we have

(Walt, s(£)) )(x)
= ((2.2) )W (L) ) ((28) ) ) w
= 2O (1) 0w ((33) 1)) @
235 Rutanioe (25) 10

SEC | P"

Here we used the fact that
12 n
aewﬁw((o;) , 1)feS(é°,9a ).

This completes the proof of Lemma 2.
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If a € Z , the action of W, (t, s(¢)) is therefore given by the kernel

k(1)
K(Ta)

— L Kpoalax, s)T (zsz) .

We now use this kernel to calculate the trace of W, (¢, s(¢)) when
a € 7Z . The kernel is a function defined on &/FP" x @ |P", so we
have

(3) trace Wy(t, s(2)) = ) et )Kbaa(as s)‘c( s2)
se@|P" *(ta)

> g™ > t(-baar®)t(2rs(l - a))t (Zsz)

SEOIP"  red|P"

=:((2)q‘” > t(-boar’) > (as +2r(1—a))

re@ | P s€B|P"

K(Ta)

Suppose v(b) = k. The inner sum can be written

> oot (g(u + v)z) 1(2r(1 — a)(u +v))

ue@ [Pt yep k| P"

- ¥ c(fe)ret-an ¥ c@t-aw

ue@ | P veP "k |P"

since 2uv € 2" and Lv2e P,
Consider the sum

> w21 -aw).

vegn-—k/gn

Since a € % , we may have v(a—1) = 0 or v(a—1) > 0. Suppose first
that v(a— 1) = 0. Then Ty,_q) is trivial on P"* & w(1y,(1-4)) <
n—-kereP* If r ¢ ¥, we have

> r2r(l-ap)=

veP" k"
and (3) therefore equals

(4) x(7) g7"¢" Y t(-boar’) D 1 ("(b;uz +2r(1 - au)) -

x(t
(ta) re* |7 ued | P"*
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The inner sum in (4) equals

(5) Z T (g (u2 + Mu))

ue@ | Pk

sy (_r2(1 ;a)za) ﬁ% . (g (u+ r(1 —l;a)a)2> .
ued |+

Since v(b) = k and v € #*, we have v({1529) = y(r) ~ v(b) 2 0,
so {u+ 11524} — @/pr—k and (5) equals

T (—M) Yoot (z—uz) :

uee | P"*
Soif aeZ,a-1€%,and v(b) =k, we have

(6) trace m,(z,s(t))=E’f(—(:-)qu-" > t(~baar?)
a4 ret | P

201 _ 2

«T (_L(LTa)_ﬁ) Y e (.2,;)

ue@ [P
_ k() Y ey e (Quz) ,
K(Ta) k n n—k a
re?* | P ues | P
where ¢ = —-MZ_—U .
Now we consider the sum
Y r2r(1-aw)

ve@n—k/yn

in the case when v(a —1) > 0. We have a?> -1 = b’a = v(a—1)
+v(a+1) = 2v(b)+v(e). Since a—1€ F, we have a+ 1 =
(a-1)+2e€#,so via—1) = 2v(b) + v(a). We therefore have
v(a—1) > v(b) = k. This shows that 7y,(;,) is trivial on £#"~* for
all re @/P", and so (3) implies
(N trace Wy(t, s(t)) = -’f@—qk-" > t(~baar?)

K(Ta) n

re@ |

X Z T (gzﬂ + 2r(1 —a)u) .

ue@ [Pk
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Considering (5) again, we have u(’—“%f’ﬁ) >0,s0ifaeZ,a-1¢
P, and v(b) =k, we have

(8) trace W(t, s(t)) = 20 gk-n Y t(~baar?)

*(7a) re@|P"
201 _ )2
xr(_r__Q__E_aM) > T(guz)
uc@ | P
— K(T -—n k Z T(C"Z) Z T(guZ) ,
red |P" ue@ | P

where ¢ = ——3—“3;—_32 .
We summarize (6) and (8) as follows

LEMMA 3. Suppose a€ 7% and v(b)=k. Let c = —2—“2%:—‘9. Then

(9) trace W(t, s(t)) = —= K@) gk Z t(cr?) Z T(zbl—uz),

(T) 1 n n—k
rep! | uel | P
where =k ifa-1€%Z and [=0 ifa-1€ .

To calculate these sums we need
LemMA 4. If o(t) = n then ¥, 5/ m 1(x?) = q2K (7).

Proof. Suppose n is even. Then

Yo=Y Y t((u+v)?)

x€g|P" ue@| Pt vept |P"

= Y ) Y, t(2uv).

uco | P4 vPY |

But v — t(2uv) is trivial on P1/P" < u =0, so the sum is just g*
in this case.
If n is odd, then

Yoot = D) W) ). t(uw).

xeq|F" ueo | P veP™t |
N . . . ntl n—1
In this case, v +— 7(2uv) is trivial on F# T o uePT, so the sum

equals
g7 Y. ().
ueP s | P




THE DUAL PAIR (U(1), U(1)) OVER A p-ADIC FIELD 373

=1

Writing u = n°7 , with r € @/ , the sum equals

¢T Y t(n"Ir) =47 4iG(7) = 43 G().
red@ | P

This completes the proof of Lemma 4.
Now we apply Lemma 4 to the sums in (9). First, @(7;) = w(1) —

v(®y=n-k,so
Yoot (—guz) = ¢" T Kk(12).
ue@ [Pk
Suppose v(a— 1) =0. Then
Yooterhy= Y t(enid).
reg* | P ued [P+

Since v(c) = v(%) = —v(b) = -k, w(1,x) =n—-2k-v(c)=n-k,
and we have

3> t(er?) =g T (1) = 4°7 K(T).
rep* | P
Now suppose v(a — 1) > 0 and consider
Z 7(cr?).
re@ | "
If a=¢ then v(a—1)=2v(b) =2k. We write
o oterhy= Y w(ew?) D t(2euv).
reg | " ued | Pk veP k[P

But w(ty,) =n—v(cu) < n-—k & v(cu) > k, which is true for all
ueda,so

o tery=g" Y t(ed)=q"q¢ T r(ro),
reg | " ue@|P"*

where we used Lemma 4 since w(t.)=n—-k.
If a=mn,then v(a—-1)=2v(b)+1=2k+ 1. We write

o oter)y= > > t(e(u+v)?)

re@/.@” ueﬁ/lgyn—vk—lve‘@n—k—l/‘@n
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and argue as above to obtain

3 tler?) = ¢ K (1),

re@| "

Suppose that a € Z and v(b) = k > 0. We have now shown that
if v(a— 1) =0, then we have

(10)  trace Wy(t, s(2)) = "((’a)) kong*Fre(e)g " T e (T)
= %x(n)x(rg),

If v@a-1)>0and a=¢,

(11)  trace Wy(t, s(t)) = —(—(%E)jqk_”qkq"_;ﬁk(fc)q%’c(fg)

= ¢+ T e(wee(ry)

If v(a-1)>0 and a=m,

(12)  trace Wy(t, s(t)) = ((:))qk gk g = e (1) g T K K(Te)

2t k(1)
K(Ta)

We can summarize (10), (11), and (12) as follows.

x(rc)x(rf).

LEMMA 5. If a€ % and b+ 0, then

J_.JK()

K (%a)

trace W, (¢, s(t)) = x(rc)rc(rb)
where ¢ = —@1—1—‘—“2.

To calculate trace W,(¢, s(¢)) when a € &’ we need another de-
composition. Note that since a € #,we have a=¢ and be ¥ .

eosor=((4 90 (=)0 (0 ) (). 1)

Proof. A calculation shows that the right side equals (¢, 1). Noting
that s(¢) = 1 in this case completes the proof.
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Suppose v(a) = m > 1 and w(t) = n. Choose f € S(&@, P").
Using Lemma 6, we see that

(Wa(t, 5(1)).f) (x)

=] e (7 (G) )

2 n
- e 3 () () o

= Z K(x,s)f(s),

€O |P"
where
2

_ gt O ey (L _2S_X)
K9 =120 () o ()« (-32).
Since £ € and —£ €7,
trace W, (¢, s(t)) = Z K(s,s)

SEC [P"
_x K(1)? a0\ (4o _ES_Z)
=49 K(T_pe) se;/:@"r (bss ) 4 (bas ) "\ e
_z Kk(7)? 2
=q2 7(cs%),
omIPRER
where ¢ = %. Since v(c) =v(a—1)—v(b) =0, we have w(z.) =
n. Using Lemma 4, we have
LEMMA 7. If a€ &, then
2
K(t
trace W, (¢, s(t)) = x(i )b )K(‘Ec),
—be

__ 2(a-1)
where ¢ = S reuk
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3. Further calculation of the trace. We now refine the formulas in
Lemma 5 and Lemma 7. Suppose E = F(/¢). Letting T, = TNK,,
we have a filtration 7 > 7Ty D ..., with [T : T;] =g+ 1 and [T;:
Tis1]l=q for i>1. Let n=w(1).

ProrosITION 1. Suppose E/F is unramified.
(1) For t€ Ty — Tpyy, k> 1, trace Wy(t, s(t)) = (—1)"kgk.
(2) For t ¢ Ty, trace Wy(z, s()) = (341 l))

Proof. Assume first t€ T;. Then a— 1€ % and b € . We have
v(ia)=0.If t € Ty — Ty, then v(b) =k > 0. We apply Lemma 5.
We have v(c) =v(2) =k. Also, v(a—1) = 2v(b) = 2k . If n iseven,
we have k(1) = k(1;) = 1. If in addition k is even, then x(7.) =
k(1) = 1 and sotrace = g* . If n isevenand k is odd, k(t.) = G(1.)
and xk(1:) = G(t:), so trace = kG(TC)G(Tg). Letting b = un* and
a—1=uvn%, wehave ¢ = —22% 5o trace= gk (=2%)(%)G(7)* =
qk(-—@—-zvuz“) = ¢*(Z4). But a -1 e 9” =>a€e¥*= (%) =1. Alo,
a? = (1 +vn?)? = 1 4+ 2vun 4+ 027%  and 1+ b2 = 1 + u?nZe.
But a2 = 1+ b2, so u?n?ke = 2un?k + vin%* = y2e = 2v + v2n% =

2 2%k
2v = wle—vin* = wle(1 - LL) e ule(1+P) C e%?, which implies

2v is not a square = (%) = -1, so trace= —gk.
If n is odd then ((TT)) ((’)) (%). If k is even, then k(1) =
G(t.) and K(n) = (Tb) Arguing as in the case of n even and k&

odd, we have trace = k(y) (1) G(t2) = g*(%) = —¢*. If k is odd,
then x(t.) = k(1) = 1 = trace = k(g, But a-1eP= (%) =1,
so trace = g¥ . This completes the proof of (1) of Proposition 1.

Now assume ¢t ¢ T;. Then a— 1€ #Z or b € Z . We consider
various cases: (l)a—1e€Z,beZ;(2)a-1e€Z%,becP;(3)a-1¢€
P, be?. Case (3) cannot arise, since a> — 1 = b% = v(a—1)
+v(a+1) = 2v(b). Then v(a—-1) > 0 = v(b) > 0, which is a
contradiction.

We first consider case (1). In this case, we have v(a—1) = 0,
v(b) =0, and we may have a € Z or a € & . Suppose first ac€ 7 .
We use Lemma 5. If n is even, k(1) = k(1) = 1. Also, 1/(-2) =
v(c) = 0, so k(t;) = k(1) = 1. Since v(a—1) = 0, trace = 1.

If n is odd, trace= F4G(7.)G(r:) = (%) (%) )G()? = (5.
Now suppose a € . Then we must use Lemma 7. If n is even,
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K(1) = K(T_pe) = k(1) = 1, so trace = 1. If n is odd, trace=
_G(1) 2(a-1)
s G(te) = (B) = (%).

We next consider case (2). Now we have a—1€ % and b € &, so

a € % and we can use Lemma 5. If n is even, then x(7) =x(7;) = 1.
If in addition v(b) is even, then x(7.) = k(7)) = 1, so trace = 1.
If v(b) is odd, then trace = G(1.)G(t,). Writing b = un?*! | this
equals (ALY (u)G(7)2 = (2227L)) - We claim (2247)) = 1. We
have v(a—1)+v(a+1)=2v(b) > 2,50 a—1 e?/=>a+1 eEP =>a=
~1+d,de. Thisshows a—1=-2+d =-2(1 - d)e 2% C
—2%?%,s0 (%) = (FF). Also, a=-1+d e (- 1%:(@) (Z) -

Therefore, (2471) = (2)(2) (%) = (3)(3)() = 1, 50 in this
case trace= 1.

Now suppose n is odd. Then k(1) = G(r) and x(7,) = G(14),
so trace = (%)k(tc)k (). If v(b) is even, b = un?*, then trace =

(5)G(1)G(1:) = (%) (PS5 (B)G()? = 3% . If v(b) is odd,
k(tc) =x(1:) =1, so trace = (%) . But we saw above that (3‘-’-(%;——12) =
1, so trace = (%) = (24;1)) . This finishes case (2) and thus completes

the proof of Proposition 1.
Now we assume E/F is ramified, E = F(y/7). We have a filtration

T>Ty>T;>..., where T, = {(b‘;{;)m €1+ P pe pn},
We have [T : Ty} = 2 and [T, : T,.1] = q for n > 1. Recall that
we have a bijection ¢ : @ — Ty, where we identify (b“n Z) € Ty with
a+bym e N [S]. ¢ is given by

1+ x2
1 —7nx2

¢(x) = +v7

1——7tx2’

x € @ . Representatives for " in & can be taken to be {ap+a;7+
vt ay_n" lYa;=0o0ra;=¢/,0<j<q-2}.

PROPOSITION 2. Suppose E/F is ramified.
(1) Say te€T; —Tiyy, t=¢(x), x =’ + -+ ap_ 7", with
a;=e®, 0<jit)<qg—-2. Then
- 2 __1 n+i+1
trace Wy (t, s(t)) = “z“( 1)/ (9?,) (§) G(1).

(2) Say te T — Ty. Then trace W,(t, s(1)) = (3)" .
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Proof. We may use Lemma 5 in all cases. Assume first 1 € T; —
T;,1. Suppose that n and i are both even. With x = ag;n’ +
ot apm™l o v(x) = 0. If ¢(x) = a+ byw, then v(b) = i,
v(a—1) = 2i+1,and v(c) = i+1, where ¢ = ~24@=1  Then x(7.) =

2i+1

G(1.) and x(7:) = 1. Therefore trace W,(t, s(t)) =g G(t.). But
G(t.) = (@%)G(n;_l). Now, %l = nx, so G(te) = G(tnx) =

n—i—1
a+a.  n+---+a (4 . : .
(remmass 2=t )G(7). With a; = /0, a;+a; . n+ - +a,_ 7"~}

) = (&) G(r) = (~1Y0G(1). So

ceZ?, 50 G(Tom
b

) . (2 (-1
trace =q 2 (—97) (-1YDG(z) = g*7 (-1)/®) (§> (ﬁ) G(1).

If n is even and i is odd, then x(7.) =1 and x(7:) = G(1:), SO
trace = g5 G(1.)G(ts). We have

b 2x
a 1+nax2
2a;m’ a; a,_ ) 2a. 7
= 1 5 1+ l+]7t+---+ n lnn—z—l e I 27/2’
1 +7nx a - a; 1+ nx

s0 G(rs) = 24)G(r) = EH)G(r) = (Z)(-1)/G(r). Therefore,
trace= g% () (~1)/0G(z).
If n is odd and i is even,

trace = ¢ G U06(s) = (5) (-1 (@)

If n is odd and i is odd,
_ jua G(1) — (2 (2 o
trace = g G(Ta)G(rc)—q (,93)(,90)( HYYWG(r).

This completes the proof of (1).
Now suppose ¢ ¢ Ty. For elements of T/7; we use {t} = {—r},
r € Ty. We therefore write £ = (% ~*), with a€ 1+ %, bea,
2a*(a+1)
b

and ¢ = . If n is even, then k(1) = K(7,) = 1. If in
addition v(b) is even, then x(7.) = k(7:) = 1, so trace= 1. If
v(b) is odd, trace = G(T__g(a;—_l)G(Tg). Writing b = un?/*! | this equals
(Zh) (FHatlyy uay — 222y Byt y(a—1)+v(a+1) = 2v(b)+1, with
via+1)=0and v(b)>0,0 a—1eP=a+1€2+ P2’ =
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@) = (3). Also, ac 1+ 2 = (&) =1,s0 (&) = (2) =1,
and therefore trace= 1.
If n is odd, trace = G—(T—L)IC(‘[ H)K(Tb) = (FH)r(1_ M)x(n) If

v(b) is even, write b = un? . Then trace—(—)( —Hetlu )G(t)(g,7

= (2280 (3)). But we still have a + 1 € 2%2, so trace= (3). If

v(b) is odd, k(T_wm) = k(1:) = 1, so trace= (33). For t ¢ Tp,
b a

therefore, trace = (7) . This completes the proof of Proposition 2.

4. Calculation of multiplicities. In this section we choose y € T
with conductor c(x) less than or equal to n, and we calculate (y, W,),
the multiplicity of y in W,, x and W, being considered as repre-
sentations of 7'/T,,.

Assume first that E/F is unramified. Let us say that the conductor
of the trivial character of 7T is zero, and we let 6y be the unique
nontrivial character of conductor 1 such that 62 = 0.

LEMMA 8. For t ¢ Ty, t = (;8 Z), we have (2(‘;;1)) = —0(1).

Proof. We identify t € T with A =a+ b€ N'. Let |x|g be the

valuation on E. If |1 +A|E = 1, we can write 4 = —t’—‘—%, xXeo.

Then A+A7'+2= 25 and 2(a-1)=A+47" - 2=14_"x It is

proved in [S-Sh] that 1f [14+4]g = 1, then (M2 42) = (1=22) = g,(2).
Therefore, (2%1) = (kA =2) — (dex’l-ex)) - _ (=2 = _g (). If
[1+A|lg >0, then —A €1+ P (Fg the prime ideal in E) and A =
—s2, seN‘. Write s =c+d+/e. Then A= —s2=2(a—1) = -4c2,
so (2451) = (3). But we also have 4 = —s? = () = Op(—s?) =
6o(—1), and it is proved in [S-Sh] that 6y(—1) = —(33) . Therefore,
35)) = (3}) = ~0o(~1) = —6p(4). This completes the proof of
Lemma 8.

ProrosITION 3. Suppose E/F is unramified and c(x) =i.

(1) If n is even and i is even, then {(y, W,)=1.

(2) If n is even and i is odd, then (x, W,)=0.

(3) Say n isodd and i is even. Then (y, W,) =0 if x # 1, and
(1, W) =1.

(4) Say n isodd and i is odd. Then (x, Wy) =1 if x # 6y, and
(6o, Wy) =0.
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Proof. Suppose n = w(t) is even and c(x) =i > 1. Then

n—1
. W) ——1————[q"+27(t>+2 ) 7<t)(—1>mqm].

= 71
(g +1)g" t¢7T, m=1t€T,~T,,,

But Zt¢ T, 20 =3 cr2(t) = ZteTl x(t)=0,s0

1
(X, W) = CES
i-2
x|+ S| ime T - -imem ¥ o)
m=1 teT, teT,, .,
+Eve ¥ a0 - e T
teT,_, teT,
n—1
+ 3 |mangr - (-1yrgmar |
1 n i—-1,i-1,n—i
=W[Q - (=1 'q lq
n—1
+ 3 [vmer - cvme)|
1 n i—1, n-1 n n—-1 & m
=(q_+T)‘qT—T[q ~(=1)g" 4 (g" - g D (1) ]

m=i

If i is even, this equals one, and if i is odd, it equals zero.
If n iseven and c(yx) =1, then

1 n—1
X Wa) = 9"+ )_x(H)+ (=1)™"g™
(g + )g"~! [ ;T ,52 ,ETMZ_:TM ]
N ll)q"—1 - - @ -] =0

Also, if n is even, then
1 n—-1
(1, Wn)=(7_;—l')q—,,:1[qn+ PR ED VDY (”l)mqm] = 1.
1¢T, m=1teT,~T,.,

This proves (1) and (2) of Proposition 3.
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Now suppose n is odd. If ¢(x¥) =i >1 then

1
(X, Wa) = @1
i—1
x [q" —ST0e0+Y Y mO-1)mie
14T, m=1teT,~T,,

n—1
+ Z z (_1)m+1qm]-

m=iteT,~T,,,

But ¥, 7 Z(1)60(t) =0 and

=2
}: Z x(t (-1)"*+igm =0,
m=1teT, T,

SO

) = b e ],

1
(g +1)gn-!

If i is even, this equals zero and if i is odd, it equals one.
If c(x)=1or y=1, then

1 = m
(X> W) = m‘q[ % Z()8o(1) + mz=:1 2 *tlg ]
= @ |4 SE00 + 37 (t)eom]
_ qn B qn 1
=@+ Dt % 00t g
=1- <Xa 00)

This completes the proof of Proposition 3.
Now we assume E/F is ramified. Let 6, be the unique nontrivial
character of 7/Ty.

PROPOSITION 4. Let E/F be ramified. Then

(1) (1, Wa)=1 if n iseven or (33) =1, and equals O otherwise.
(2) (00a I/Vrl)=1—<1a VVn)
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Proof. We have

e B )
55> ﬁ(—l)f(é)(—’—g—;‘-)"wc;(r)],

i=0 teT~T,,,

where j was defined in Proposition 2. Consider ) ,.r_r l(—l)f.

Since a; = ¢/, and h # i = a;, can assume the values 0, 1, ¢, .
€9-2, this sum is zero, so (1, W,) = qu,,[q" + (%})"q”], which gives
the result.

Similarly, (6, W) = 5L[g" +( Ly ¢t 0o(1)]. But Z,w 6o(?)

= ZIGT GO(t) - ZtGTo 60(t ,» SO (00’ VVn) = 2[1 - ( ) ] This
completes the proof of Proposition 4.

PROPOSITION 5. Assume c(x) = m > 0. Then {(x, W,) equals 0
or 1, and exactly half of the characters y of conductor m satisfy

(Z ’ Wn) = 1 .
Proof. We have

(x> Wa) = [q +Zx(t)( )

z¢T

5 5 w0e (F) T cvvew)

i=0 T~-T,

where j(¢) is as in Proposition 2. Since x is nontrivial on Ty,
Yigr,X(1) =0, 50

i+ (3)5)

X[g( ) R DRV {OICIV

teT,—T,

(X, Wa) =

+1

"‘1 m=1 2m—1 i
+HZ) T T woen©
tETml T

m

i+l
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As before, Y ,cr_r l(—l)f(’) =0 for m <i<n-1. Now consider
Yter—r, X(0)(=1)/® for 0 <i<m—2. Write this sum as

S T (Blaim + -+ apoym" ) (=10,
s, s

where S; = {a;, aiy1, ..., amla; # 0}, S2 = {am—1, ..., @n_1},
and ¢ is the map on & to T, which was recalled above. If x € ",
then ¢(x)eT,.If x,ye &,

H)0)  a—byE
S ty) —asbym cTIVE

where a = 1 — (x> +xy +y?), b =axy(x+y), ¢ = szfiszw and
d=—-2_ Tletx= a,-ni+- . .+am_2nm“2 and y = am_ln’"‘l+- -+

a-b’n
a,_1n"~!. Then v(x) =i and y either equals O or satisfies v(y) >
m — 1. We need only consider the case y # 0. Then v(x+y) > i,
so v(c) >2m+1 and v(d) > m. Therefore, ¢ + d+/n € T,,. Since
x =1 on T,, we have x(d(x))x(¢(y)) = x(¢(x +y)). This shows
that

Y. IO = T (@)D Y T($0).
S

teT-T,,, S, 2

But
Y 7)) = > 7()=0
SZ

teT,

m-1

since xy #1 on T,,_;. Therefore,

> EO-1)0=0

1eT,~T,

i+1
for 0<i<m-2.
Next, consider

Y Ty

US Tm_Tm+l

Here, ¢t = ¢(am_17tm_1 4+ .+ an_lnn—l), with Ay = 8j(l), 0<
](t) <g-2. Let x= am_lnm—‘ , Vy=amam+ .-+ an-—lnn_l . As
before,

P(x)8(y)

—_— €

#(x +y)

m»
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which makes

(13) Z x(t (U”’-ZX ST (B))(-1)C

teT, T,

_.qn m Z (¢ am~1nm—1))(__1)j(t)’
m 1#0

since ¢(y) €Ty, and y =1 on Tyy,.
We have a map

pm=tigm 2, T | Tw L C.

For x,y e #m-1,

H(x)o(y)
P(x+y)

so X¥¢ is an additive homomorphism on #™~1/%™ to C. Letting
v =79, (13) becomes

€Ty,

q—2
"Y1 =g Y w(@m ) = ¢ GY).
=0 XE@|P

(Note that y - is a character of &/ .) We can now write

1 2 __1 n+m
o) = 5|0+ (5) (3) aa@e)],
which equals 0 or 1. Notice that ¥, m1 = 71, for some 0 <

i<qg-2,uel+P. Then G(1)G(y) = (3 8)— ( Z)(~1)", which
takes on each value +1 for half the ¢ — 1 possible values of i. This
completes the proof of Proposition 5.

If E/F isramified, suppose that we replace 7 by 7,, u € Z . Then
the characters of a given conductor appearing in W,’ will be the same
as those appearing in W, if (%) =1.If (&) = —1, then the two sets
of characters of a given conductor m > 0 appearing respectively in
W and W, = are disjoint. By varying 7, we thus obtain all characters
of conductor m > 0 in the restriction to 7 of some W7’.

5. Decomposition of W*|1. In this section we use the results of the
preceding section to determine the decomposition of W7¥|r.



THE DUAL PAIR (U(1), U(1)) OVER A p-ADIC FIELD 385

LEMMA 9. For 2k > —n, let Hy = S(#~%, Pn+k). Then H, is
an invariant subspace for W* which is equivalent to W;erk, where
a=mn"2,

Proof. Recall that if € F and o = B2, then W' = R™!W%wR,
where (Rf)(x) = |B):f(Bx). Let B =7n%. Then w(1,) = n+ 2k.
Suppose g € K. Then f € H, = Rf € S(@, P2k = W (g)Rf €
S(@, Pty = R-1W*(g)Rf € H,. Thus H; is invariant under
Wt. Also, W*(g)f = f if f € H, and g € K, . We thus have
a representation of K/K, 5, on H; which is a subrepresentation of
W and which is equivlent to W;:izk . This completes the proof of
Lemma 8.

Suppose W'(t)f = x(t)f forall t € T. If f € S(F, F9),
choose k£ so that -k < r and n+ k > s. Then S(&", P C
S(P~k, pntky = H, . Then the action of W7 on Hj is equivalent
to W:izk , a =1 byLemma 9. Thisimplies ¥ appears in WnT;Zk .
We apply Proposition 3 to each of the representations VI/I’IT-T-Zk , k>0,

to obtain

ProPOSITION 6. Suppose E/F is unramified, w(t) =n, and c(y) =
i.

(1) If n is even and i is even, then (x, W*|r) =1.

(2) If n is even and i is odd, then (y, W* ) =0.

(3) If n isodd and i is even, then (x , W*|7) =0 if x # 1, and
(1, Wr|r)=1.

(4) If n is odd and i is odd, then (y, W*|r) =1 if x # 0y, and
(003 WT[T) =0.

We argue in a similar fashion if E/F is ramified. Applying Propo-
sitions 4 and 5, we obtain

PrROPOSITION 7. Suppose E/F is ramified and w(t) =n.

(1) (1, Wiz)=1if n isevenor (3#) = 1, and equals O other-
wise.

(2) (g, W) =1=(1, W% ).

(3) If c(x) =m >0, then

e, W) = 1@ GEGw) = (5) )

where y = ¥¢ . Otherwise, (x, W'|r)=0.
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(4) Exactly half the characters x of a given conductor satisfy

<X ’ WTIT) =1.
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