
Pacific
Journal of
Mathematics

Volume 160 No. 1 September 1993



Siϊipter'.hdittoMgy and cohomology with local coefficients and duality

for manifolds . . , . • » . . . . . . . . / . . . . » . » . » . * . . * . * . 165

Vol. 160, No. September 1993



PACIFIC JOURNAL OF MATHEMATICS
Vol. 160, No. 1, 1993

INEQUALITIES FOR QUASICONFORMAL
MAPPINGS IN SPACE

G. D. ANDERSON, M. K. VAMANAMURTHY AND M. VUORINEN

A new lower hound for the conformal capacity of the Grδtzsch
ring and sharp bounds for the radial distortion of a quasiconformal
automorphism of the unit ball are obtained in //-space, n > 2 .

1. Introduction. The conformal capacities of the Grόtzsch and
Teichmϋller extremal rings in Rn , n>2 (see §2), are denoted by

(1.1) γn(s) = capRGn(s) and τn{t) = cap RT,n(t),

respectively, where s > 1 and / > 0. The modulus Mn{r) of the
Grόtzsch ring RG^n{\/r), 0 < r < 1, is defined by

(1.2) Λ-n

where con-\ is the (n — 1)-dimensional measure of the unit sphere
Sn~ι in Rn . The capacities in (1.1) are related [G, §18] by

(1.3) γn(s) = 2"-ιτn(s2-l), s>l.

For K > 0 define increasing homeomorphisms ψx n and y/χ n from
(0, 1) onto (0, 1) by

( " }
f

l
= M~\αMn{r)),

where r' = y/\ - r2 and α = Kι^ι~nK Given a domain D in Rn ,
for K > 1 let QCK(D) and QRK(D) denote the class of all K-
quasiconformal and AΓ-quasiregular mappings, respectively, of D into
itself [VI], [Vu2]. For K > 1, 0 < r < 1, define [AW2]

(1.5) φ*K9n(r) = sup{|/(x)|: \x\ = r9 /(0) = 0, / e QCK(B")},

(1.6) φ\,K9n{r) = inf{|/(x)|: \x\ = r, /(0) = 0,

feQCK(B»),AB») = Bn}.

We extend the functions in (1.4), (1.5), (1.6) to [0,1] by defining them
to be 0 at 0 and 1 at 1. For n > 2, K > 1, 0 < r < 1, these
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distortion functions are related by the inequalities [Vul, 3.5, 5.20],
[AW2, (1.4), Theorem 2.24]

7) {
I <P\(r) ^ m a x { P ( r ) > Ψl/K,n(r)}

Each of these three functions is increasing from [0,1] onto [0,1]
(see §3 below). For n = 2 the inequalities in (1.7) reduce to equalities.

It is well known that Mn (r) +log r is monotone decreasing on (0, 1)
[T, p. 632], [G]. The so-called Grδtzsch ring constant λn defined by

(1.8) logλn = lim (Mn(r) + logr)
0+

satisfies λ2 = 4 [T], [LV, (2.11), p. 62] and λn e (2e°'Ί^n-χ\ 2en~ι)
for n > 3 [G], [AW4, pp. 120-121], [AF].

The main purpose of this paper is to show how one can translate
information about the special function Mn(r) into information about
geometric properties of quasiconformal mappings. An important tool
is the following result, which improves the above-mentioned mono-
tone property of Mn(r) + logr.

1.9. T H E O R E M . For each n>2, the function

is strictly decreasing from (0, 1) onto (0, log(λ/,/2)), w/zere λΛ w as
m (1.8) and rr = (1 - r 2 ) 1 / 2 . Moreover, f2(r) is strictly concave on
(0,1) .

The next result is an immediate consequence of Theorem 1.9 (cf.
[G, Lemma 8], [AW4, Corollary 2.30]).

1.10. COROLLARY. For each n>2, 0 < r < 1, r' = \/l - r 2 ,

(1) jl/n(r) <

(2) ¥M d _J_
rlogr dr rr1

The usual method of obtaining lower bounds for the capacity of
a ring is to use spherical symmetrization [G] together with the ex-
tremal property of the TeichmuUer ring and the fundamental inequal-
ity Mn(r) < log(λΛ/r). By virtue of Corollary 1.10(1), all such ear-
lier bounds can now be improved. A graphical comparison of some
bounds for y3(l/r) appears in Figure 1 in §2.
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From Theorem 1.9 and Corollary 1.10(1) we shall derive several in-
equalities for the distortion functions in (1.4), (1.5), and (1.6). These
functions are interesting not only for studying the radial behavior of
mappings in QCκ(Bn), but also as means of expressing other special
functions.

1.11. THEOREM. For n > 2 and K > 1 let a = ̂ >/(i-«) = l/β,
= (λn/2)ι-\ l = (λnl2)λ-K / ! = 2 / / ( l + / 2 ) . Then

(1) Ψκ,n{r) < tanh(2arctanh(LΛ(r)Ω))

for re(0,h), and

(2) ψ\/κ,n{r) > tanh(2arctanh(/Λ(r)^))

for all r e (0, 1), where A(r) = r/{\ + r'), r' = ̂ JΎ^T1. For K = 1,
both (1) and (2) reduce to equality.

The following local Holder continuity theorem simplifies and im-
proves earlier results in [G], [R, pp. 82-83], [MRV], [AW2], [Ca].

1.12. THEOREM. For K > 1, n > 2 let f e QRκ(Bn), 0 < r < 1,
a = Kι/V-nK and let λ» be as in (1.8).

(l)Ifx,yeBn{r) then

\f(x)-f{y)\<λ\ra{\-r2ra\x-y\\

(2) If xe Bn(r) and y € Bn, then

\f{x) - f{y)\ < 2aλι

n-
a(l - r)-a\x - y\a.

Next, the hyperbolic metric p(x, y) on Bn is given by

Λp{χ,y) \χ-y\2

(1.13) tanh'

for x,y eBn (cf. [B, p. 40], [Vu2, 2.47]). The following distortion
theorem for the hyperbolic metric is a consequence of Theorem 1.9.

1.14. THEOREM. For K > 1, n > 2, let f e QRκ(Bn). Then for
all x,yeBn,

tanh t < @ ) ' - («anh t)'<κ (tanh t)'<K (tanh t)"\
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where p = p(x,y), p1 = p(f(x), fiy)), and a = KιKι~nK These
estimates are sharp as K tends to 1.

1.15. COROLLARY. For K>1, n>2, let feQCκ{Bn). Thenfor
all x,yeBn,

o' ( o\χlκ

tanh ^- < min{2, K} (tanh ^J

where p = p(x, y) and p' = p(f(x), f(y)).

The results in §3 will show that for n > 3 the functions φκ,n(r) ?
Ψ*κ π ( r ) ' a n ( ^ Ψκ,n(r) in (1.7) behave differently and that the behavior
of φ*κ n(r) differs drastically from that of ψκ,i{r) (cf. 3.7(1) and
3.14). '

In §4 we study the linear dilatation

(1.16) Hn{K) = sup { j ^ j : |x| = \y\ > 0,

obtaining the following asymptotic estimate.

1.17. THEOREM. For each K>\, l i m s u p ^ ^ Hn(K) < K4.

An explicit expression for Hn(K) is known only for n = 2, and

'μ-ι(π/(2K))\2

μ-\nKβ) )

[LV, (6.4), p. 81] is also denoted by λ(K). It follows from [AW5,

Theorems 1.1, 1.2] that

Λό) A <e < λ{K) — /i2VAJ < ^

for K > 1 and that {λ{K))χlκ is strictly increasing to eπ as K tends
to oo. Thus 1.18 and Theorem 1.17 imply that

(1.19) Hn(K)<

for n sufficiently large. On the other hand by [AW1, Theorem 1.1*4],
Hn{K) > λ(K{/(n-{ϊ) > 1 for each K > 1 and n > 2. Whether the
upper bound in Theorem 1.17 can be replaced by 1 remains an open
problem (see 4.12(1) below). In any case, Theorem 1.17 shows that
quasiconformal mappings become more rigid in high dimensions. If
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one wants to extend the theory of quasiconformal mappings to infinite-
dimensional Banach spaces then the definition of a AΓ-quasiconformal
mapping must be chosen carefully, as e.g. in J. Vaisala [V3].

1.20. NOTATION. For n > 2, Rn denotes the n-dimensional eu-
clidean space, and Rn its one-point compactification Rn U{oo} . Unit
vectors along the coordinate axes in Rn are denoted by e\, e2, ... , en .
For x in Rn and r > 0 we let Bn(x, r) = {z e Rn: \x - z\ <
r}9 Sn~ι(x,r) its boundary sphere, Bn{r) = Bn(0,r), Sn~l(r) =
Sn~l(p,r), Bn = Bn(l), and Sn~ι =Sn"ι(l). For any E cRn we
let E denote its closure. For a, b G W we let [a, b] =
{(1 - t)a + tb: 0 < t < 1} and for a e Rn\{0}, [a,oo) =
{ta: t > 1}, [α, oc] = [α, oc) u {oc}. Whenever 0 < r < 1, by
r' we shall mean \/l — r2 .

Given E, F, and G, subsets of Rn , we let A(E, F G) denote
the family of all curves joining E and F in G [VI]. The conformal
modulus of a family of curves Γ in Rn is defined by

= inf / pn
dm,

where dm represents π-dimensional Lebesgue measure and the in-
fimum is taken over all nonnegative Borel-measurable functions p
satisfying / pds > 1 for each locally rectifiable curve γ eΓ [VI].

Let G be a domain (open connected set) in I " . A continuous
function / : G -> Rn is said to be K-quasiregular, 1 < K < oo, if /
is ACLn , i.e. / is absolutely continuous on almost all lines parallel
to the coordinate axes and the first partial derivatives are locally Ln-
integrable, and if

ί \f(x)\n < KJf(x), \f(x)\ = max|ΛN1 \f(x)h\,
1 ' j I Jf{x) < Kl{f{x)Y , /(/'(*))* Ξ min|ΛN1 \f\x)h\
hold a.e. in G. Here f'(x) denotes the formal derivative of / at
x , i.e. f'{x)ei = Vft, / = 1, . . . , rc , / - (/i, /2 , . . . , / „ ) , and
/y(x) = det(/ ;(x)). A ΛΓ-quasiregular homeomorphism is called K-
quasiconformal. A mapping / is called quasiregular or quasiconformal
if it is ^-quasiregular or ^-quasiconformal, respectively, for some
K G [1, oc). For properties of these mappings the reader is referred
to [VI], [V2], [Vu2].
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New Zealand Mathematical Society, and that of the third author by
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2. Modulus of the Grδtzsch ring. A ring R = R(C0, C{) in Rn is a
domain whose complement consists of two components Q and C\,
where oo φ. Q . Two extremal rings, the Grόtzsch ring

and the Teichmuller ring

Rτ,n(t) = * " \(H?i > 0] U [te{, oo]), t > 0,

are important in the study of distortion [G], [Vul], [Vu2], [AW1],
[AW2], [AW5].

The conformal capacity cap R and modulus mod R of a ring R =
R(C0, CO are given [VI] by

capi? = M(Γ) = ωw_i(modi?) \-n

where Γ = Δ(Co, C\ ϋ ) and con-ι is the (n — l)-dimensional mea-
sure of Sn~ι.

The function Mι{r) defined in formula (1.2), usually denoted by
μ(r), is given explicitly [LV, (2.2), p. 60] by

(2.1)

where

= /
Jo

π/2

/ ( l-r 2 sin 2 ί )" 1 / 2 Λ, 3f'(r) =Jgr(r'), r' =

are complete elliptic integrals. We also use the dual integrals

rπ/2
2

The next result is an analog of PHόpitaPs rule and will be usefuMn
establishing monotoneity of a ratio of two functions.

2.2. LEMMA. For -oo < a < b < oo let / , g: [a, b) -> R δ<?

differentiable functions such t h a t g ' ( x ) φ 0 y b r x € ( a , b ) .
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If f(x)/g'(x) is increasing (decreasing) on (a, b) then so is

Proof. We may assume that g'(x) > 0 for all x e (a, b) and
that f'(x)/ g'(x) is increasing on (a, b). By the Cauchy mean value
theorem, for x e(a, b) there exists y e (a, x) such that

f(x) - f(a) fjy) f{x)
g(x)-g(a) g'{y)~

which implies that (fix) - f(a))/(g(x) - g{a)) has a positive deriva-
tive on (a, b). •

2.3. Proof of Theorem 1.9. The monotoneity appears in [Al, The-
orem 5, p. 15], but for completeness we include the proof here. For
0 < α < £ < l l e t i ? be the ring whose boundary components are Sn~ι

and the segment \-ae\,ae\\. Then Sn~ι(a/b) separates R into
two rings R\ and i?2, where R\ is conformally equivalent to
-β(?,π((l + b2)/2b) and i?2 is the spherical annulus {x: a/b < \x\ <
1}. By superadditivity of the modulus [F] we get modi? > modi?i
+ modl?2> that is,

b

Next, putting rx = 2a/(l+a2), r2 = 2b/(l + b2), we conclude that fn

is decreasing. The limit as r tends to 0 follows from (1.8), while the
limit at 1 is trivial. In [A2, §8] a different proof of this monotoneity
is based on Holder's inequality, which, by [A2, Lemma 4], cannot
reduce to equality; hence the monotoneity is strict.

Next, let n = 2 and f(r) = / 2(r). Then by [AW6, Lemma 2.1(2)],

fir) = -

which is negative for 0 < r < 1 since r'Jί(r)2 is strictly decreasing on
(0,1) [AW6, Theorem 2.2(3)] and JΓ(0) = π/2. Thus / is strictly
decreasing on (0, 1). Next, —fir) = g(r)h(r)/r, where

+ 1

and h(r) -

Since gir) is increasing [AW6, Theorem 2.1(3)], we need only prove
that h(r)/r is increasing, and by Lemma 2.2 it is sufficient to show
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that h'{r) is increasing. First by [BF, 710.00]

h'{r) 1 H{r) u „, λ
v ' - — — , where H(r) =

By [AW6, Theorem 2.2(3)] the first factor is increasing; thus by
Lemma 2.2 it is sufficient to show that H'(r) is increasing. Now,
by [BF, 710.04-.05], H'{r) = (% - rt25?)rr'-2, which is clearly in-
creasing. D

2.4. REMARK. For 0 < r < 1, by [Al, Theorem 2], [G, Lemma 8]
(cf. [AW4, (1.10), (1.11)]), and 1.10(1) we have

(2.5)
& <γn(l/r) <2«

* < γn{\/r) <

where cn is a constant [VI, p. 31]. Here equality holds on the right
sides for n = 2. Let f{r), g(r) denote the minorants and F(r),
G{r) the majorants in (2.5) and let h{r) = ωn-ι(log(λn/r))ι-n . Then,
for n = 3, the graphs of these functions are in Figure 1, where the
graph of ^ ( l / r ) lies in the shaded region.

0 . 2 0 . 4 0.6

FIGURE 1. Bounds for }>3(l/r), 0 < r < 1
Lower: f(r) = 4c3 log ^ , g(r) = log2{49^{l+rt)/r) , h(r) = -

Upper: F{r) = 4c3μ (l=f) , G(r) = - ^ .
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From Figure 1 we see that the new lower bound g(r) for
given by Corollary 1.10(1) is the best of the present lower bounds
when 0 < r < r$ , ro « 0.95.

2.6. T H E O R E M . For n>2 the function

fn(r) = M π (r) log((l + y/r)/(l - y/r))

is strictly increasing from ( 0 , 1 ) onto In, where 72 = (0, π2/2) and
ln = (0, oo) for n > 3.

Λw/. First, by [LV, (2.3), p. 60], /2(r) = /ι(ί) log((l + t)/{\ - t)),
where t = 2y/f/(l + r), and the result follows from [AW4, Lemma
2.6(4)]. Hence for n > 3 the result follows from [AW4, Lemma
2.6(5)]. D

As shown in [AW4, 1.21], the function Mn satisfies several non-
linear functional inequalities. Next we shall prove additional results
of this type.

2 . 7 . T H E O R E M . F o r e a c h n > 2 a n d s , t e ( 0 9 1 ) ,

There is equality when s = t.

Proof, The statement about equality is trivial. For the inequality,
let R denote the ring in W1 whose complementary components are
the sets [—e\/(st)9 oό]li[e\/(st), oo] and [—e\, e\]\. Then R is con-
formally equivalent to the Teichmϋller ring Rτ9n{(l -st)2/(4st)), and
the sphere Sn~ι(l/s) separates R into two rings R\ and i?2 that are
conformally equivalent to RG^n((l+s2)/(2s)) and RG,n{(l+t2)/(2ή),
respectively. The result now follows from (2.1) and the superadditiv-
ity of the modulus [F]. α

2.8. COROLLARY. For n > 2, α, b e (0, 1),

where equality holds if and only if a — b.

Proof. For a — b, equality is clear. Next, for a φ b, let s =
α/(l +a!)9 t = b/(ί + b'), where a' = VT^a2, V = Λ / T ^ F . Then
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a = 2^/(1 + s2), b = 2ί/(l + t2), and Theorem 2.7 gives

= 2Mn{yίab),

since Mn is strictly decreasing. •

2.9. REMARK. Corollary 2.8 strengthens [AW4, (1.22)].

2.10. THEOREM. For each n > 2, let

fir) L
 and Sn{r) =

Then fn(r) is strictly increasing from (0, 1) onto ( l , o o ) and gn(r)

is decreasing from (0, 1) onto (0, 1).

Proof. By [LV, (2.5), p. 60] we have

μ(r) 2μ(r) μ(t)

log ( ^ ) log ( |±4) log (1) '
Mr) =

where t = (1 - r')/(l + r'), and it follows from [AW6, Theorem
4.3(4)] and fι(r) is increasing from (0, 1) onto (1, oo). For n > 3
it follows from [AW4, Lemma 2.6(5)] that the function

has the desired properties.
Next,

which, by Theorem 1.9, is increasing from (0,1) onto itself. D

3. Distortion inequalities in W1. In this section we obtain estimates
for the distortion functions φκ,n, ψ\ n> a n <^ Ψκ,n introduced in
(1.4) and (1.5). In [AW3, Theorem 2.2] it was shown that ψ\^nφ
ΨK,n for n > 3, K Φ 1. We now show that φ*κ nφ ψκ,n and also
that ψκ,n a nd ψκ,n are not comparable. In our first result we apply
a method of O. Htibner [H] (cf. [LV, pp. 64, 65], [AW1, p. 698])
along with our Theorem 1.9 to derive inequalities that improve earlier
distortion estimates [AW1, Theorem 4.10].
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3.1. THEOREM. For n>2, K > 1, 0 < r < I, let a =

= l/a, r' = VT^r1, A(r) = r/(l + r'). Then

(1)

(2) A(φι/K>n(r)) > (^fj A{rγ

(3) ()

(4)

Proof. Let s = φκ>n(r). Then Mn(s) = aMn(r), s >r. Hence by
Theorem 1.9

< (1 - a)(Mn(r) + logA(r)) + a\ogA(r)

< (1 - α)log (^\ + a\o%A{r) < \o%K + alo$A(r),

and (1) follows. Since <Pχl

n = <Pi/κ,n > (2) follows from (1). Finally,
(1) implies (3), and (2) implies (4). D

3.2. COROLLARY. For n > 2, K2 > Kx > 0, a =

0<r < 1,

\-a

Proof. Since (pκ2,n{r) = ΨKjK^niΨ^A1')) > t h e r e s u l t follows from
3.1(3). D

3.3. REMARK. We can obtain analogous inequalities for φ*κ by
combining (1.7) with Theorem 3.1.

3.4. Proof of Theorem 1.11. Part (1) follows from Theorem 3.1(1),
since 2arctanh^4(r) = arctanhr and LA(r)a < 1 if 0 < r < r\ =
tanh(2arctanh/). Part (2) follows similarly from Theorem 3.1(2). D
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3.5. THEOREM. For n > 2, K > 1, a = Kι^ι~nK β = I/a,
0<r< 1, rf ^VΓ^lr2,

(1) tanh(/? arctanh r) < φ*κ n(r)

< tanh(arctanhr + (β - \)Mn(r'))

< tanh(β arctanhr + {β -\) log(λn/2))

(2) tanh(α arctanh r) > φ\/Kn (r)

> tanh(arctanhr + (α - \)Mn{r'))

> tanh(α arctanh r + (α - 1) log(λΛ /2)).

7%^ inequalities reduce to equality when K = 1. Moreover,

(3) l iminf>- α arctanh^ Λ(r) > 4 1 " " ,

limsup r~^ arctanh φ\jκ n{r) < 4ι~β ,
r ^ 0

a r c t a n h ^ (r) arctanh ^ ^ ( )
(4) lim ^ ? — = β, hm — ^ = a,

r->i arctanh r r- î arctanh r

(5) lim r-α arctanh φκ, Λ (r) = 4 " * ,

limr"^ arctanh<P\/κ,n(r) = ^n~β >

(*\ Km a r c t a n h ΨκAr) ^ i™ a r c t a n h Ψ\jκAr) i / ^
(o) lim H = ^5 lim ς = I/A.

r->i arctanh r r->i arctanh r
Proof. From [AW2, 2.18] and [AW1, 4.4]

^ , « ( r ) ><Pβ,i{r)> tanh(/? arctanhr)

and

<P*\lκ,n(r) ^ Ψ*,2(r) ^ tanh(αarctanhr).

Next, with s = φ*κ n(r), s' = \/l - s2 < rf = Vl - r2 , Theorem 1.9
and (1.7) give

Mn(r') - arctanhr < Mn(sι) - arctanhs < βMn(r') - arctanhs,

and the second inequality in (1) follows. Then Corollary 1.10(1) yields
the third inequality in (1). The proof of the first and second inequal-
ities in (2) is similar.

The first limit in (3) follows from [AW1, Theorem 4.9] and [LV, p.
65]; and the second follows from the first by inversion. The limits in
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(4) follow directly from (1) and (2); (5) follows from [AW4, (3.7)];
and (6) is implied by [AW1, Theorem 4.4]. D

Theorem 3.5 yields the following sharp quasiconformal distortion
result for the hyperbolic metric in Bn .

3.6. COROLLARY. If f <E QCκ(Bn) and β=Kι^"~^ = I/a, then

(1) p(f(x),f(y)) < p{x,y) + 2{β - \)Mn

for all x,y e Bn. Moreover, if f{Bn) = Bn, then we also get the
reverse inequality,

(2) ^

<p{x,y)-2{\- a)Mn (sech

<p(f{x),f(y)).

Proof. Denoting tanh(/>/2) = r, tanh(///2) = s, p = p(x, y),
p' = p(f(x), f{y)), then applying 3.5(1) and [Vu2, 11.2], [MRV], we
get

p' = 2 arctanh s < 2 arctanh φ*κ n(r)

< p(x,y) + 2(β - \)Mn (sech

proving (1). Inequality (2) follows from (1) applied to f~x. D

3.7. COROLLARY. For K > 1, n > 2, β = ̂ /("-O = I/a, 0 <
r< 1,

l + r

Proof. Inequalities (1), (2) follow from Theorem 3.5(1), (2) respec-
tively. D
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In a recent paper D. Cooper [C] has shown that, for a class of home-
omorphisms of Bn onto itself keeping 0 fixed, the image of Sn~ι(r)
is close to Sn~ι(r) in a certain sense. (For an alternative proof see J.
Vaisala [V3].) More precisely, Cooper showed, for a given mapping
/ in this class and for r close to 1 and ε > 0, that Sn~ι(r) = A UE,
where AπE = 0 and

f(A)c U D(z,e); D{z, ε) = {w e Bn: p(z, w) < ε}
\z\=r

and the exceptional set E is small in the (n— l)-dimensional measure.
Cooper's class of mappings includes quasiconformal mappings in par-
ticular. We shall now apply Corollary 3.7 to show that for every ε > 0
Cooper's exceptional set E is nonempty for r close to 1, even for
^-quasiconformal mappings when K > 1. Indeed, with s = φ^ n(r)
from Corollary 3.7 we obtain

p{S»-ι{r),Sn-ι(s)) = log ( i ± ί l ^ >(β- i) -log j ± £ ,

which tends to oo as r —• 1. Thus given K > 1 there exists a
JξΓ-quasiconformal mapping / of Bn onto Bn keeping 0 fixed and
for which there are points on Sn~ι(r) whose images under / are
at hyperbolic distance at least ((/? - l)/2)log((l + r)/{\ - r)) from
Sn~x(r). In other words, Cooper's exceptional set is nonempty for all
K > 1 and for all r sufficiently close to 1.

3.8 Proof of Theorem 1.14. Let r = tanh(/?/2), s = taήh(p'/2),
rr = \/l - r 2 , s' = Vl - s2, and α = Kι^ι~n">. Then by Theorem 3.1,
[AW4, (3.22)], and the Schwarz lemma [MRV, 3.1],

When ^ = 1 the inequality in the theorem reduces to p' < p , which
by conformal invariance is an equality if / is one-to-one and f(Bn)' =
Bn. D

3.9. Proof of Corollary 1.15. This follows immediately from Theo-
rem 1.14 and [AW2, (2.5)]. D
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We shall require the following simple inequality (cf. e.g. [Vu2,
(2.27)]):

(3.10) \x-y\< 2tanh p ( * ' y ) <

for x,yeBn.

3.11. Proof of Theorem 1.12. For (1), by Theorem 1.14 and (3.10)
n~Bnfor x, y e~Bn, with p = p(x,y), p' = p(f(x), f(y)), we have

\f(x) - f(y)\ < 2tanh P- < 2 (ψ) ^ (tanh %)*

<λ]ra{l-r2)-a\x-y\a.

The proof of (2) is similar. D

The next result is elementary.

3.12. LEMMA. For K > 1 and r € (0, 1), r' = Vl - r2, the follow-
ing inequalities hold:

(1) r < \ Λ - r'2K < tanh(UΓ a r c t a n h r)

< xain{Kr,

A /max < (—) , 1 - 4i-ι/κra/κ I < t a n ^ / arctanh r )
V VKKJ ) \κ )(2) (£) | ^

< Vl - r'2/κ < r.

3.13. T H E O R E M . For n > 2, 0 < r < 1, l < ϋ : < o o ) β =

Equality holds for K = I. The upper bound for ψκ,n(r) is asymptoti-
cally sharp as r tends to 1.

Proof. By Theorem 3.5(1) and Lemma 3.12 we obtain

Ψκ,n(r) ^ tanh(/? arctanh r) > v l - r/2^.

The second inequality follows from (1.7). Next, by (1.4) and The-
orem 3.1(4) we have
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proving the third inequality. The statement about equality is clear.
Finally, the third inequality is asymptotically sharp as r —• 1 since

lim r"^{\ - ψltΛ{r)) = lim r'-^φ\/κ n{r>) = A?1 ~β)

by (1.4) and [AW1, (4.12)]. D

3.14. COROLLARY. Let n>3, ra > 2, 1 < K < oo, and 0 < r < 1.

(1)7/ r is close to 1 then φ*Kn(r)<φκ^m{r).
(2) If m > n and r is close to 0, then the above inequality is

reversed.

Proof. For (1) choose r such that (1 - λc

n)
χl2 < r < 1, where

c = 2(1 - β)/(K - β), β = KιKn-V . Then

and the result follows from Lemma 3.12 and Theorem 3.13.
By [AW1, Theorem 4.10] and [AW2, (2.18)] we get

and hence (2) follows. D

4. High dimensions. In this section we prove Theorem 1.17, by
using the following result from [Vu3].

4.1. THEOREM. The linear dilatation in (1.16) has the following
majorant:

ml = 7r ,
0<t<\ Bκ,n(t)

where

4.2. Proof of Theorem 1.17. Fix t € (0, 4ι-κK~2). Then by Theo-
rem 3.1(3), (4) and [AW4, (3.23)],

lim — -

n{t) > lim λ2

n

2{ι~β)

l + t
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Hence

so that

lim sup Hn (K) < lim sup ( inf

4.3. Conjectures. (1) lim^oo//„(#) = 1 for all K > 1.
(2) limw_oo p£> Λ(r) = r for all AT > 1 and 0 < r < 1.

(3) Mn(r) can be replaced by M%~ι(r) in Theorem 2.6.

4.4. REMARK. We observe that [AW1, (4.5), (4.11)] implies that

r < liminf φκ,n(r) < limsup$?Λ:)W(r) < ^

for all K > 1 and 0 < r < 1, so that the analog of 4.3(2) is false for
φKfn(r) i f K > \ .
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A NONEXISTENCE RESULT FOR THE rc-LAPLACIAN

TILAK BHATTACHARYA

LetP be a point in !* , n > 2 then the problem div(|Vw|*~2Vw)
= eu with u e W^n n Lgc has no subsolutions in !Λ\{/>} .

Introduction. Let P = P{x\, x2 , . . . , xn) be a point in W , n > 2,
and Ω = Mλ2\{P}. Without any loss of generality we will take P to
be the origin. Consider the problem

f Lpu = eu in Ω,

I u e w': P>1

Here Lpu = div(|Vu\p~2Vu) is the /7-Laplacian with 1 < p < oc. By
a subsolution u of (1.1) we will mean that u e ^ o c ^ ^ ) n A 'oc^) '
and

/ I Vu\p~2Vu, Vψ+ [ euy/<0, Vψ e C0°°(Ω) and ψ > 0.
JΩ «/Ω

It is known that for 1 < p < n, (1.1) has no subsolutions in the
exterior of a compact set [AW], However, for p = n there exist ra-
dial subsolutions for large values of \x\. We show that (1.1) has no
subsolutions in Ω, thus extending the results of [AW], namely

THEOREM 1. The following problem

Lnu = eu inΩ, n>2,

has no subsolutions in W^c

n(Ω) Π L[

The proof of Theorem 1 will be a consequence of a comparison
principle and nonexistence of global radial solutions. The proof is
presented in §4.

2. Preliminary results.

LEMMA 2.1. Consider
(I +xγh

C ( X ) = n Γ ^ Γ inθ<x<l.

Then C(x) is decreasing on [0, 1].

19
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Proof. Elementary computations show that

dC ( 1 + J C ) 1 / Π ( 1 - J C ( 1 - Π > /
< 0

dx n(\+xχln)2{\+x)

in 0 < x < 1. Furthermore, C(0) = 1 and C(l) = 2 1""/", and
C(x) -• 1 as x -+ 0. D

We now state an elementary inequality that is easy to prove

(2.1) xn - bn > (x - b)n, for x > b > 0.

LEMMA 2.2. Suppose u(r) G C 1 satisfies the following differential
inequality in (a, R),

where u represents differentiation with respect tor,0<A<l,0<
b < 1, 0 < a < R and B > % + b. Then there is an r in (a, R) such
that u{r) —> oo as r —> r .

Proof. Setting v — e~uln , we obtain that

where c = 4ULJ1 m Using the integrating factor φ(r) = (j^Y and
setting Z = v(r)φ(r) - v{a)φ{u), we obtain

Z < c-n
>: ol.

It is clear that for each c > 1, there is an r e (a, R) such that
v(r) -^0 as r -> r, and hence «(r) ->oo as r - > r . D

We present a comparison lemma; please refer to [AW] for its proof.

LEMMA 2.3. In a region (Ω) c Rn, n>2, suppose u, υ e W^

j^c(Ω), and (u - υ)+ e W^ 5/7(Ω). If g is a nondecreasing function

and

Lpu>g(u) inD'(Ω)9

Lpv<g(v) inD'{Ω),

then u < υ a.e. in (Ω).
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3. Nonexistence of radial subsolutions. Consider the following prob-
lem

(3.1) {n-\)\u\n-λ\u + ̂ \ =e\ 0 < r < o c ,

u(R) = a, and iι(R) = b; a,beR.

LEMMA 3.1. For the problem in (3.1), there exists a C 1 radial solu-
tion u(r) such that at least one of the following occurs.

(i) There is an f in (0, R) such that u(r) —> oo as r —+r.
(ii) There is an r in (i?, oo) such that u(r) —• oo α̂ 1 r —> r.

Furthermore, there are values of b for which both (i) αn<i (ii) occi/r.

Proof. We divide the proof into three parts.

Case 1. Take b = 0. Let w(r) be the solution defined by

(3.2) w(r) = a + / - W y n- 1eM ( 5 )</4 ^ '

in r > R. The existence and uniqueness in a small interval follows
from Picard's iteration. It can be shown by differentiating that u
solves (3.1). From (3.2) it is clear that ru is increasing and thus
U > 0 in (JR, r), and hence u is increasing. Continue u by (3.2). By
differentiating (3.2) once,

Thus,

\ ( r Λ χKn-
U(r) = -l / sn~leu^ds\

d {{ύ)n-ιλ _rneu^ -nfRsn~xeu

~dr \ r J ~ rή+~ι

rneu{r) _ eu{r)ίrn _ ΌΠ\

— rn+\ —

By simplifying the left side of the foregoing inequality,

(n- \)u>~.
r

Note that u is C 2 except possibly where u — 0. Noting that ώ > 0,
(3.1) yields

n{n- \){u)n-χu>eu, i? < r < o c .
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Multiplying both sides by u and integrating once from R to r,
eu _ ea

(3.3) (ώ)» > ! _ £ _ .

For ε > 0, small enough, it follows from (3.2) and the fact that u is
increasing that

r 1 ί rR+ε 1 1 / ( "" 1 }

M ( r )>α + / L) sn~ιeu^ds} dt.
JR+ε t [JR J

Hence for some appropriate constant A > 0,
ru(r) > a + A\n-

R + ε
implying that u(r) —• oo as r gets large. Thus in (3.3) we may take
r > R\, where i?i is large enough so that eu/2 <eu-ea for r > R\.
If w(r) —̂  oo as r —> i?i, then we are done. Otherwise, continue w
using (3.2) past r = R\. Hence

ώ > Ceuln , in r > Rx,

for some C > 0. Integrating,

/ '
e~u/ndu> C(r-R{).

lu(Rx)

It is clear that there exists an r > i?, such that u(r) —• oc as r
The case δ > 0 follows similarly.

2. Without any loss of generality, take a = 0. Take ft < 0.
Now ύ(r) < 0 near r = i?, so we obtain that ώ(r) satisfies

(3.4) ύ(r) = - - j |ftΛ|π-1 - / tn~leu{t) dt \

in r > R. We show that there is ft < 0 such that if ft < ft < 0, there
is an f > R such that ύ(r) —• 0 as r —> f. It follows from (3.4) that
rώ is increasing and thus

— < w < 0 , f o r r > i ? .
r "" "

Set c = bR. Integrating, we find

eu>rc,

and so (3.4) yields

- /
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Therefore,

ώ(r)>
1 " n+c f

_ I f\c\n-1 -In— \
< r V ' R)

- n < c < 0,

It is clear that there is an r> R for which ύ(r) —> 0 as r -* f. Now,
take c < -n, satisfying

(3.5)

Now, (3.4) yields

c\n~ι -
1

\c\ -n\R

\c\-n
< n

n-\

{(
\c\-n\\R

\c\-n

Using (3.5), there is an f such that ΰ(r) > -j for r > f. If ώ(r) —• 0
as r —*• f, then we are done. Otherwise, continue u past r = f.
Repeating the arguments preceding (3.5), we see that «(r) —*• 0 as
r —• r for some f > R. Continuing u past r = f using

u(r) = u(f)+ -U sn'ιeu{s)ds\ dt,

we may show, as in Case 1, that there is an r > R where u blows up.

Case 3. We may again take a = 0. Let c < —n, t = R - r,
and υ(/) = u(r), where 0 < r < R. Then v(t) = —iι(r), where v
represents differentiation with respect to t. Then

(3.6) 0<t<R,

v(0) = 0 and ύ(O) = -b.

A solution of (3.6) is given by

V{t) = Sί^.
Equation (3.6) yields that j-t{{R - t)v) > 0, thus v > 0 in t > 0.
Integrating this inequality from 0 to t, we obtain
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Hence,

(3.7) e^ >

Let 0 < εo < 1 be such that

+«

for every ε in (0, εo). It follows from (3.7) that there is a t\ < R
such that

κR-tJ

for t > t\. If υ(ί) —• oo as ί —• ί i , then we are done; otherwise
continue v(t) past t = t\. Furthermore, we may take t\ such that
R - t\ < εo. Rearranging the terms in (3.6), and multiplying by v(i)
yields

0< t <R.( n l ) ( v ) v = e ϋ + ^ ( v ) ,

Integrating both sides from 0 to t, and noting that v > -^L , we find

By the definition of t\, it follows that

Setting

ϊ
the above may be rewritten as

(v)n>eυ{ί+x}.

Hence,

v>evln{\+xγln.

Using Lemma 2.1 and the definition of t\,

v>C{εo)evln{\+xλln}.

Thus we obtain

h<t<R
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By Lemma 2.2, there is a tι > t\ such that v{t) —> oc as t —> tι.
Hence there is an 7 £ (0, i?) for which w(r) —• oo as r-+7. Thus for
every c < —Λ , we have a vertical asymptote in (0, R). It is clear from
(3.5) that there are values of b for which both (i) and (ii) happen.
Call one such value to be bR .

For the case a Φ 0, we introduce the following change of variables.
Let v(r) = u(r) - a then

n-2 I Λ\ , n ~ ι

 Λ% \ _ Sicily(n - l ) | t ) | w - 2 it) + ^y^ϋ ) = ^ ^

Setting ί = re α / n , and w(t) = v(r), and differentiating with respect
to t, we have

(/i - l) |tί; |w-2 Γu; + ^ - ^ l ί ; ) = ew

w(R) = 0 and ώ(Λ) = e~a'nb,

where Λ = ^α/"i?. There is a 6^ so that the corresponding solution
which we continue to call w(t), blows up near zero and at a point
past R. Then u(t) = a + w{e~alnt) is such a solution for the original
problem. D

4. Proof of Theorem 1. This follows easily from Lemma 2.3 and
Lemma 3.1.

Proof of Theorem 1. Assume to the contrary. Let U(x) be such a
subsolution in (1.2). Let

a = inf J7(JC) .
1/2<||<3/2

By Lemma 3.1, there is a radial solution u(r) such that w(l) = a - 1,
and u(r) blows up at some r e ( 0 , 1) and r £ (1, 00). Let

M = sup C/(x),
£<|x|<7

£ G (£, 1) and f e (1, f) be such that u(g), w(7) > M + 1. Using
Lemma 2.3, w(x) > C/(x) in £ < |x| < 7, a contradiction. D

REMARK. In Theorem 1, 1 < p < n is the best possible. For p > n,
take w = ln(jy), where 0 < A < (p - n)pp~ι. Then

Lu_iP-n)Pp-ι

>A
p - rp - r P •
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BOURGAIN ALGEBRAS ON THE UNIT DISK

JOSEPH A. CIMA, KAREL STROETHOFF AND KEITH YALE

The Bourgain algebra of H°°(Ώ) relative to L°°(B) is shown to
be H°°(B) + C ( l ) + V, where V is an ideal of functions in L°°(ID))
which vanish in an appropriate sense near the boundary of ID).

1. Introduction. Let 8? be a commutative Banach algebra with
an identity and let J / be a linear subspace of 2?. J. Cima and R.
Timoney [6] introduced the notion of the Bourgain algebra based on
ideas of J. Bourgain [3]: the Bourgain algebra stfb consists of those /
in %? such that

(1) if fn -> 0 weakly in sf , then dist(/π/, sf) -> 0 .

The distance dist(/w/, sf) between fnf and sf is the quotient norm
of the coset fnf + sf in the space %?/sf . The proof in [6] shows
that sfb is a closed subalgebra of Sf and if sf is an algebra then
si C sfb. It is important to note that sfb depends upon the space Sf
even though this is not reflected in the notation. For a brief survey of
Bourgain algebras see K. Yale [16].

Let H°°(B) be the algebra of bounded analytic functions on the
open unit disk D. There are at least three different natural spaces Sf
containing /f°°(lD)). First we can let T = <9D = {z e C : \z\ = 1}
be the unit circle and consider the algebra H°°(Ί) of boundary val-
ues of H°°(Ό) functions as a subalgebra of %? = L°°(T). In this
context, J. Cima, S. Janson and K. Yale [5] showed that H°°(Ί)b =
H°°(Ύ) + C(T). Another setting is to use the Gelfand map and re-
gard H°°(B) as a subalgebra of Sf = C(J?), where J? denotes the
maximal ideal space of H°°{β). In this context H°°{p)b has been
determined by P. Ghatage, S. Sun and D. Zheng [10]. Yet another
natural setting is to regard /f°°(B) as a subalgebra of 3? = L°°(D),
where L°°(D) is the usual space of equivalence classes of essentially
bounded measurable functions on B> with respect to area measure.
The purpose of this paper is to determine H°°(IS))b in the latter con-
text. There is no Chang-Marshall theory for L°°(D) in contrast to the
well-known description of subalgebras between H°°(Ύ) and L°°(T)
which was used in [5] to determine H°°(Ύ)b. For a survey of the
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Douglas algebra problem for L°°(B), i.e., the problem of the deter-
mination of the algebras between H°°(Ό) and L°°(B), see P. Gorkin
[11]. Ideas arising from the study of Bourgain algebras may shed some
light on the Douglas algebra problem. K. Izuchi [13] has recently de-
veloped an abstract approach to the problem of determining Bourgain
algebras in a variety of settings, which do not encompass our methods
and results.

A substantial study of Bourgain algebras of Douglas subalgebras
of L°°(T) is contained in [12], while a variety of interesting results
concerning Bourgain algebras of some special subalgebras of C{Jί)
are found in [17].

We show in §4 that H°°(B)b = H°°(Ό) + C ( ! ) + V, where V is
an ideal of functions in L°°(B) which vanish in an appropriate sense
near the boundary of B. Section 2 contains preliminaries as well as
several examples. Functions in H°°(Ό)b have "boundary values" and
this is proved in §3. The boundary value result enables one to reduce
the determination of H°°(Ό)b to the known result for H°°{Ύ)b . In §5
we investigate the connection between H°°(Ό)b and the algebra AQ
of bounded symbols of compact Hankel operators on the Bergman
space. Let A(B) denote the disk algebra, the algebra of continuous
functions on B which are analytic on B. In §6 we study the boundary
behavior of analytic functions in the Bourgain algebras A(B)b relative
to L°°(B). We end the paper with further remarks and questions in
§7.

We wish to thank K. Izuchi and R. Mortini for their many helpful
discussions concerning this work. We are especially grateful to the
referee for pointing out a major error in an earlier version of this
paper and for suggesting a better viewpoint.

2. Preliminaries. Several observations concerning weakly null
sequences in H°°(β) will be helpful in the determination of the
Bourgain algebra H°°(Ό)b. The mapping /»->/*, where /*(£) =
l i m ^ j - f{rζ), for almost every ζ E T, provides an isometric isomor-
phism from Jf°°(B) onto H°°(T). Thus fn -> 0 weakly in /P°(B) if
and only if ft -> 0 weakly in H°°(Ί). If fn -• 0 weakly in H°°{B)
then {fn} is uniformly bounded (||/π||oo < M < oo for all n >~\)
and fn—>0 uniformly on compact subsets of D.

Any sequence in H°°(D) which is uniformly bounded and converges
to 0 uniformly on compact subsets of B will be called normal null.
Any weakly null sequence is certainly normal null, but not conversely.
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For example, fn(z) = zn is normal null but does not converge to 0
weakly.

For a subalgebra si C L°°(D) we define the normal null algebra
s/χ to be the set of those functions / in L°°(D) such that

(2) if {/„} is normal null in sf , then dist(/π/, si) -> 0 .

A minor modification of the argument in [6] shows that stfN is a closed
subalgebra of L°°(D) with J / C J ^ , Clearly H°°(Ό)N c H°°(Ό)b

since every weakly null sequence in H°°(Ό) is normal null. For a
closed subalgebra si c L°°(D) and / e L°°(D) define the Hankel
type operator Sf: sf -+ L°°(Ό)/sf by Sfh = fh + sf, h e £f.
Note that the Bourgain algebra sfb consists of those / in L°°(D)
for which the operator Sf is completely continuous. The set sfwc

of functions / in L°°(D) for which Sf is weakly compact is also
a closed subalgebra of L°°(D) with si c sfwc as is shown by the
duality argument of B. Cole and T. Gamelin [7], Lemma 4.2. Note
that / G s/wc in case the operator Sf:sf-+ L ° ° ( D ) / J / defined by
Sfh = fh+sf , h G J/ , is weakly compact while / e ^ in case the
operator Sf is completely continuous. Now weakly compact operators
are completely continuous in any space which has the Dunford-Pettis
property and so H°°(B)WC c H°°(B)b follows immediately from the
remarkable theorem of J. Bourgain [2] that H°°(B) has the Dunford-
Pettis property. If / G H°°(O)^ then a normal families argument
shows that Sf is compact and hence weakly compact. In particular,
we have the inclusion H°°(Ti))N c H°°(Ό)WC.

The space H°°{B) is well supplied with weakly null sequences which
do not converge to zero in norm. Such sequences arise from peak
point and from interpolation type constructions; the following lemma
is useful in this respect.

LEMMA 1. Suppose that {fn} is a sequence of functions in H°°{Ώ>)
and M is a constant such that

(3)

Then fn-*0 weakly in H "OO

Proof. See [5]. D

If {zn} is an interpolating sequence in the unit disk, by the P.
Beurling Interpolation Theorem (see [9]) there exist functions /„ in
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H°°(Ό) such that fn(zm) = δnm and for which (3) holds. Conse-
quently, fn -• 0 weakly in H°°(B).

Let {ζn} be a sequence of distinct points on the circle T which
converges to a point ζ which is not equal to any of the ζn. Since
each point of T is a peak point for the disk algebra A(D), there exist
functions gn e A(Ό) such that gn(ζn) = 1 and \gn(z)\ < 1 if z G D,
but z Φ ζn. Construct a disjoint collection {@n : n > 1} of open
subsets of T such that ζn e &n and sup{|#,(C)|: ζ e T\t?n} < 1, and
for each n choose a positive integer kn so large that fn(z) = gn{z)k"
is small on Ί\0n: \fn(ζ)\ < 1/2* for ζ e Ί\@n . Hence (3) holds with
M = 2 and we conclude that fn-+Q weakly in H°°{Ύ) and hence in
H°°{p). Since the sequence {fn} is in A(D) it is also weakly null in
A(B). Clearly fn(ζn) = 1 for all « > 1. A concrete example is given
by

A few simple examples and a proposition will serve to fix the ideas
and to motivate the main theorems.

EXAMPLE 2. Let g be an arbitrary function in L°°(D), K c D
compact and put f = XKg where / # is the characteristic function of
# . Then /Gi/°°(D)Λr because dist(/Λ/, //°°(D)) < | | / Λ ^ ^ - 0 | | o o <

-> 0 for any normal null sequence {fn} in /f°°(D). D

PROPOSITION 3. H°°(B) + C(D) c H°°(B)N.

Proof. By the Stone-Weierstrass Theorem it suffices to show that the
function ~z belongs to H°°(D)N. Let {fn} be a normal null sequence
in H°°(B), and for each positive integer n let hn e H°°(B) be defined
by

hn(z) = fn(z)~fn(0), forzGD\{0}.

It is easily seen that the sequence {hn} is normal null in H°°(B). Let
M be a finite positive number such that ||ΛΛ||oo ^ M for each n > 1.
Using z/π(z) = \z\2hn(z) + z/π(0) we see that

dist(z/Λ, f

for each 0 < r < 1. Taking the limit superior as n -> oo, and
subsequently letting r -• 1", it follows that dist(z/π, //^(D)) -> 0
as n —• ex), proving that the function z belongs to H°°(J$)N . D
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It follows from Example 2 and Proposition 3 that H°°(B)N,
and thus /f°°(D)^, contains all functions on the unit disk which are
"i/°°(D) + C(D) near the boundary," that is, coincide with a function
from the algebra i/°°(D) + C(D) on the complement of a compact
subset of D. We will actually prove that //°°(B)£ is the sum of
H°°(O) + C(D) and (equivalence classes of) functions that "vanish
near the boundary." This statement will be made precise in Theorem
12 of §4.

EXAMPLE 4. Let U = {z eB: Imz > 0} be the upper open half
disk and let / = χv. Then / φ H°°(Ό)b. For if we suppose that
/ e H°°(Ό)b, then for every weakly null sequence {/„} in H°°(B)
there exists a sequence {gn} in /f°°(B), such that \\fnf-gn\\oo -* 0 as
n —> oo. Then fn- gn —• 0 uniformly on the closure of U relative to
D while gn —• 0 uniformly on the closure of D\ U relative to D since
fnf-gn = - & o n D \ ί / . Hence fn = (fn -gn) + gn->0 uniformly
on the line segment ( - l , l ) = C/nlD)\i7nD. This is a contradiction
because there are many weakly null sequences which do not converge
uniformly to zero on the line segment ( - 1 , 1) in particular, if {zn}
is an interpolating sequence in ( - 1 , 1) the P. Beurling sequence {fn}
does not converge uniformly to zero on ( - 1 , 1) since fn(zn) = 1 for
each n > 1. D

EXAMPLE 5. Let {rn} be a sequence of positive numbers increasing
to 1 and let Sn = {z e C: rln-\ < \z\ < r2n}. The values of the
function / = χs, where S = (J£Li Sn, oscillate as \z\ -> 1", since
S is the union of concentric annuli. Thus the radial limit, /*(£), of
/ does not exist for any ζ e Ύ. The argument given in the previous
example can be used to show / $. H°°(Ώ))ι,. (The arbitrary weakly
null sequence {fn} is forced to converge uniformly to 0 on the union
of the circles U^Li{z e C: \z\ = rn} = ~S n B\S so that by the
maximum modulus principle || fn\\oo -* 0.) α

These examples are typical. Thus / will belong to ir°°(D)^ if it
vanishes near the boundary but the existence of boundary values in
the absence of interior regularity is not sufficient to make / belong to
iy°°(D)£ . Bad boundary behavior of the function / will always force
/ ^ H°°{B)b as in Example 5. These statements are given precise
form by the main theorems of §§3 and 4. The proofs of the main
theorems require more delicate properties of weakly null sequences
than were used in the examples.

Since L°°(D) consists of equivalence classes of essentially bounded
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measurable functions, simple pointwise definitions of boundary values
do not make sense because one can always modify a function on a set
of area measure zero so that its limit does not exist as \z\ —• 1~.
However, technically useful definitions can be made for essential non-
tangential limits and oscillations and these notions have an important
role in the proofs of our principal theorems.

For ζ e T and 0 < R < 1 the open non-tangential cone ΓR(ζ) at ζ
is the interior of the convex hull of ζ and the disk {z € C: \z\ < R} .
We say that / has essential non-tangential limit L at ζ if

e s s s u p { | / ( z ) - L | : z € Γ Λ ( C ) , | z | > l - < y } - > 0 as δ -> 0+

for all 0 < R < 1, in which case we will write /*(£) for L. We define
BV to be the set of / in L°°(D) such that an essential non-tangential
limit /*(£) exists for almost every ζ e T. In order to give another
description of BV we will introduce more notation. For / e L°°(D)
and a nonempty set E c B define the essential oscillation of f over
Eto be

ω(/, E) = esssup{|/(z) - f(w)\: z, w e E}.

For each z e D and 0 < δ < 1 we will write £(z, δ) = {w e
D: \w - z\ < δ}. For / e L°°(D) define the essential oscillation of
f at z e l to be

ω(/, z) = lim ω(/, £(z

If we define the essential non-tangential oscillation of f at ζeT by

ωR(f, ζ) = lim ω(f,E(ζ, δ)nΓR(Q),

then we have the following description of BV.

PROPOSITION 6.

for allO < R< 1 αnd almost every ζ e T}.

Proof. If for ζ e T the essential non-tangential limit /*(C) ex-
ists, then a simple application of the triangle inequality shows that
coR(f, C) = 0. Conversely, if ωR(f9 ζ) = 0, for all 0 < R < 1, then
it is possible to choose a suitable sequence {zn(R)} in D, converging
to C, for which {/(zn(i?))} is Cauchy with limit, /*(£), indepen-
dent of i?. A suitable sequence can be constructed by taking zn(R) e
E(ζ, l/n)Γ)TR(ζ) = S for which esssup{|/(z)-/(zπ(Λ)) | : z e S} <
ω ( / , S). The details are left to the reader. D
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Note that if / , g e L°°(B), and / has essential limit /*(£) as z
approaches ζ € T in the cone Γ&(ζ), then

Also note that if ω Λ ( g , ζ) = 0, then ω Λ ( / , C) = ω Λ ( / - g 9 ζ ) .
Since functions in 7/°°(D) have non-tangential limits almost every-

where on the circle we have H°°(D) c BV. From the main theorem
in §3 it will follow that BV is closed and (BV)b = BV.

3. Boundary Value Theorem. As we emphasized in §2 the algebra
H°°(B)i, is a subset of the Banach algebra L°°(Ό) and as such its
members are equivalence classes of functions. The following lemma
on metric density is an important tool in the proof of the theorem of
this section. Although it is valid in more general situations, we state
it for the case of subsets of the real numbers E 1 . If E is a Lebesgue
measurable subset of E 1 the quantity

if it exists, is the metric density of E at the point x. It is well
known that D{E, x) = 1 for almost all x in E. Let D(E) =
{x e E: D(E, x) = 1}, so that \D(E)\ = \E\, and denote Jn(x) =
(x — j;,x + ^). We identify y e Jn(x) with eiy when working on the
circle T.

LEMMA 7. Let E and Z be measurable subsets of the circle Ί with
\E\ > 0 and | Z | = 0. Then each ζ e D(E) is the limit of a sequence
{ζn} of distinct points in D(E) \ Z.

Proof. Left to the reader. D

THEOREM 8. H°°(Ό)b c BV.

Proof. Assume not and choose an / in H°°(B)ι, whose non-tangen-
tial limits fail to exist on a set B CT with \B\ > 0. For each ζ e B
there is an R(ζ) in (0, 1) such that ωRiζ)(f, ζ) > δ(ζ) > 0. Setting
Bjk = {ζeB:δ(ζ)>) and R(ζ) < 1 - £} for j , fceZ+,wehave
B = [j{Bjk: j9keZ+}. Since \B\ > 0 there are j and k in 1Λ for
which \Bjk\ > 0. We replace B with the set BjΊc and henceforth we
have

ωR(f,ζ)>δ>0

for all ζ e B, where 0 < i? < 1.
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For ζ fixed in D(B) we apply the preceding lemma to obtain a
sequence {ζn} in D(B) which converges to ζ. Let {fn} in A(B)
be a weakly null sequence of peak point functions associated with
the sequence {ζn}. Since / e H°°(B)ι, there is a sequence {/*„} in
/P°(D) such that \\ffn - λπ||oo = εn -> 0 as n-+oo. Then for almost
every { G T ,

IΛ(ί)|<5 < | / Λ ( « | ω Λ ( / , 0 = ω Λ ( / / Λ , {) = ωR(ffn -hn,ξ)< 2εn .

Since we here may choose ξ e B so close to ζn that \fn{ζ)\ > 1/2,
the above inequality yields δ < 4εn , a contradiction. D

REMARK 9. In the above proof only two properties of H°°(B) were
used. First, functions in H°°(B) have non-tangential limits almost
everywhere on the unit circle, i.e., H°°(B) C BV. Secondly, H°°(B)
contains the particular weakly null sequence of peak point functions
{/„} simply because fn e A(B) c H°°(B). Thus the proof just given
actually shows more:

If sf is a linear subspace of L°°(D) which satisfies A(B) c / c
BV, then stfbQBV.

As an immediate consequence we have BVb = BV.
The following theorem generalizes Example 4 of the previous sec-

tion.

THEOREM 10. IffeH°°(B)b, then ω{f, z) -• 0 as \z\ -> 1".

Proof Let / e H°°(B)b and assume that {zn} in D with \zn\ -^
1~. By going to a subsequence, which we will not relabel, we can
furthermore assume that the sequence {zn} is interpolating. Choose
a weakly null sequence {fn} of interpolating functions in H°°(B)
with fn{zm) = δnm . Since / e H°°(I]))b , there is a sequence {#„} in
i/°°(D) such that | |// n - gn\\oo-*0 as n -> oo. Then

ω ( / , zΛ) = \fn(zn)\co(f, zn) = ω ( / / n , zΛ)

= «(//„ - ^ , Zn) < 2\\ffn - ^lloo ,

and so co(f, zn) —• 0 as AZ —• 0. D

REMARK 11. A careful analysis of the above proof shows that more
generally we have the following result:

Let ssί be a linear subspace of L°°(Ό) such that H°°(Ό) c ί c
C ( D ) , and suppose that fesή,. Then ω(f, z) -• 0 as \z\ -• 1" .

4. The Structure Theorem. In this section we will give our descrip-
tion of the Bourgain algebra H°
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THEOREM 12. H

where V = {g e L°°(D): | |^ D \ r D | |oo -* 0 α$ r

Proof. In Proposition 3 we have already shown that H°°(Ώ) + C(D)
c H°°(Ό)N. Noting that V is the closure in L°°(D) of the set of all
functions with compact support in D, it follows from Example 2 and
the fact that H°°(B)N is closed, that also V c H°°(B)N. Thus we
have H°°(Ό) + C(D) + F C H°°(Jί)N c //°°(D)^ .

Now let / G i/°°(D)^. By the Boundary Value Theorem / has
non-tangential limits almost everywhere on T. Let /* denote the
limit function on T. We will first argue that /* e H°°(Ύ)b . Let {φn}
be weakly null in //°°(T), and for each positive integer n choose
fn G J/°°(D) such that φn = /„*. Because / G ff°°(D)Λ and {/„}
is weakly null in ϋΓ°°(O), there exist gn e H°°(D) such that εn =
Wfnf — gn\\oo —• 0 as /7 —• oo. Since the mapping F ι-> i7* is a
contractive homomorphism of 5 F onto L°°(T) we conclude that
II/*Λ* - £ΪIIL~(T) < βπ This proves our claim that /* e H°°(Ύ)b .

Denoting the Poisson integral of a function φ e L°°(Ύ) by £P[φ],
we now put g = / - ^ [ / * ] . By [5], H°°(Ύ)b = H°°(T) + C(T), so
/*_G ^°°(T) + C(T). As ^ j n a p s H°°(Ί) + C(T) into //°°(D) +
C(D), ^ [ / * ] G /Γ°°(D) + C(D) c ^°°(D)^, and we conclude that
g G H°°(Ό)b . We claim that actually g e V.

Assuming that g £ V, there exists a sequence {rn} in the interval
(0, 1) tending to 1 and a positive number δ such that \[gχ®\r o>||oo >
5 ? for all n eΊΛ. Put An = {z e D: I ^ D ^ D C ^ ) ! > ^ / 2 > " τ h e n

P4Π| > 0. Let zw be a point of density of the set An. Noting that
An C D\r r t D we see that \zn\ —• 1 as n —• oo. By passing to a
subsequence we may assume that {zn} is an interpolating sequence.
Let {fn} be a sequence in H°°(B) such that fn{zn) = 1 and fn —•
0 weakly. For each AZ e Z + , by the continuity of fn at zn, we
can pick a positive <5W < 1 - \zn\ such that |/«(z)| > 1/2 whenever
\z — zn\ < δn. Because zn is a point of density of the set An, the
sets Bn = AnΠ {z e C: \z — zn\ < δn} have positive measure and
the property that \fn{z)\ > 1/2 for all z e Bn. Using that g e
H°°(Ό)b and fn -+ 0 weakly in //°°(D), there exist hn G //°°(D) for
which | |Λ^ " ΛΛ||oo —*• 0 as n —• oo. As in the second paragraph
of the proof this implies that \\g*fn - ^ | |L°°(T) —> 0 a s n —¥ o c *
Since ^* = 0 almost everywhere on T, we get H/^HL0 0^) —• 0 as
n —• oo, and conclude that ||Λπ||oo —¥ 0 as n —• oo. But then it
follows that HΛsiloo -• 0 as n -* oo. However, for z e Bn we
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have \fn(z)g(z)\ > (l/2)(<J/2) = δ/4, so that | | / ^ | U > δ/4 for all
n G Z + . This contradiction establishes our claim that g e V, and
hence / = &>[f*] + g e H°°(Ό) + C(D) + F .

So far we have shown that H°°(D)b = H°°(Ό)N = /f°°(D) + C(D) +
F . Recalling the inclusions H°°(B)N C / / ^ ( D ) ^ and i/°°(D)^c c
/Γ°°(D)^ (the last inclusion because H°°(Ό) has the Dunford-Pettis
property) the theorem follows. •

REMARK 13. Theorem 12 can be used to give an alternative proof
of Theorem 10: Clearly ω(f, z) = 0 if / e H°°(Ό) + C(D). It is
easily seen that ω(f, z) < 2||//o\rDllc» for r < \z\ < 1, implying that
if / € F , then ω(f, z) -+ 0 as \z\ -> 1"

5. Operator theoretic aspects. In this section we relate the Bourgain
algebra of J¥°°(D) to the algebra of bounded symbols for which the
associated Hankel operators are compact operators on the Bergman
space of the unit disk.

Let I?a denote the Bergman space, that is, the space of square in-
tegrable analytic functions on B>. Let dA denote Lebesgue area mea-
sure on D, normalized so that B> has measure 1. Since L2

a is a
closed subspace of L 2(D, dA) there is an orthogonal projection P
of L 2 (B, dA) onto L 2 . For / e L°°(D) the Hankel operator with
symbol / , denoted by Hf, is the operator from L\ into L 2 (B, dA)
defined by

Hfg = (I-P)(fg), gel*.

Clearly Hf is a bounded operator with norm \\Hf\\ < \\f\\oo Let

AQ = {fe L°°(D) : Hf is compact}.

It is known that AQ is a closed subalgebra of L°°(D) (see page 475
of [1]).

In the context of the unit circle, Hankel operators on the Hardy
space H2 are defined similarly. In [5] the Bourgain algebra H°°(Ί)b

is shown to coincide with the algebra of bounded measurable functions
for which the associated Hankel operator on the Hardy space H2 is
compact. In the context of the unit disk this is no longer true as is
shown in the following theorem.

THEOREM 14. H°°(Ό)b c AQ.

Proof. We will first show that H°°(B)b c AQ. The inclusion
jy°°(D) C AQ is trivial, for if / e H°°(B), then Hf is the zero
operator. Using Theorem 12 it is enough to show the inclusions
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C(D) C AQ and V C. AQ. We will use a criterion for compact-
ness of Hankel operators obtained in K. Stroethoff [15]. For l e D
let ψx be the Mδbius function defined by ψχ{z) = j==- , z e D . The-
orem 6 in [15], then, states that for / e L°°(B) : f e AQ if and only

x\\f°9x-P(f°n)h-+Q as μ | - i - .
Now, if / e C(B), then \foφλ(z) - /(Λ)| -+_0 for each z e D a s

μ|-> I " (because \φλ(z)-λ\ = (1 - μ | ) | z | / | l -λz\ -* 0 as μ|-> 1"),
and by the dominated convergence theorem, | | / o ̂  - /(λ)||2 —>• 0 as
μ| —»• 1~ . Consequently,

= \\(I-P)(foφλ-f(λ))\\2^0

as μ| -» 1" , and it follows that feAQ. Thus C(D) c AQ.
For 0 < r < 1 and λ e D write Z)(A, r) = ̂ ( r D ) ) T n e n i-0^* r)l =

r 2 ( l - |λ | 2) 2/(l - r2\λ\2)2 (see, for example, [9]). If / € L°°(D), then
for 0 < r < 1 we have

\foφλ\
2dA= f \foφλ\

2dA+ f \foφλ\
2dA

< \\f\\l\D(λ, r)\ + ί \f(w)\2\φ'λ(w)\2dA(w)
Jυ>\Φ

< \\f\\l\D(λ, r)\ + II/XDVDIIL / \φ'λ(w)\2dA(w)/

Hence
limsup \\foφλ\\2 <
μ|-»r

So if / G V, then it follows that | | / o φλ\\2 -» 0 as μ| -» 1" , so that
\\foφλ - P(foφλ)\\2 -> 0 as \λ\ -+ 1~ , and therefore feAQ.

It remains to exhibit a function / in ΛQ which is not in if00(11%.
Let / be as in Example 5. Then / ^ if°°(]I%, and we will show
that for appropriately chosen rn , f e AQ. We recall the following
formula for Hf (see [15]):

for g eL%, z G D .

The operator Hf will be Hilbert-Schmidt, and thus compact, if we
make sure that
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We choose r2n-\ = 1 — £ and r2n = 1 - \-n for n > 1. Using that

/ = Xs, we have

\l-zw\4 v ;

— λ -=- I dA(z) dA(w)

P

/

Js
71 Γ^T

s(l-\w\2)2

0 0 1 1/ 1 1 \

= 4 Σ (-A- - T—-—] < 4Σ2"" = 4

Thus feAQ. D

6. On the Bourgain algebra of the disk algebra. Let A(B)b be the
Bourgain algebra of the disk algebra A(D) relative to L°°(D). We
know that A(B)b C BV (by Remark 9) and that A{D) contains many
non-analytic functions since both C(D) and V are subsets of A(B)b .
We will show that to some extent the boundary values of analytic
functions in A(B)b are restricted. For this purpose we set

AH = A(Ώ)bΠH00(B)

and note that AH is a Banach algebra between A(B) and H°°(

PROPOSITION 15. Iffe i/°°(B) is continuous on D\ {ζ\, ..
where ζΪ9 ... ,ζkeΊ, then f eAH.

Proof. There is no loss of generality in assuming k = 1, ζ\ = 1
and ll/lloo < 1 Let {fn} be a weakly null sequence in A(B). Note
that an = \fn(l)\ + n~ι —• 0 as n —• oo. For each n G Z + , we can
choose <Jn > 0 so that \fn(z)\ <2an if z G D and |z - 1| < 2<?π . Fix
an « G Z+, and choose rπ G (1 - ίΛ, 1) so that

whenever z e D and |z - 1| > δn. Note that then |rΛz - 1| <
(1 - r Λ ) | z | + | z - 1| < 2δn whenever z G D and | z - 1| < δn . Choosing
gπ(z) = f(rnz)fn(rnz) in ^(D) we have \\ffn - gnW^ <4an. D

If / G L°°(D) and C G T the essential cluster set of f at ζ is

where i?/(C, δ) denotes the essential range of the function f\E(ζ, δ).
The diameter of a set K c C is written diam(A^).
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PROPOSITION 16. If f e A(Ό)b, and Z c T is an infinite set, then

Proof. Assume there are distinct points ζn in T such that

, ζn) > δ > 0, for n e Z+.

Then it is clear that ω(f, ζn) > δ > 0, for n e Z + . By passing to a
subsequence we may assume that ζn —> ζ as n -> oo. Choose {fn}
in A(B) peaking at ζn and tending to zero weakly in A(B). Then
there is a sequence {gn} in A(B) such that εn = \\ffn - gn\\oo -* 0
as n —* oo. Then for each n G Z + we have

δ < G)(f, ζn) = ω(ffn,ζn) = ω(ffn-gn,ζn) < 2en ,

a contradiction. D

REMARK 17. The above proof actually shows:
// J/ is a subalgebra of L°°(D) with A(B) c j / c C(S), απ̂ f //

fesfb> then infζGZ d iam^(/ ? C) = 0,for any infinite set Z c T.

The following corollaries place restrictions on the boundary values
of analytic functions in

COROLLARY 18. If B is a Blaschke product whose zero set has in-
finitely many accumulation points, then B φ AH.

Proof. If ζ is an accumulation point of the zeros of B, then it is
easily verified that diam^(i?, ζ) > 1. D

The above corollary implies that A(B)b φ H°°(

COROLLARY 19. Let GeH°°(B) be nonconstant and suppose there
is a set {ζk : k e Z+} c T such that G*{ζk) = a for all kelΛ and

ke Z+} n T contains an arc. Then G $ AH.

Proof. For each ζ in {ζk:ke Z+} n T one has diamg p (G !

? ζ) >

|G*(C)-α|. D

7. Remarks and open questions. For Douglas algebras si and 3$ a
monotonicity theorem is known ([12], Theorem 4): If H°°(Ί) C j / C
<3S C L°°(T), then srfbQ&b. This result fails if the Douglas algebra
hypothesis is relaxed. For stf = C(T) and 33 = H°°(Ί)b we have
A(Ί) c s/ c 33 and $fb <£ 38b. To see that Ab <£ &b let E c Ύ
be a proper arc and consider the characteristic function XE . It is
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straightforward to verify that XE G $fb — C(Ύ)b . On the other hand
χE <£ &h = H°°(T)bb = H°°(T)b = & ([12], Corollary 9) because the
maximal ideal space of H°°(Ύ)b (= H°°(Ί) + C(T)) is connected and
so H°°(Ί)b can contain no non-trivial idempotent ([8], page 188; [9],
Chapter IX, Theorem 2.2). Alternatively, one can directly verify that
χE £ VMO. However, if χE e H°°(T)b, then χE e VMO by an
argument similar to Theorem 2.3 in Chapter IX of [9].

For Bourgain algebras relative to L°°(D) monotonicity does not
hold in general: V C H°°(B)b9 but Vb <£ H°°(Ό)bb. To see that
Vb <£ H°°(Ώ)bb note that V is an ideal in L°°(D) so that Vb = L°°(D),
but H°°(D)bb C BV. It would be interesting to know whether the
monotonicity result of [12] holds in the L°°(D) setting: if $/ and
33 are subalgebras of L°°(D) with H°°(Ό) c si c 33, is it true that

For the polydisk (X = Bn or X = TΛ) the Bourgain algebras
A(X)b = A(X) and H°°(X)b = H°°(X)9 have been determined by
J. Cima and W. Wogen and also by K. Izuchi [13]. On the ball B"
the result A(dW)b = C{dW) (relative to C(dW)) is implicit in J.
Bourgain [3]. Concerning H°°{dW)b, a theorem of W. Rudin [14]
says that H°°(dW) + C(dW) is a closed subalgebra of L°°(dW). K.
Izuchi [13] has recently shown that H°°(dW) + C(dMn) = H°°(dBn)b

(relative to L°°(dMn)).
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LACUNARY STATISTICAL CONVERGENCE

J. A. FRIDY AND C. ORHAN

The sequence x is statistically convergent to L provided that for
each ε > 0 ,

lim «~"1 {the number of k < n: \x^ — L\ > ε} = 0.
n

In this paper we study a related concept of convergence in which the
set {k: k < n) is replaced by {k: kr-\ < k < kr}, for some lacu-
nary sequence {kr} . The resulting summability method is compared
to statistical convergence and other summability methods, and ques-
tions of uniqueness of the limit value are considered.

1. Introduction. A complex number sequence x is said to be statis-
tically convergent to the number L if for every ε > 0,

(1) lim^\{k<n:\xk-LK\>ε}\ = Oy

where the vertical bars indicate the number of elements in the enclosed
set. In this case we write S-limx = L or xk —> L(S). We shall also
use S to denote the set of all statistically convergent sequences. The
idea of statistical convergence was introduced by Fast [4] and studied
by several authors [2], [3], [5], [6], [11]. There is a natural relationship
[2] between statistical convergence and strong Cesaro summability:

|σi| := < x: for s o m e ! , lim ί - ]Γ \xk - L\ J = 0 \ .

By a lacunary sequence we mean an increasing integer sequence
θ = {kr} such that k$ = 0 and hr := kr - /cr_i —• oo as r —> oo.
Throughout this paper the intervals determined by θ will be denoted
by lr := {kr-\, K], and the ratio kr/kr-\ will be abbreviated by qr.
There is a strong connection [7] between \σ\\ and the sequence space
Nβ, which is defined by

:= / x: for some L, lim I 7- Y^ |x^ - L| I = 0

The purpose of this paper is to introduce and study a concept of con-
vergence that is related to statistical convergence (1) in the same way
that Nβ is related to |σi | .
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DEFINITION. Let θ be a lacunary sequence; the number sequence
x is Sβ-convergent to L provided that for every ε > 0,

(2) lim

In this case we write SQ-XW&X = L o r x ^ L(SΘ), and we define

SQ:={X: for some L, Sθ-limx = L}.

The limits in (1) and (2) can be expressed using matrix transforma-
tions of the characteristic function XK of the set

K = K(x,L,e):={keN: \xk - L\ > ε}.

The limit in (1) is limn(C\χκ)n = 0, where C\ is the Cesaro mean;
the limit in (2) is limn(Cβχκ)n = 0, where Cθ is the matrix given by

0, iϊk£Ir.
In this form £#-convergence is seen to be a part of "A-density conver-
gence" as defined in [8] and [3].

In the next section we establish inclusion relations between Sθ and
Nθ and also between Se and S. In §3 we show that the Sθ -limit of
a given sequence x is not necessarily unique for different θ 's, but
different Sβ -limits cannot occur if x e S. In the final section we get a
relationship between ^-convergence and strong almost convergence, a
concept introduced by Maddox [10] and (independently) by Freedman
et al. [7].

2. Inclusion theorems. In this section we first give some inclusion
relations between Nθ- and ^-convergence and show that they are
equivalent for bounded sequences. We also study the inclusions S c
Sβ and Sβ C S under certain restrictions on θ = {kr} .

THEOREM 1. Let θ = {kr} be a lacunary sequence', then

(i) (a) xk -> L(NΘ) implies xk -> L{SΘ), and
(b) Nθ is a proper subset of Sθ

(ii) xeloo and xk -> L{SΘ) imply xk -+ L(NΘ)
(iii) Sθnloo = NθnlOOf

where l^ denotes the set of bounded sequences.

Before proving this theorem we remark that this result is included
by Theorem 8 in [3], where Connor bases the proof on the concept of
ideals in l^ we give a direct proof.
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Proof, (a) If ε > 0 and x^ —> L(NQ) we can write

keir keir

\xk-L\>ε

which yields the result.
(b) In order to establish that the inclusion Nθ C Sθ in (i) is proper,

let θ be given and define xk to be 1 ,2 , . . . , [\/^r] at the first [\/%]
integers in Ir, and x^ = 0 otherwise. Note that x is not bounded.
We have, for every ε > 0,

1 |{* elr:\xk-θ\>ε}\ = ^ -> 0 as r -> oo,

i.e., xfc —> 0(5^). On the other hand,

oi 1

hence x^ -^ O(Λ^).
(ii) Suppose that xk —> £(5^) and x E /^, say |x^ - L| < M for

all /:. Given ε > 0, we get

r ^6/ r kelr

r

\xk-L\>ε \xk-L\<ε

<^-\{keIr:\xk-L\>ε}\+ε,

from which the result follows.
We remark that the example given in (i) shows that the boundedness

condition cannot be omitted from the hypothesis of Theorem 1 (ii).
(iii) This is an immediate consequence of (i) and (ii).
Since any Λ^-summable sequence is Qrsummable, we conclude

from Theorem 1 (ii) that any bounded ^-summable sequence is also
Q-summable.

LEMMA 2. For any lacunary sequence θ, S-limx = L implies
Sβ-\imx = L if and only if liminfr qr > 1. If liminfr qr = 1, then
there exists a bounded Sβ-summable sequence that is not S-summable
(to any limit).
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Proof. Suppose first that lim mίr qr>\\ then there exists a δ > 0
such that qr > 1 + δ for sufficiently large r, which implies that

fcr 1 +<>

If xk -> L ( 5 ) , then for every ε > 0 and for sufficiently large r , we
have

i 1
: kr: \xk - L\> ε}\ > -j-\{k e Ir' \xk — L\ > ε}\

this proves the sufficiency.
Conversely, suppose that liminf r# r = 1. Proceeding as in [7; p.

510] we can select a subsequence {kr^} of the lacunary sequence θ
such that

i and
J

Now define a bounded sequence x by X/ = 1 if / £ Ir^ for some
j = 1, 2, . . . and xf = 0 otherwise. It is shown in [7; p. 510] that
x £ Nθ but x G |σi | . The above Theorem 1 (ii) implies that x ^ Sθ ,
but it follows from Theorem 2.1 of [2] that x eS. Hence 5 £ Sθ,
and the proof is complete.

LEMMA 3. For any lacunary sequence θ, S-limx = L implies
SQ- lim x — L if and only if lim supr qr < oc. If lim supr qr = oo, then
there exists a bounded S-summable sequence that is not Sβ-summable
(to any limit).

Proof. If lim supr qr < oc, then there is an H > 0 such that qr < H
for all r. Suppose that xk —• L(S$), and let Nr := |{fc £ / r : |x^ - L | >
β}|. By (2), given ε > 0, there is an r0 £ N such that

(3) -T^ < ε for all r > r0.

Now let M := max{Λ r̂: 1 < r < r0} and let w be any integer satisfying
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< n <kr\ then we can write

~\{k < n: \xk -L\> ε}\ < J - | { * < kr: \xk -L\> ε}\
n κ

+ hr)

, by (3).

- M rc\ - M

+ << T + B'Qr< η;
/ C r _ i / C r _ i

and the sufficiency follows immediately.

Conversely, suppose that lim sup r qr = oc. Following the idea in [7;

p. 511] we can select a subsequence {&*•(./)} °f ^ e lacunary sequence

0 = {kr} such that <?r(7) > j , and define a bounded sequence by

X| = 1 if K(j)-ι < i < 2fcΓ(7 )_i for some 7 = 1 , 2 , . . . , and X/ = 0

otherwise. It is shown in [7; p. 5.11] that x E Nβ but x ^ |<τi|.

By Theorem 1 (i) we conclude that x e Sθ, but Theorem 2.1 of [2]

implies that x φ S. Hence, Sθ <£S.

Combining Lemma 2 and Lemma 3 we get

THEOREM 4. Let θ be a lacunary sequence; then S = Sβ if and
only if

1 < l i m i n g < lim sup qr < oo;
r r

then S-limx = L implies SβΛimx = L.

For an example of a lacunary sequence satisfying the conditions
of Theorem 4, we can take kr = 2r for r > 0, whence S{2

ry = S.
We remark that the examples given in Lemmas 2 and 3 illustrate the
difference between ^-convergence and 5#-convergence.

We conclude this section with the following observation. Buck [1,
Theorem 3.2] proved that if a real sequence is Cpsummable to its
finite limit inferior, then the sequence "converges to that point for
almost all n " (i.e., it is statistically convergent to its limit inferior
[2]). Note that this result remains true if we replace limit inferior by
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limit superior. For each subset K of N, define

\κnir\D(K):=lim(Cθχκ)r = \i

then D is a density [8; p. 296], and it is not hard to get a result
for SQ-convergence that is analogous to Buck's. To be precise, the
following result is such an analogue.

PROPOSITIONS. If the real number sequence x is Cβ-summable to
either its finite limit inferior or finite limit superior, then x is Sβ-
convergent to that value.

3 Uniqueness of S^-limit and lacunary refinements. It is easy to see
that, for any fixed θ, the SQ -limit is unique. It is possible, however,
for a sequence—even a bounded one—to have different £#-limits for
different #'s. This can be seen by applying Theorem 1 (i) to the
sequence x given in [7, proof of Theorem 2.1] for which Nθ-\imx =
0 and NQ - lim x = 1. The next theorem shows that this situation
cannot occur if x e S in other words, every Sθ method is consistent
with the 5-method.

THEOREM 6. If x e S Γ\SΘ, then Sθ- lim x = S- lim x.

Proof. Suppose SAimx = L and Sβ-Ximx = U, and Lφ I!. For
ε < \\L - Lr\ we get

|{„ n.. <n:\xk-L \>ε\\ = i.

Consider the fcOTth term of the statistical limit expression
n~ι\{k < n: \xk-L'\ > β } | :

1 I m

Ike(jlr:\xk-L'\>ε

Km r=\ 2^r=lhr r = ι

where tr = h~x\{k e Ir: \xk - L'\ > ε}\ -+ 0 because xk -• L'(SΘ).
Since θ is a lacunary sequence, (4) is a regular weighted mean trans-
form of t, and therefore it, too, tends to zero as m —• oc . Also, since
this is a subsequence of {n~x\{k < n: \xk - Lf\ > ε}\}^={, we infer
that

±\{k<n:\xk-L'\>ε}\^U
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and this contradiction shows that we cannot have Lφ L'.
We now consider the inclusion of Sθ* by Sβ , where θ' is a lacunary

refinement of θ. Recall [7] that the lacunary sequence θf — {k'r} is
called a lacunary refinement of the lacunary sequence θ = {kr} if
{kr} c {k>r}.

THEOREM 7. 7/* 0' w a lacunary refinement of θ and x^ —• L(S#),
then Xk —• L(SQ).

Proof. Suppose each 7r of 0 contains the points {^ J ^ of θ'
so that

fcr_i <fc;? 1 <K2< -"<k'rMr) = kr, where 7^. = {k'ri_x, fc ^ ].

Note that for all r, i/(r) > 1 because {fcr} c {fc;}. Let {I]}f=ι be
the sequence of abutting intervals {I'rj} ordered by increasing right
end points. Since x^ —• L{SΘ>), we get, for each ε > 0,

(5) l

As before we write, hr = kr - kr_\, h'r t = k'r t - k'ri_x, and hf

r λ

kf

r x — kr_ i. For each e > 0 we have

(6) I.\{kelr:\xk-L\>e}\

where χ^ is the characteristic function of the set K := {/c G N :
|jCfc - L| > ε}. By (5), Cθ>χκ is a null sequence, and (6) is a regular
weighted mean transform of Cθ>χκ - Hence, the transform (6) also
tends to zero as r -± oo.

We conclude this section by observing that Theorem 7 establishes
inclusion between two lacunary methods only when one sequence is a
lacunary refinement of the other. The example cited at the beginning
of this section shows that SQ can be inconsistent with Sθ>. A general
description of inclusion between two arbitrary lacunary methods is
left as an open problem.
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4. Strong almost convergence and ^-convergence. The idea of al-
most convergence was introduced by Lorentz [9]: the sequence x is
said to be almost convergent to L if

j m+n

lim - ] P (Xi - L) = 0, uniformly in m.
i=m+l

Maddox [10] and (independently) Freedman et al. [7] introduced the
notion of strong almost convergence: the sequence x is said to be
strongly almost convergent to L if

1 m+n
1

lim — V^ \xt — L\ = 0, uniformly in m.
i=m+l

Let c, AC and [AC], respectively, denote the sets of all convergent,
almost convergent, and strongly almost convergent sequences. It is
known [10] that
(7) c g [AC] £ AC § /«,.

THEOREM 8. If JΪ? denotes the set of all lacunary sequencesf then

= loonlf] SΘ).

Proof By [7, Theorem 3.1], the relations (7) and Theorem 1 (iii),
we have

IooD[AC]=

Finally we remark that in contrast to [7, Theorem 3.1] where it was
proved that [AC] = Π ^ , the factor l^ cannot be omitted from
Theorem 8. For, f]Sβ £ l^ and f]Nθ = [AC] is a proper subset of
f| Sβ. To see this consider the sequence x defined by x^ = m, if
k = m2 for m = 1,2,..., and x^ = 0 otherwise. Observe that x
is not bounded, so it is not strongly almost convergent. On the other
hand, for any lacunary sequence θ, we have

^ ^ ^ 0 , a s r - o o ;

hence, xk -• O(SΘ).
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ON THE SHAPE OF FUNDAMENTAL DOMAINS
IN GL(/i,R)/O(n)

D O U G L A S G R E N I E R

We investigate parameters for the symmetric space H = G/K,
G = GL{n, R), K = O(n), in the sense of positive definite quadratic
forms. This leads to a description for the fundamental domain H/T
where Γ is an arithmetic subgroup of G. We also see interesting
relations with the Siegel sets. This enables us to explicitly describe
Satake compactifcations of H/T. We will also consider the behavior
at the "bottom" of the fundamental domains.

1. Introduction. The problem of reduction of quadratic forms is an
old one. When the subject is positive definite quadratic forms, the
first definition of reduction was achieved by Hermite [8]. However,
it is Minkowski's reduction that is the most familiar, primarily be-
cause when we view the quadratic forms geometrically, Minkowski's
reduction domain is easily seen to have a finite number of boundary
components while this was not known for Hermite's. One may consult
Cassels [3] or Terras [14] for more of the historical details and for a
definition of these domains.

In modern language, positive definite quadratic forms may be con-
sidered as a symmetric space. Denote the space of positive quadratic
forms by SPn , and let G = GL(n, R), K = O(n). Then &>n may be
identified with G/K by:

gK ^ τ gg

for any g e G. We will be most interested in the space of quadratic
forms of determinant one which will be denoted <9ZPn . This may be
obtained from G/K by modding out by the center of G. If Γn stands
for GL(n, Z)/{±/}, Γn acts discontinuously on &&>n by:

Z h- Z[γ] = τγZγ

where Z e &&n and γ e Γn. We will always use this notation
Z[X] = TXZX where X e Rnxk for any k (including k = 1 so
that X is a vector). Then a fundamental domain in 5^n under the
action of Tn is a subset of <9%Pn which may be identified with the
quotient space 5^n/Yn and which represents the reduced forms. For
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studying arithmetic subgroups of GL(n, R) and automorphic forms
an Hermite style fundamenal domain was preferable to Minkowski's.
In [5] such a fundamental domain was defined, and it was shown that
it was indeed possible to explicitly determine the (bottom) boundary
components. This is also in [6].

The object of this paper is to develop in more depth various prop-
erties of the fundamental domains of [5] and [6]. We will explicitly
determine compactifications of these domains and hence the quotient
groups. These will be Satake compactifications of S%PnIYn modelled
after those originally considered by Satake [12] for the Siegel space
and generalized by Satake and others (see, for example, [13, 1, 16])
to many algebraic groups. We will describe the topologies of cer-
tain compactifications of the fundamental domains and the quotient
groups, and see the relation between the so-called boundary compo-
nents and the parabolic subgroups of G, as in the compactifications
of Satake and Baily-Borel. We believe that these compactifications
will be quite useful in the study of automorphic forms for GL(/i, R),
specifically towards generalizing the results of [7] that defined a map
sending automorphic forms for GL{n, R) to forms for GL(ft - 1 , R).
The nature of the Satake topology defined in §4 indicates that there
should be similar maps relative to each parabolic subgroup, sending an
automorphic form for GL(/ι, R) to a product of lower rank automor-
phic forms. This in turn might lead to explicit Maass-Selberg relations
for GL(n, R). The Siegel sets play an important role both in the def-
inition of the fundamental domain and the compactification. The
relation of the fundamental domain to the Siegel sets also has a bear-
ing on many problems in automorphic forms and harmonic analysis
on GL{n, R), for example as in Huntley [9] (also see [14]). Mostly we
concentrate on the action of GL{n, Z) on <5%Pn , but since an arith-
metric subgroup of G is commensurable with GL(n, Z), these ideas
are easily extended to fundamental domains for arbitrary arithmetic
subgroups. Due to the celebrated arithmeticity theorems of Margulis
(summarized in [15]), this last notion may deserve more attention than
it is given here.

In the following, in §2 we will briefly summarize the results of [5,
6] concerning the fundamental domain we will consider here. Then
these results will be modified and/or extended to suit the purposes of
this paper. Section 3 will take a closer look at the Siegel sets (which
are already preset in the definition of the fundamental domain). We
will investigate the relations between the fundamental domain and
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the Siegel sets, including how they are used to establish a reduction
algorithm, and in work of Huntley on the spectrum of the Laplacian.
In §4 the fundamental domain will be compactified in the style of
Satake [12]. This also gives a compactification of the quotient space
S^n/Tn . The author would like to thank S. Zucker for several helpful
discussions on these last matters.

2. Fundamental domains in <9%Pn . This section is partly a summary
of results from [5, 6], although we have made various modifications
and additions. Throughout we will use the following coordinates on

For any Z € &&n, let

(1) z = o
O ') [i Ί

where the square bracket notation is as before, and y > 0, Z ' e
<9&*n-\ > x € R""1. These may appear a little strange at first, but
they have been chosen to point out parallels with the upper half-plane
H (where x and y would just be the real and imaginary parts of
z G H), and so that \Z\' = 1, which enables us to define the co-
ordinates recursively. More explicitly the identification of S^SP-i with
H is given by:

H

x + iy = z i
0

The coordinates defined in (1) are called partial Iwasawa coordi-
nates since if we repeat this decomposition for Z', and so on, we get
the Iwasawa decomposition for Z € <9£Pn, which it is convenient to
write

/ I

(2) Z =

\

{y\yi yn-\)2)

1 Xi

Note that the y, correspond to the simple roots of the Lie alge-
bra of G, which in the Lie group setting are actually yf2 for i =
1,2,..., n — 1. The partial Iwasawa coordinates demonstrate an
embedding of the lower rank symmetric spaces 5^Ψm into
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Using the partial Iwasawa decomposition (1) we can now define a
fundamental domain for Γn in 5%Pn , corresponding to the quotient
space <9ίPnITn . Let 9^ be the set of all Z e <92Pn satisfying:

(Dl) For all ( « ^ ) e Γn, (a + τxc)2 + ynllfl-χ)Z'[c\ > 1 where
α e Z , b,ceZn-{ ,znd DeZn~lxn-1.

(D2) Z ' e ^ - i .
(D3) 0<JCi2< 1/2, |jcυ | < 1/2 for 7 = 3 , . . . , n - 1 .
This is slightly different from the definition in [5, 6], as there the

approach was more in keeping with the idea of quadratic forms (and
not necessarily just those of determinant one). Here, we want to see
a cusp as y —• oo. As indicated in the introduction, this fundamental
domain has the advantage of being defined recursively as in Hermite's
original idea, but it was shown in [5, 6] that only a finite number of
combinations of a e Z and c G Zn~ι are necessary in condition (Dl).

Since 5^2 is identified with the upper half-plane H, the funda-
mental domain above for n = 2 is just half of the usual one in H,
namely ^ is identified with D c H where

D = {x + iy = zeH\x2+y2> 1, 0 < x < 1/2}.

&2 is compactified by adding the point at infinity, i.e., ^ * = iζu{oo}
is a compact subset of H* = H U {oo} corresponding to H*/Γ2 . To
see how to compactify 9n when n > 2 we will first consider the
example of ^ . This fundamental domain was pictured in [4]. For
n = 3 the Iwasawa decomposition (2) becomes:

X\2

1

The fundamental domain &ί can be given as the set of all Z e
satisfying the following inequalities:

(i) χ\2+y\>U
(ϋ)

(iii)
(iv) ( l - * i 2

(v) χ h + yl>U
(vi) 0 < * i 2 < 1/2,

(vii) 0 < J C 2 3 < 1/2,

(viii) |JC13 | < 1/2.
Inequalities (i)-(iv) come from condition (Dl) in the definition,

while (v) and (vii) come from (D2). For y\> M, for some sufficiently
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large M, the first four inequalities above are unnecessary to have
Z G ̂ 3 . Thus we might say that as j ^ -> oo what was the point
at infinity for n — 2 now becomes ^ for n = 3. As ^2 -^ °°
we get similar behavior except that it is inequalities (ii)-(v) that be-
come unnecessary. However, we still see S^ as we approach the cusp
determined by y-i —> oo.

To see how this would carry over to the general situation it will be
convenient to write Z e ^ as:

( 3 ) ~ - ' \o zj [o i
so Z\ = y(n/"-ι)Z' from the partial Iwasawa decomposition (1).
Let us define a\{Z) to be the upper left corner entry of the matrix
Z € &n . Then

where y = (a £) as usual. A simple computation gives

If c — (a\'), with c' G Z π ~ 2 , then we can also decompose Z' as we
did for Z above and compute a\(Zr). Thus

y'Z'[c] = [a! + Γ x V ) 2 + Z2[c']

where x 7 , y' and Z 2 would correspond to x , y and Zi for Z . We
also know y'Z1 = yj~2Zi, so we can rewrite the above equation as:

(4) y;2Zι[c] = (a' + τx'c')2 + Z2[c'}.

If we repeat the arguments above we eventually arrive at the following:

LEMMA 1. Z, [c] > y] for all c e Zn~l - {0} .

Since for each /, yι —» oo =Φ- y —> oc (so y" 1 -^ 0), as yz -^ oo, Z
breaks into two blocks of sizes / and n — i, the first of which goes to
0, the second to oo. We will write:

As j// —> oo, ^ -> ̂  x ^ _ / .

A variation of Lemma 1 will also be useful:

LEMMA 2. Zχ[c] >_y\'-y\ for all c G Zn~ι which have cj φ 0 for
all j>k.

This may be proved by applying equation (4) and Lemma 1.
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3. Siegel sets in &5Pn In this section it will sometimes be con-
venient to consider the region 9^ = \JγeD ^n[y] where Dn is the
subgroup of diagonal matrices

±1.

We will denote this fundamental domain 9%. Condition (D3) would
become for 9^:

(D3') |jcι|< 1/2 for all i.
while (D2) would become accordingly:

(D2') Z ' 6 F ; _ p

with (Dl) remaining the same. Then 9^ is symmetric about x^ = 0
for all i , j with 1 <i < j <n.

The Iwasawa decomposition of G is written G = KAN, where
K = O(n), A is the diagonal subgroup of G, and N is the nilpotent
subgroup of upper triangular matrices with 1 on the diagonal. A Siegel
set in G is a subset of the form KΆrw where At = {a e A\a(a) < t}
for all simple roots a and w is a compact subgroup of N containing
a neighborhood of /. More details may be found in [2].

Analogously, we may define Siegel sets for <9£Pn. Since we have
seen that the j// in the decomposition (2) correspond to the simple
roots of the Lie algebra of G and under the map g ι-> τgg, g = kan
is sent to a2[n], define the Siegel set *£?, 1/2 by

c$?>1/2 = {ZeS&>n\yi > rχl\ |jcy| < 1/2}.

Then we have the following:

THEOREM 1. 3\, 1 / 2 c 9J c ^4/3,1/2

Proof. Clearly this is true for n = 2. One need only consider the
standard picture of ^ in the upper half-plane H. Using the partial
Iwasawa decomposition (3), condition (Dl) of the definition of ^n

becomes:
(Dl*) (a + τxc)2 + Z{[c]> 1

for all a, c forming the first column of γ G Tn . If we choose a — 0
c = ^1, the first standard unit vector in R"~ι we get x\ +y\ > 1 amd
since \x\\ < \/2, y\ > 3/4. This argument can be applied in turn
to Z' E &ϊ{_ι to get yι > 3/4 and so on. Thus we have the second
inclusion. To get the first we need to show that if yt > 1 for all /, and
\Xij\ < 1/2 for all /, j , then Z e ^ ' . As mentioned above, we know
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this for n — 2, so we proceed by induction. Since Z\ is positive, if
λ is the least eigenvalue of Z\, then Z\ [c] > λl[c]. The eigenvalues
of Z\ are y\, {yiyi)2, etc., so λ > 1. If c ψ 0, Z\[c] > λ > 1 so
condition (Dl*) is satisfied. If c = 0 then α must be ±1 to have
y e Γ n which again makes (Dl*) satisfied. Condition (D2;) is met
by the induction hypothesis and (D3;) by definition of ̂  j / 2

Terras [14] says that ^ has a "box shape" at infinity. For example,
considering n = 2, the portion of ̂  with y > 1 is a semi-infinite
strip of width one. It can be seen fairly easily that <^i, 1/2 is the largest
Siegel set contained in ̂  and 5̂*4/3,1/2 is the smallest containing
^ . Again, this is well known in the case n = 2, where

S*t,1/2 = {zeH:\x\< 1/2,y>Vt-1}.

It is also clear from that same picture that

4̂/3,1/2 c ^ ' u ^ ' m

where S — (^ ~ * ) . Roelcke [11] uses the fact that it takes just two
copies of the fundamental domain to cover the smallest Siegel set
containing the fundamental domain to obtain a lower bound for the
eigenvalues of the Laplacian on L2(///SL(2, Z)). In this case, \λ\ >
3π 2 /2. Huntley [10] has extended these ideas to L2(S^3/T3) and
shows that there |A| > 3π2/10. To do this one needs to know that
it takes 10 copies of the fundamental domain to cover ^4/3 s l / 2 in
J5^3. From well known properties of the Siegel sets (see for example
[2]) it is clear that the number is finite, but we need the exact number.
This is related to the reduction algorithm for 5^^ discussed in [4]
where it was necessary to form matrices γ e Γ3 having a and c as
their first column for all the a and c necessary in (Dl). However,
there is an infinite number of choices for these matrices. For the
application to Roelcke's method it is important to select these matrices
more carefully.

Since we are using ^ here, (Dl) gives the inequalities:

(i) x2

n+y\>\,

(ϋ) ? ?
(iϋ)
(iv)
The difference in the inequalities here comes from the symmetry

about X\2 = 0 which 9^ has and ^ has not.
To get the smallest number of copies of 5ζ' needed to cover
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^4/3,1/2 9 i e > the number of yf needed so that

we need to make sure that for any y, , Z G &$[y{\ satisfies \x^\ < 1/2
for all /, j where we use the Iwasawa decomposition (2). Take any
Z G ̂ 4/3,1/2 and use the reduction algorithm to move it to &£. (See
[4] for the construction of a reduction algorithm, although we will
need different matrices Si here.) First, if (using the decomposition
(1)) Z ' £ &Z then Z[S'] with

S' =

has Z' e ^2 . At the same time this switches X\ and xι where
Γ x = (xj 9 χ2) , but this is no problem since each satisfies |jcf-| < 1/2.
Thus, we may take Z e ^4/3,1/2 to satisfy conditions (D2;) and
(D3') for 9%, and we need to find y e Γ3 so that Z[γ] e 9%. In [6]
it is seen that for Z[γ] e &£ we have for all y e Γ'3 :

where a\(Z) denotes the upper left entry of Z as before. If we take
M = γ~ι we have (aw + τxc)2 + y3/2Zf[c] < 1. So, we need only
consider y with a and c satisfying this last inequality. Also based on
results in [6] it can be shown that this inequalty can never be satisfed
(mod 2)3) unless:

,,-,.,:v m. (•). (i). (io-
So we need to find matrices Si wth the first columns above. Experi-
mentation showed that the right choices of Si are:

S2 =

S4 =

0
0

1
1

0
1

0
- 1

1>

°>
0
0

1 0 -1

and S5 = I. What is meant by calling these the "right choices" is
that there are infinitely many choices of matrices with the same first
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columns, but in each case Si is the only one with that first column
to not affect (D2;) and (D3 ;). Also, each 5/ fixes the piece of the
boundary of &^ from inequality (i) above. Note that for each /,
Sf = I. We will say more on this shortly.

Returning to the problem at hand, since (Sf)eSi, / = 1 , 2 , 3 , 4 , 5 ,
e = 0 or 1 move Z into 9%, the inverses Si(Sf)e are what we need
to cover ^4/3,1/2 with images of &J, i.e.,

To check that these are sufficient, recall that only matrices of the form
(S')eS with S having first column from the list above would move
Z G ̂ 4/3,1/2 into 9^. If we were to use a different S from one of
the Si9 S = Sig, g e GL(3, Z) . Specifically, S = SΊ ( ^ ) , with
? G Z 2 , Re GL(2, Z), in other words, S e P(l, 2) where P ( l , 2)
is the parabolic subgroup of GL(3, Z) consisting of matrices of this
form. Now, if Z ' = Z[(S')eSi] e 9%, then Z'\g\ e ^ => g = I as
long as Zf is not on the boundary of 9^. It is easily checked that they
are all necessary. Thus, it takes 10 images of 9^ to cover ^4/3,1/2.
This may be simplified and generalized to any n by the following:

THEOREM 2. If Mi are the minimal set such that

4̂/3,1/2 c | J ^ - i M inS&>n-U

then in <9&>n> ^4/3,1/2 c U^'[S 7][M;] where M't = (ι

o °) and the
Sj are those uniquely determined matrices (modP(l, n — 1)) with
first columns given by the necessary and sufficient a and c in condition
(Dl) of Definition 1, which fix the corresponding pieces of the boundary
of 9J. These satisfy Sj = I.

Most of this is clear from the preceding discussion, so we prove that
we must have Sj = I. The Riemannian metric on 5%Pn is defined
by:

ds2 = Tr((dYY-1)2).

Let ZQ be on the boundary fixed by Sj but not on the other portions
of the boundary, and let Z\ e J^' (not on the boundary) be within
a distance e of ZQ where ε is small enough so that no point on
any other boundary piece is within ε of ZQ. Then, since the map
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Z —• Z[g] is continuous in Z , Z\[Sj] must be within εi of Z o , and
Zι[Sj]e&Z[Sj]. Similarly, Zx[Sj][Sj] = Zx[Sj] is within ε2 of Z o .
By adjusting ε we can make sure £2 is small enough so that no other
boundary portion is within ε2 of ZQ . Thus Z\[Sj] e ^[. This gives

4. Compactification of ^ . In this section we consider:

THEOREM 3. Let

( / l l , / I 2 , . . . ,

where if P is a partition of n written

= ίfn X X ,

, >v/ίΛ /Λ̂  topology defined below, ^ * w α Satake compactification
of&ii, i.e. ^ * w α compact Hausdorff space whose topology is induced
by the closure of ^n and this topology induces a compactification of

Here &[ is just {00}, a single point, as in the compactification of
^ , ^ * = ^ U { c x ) } .

Recall that a\ (Z) is defined to be the upper left entry of the matrix
Z . Then for (Zr, Zs) e <9^x<9^ with n = r+s and U a neighborhood
of (ZΓ, Zj) in ^ x ^ , define a neighborhood of (ZΓ, Z5) in ^ * as
follows: write Zr and Z.y as

/ I

/ I

\

Then define y by

7=1



FUNDAMENTAL DOMAINS IN GL(« , R)/O(«) 63

and for M > 0 let

V(U9M) =

_ v i ( - ι Z r O \\Ir X
~y V O ax{Zs)-\yλ...yr)

2Zs) [O Is

with yr > M, Zr x Zs e U,

= (χ/7) with |.x/7 | < 1/2, x r l > 0 i .

If r or 5 is 1, we must take Zr or Zs to be 1. Now define a neigh-
borhood of (Z r , Z5) in ^ * by F*(C/9 Af) = K(ί/, M)uU. This
definition can then be extended to define a neighborhood in ^ * of
(Zi, . . . , Zk) G &nx x x ^nk. This sort of thing is usually called the
Satake topology.

We need now show that for M sufficiently large, V(U, M) c S^i -
To prove condition (Dl),

note that since Z is a quadratic form, then if cy = 0 for j > r,

where m e Zn~r and τm = (α, ci, . . . , cΓ_i). But Zr e ^ so
yZr[m] > 1. If c7 7̂  0 for some j >r, then we may apply Lemma 2.
We have:

( f l + τχc)2 + Zχ[c] > Z i [ c ] >y2...y2

Thus, if we choose M > (4/3)(r"1)/2 we have (a + τxc)2 + Zx[c] > 1.
Now we must show that Z ' e ^ _ i . Since yfZf = y^2Z\ and so on,
this is equivalent to showing that y~2Zi[c] > 1 for all 0 Φ c e Zn~ι

and / = 1, . . . , n — 1. Since

this follows immediately from Lemma 2 for / = 1, . . . , r - 1 using
the same arguments as above. For / = r, Z ' e ^ _ i follows from
Lemma 1, and from Zs e ^ for / > r. Condition (D3) clearly holds
by the definition of V(U,M).

To show compactness of ^ * it will suffice to show that any se-
quence {ZW} in 9^ has a limit point in ^ * . Write the Iwasawa
decomposition (2) of Z ^ with y ^ ) , y ^ in place of the y, y\. If



64 DOUGLAS GRENIER

all the sequences {yf]} are bounded, then Z^ -> Z e &n - If
for some r is not bounded, let ar be defined by

r - l

and write

\>M)-ιarzίu) O \\Ir
/~\ (\Λv)n—1 \γι.IYI~, r7\y
yy \V Clf ) ' 2 / ; _

Then Z^p G &[ for i = r or n - r and if no other {y^} is un-

bounded, Z^ converges to some Zi€<9^. If another {y^} is un-
bounded we can repeat for z\v^ for whichever / , r or n - r. Thus,
we can establish the desired result inductively.

For some small n we can write out ^ * :

where we write 3^ instead of &ι x &{ since 9^{ is just one point.
Note that this holds up very well with what we saw in §2. We also
have

We can think of the first ^ as being a subspace of the first ^ as well
as &2 x&2 in the Satake topology while the second &ϊ would be a sub-
space of each «9ξ. This follows the containments of the appropriate
parabolic subgroups..

If πn is the canonical projection of 5%Pn onto <9£PnITn , then πn

identifies S^n/Γn with &n . Using this, and letting Vn = S^n/Γn ,
we get the Satake compactification V* = |Jp Vp where if P is the
partition of n into (n\, ni, . . . , n^) or the parabolic subgroup
P{nχ, n2, . . . , nk), then VP = VHι x •- x Vnk. Satake [13] actually
defines several different compactifications of a quotient space (see
also [16]); the one we have investigated here is the maximal Satake
compactification. In [6] the compactification considered was not this
maximal one. If we go all the way back to the beginning and restrict
ourselves to the partial Iwasawa decompositions (1) we would have
^ * defined recursively by:
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with the topology defined accordingly by taking a neighborhood of
Z' E ̂ Lγ, U, and defining its neighborhood in ^ * to be:

withy > ¥ , Z / G ί / / x = ( i i , . . . ,x«-i)

with \xj\ < 1/2, JCI > θ | .

Thus we have:

THEOREM 4. ^ * = ^ u ^ _ i U U ^ U ^ is a Satake compacti-
fication of ^n.lfVn = ̂ ΨnITn then V; = KΛuKΛ_iU uK1uK0 =
^ U V*_χ is a Satake compactificatίon of Vn .

This last compactification is analogous to Satake's original compact-
ification of SiegeΓs quotient space [12].

If Γ' is any arithmetic subgroup of G, we can similarly obtain the
compactifications of V = S^n/T'. If 3% is the fundamental domain
corresponding to S^n/T' and (^')* its compactification, Satake [13]
shows that U/eΓ (e^/)*[7/] = U?GΓ^*[y] > a n d t h a t t h e topologies on
these spaces are the same.

REFERENCES

[I] W. Baily and A. Borel, Compactification of arithmetic quotients of bounded
symmetric domains, Ann. of Math., 84 (1966), 442-528.

[2] A. Borel, Introduction aux Groupes Arithmetiques, Hermann, Paris, 1969.
[3] J. Cassels, Rational Quadratic Forms, Academic Press, London, 1978.
[4] D. Gordon, D. Grenier, and A. Terras, Hecke operators and the fundamental

domain for SL(3, Z), Math. Comp., 48 (1987), 159-178.
[5] D. Grenier, Fundamental Domains for £Pnj GL(n , Z) and Applications in Num-

ber Theory, Dissertation, UCSD, 1986.
[6] , Fundamental domains for the general linear group, Pacific J. Math., 132

(1988), 293-317.
[7] , An analogue of SiegeΓs φ-operator for automorphic forms for GL(« , Z),

Trans. Amer. Math. Soc, to appear.
[8] C. Hermite, Oeuvres I, Gauthier-Villars, Paris, 1905.
[9] J. Huntley, Multiplicity One Theorems for Automorphic Forms, Ph.D. Thesis,

Stanford University, 1987.
[10] J. Huntley, correspondence.
[II] W. Roelcke, Uber die Wellengleichung bei Grenzkreisgruppen erster Art, Sitzber.

Akad. Heidelberg, Math-naturwiss., 1953/55.
[12] I. Satake, On the compactification of the Siegel space, J. Indian Math. Soc, 20

(1956), 259-281.



66 DOUGLAS GRENIER

[13] , On compactifications of the quotient spaces for arithmetically defined dis-
continuous groups, Ann. of Math., 72 (1960), 555-580.

[14] A. Terras, Harmonic Analysis on Symmetric Spaces and Applications II,
Springer-Verlag, New York, 1988.

[15] R. Zimmer, Ergodic Theory and Semisimple Groups, Birkhauser, Boston, 1984.
[16] S. Zucker, Lp-cohomology and Satake compactifications, preprint.

Received May 20, 1991 and in revised form August 21, 1991.

THE JOHNS HOPKINS UNIVERSITY
BALTIMORE, MD 21218



PACIFIC JOURNAL OF MATHEMATICS
Vol. 160, No. 1, 1993

FIXED POINTS OF SURFACE DIFFEOMORPHISMS

BOJU JIANG AND JIANHAN GUO

We give a complete proof of the following theorem which was con-
jectured by Jakob Nielsen for closed oriented surfaces.

THEOREM. Let f\M-^M be a homeomorphism of a compact
surface. When M is closed, then f is isotopic to a diffeomorphism
with N(f) fixed points, where N(f) is its Nielsen number. When
M has boundary, N(f) should be replaced by the relative Nielsen
number N(f;M,dM) defined by Schirmer.

Another result is the inequality \L(f) - χ(M)\ < N(f) - χ(M)
when χ(M) < 0, where L(f) is the Lefschetz number and χ(M)
is the Euler characteristic.

Introduction. For a self-map / of a compact polyhedron X, the
Nielsen number N(f) is defined to be the number of essential fixed
point classes. (See [J3] for an introduction to the Nielsen fixed point
theory.) It is a classical theorem of Wecken [W] that N(f) is a lower
bound of the number of fixed points for all maps homotopic to / ,
and that if X is a manifold of dimension > 3, this lower bound
is always realizable (see also [Br], [K]). It is now known [J4] that
when X is a surface with negative Euler characteristic, there exists
a map / : X -> X such that every map homotopic to / has more
than N(f) fixed points. The purpose of this paper is to show that
for homeomorphisms of surfaces the Nielsen number is indeed the
least number of fixed points in the isotopy class, as Nielsen himself
conjectured (cf. [N2, §31]) in his study of oriented closed surfaces.

MAIN THEOREM. Let M be a compact surface, closed or with bound-
ary. Let f:M^M be a homeomorphism. Then f is isotopic
to a smooth embedding which has N(f) fixed points. If, in addi-
tion, no boundary component of M is mapped onto itself by f in an
orientation-reversing manner, then f is isotopic to a diffeomorphism
haying N(f) fixed points.

This theorem was announced in [32], here strengthened with
smoothness considerations. An example in [Jl] shows it is necessary
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to allow embeddings in order to get as few as N(f) fixed points when
there are orientation-reversing invariant boundary components. If we
insist on diffeomorphisms, the least number of fixed points in the iso-
topy class turns out to be the relative Nielsen number N(f\ M, ΘM)
defined by Schirmer [S]. See Theorem 5.1 below. Another result is an
interesting inequality (Theorem 4.1) relating the Nielsen number with
the Lefschetz number.

All the recent progress on Nielsen's fixed point conjecture origi-
nated in Thurston's theory of surface diffeomorphisms [T]. Thurston
himself solved the important case of orientation-preserving pseudo-
Anosov maps in Theorem 6 of [T], See [BK] for the first published
proof. The easy periodic case was treated in [Jl]. The work [I] con-
sidered orientation-preserving maps of closed orientable surfaces and,
besides pseudo-Anosov and periodic cases, hinted at the kind of anal-
ysis needed for reducible maps. In the present paper, we shall con-
sider general diffeomorphisms of compact surfaces, and give complete
proofs.

There are seven connected compact surfaces with positive or zero
Euler characteristic. For them the truth of the Main Theorem can
be checked case by case. The 2-sρhere, the 2-disk and the annulus
have respectively 2, 2 and 4 isotopy classes of self-homeomorphisms.
The real protective plane has only one isotopy class, the Mδbius band
has two (see [E, Theorems 5.5 and 5.8]). All these isotopy classes
have obvious simple representatives satisfying the requirements of
the Main Theorem. The torus and the Klein bottle are more inter-
esting. They are studied in Nielsen's classical paper [Nl]. Both have
the Euclidean plane E2 as the universal covering space with isometric
covering translations. Each isotopy class contains a linear representa-
tive, i.e. one that lifts to a linear map of E2 . Such a representative,
slightly perturbed if necessary to remove inessential fixed point classes,
minimizes the number of fixed points.

Henceforth we assume that M is a compact surface such that each of
its connected components has negative Euler characteristic. Our proof
of the Main Theorem is based on Thurston's classification of surface
homeomorphisms.

THURSTON THEOREM ([T]). Every homeomorphism f: M —• M is
isotopic to a "diffeomorphism" φ such that either

(1) φ is an isometry with respect to some hyperbolic metric on M,
or equivalentlyy φ is a periodic map, i.e. φm = id; or
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(2) φ is a pseudoΆnosov map, i.e. there is a number λ > 1 and a
pair of transverse measured foliations (# 5 , μs) and {$u, μu) such that
φ($s, μs) = (3*, ι

Ίμ
s) and φ(V, //") = (£w , λμu) or

(3) 9? is a reducible map, i.e. there is a system of disjoint simple
closed curves Γ = { Γi , . . . , Tn } in intM such that Γ is invariant
by φ {but the Tfs may be permuted) and Γ has a φ-invariant tubu-
lar neighborhood ^ ( Γ ) such that each component of M - ^ ( Γ ) has
negative Euler characteristic and on each {not necessarily connected)
φ-component of M - ^ ( Γ ) , φ satisfies {I) or (2).

REMARK. The pseudo-Anosov map in [T] is not an honest diffeo-
morphism in that it is not even C 1 at the singularities of $s and
$u. In the statement given in [T], Γ/ are two-sided simple closed
curves on M, so some components of M - ^ ( Γ ) may be Mobius
bands. We prefer to allow one-sided Γ, in order to guarantee that
every component of M — Jf(Γ) has negative Euler characteristic.

The proof of this theorem can be found in [B], [FLP], [HT] for the
oriented surfaces, and in [Wu] for non-orientable surfaces.

The structure of the paper is as follows. In §§1-2 we develop stan-
dard forms for φ on the periodic pieces and the pseudo-Anosov pieces
respectively. These are not meant to be representatives of the isotopy
classes that have the minimal number of fixed points, rather they are
designed to be building blocks that are ready to be glued together. In
§3 these models are assembled into a standard form for a general φ ,
where we shall regard the case (3) in Thurston Theorem as the general
case by regarding the first two cases as "reducible" with empty reduc-
ing curves (Γ = 0 ) . The rest of §3 is devoted to the detailed analysis
of the fixed point classes of this standard form. This is a technical
stepping-stone of the paper. The Main Theorem is then proved in §4
by shrinking these fixed point classes to single points via isotopy. The
inequality relating the Nielsen number and the Lefschetz number is
also proved there. A discussion on the relative Nielsen numbers is
given in §5.

There is another obvious division of the problem into three cases:

(1) orientation preserving homeomorphisms on oriented surfaces,
(2) orientation reversing homeomorphisms on oriented surfaces,
(3) homeomorphisms on nonorientable surfaces.

Although we have chosen Thurston's structural trichotomy as the or-
ganizing principle of the paper, the above division is certainly the
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natural order of understanding. The orientation preserving and re-
versing cases involve complementary types of fixed point classes, while
the nonorientable case combines both. So we suggest the reader to first
focus on the orientation preserving case which contains the main ideas
with only half of the technicalities, then the orientation reversing case
and finally the nonorientable case. For the convenience of the reader,
we systematically use the superscripts + / - in the labels to indicate
the relevance to orientation preserving/reversing cases.

The following notation and terminology will be used throughout the
paper.

NOTATION. Let / : X -> X be a map. Then Fix / denotes the
fixed point set {x e X \ x = f(x)}. When X is a polyhedron and
A c X is such that A Π Fix / is both open and closed in Fix / , then
index(/, A) denotes the fixed point index of A Π Fix / .

DEFINITION. Let / : X —• X be a map. A subset A c X is said to
be /'invariant if f(A) c A . Two path-connected /-invariant subsets
Ao, A\ are said to be f-related if there is a path c: I —> X such that
c ~ / o c : / , 0 , I -> X, AQ, A\.

In general this is not an equivalence relation among /-invariant
subsets. When both AQ and A\ are single points, it reduces to the
Nielsen equivalence relation between fixed points of / . Namely, two
fixed points x and y are in the same fixed point class if there is a
path c: I —> X connecting them such that c ~ foe rel endpoints.

1. The periodic case. Suppose φ: M -> M is periodic, i.e. φm = id
for some natural number m. It is well known that such a φ is an
isometry with respect to some hyperbolic metric on M (of constant
Gaussian curvature - 1 and with totally geodesic boundary).

In this section, the connected components of Fix φ are explicitly
described, and the fixed point classes of φ are identified with these
components.

LEMMA 1.1. Let A be a component of Fix φ. Then one of the
following is true:

(1)+ A is a component of M and index(^ , A) = χ(A) < 0.
(2)" A is a closed geodesic, with a neighborhood diffeomorphic

to Sι x (0, 1) where φ acts as the reflection (z,/) ^ (z, 1 - ί ) ;
index($9, A) = 0.

(3)" A is a geodesic arc orthogonally connecting two {not neces-
sarily distinct) components of dM, with a neighborhood diffeomor-
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phic to I x ( 0 , 1) where φ acts a s the reflection ( s , t) •-• ( s , \ — t)\
index(iz?, A) = 1.

(4)+ 4̂ w # /?omί, w/ίλ α neighborhood diffeomorphic to the open
unit disc intD = {z e C | \z\ < 1} where φ acts as a rotation;
index(^, A) = 1.

Proof. It is clear that each component of the fixed point set of an
isometry is a properly embedded totally geodesic submanifold. Hence
the four possibilities. The index is easily calculated from the local
description of φ . D

LEMMA 1.2. Let AQ, A\ be either a fixed point of φ or a φ-ίnvarίant
component of dM. Suppose Ao and A\ are φ-related via a path
c: 1, 0, 1 —• M, AQ, A\. Then there is a path y in Vixφ such that
γ~c:I90, l->M,A0,Aι.

Proof. Hyperbolic geometry guarantees a unique shortest geodesic
in every homotopy class of paths 1,0, 1 -* M, AQ, A\ . (Recall that
dM is totally geodesic.) Let γ be the shortest geodesic homotopic to
c. Since φ is isometric, φ o γ is the shortest geodesic homotopic to
φ o c. But c ~ φ oc so γ = φ oγ . This means γ is in Fix φ . D

COROLLARY 1.3. Fixed point classes of φ are connected. π

2. The pseudo-Anosov case. Suppose φ: M —• M is a pseudo-
Anosov map with stable and unstable measured foliations (φ 5, μs)
and ($u, μu) respectively, and with expansion constant λ > 1.

The classical model for φ is described in §2.1. It is isotoped in §2.2
to a standard form φ which is smooth and moreover, in view of our
later need in §3 of gluing periodic pieces and pseudo-Anosov pieces
together, is required to be periodic on dM. In §2.3, the fixed point
classes of φ are identified as the connected components of Fix φ .

2.1. The classical model The following model is adapted from the
description of Thurston's pseudo-Anosov map φ for closed surfaces
(cf. [GK, pp. 176, 182]). The strategy to describe φ near dM is as
follows: Collapsing each component of dM into a single point (called
a puncture) we obtain a generalized pseudo-Anosov map φ : M —> M
of a closed surface M (cf. [FLP, pp.217,243]). The model for pseudo-
Anosov maps works for generalized pseudo-Anosov maps as well by
allowing the prong number p > 1. We then recover M and φ by
"blowing up" the punctures of M.
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We first introduce some notations. Let us write I = In A > 0. Let
p be a natural number.

DEFINITION. On the complex plane C = { s = s\ + ίs2 \ sx, s2 £ R } ,
define the linear map

F: C —• C, si + /s2 •-• λs\ + /s2//l.

It is the time-one map for the vector field V defined by s\ = ls\,

2̂ = —Is2, or
V(s) = Is.

DEFINITION. On the complex plane C = {z = peίθ \ p > 09 θ e
R }, consider the (multi-valued) map

and its inverse

Φ " 1 = Φ - 1 : C - ^ C , s*->s2lp.

Consider the map Ψ: C - intD, S1 -+ C, 0 defined by Ψ(z) = z -
z/\z\. It restricts to a difFeomorphism Ψ: C - D -> C - {0} with
inverse

DEFINITION. Let v = vp be the vector field Φ~{V. A simple cal-
culation gives

v{z) =

 21Z ( ± Y o r v ( p )

Let / = fp be the time-one map for v = υp .

FIGURE 1. The flow of v and υ (p = 3
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FIGURE 2. The flow of υ' and v' (p = 3)

Define the vector field v' on C — D by v' = Ψzlv The formula
for v' is easily obtained:

υ'(peiθ) = ILKp-iyV-^ + eW-^sinpθ},

so vf is smoothly extendable to C-intD with vf\dD tangent to dD.
Let / ' be the time-one map for υ'. We have a commutative diagram

C

4

Φ
C

Φ Ψ

C-intZ)

v
Ψ

C < C < C - i n t D

DEFINITION. Let r = r. k^± : C -> C be the map

r(peiθ) = pe±i(θ+2kπ/p)

where k is an integer, 0 < k < p . It is simply a rotation or a reflection
according as the plus sign or the minus sign is chosen.

The atlas. A chart at a point x € int M is an open neighborhood Ux

and an embedding ux: £/*, x —• C, 0. A chart at a component A of
<9Λf is an open neighborhood UA and an embedding UA' UA, A -*
C-intD, Sι.

There is a finite smooth atlas ^ of M, consisting of one chart for
each interior singularity, one chart for each boundary component, and
some other charts at interior regular points, such that:

(1) The measures μs and μu on Ux are mapped by ux to the
measures \Ktdzpl2\ = \RedΦp(z)\ and \lmdzpl2\ = \\mdΦp{z)\ on
C respectively, where p = px > 3 is the number of prongs of # at
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a singular point x, or px = 2 if x is a regular point; the leaves
of 3s and 5" get mapped to the lines {ReΦp(z) = constant} and
{ImΦp(z) = constant} respectively. (The prongs of $s are {z =
peiθ I p > 0, 0 = ^ π } and the prongs of $u are { z = peiθ \ p >
0, 0 = ^ π } . )

(2) The measures μs and μw on UA are mapped by uA to the
measures |ReJΦ p oψ(z)| and |ImrfΦpoψ(z)| on C-intZ) respec-
tively, where /? = pA > 1 is the number of prongs of # at A the leaves
of #5 and #w get mapped to the lines (ReΦ poψ(z) = constant} and
{ImΦp o ψ(z) = constant} respectively.

We may further assume (change scale if necessary) that, in each chart
at an interior singular point x, the closed unit disk D is contained
in ux(Ux) and is disjoint from chart overlaps; similarly for the closed
annulus { z | 1 < \z\ < 2 } in each chart UA .

The model for φ. In such an atlas ^ , denoting U'x = UxΓ\φ~ι Uφ(X)

and U'A = UAΓ[φ~xUφi<A), we have commutative diagrams

U'x, x - * - > Uφ{x), φ(x) U'Λ , A - ! U

C,0 ^ - C,0 C - i n t i ) , ^ 1 - ^ C - i n t ί ) , ^ 1

in charts at interior singularities and boundary components, where

/ = / ^ / = / p a n d r = r(P,k)± f o r s u i t a b l e P>k

If such a singular point x is a fixed point of φ, it will be called
a fixed point of type (p, k^ . Similarly, if this A is ^-invariant, it
is called a ^-invariant boundary component of type (p, fc)± . Here
the sign + / - indicates φ\A : A —• ̂ 4 is orientation preserving or
reversing.

Suppose x eintM is a regular point and φ(x) = x . Then there
exist local charts at x and φ(x) (not necessarily in the atlas %) with
the above commutative diagram where p is taken to be 2. In this
sense a regular point can be regarded as a "2-prong singularity", so
that our discussion of singularities applies to regular points as well.

REMARK. In view of the rotation symmetry of v , v', / and / ' , for
odd p every type (p, k)~ is conjugate to, hence regarded the same
as, the type (p, 0)~ for even p, among the types (p, fc)~ there are
two essentially different types: (/?, 0)~ and (p, 1)~ .
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Note that in contrast to the non-smoothness of φ at an interior /?-
prong singularity (p > 2), this model of φ can be smoothly extended
to the boundary dM. However, it fails to meet our later need in §3
that φ be periodic on dM.

2.2. The standard form. We shall modify the previous model to
achieve two goals: to make φ smooth and to make φ\dM periodic.

DEFINITION. Let a: R —• / be a non-decreasing smooth function
such that α(0) = 0, α(l//l2) = 1, and a(t) > 0 if t > 0. Let V be
the smooth vector field on C obtained by "slowing down" the vector
field V, V(s) = a(\s\)V(s). Then V and its differentials of any order
vanish at 0 e C. Let F: C -> C be the time-one map for V. It is
clear that F is a diffeomorphism and F(s) — F(s) when \s\ > 1.

DEFINITION. Let / : C - {0} -> C - {0} be the time-one map for
the vector field v :=φ-ιV on C-{0}. Let / ' : C-D-+C-D be the
time-one map for the vector field v1 := Ψ " 1 ^ on C - D. It follows
from the smoothness of V and its flatness at 0 that we can make
v smooth on C by defining v(0) = 0, and extend v' smoothly to
Sι = 3D by defining V'(z) = 0 there. The diffeomorphisms / and
/ ; are then extended accordingly. We have a commutative diagram

Φ ψ
C < C < C-intD

V
φ ψ

C < C < C - i n t D

It is clear that f = f when \z\ > 1, / ' = / ' when \z\ > 2, and / '
has the same jets (of any order) at Sι as the identity map.

DEFINITION. In the atlas ^ , let φ: M —> M be defined by the
commutativity of the diagrams

Ux,x —φ—^ Uφ{x), φ{x) Uf

A,A —φ-^ Uφ{A),φ{A)

uλ \u

Ψ(X)
 UΛ\ k(Λ)

C,0 -^^-> C,0 C - i n t i ) , Sι -^-* C - i n t i ) , Sι

in the charts at interior singularities and boundary components, and
be the same as φ elsewhere. Clearly, it is well-defined and smooth.
Since v and ϋ1 are obtained from v and vf by "slowing down",
φ is isotopic to φ. This isotopy does not change the interior fixed
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points and the invariant boundary components, but φ\ΘM becomes
a periodic map. We shall call φ the standard form for the pseudo-
Anosov map φ.

REMARK 1. We do not claim that φ is topologically conjugate to φ
on i n t M . Our concern here is only the isotopy, not the more difficult
problem of conjugacy treated in [GK].

For the standard form we have:

LEMMA 2.1. Every interior fixed point of φ is isolated. Its index
depends on its type:

Type ofx {p, 0)+ (p, k)+, p \ k (peyen, 0)~ (peyen, 1)" (podd, 0)"
inάex(φ,x) 1 -p 1 - 1 1 0

Fixed points on an invariant boundary component A:

Type of A (p, 0 ) + (p, k)+, p \ k (peyen, 0)~ (/?even, 1 ) ' (A>dd, 0)~
Fix φ Π A A 0 2 points 2 points 2 points

index(^, A) -p 0 0 + 0 1 + 1 1+0

REMARK 2. Isolated fixed points of zero index are removable via
local perturbation. There are two cases:

For an interior fixed point of type (p, 0)~, p odd, locally φ
switches the two sides of the reflection axis and moves every point
of the axis (except the fixed point) in the same direction (cf. Fig. 1).
This fixed point can be removed by composing φ with a slight push
along the axis.

For a boundary fixed point on an unstable prong of a type (p, 0)~
boundary component, locally φ switches the two sides of the unstable
prong and moves every point of that prong (except the fixed point)
inward (cf. Fig. 2). This fixed point is removed by pushing the unstable
prong into intM.

2.3. Fixed point classes.

LEMMA 2.2. Let AQ, A\ be either a fixed point of φ or a φ-invariant
component of dM. Suppose AQ and A\ are φ-related via a path
c: 7 , 0 , 1 -• M, AQ,AI. Then there is a path γ ~ c: 7, 0, 1 -*
M, AQ, A\ such that either

(1) γ is in Fix^, or
(2) γ is in a component of dM of type (p, k)+ .

The same is true with φ replaced by φ.
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Proof. By assumption we have c ~ φoc: /, 0, 1 —> M, AQ, A\. De-
form c to an immersion γ quasi-transverse to $s. Then γ ~ φ o y :
/ , O , 1 - + M , ; 4 o ? ^ i and 9? o 7 is also an immersion quasi-transverse
to $s. (Cf. [FLP, p.76] for the definition of quasi-transversals. The
Propositions II. 3 and II.6 of [FLP, Expose 5] can be naturally gener-
alized to homotopy classes of paths 1,0, I -* M, AQ, A\.) Thus

μs(γ) = inf{ μs(d) \ d ~ γ } = inf{ μs(d) \ d ~ φ o γ } = μ5(#? o 7).

But μs(φ o γ) = λμs(γ) and λ > 1, hence μ5(y) = 0. This means γ
runs along the leaves of # s . Thus 7 is quasi-transverse to #w . Then
a similar argument shows that γ also runs along the leaves of $u.
This can occur only if γ is a constant path in intM or γ is in dM.
Hence the conclusion for φ .

The isotopy from φ to φ, obtained by "gradually slowing down"
the vector fields υ and t;' to ί) and ϋf, does not change the fixed
point set except on invariant boundary components of type (p, 0)+ .
So the fixed point classes of φ and φ correspond in an obvious way.
Hence the conclusion remains valid for φ . D

COROLLARY 2.3. For the standard form φ, every fixed point class is
connected. u

3. The general case. In this section, a standard form for a gen-
eral φ is introduced. Its restriction on the periodic pieces and the
pseudo-Anosov pieces having been specified in the previous sections,
it remains to specify its behavior in the neighborhood of the reducing
curves. This is done in §3.1. We then concentrate on the fixed point
classes of the standard form. Using a book-keeping scheme introduced
in §3.2, we in §3.3 identify the fixed point classes with the connected
components of the fixed point set. This enables us (in §3.4) to compile
a complete list of possible types of fixed point classes.

Our standard form has some other useful features. For example,
iterates of a standard φ are still standard. The standard form is also
"equivariant" with respect to finite group actions on M. These will
not be discussed in this paper.

Suppose φ: M —• M is a homeomorphism of a compact surface
M and Γ = Γi U • U ΓΛ (n > 0) is a disjoint union of smooth
simple closed curves Γ/ c intM such that Γ is ^-invariant. Let

be a ^-invariant tubular neighborhood of Γ. The components
i } of ^Γ(Γ) are annuli or Mόbius bands. The components { Mz }
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of M — «/^(Γ) are subsurfaces with negative Euler characteristic. On
these (not necessarily connected) ^-components, φ is either periodic
or pseudo-Anosov.

Note that according to the Thurston Theorem this is the general
case: If M has only one ^-component, the case Γ = 0 (n = 0) is
either periodic or pseudo-Anosov, while the case Γ Φ 0 (n > 0) is
reducible.

Suppose φ is given as in the Thurston Theorem, and on pseudo-
Anosov pieces φ has already been isotoped into the standard form.
Thus φ\djy{Γ) is a periodic map. We shall isotope φ\yV{T) rel

into a standard form.

3.1. Standard form for φ on ^ ( Γ ) . We now consider the stan-
dard form of φ\Jf{T) under isotopies relative to dJ^iΓ). A compo-
nent of «/^(Γ) is either an annulus or a Mobius band. Let N be a

^-invariant component of ^ ( Γ ) . Then φ\N: N —> N is a diffeomor-
phism and φ\dN is periodic.

LEMMA 3.1. Let N be an annulus or a Mobius band, φ: N —> N
be a dijfeomorphism such that φ\dN is periodic. Then φ is isotopic
rdldN to a dijfeomorphism φ which is either periodic or a twist. More
precisely:

(A) The annular case: N is the annulus Sιxl. Then φ is isotopic
rel Sι x dl to a diffeomorphism φ which is conjugate to one of the
following standard maps ψ: Sι x / —• Sι x I.

(1)+ ψ(z, t) = (ze2(a+bt)πi, t), where a, b are rational numbers.
If b = 0, Fix ψ is either Sι x I or empty if b ^ 0, such a ψ will be
called a twist. Fix ψ is finitely many parallel circles Sι x {t}.

(2)~ ψ(z9 t) = (ze2aπi, 1—ί) where a is a rational number; F i x ^
is either Sx x {\} or empty.

(3)" ψ(z, t) = (z, t)\ Έixψ is two arcs {1} x / and {-1} x / .
(4)+ " ψ(z, t) = (ze'V-W™, 1 - 1 ) , where a is rational. If a φ 0,

such a ψ will be called a flip-twist. Fix ψ is two points (1,3) and

(-M)
(B) The Mobius band case: N is the Mobius band represented as

Sι x I modulo the identification (z, t) ~ (—z, 1 - t). Then φ is
isotopic rel dN to a diffeomorphism φ which is conjugate to on^of
the following standard maps ψ : N —• N.

(1) ψ(z,t) = (ze2aπi, t) ~ {-ze2aπi, 1 - 1 ) , where a is a rational
number, Fix ψ is either N, or empty, or the central circle represented
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(2) ψ(z, t) = ( z , t) ~ ( - z , l-ή; Fix ψ consists of an arc {1} x

- {-1} x / and another point (1, j) ~ ( - 1 , j ) .

Proof. The analysis is based on the following classical facts.
• Every periodic map of Sι is either conjugate to a rotation z *-•

ze2aπι ? w h e r e th e rational number α (mod 1) is the Poincare ro-
tation number, or conjugate to a reflection z t-+ Z .

• A homeomorphism of S 1 x / onto itself which is the identity on
Sι xdl is isotopic rel S1 xdl to a Dehn twist (z, ί) H-> (ze2ktπi, ί),
where fc is an integer.

• A homeomorphism of the Mόbius band onto itself which is the
identity on the boundary is isotopic rel boundary to the identity
(cf. [E, Theorem 3.4]).
These standard maps fall into two major types: periodic maps and

twists. The characteristic property of the twists is that Sι x dl can
never be in the same fixed point class of any iterate of φ . We omit
the details of the elementary but somewhat tedious arguments. D

REMARK 1. Strictly speaking, in order to guarantee that φ\Jf(Γ)
matches smoothly along d^f(Γ) with the standard form of φ\M -
JV(Γ), the standard formula for the twist should be ψ(z9 t) —
(ze2(a+bδ{t))πι^ ̂  where δ: I —> I is a smooth increasing function,
5(0) = 0, (5(1)= 1, and all the derivatives vanish at 0 and 1. Sim-
ilarly for the flip-twist. This modification would not change the fixed
point behavior that concerns us.

REMARK 2. Interior fixed circles can be removed via isotopy rel
boundary. There are two cases:

Interior fixed circles of type (Al) + can be removed by composing
ψ with a diffeomorphism Sι x / —> Sι x / , (z, t) H-» (Z , β(ή), where
β: R -+ R is a diίfeomorphism such that β(t) Φ t iff 0 < t < 1.

Fixed circles of types (A2) ~ and (Bl) are removed by rotating the
central circle -S1 x {\} e.g. composing ψ with a map Sι x / —> Sι x /,
(z, t) ι-> (zeia^, t) where a: R -> / is a smooth function with
α(0) = 0, α(i) = 1 and a(l - t) = a(t).

DEFINITION. A difFeomorphism ψ is said to be in standard form, if
its restriction to every periodic ^-component is periodic, its restriction
to every pseudo-Anosov ^-component is in the standard form φ of
§2.2, and its restriction to every ^-component of ^"(Γ) is in the
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standard form φ of Lemma 3.1. (For simplicity, we shall omit the
bar in the notation for the standard forms of §2.2 and Lemma 3.1.)

COROLLARY 3.2. Every fixed point class of φ\JV{Y) is connected.
Moreover, if two fixed points x, y are joined by a path c such that
c ~ φ o c, then there is a path γ in Fix φ such that γ ~ c rel end-
points. D

3.2. Book-keeping in the universal cover. Consider the following
general setting which clearly applies to the situation of §3.3.

Suppose M is a connected smooth m-manifold, S c M is a (not
necessarily connected) proper (m - l)-submanifold (proper in the
sense that S ΠdM = ΘS and S^has compact intersection with any
compact subset of M). Let p : M —• M be the universal covering of
M.

DEFINITION. The book-keeping graph G(S) is defined as follows.

Each connected component t/z of M — p~ι(S) gives rise to a vertex

Vj. Each connected component Sj of p~ι (S) gives rise to an edge ej .

A vertex vι is incident to an edge ej if and only if Sj is contained

in the closure of £//.

DEFINITION. Suppose c is a path in M from x to y transverse
to p~ι(S). Let z\, . . . , zk be the successive points where c crosses
p~ι(S). Let do, C\, ... , Ck be the successive segments of c cut by
p~ι(S). Define the book-keeping path β(c) for c to be the edge-path
VQe\V\ -vk_ιejcvk on G(S), where e^ corresponds to the connected
component S^ of p"ι(S) containing z^ , and υ^ corresponds to the
connected component Uh of M-p~ι(S) containing ch.

LEMMA 3.3. The book-keeping graph G(S) is a tree. If every con-
nected component U ofM — S is π\-injective in the sense that τt\{U)
injects into π\(M), and if c has minimal intersection with p~~ι(S)
among paths from x to y, then the book-keeping path β{c) is an arc
{possibly degenerate to a single vertex).

Proof. Since M is a simply connected m-manifold and Sj c M is
a connected proper (m — l)-submanifold, every Sj must separate M
by homological reasons. Thus every edge ej separates G{S), hence
the graph G(S) is a tree.

For the second part, it suffices to show there is no spur in the edge-
path β(c) = Vo^\V\ - vk~\ekvk - If otherwise e^ = e^+χ for some h ,
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the path c^ in U^ would have both ends in the same 5 ^ = 5 ^ + 1 . Now
£4 is simply connected by the πi-injectivity assumption. So c^ could
be deformed into S^ = S^+i, thus the product path c^γc^c^x could
be further deformed into ΪJh_x =. C7Λ+1, contradicting the minimality
of c. Ώ

3.3. Connectedness of fixed point classes. Suppose the diffeomor-
phism φ is in the standard form defined in §3.1.

LEMMA 3.4. Let AQ, A\ be either a fixed point of φ or a φ-invariant
component of dM. Suppose AQ and A\ are φ-related via a path
c: 1, 0, 1 --> M, AQ, A\. Then there is a path γ ~ c: / , 0, 1 —•
M, AQ9A\ such that either

(1) γ is in Fix φ, or
(2) γ is in AQ = A\ which is a boundary component containing no

fixed point

Proof. (1) Without loss of generality we may assume the path c has
the minimal number of intersections with cλ/f (Γ) in its homotopy
class / , 0, 1 -* M, AQ, A\. Note that if c does not cross cλ/f (Γ),
the truth of the conclusion is already guaranteed by Lemmas 1.2, 2.2
and 3.2.

(2) We shall work on the universal cover, using another form of the
notion of ^-relation defined at the end of the Introduction.

Alternative Definition. Path-connected ^-invariant subsets A$,
A\ c M are ^-related (via a path c) if and only if: there is a lifting
φ: M —• M of φ on the universal cover M of M, such that some
connected component AQ of P~1(AQ) and some connected compo-
nent A\ of ρ~ι(A\) (joined by a lifting c of c) are ^-invariant.

(The " i f part is trivial. For the "only i f part, choose a lifting φ
of φ and a lifting c of c such that the given homotopy c ~ φ o c
lifts to a homotopy c ~ φ o c. See [J3, Theorem 1.1.10] for the case
when both AQ, Aγ are single points.)

(3) Apply the book-keeping scheme of §3.2 to M with m = 2 and
S := d^y(Γ), and use the notation in the definition of β{c). The π\-
injectivity condition in Lemma 3.3 is clearly satisfied in our setting,
and the minimality assumption on c guarantees the minimality of c
with respect to p~ι(S). So β(c) = VQe\Vι '-vk_γekvk is an arc in
G{S).
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The diffeomorphism φ leaves P~ι{S) invariant, so the book-

keeping path β(φ o c) = v'Qe[v[ " ' v'k-\e'kv'k *s a * s o a n a r c

Since AQ and A\ are ^-invariant, we have VQ = ^ό a n c * vk — vk
By the uniqueness of joining arcs in the tree G(S), we conclude that
vh = y'h and e^ = e'h for all h. Thus every £4 and S^ is ^-invariant.

(4) Apply Definition (2) to the universal cover p : ΪJh —• U^, we
see 5^ := p(Sh) and S^+1 =P(S 'A+I)

 a r e ^-related on the subsurface
t/β , via c^ := p o £h , the Λ-th segment of c.

(5) The subsurfaces Z70, . . . , ΊJk are alternately of two different
kinds: components of M -yV(Γ) (the Mj 's with χ < 0), and com-
ponents of ^ ( Γ ) (the Ni 's with χ = 0).

(6) For every h of the first kind, Lemmas 1.2 and 2.2 say there is
a path γh in Fixφ and paths τ^, τ/j+1 in S^, S^+x such that ĉ  ĉ
τh7hτh+\ rel endpoints. Replacing the segment c^ with τh7hτh+\ a n c ^
then slightly pushing the parts τ^ , T/^ into the neighboring regions
£//>_!, Uh+ι (of the second kind) respectively, we deform c into a
new c with ŷ  as the new c^ . This deformation does not affect the
minimality of c with respect to S. Hence we may assume from now
on that Ch is in Fix φ for every h of the first kind.

(7) Continue with h of the first kind. Now that φ o ch — c^ , there
exists a covering translation α^ such that φ oc^= ahoch. We claim
that α/j = 1. Indeed, when AQ or A\ is a point, this is true for
h = 0 or k because AQ or A\ is a point. In all other cases^apply the
following geometric observation to the universal cover p: U^ —• U^.

Observation. Suppose p: M —> M is the universal cover of a con-
nected compact surface M with boundary, χ{M) < 0. Suppose α
is a covering translation. If there is a path £ in M such that £ and
a o c join the same pair of different connected components of dM,
then a must be the identity.

(Proof of this observation: Think of M as a hyperbolic surface
with totally geodesic boundary, so that dM consists of hyperbolic
straight lines. Via homotopy we may replace c with the unique short-
est geodesic joining that pair of components of dM. Since a is an
isometry, a o c is the same shortest geodesic. So a = 1.)

(8) We have shown that for h of the first kind, c^ is indeed a path
in Fix0 . In particular, zh9 zh+x are fixed points of φ. But every
other h is of the first kind, so that all cut points z\, . . . , zk of c are
fixed points of φ .

(9) Now we turn to those h of the second kind, Vh c ^ ( Γ ) . By
Definition (2), z^, zh+x are in the same fixed point class of
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Corollary 3.2 tells us there is a path homotopy c^ — 7h r e l endpoints
such that γh is in Fix φ. Replacing every such segment c^ with γh ,
we obtain the desired path γ lying entirely in Fix φ. α

COROLLARY 3.5. Every fixed point class of φ is connected. π

3.4. Types of fixed point classes. The last corollary enables us to
identify the fixed point classes of φ . Each is a component of Fix φ,
hence a union of the fixed point components on the standard pieces
described in Lemmas 1.1, 2.1 and 3.1. Putting together all the infor-
mation there and paying attention to the consistency along dJ^{T),
we can get

LEMMA 3.6. The possible types of fixed point classes of φ are listed
below, with a description of their local behavior.

( I )* Isolated fixed point x:
(a) + x G int M, φ is conjugate to a rotation in a neighborhood

of x index(0>, JC) = 1.

(b) + x G intM is a fixed point of an annular flip-twist;
index($?, x) = 1.

(c) + x G in tM is a type (/?, k)+ interior fixed point of a
pseudo-Anosov piece; index(^, x) = 1 —p or 1.

(d)~ x G intM is a type (p, k)~ interior fixed point of a
pseudo-Anosov piece; index($?, x) = 1, — 1 or 0.

(e)" x edM and x is in a type (p, k)~ invariant boundary
component of some pseudo-Anosov piece; index(^, x) = 1 or 0.

(2)± Fixed circle C:
( a ) + C c int M is a fixed circle of an annular twist; index(^? C)

= 0.
(b) ~ C c intM and in a neighborhood of C, φ is conjugate

to the reflection (z, t) \-+ (z, 1 - t) on the annulus Sι x I or the
Mόbius band Sι x // ~ index(#>, C) = 0.

(c) + C c i n t M ; on one side C is a type (p, 0)+ bound-
ary component of some pseudo-Anosov piecey on the other side C is a
boundary component of an annular twist; index(ί?, C) = —p.

(d) + C c d M , and C is a type (p, 0)+ boundary component
of some pseudo-Anosov piece; index($? 9 C) = —p.

(3)~ Fixed arc A, contained in some subsurface B of M on which
φ acts as an involution. Every endpoint x of A is either

(a) x G intM, on the outside of B x is in a type (p, k)~
invariant boundary component of a pseudo-Anosov piece, or

(b) J C G < 9 M .
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The possible values of index(^, A) are 1,-1 or 0.

(4)+ Fixed subsurface B of M with χ{B) < 0 . The possible forms
for a component C of dB:

(a) C c intM, on the outside of B C is a type (pc, 0)+

invariant boundary component of some pseudo-Anosov piece;
(b) C c intM, on the outside of B C is a boundary com-

ponent of an annular twist,
(c) CcdM.

We have index(^, B) = χ(B) - ΣPC < 0 where the summation is
over the components C of dB of type (a).

Proof. These are the only possible combinations of the fixed point
sets of the standard models. The calculation of the index can be done
using the well-known proposition below. D

PROPOSITION 3.7. Let f:X—>X be a self map of a compact poly-
hedron. Suppose Xθ9XΪ9 X2 are subpolyhedra of X such that X =
Xx UX2, Xo = Xι ΠX2. We suppose /(X;) c X{ and write f: Xt -> Xt

for the restriction of f, for i = 0, 1,2. Let A c Fix/ be both open
and closed in Fix/, and let Aι — AπXi, i = 0, 1, 2. Then

index(/, A) = index(/i > A\) + index^, A2) - index(/), AQ). Π

4. Proof of the Main Theorem. In this section we first prove the
Main Theorem. Then we prove an inequality relating the Lefschetz
number and the Nielsen number.

Proof of the Main Theorem. We are supposed to show that every
essential fixed point class of φ (in the standard form) is shrinkable to
a point, and every inessential one is removable, via a smooth isotopy
(through diffeomorphisms or through embeddings). In Steps 1-4 be-
low, we examine successively the various types of fixed point classes
listed in Lemma 3.6.

Step 1 ~ . Isolated fixed points of zero index.
This can occur in types (Id) " and (le) ~ . They can be removed

according to Remark 2 of §2.2.
Step 2 ± . Fixed circles.
Circles of types (2a) + and (2b) ~ can be removed according to

Remark 2 of §3.1. Circles of types (2c) + and (2d)+ will be treated
later in Step 4.
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Step 3 . Fixed arcs.
Arcs of type (3) ~ have six possible forms shown in Fig. 3, in which

φ switches the two sides of the horizontal axis and moves points on
the extension of A in the direction of the arrows. In the two forms
with zero index, the fixed point set A can be removed by composing
φ with a slight push along the axis in the direction of the arrow. In
the forms with index ±1 the fixed point class can be reduced to a
point by composing φ with a slight contraction or stretch along the
axis.

Step 4+ . Fixed point classes F of types (2c) + , (2d) + and (4) +

have some common features and will be given a unified treatment.
They all have negative index so the task is to reduce F to a point via
an isotopy. Let us fix a hyperbolic metric on M and let δ > 0 be the
minimal length of closed geodesies of M. Then every simple closed
curve of length less than δ must bound a disk.

For all these three types, it is clear that there exists a neighborhood
W of F and a smooth vector field w on W such that w = 0 on
F 9 \w\ < δ/2 on W, φ coincides with the time-one map for w on
a smaller neighborhood V of F. Perturb w to get a smooth vector
field v on W so that υ(x) Φ w(x) only if x is in a sufficiently small
neighborhood U ofF, \v\ < δ/2 on W, v is tangent to dM on
dM Π W, and υ has a unique singularity XQ on W, XQ being any
pre-assigned point of F. The index of the singularity must equal to
index (φ, F) < 0. Let φ1 be the time-one map for v . When U is
small enough, φ1 is well defined on V and coincides with φ near
the boundary of V. So, letting φ1 — φ on M - V, we extend φf
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to a diffeomorphism M —• M. This φf is clearly isotopic to φ. It
remains to show φ' has no fixed points other than XQ .

The vector field v on W cannot have closed orbits shorter than δ ,
because otherwise on the disk bounded by this closed orbit the sum
of indices of the singularities of υ must add up to 1, contradicting
the fact that v has only one singularity with negative index. But
|ι;| < δ/2, so the time-one map can have no fixed point other than the
singularity XQ.

Thus all types have been treated and our goal is achieved.
Note that isotopies through embeddings are needed only in Step

1, type (le)~~ and in Step 3, all involving orientation-reversing φ-
invariant components of dM. D

As a by-product of the analysis leading to the Main Theorem, we
have

THEOREM 4.1. Let M be a compact surface with χ{M) < 0, and
f : M —> M be a homeomorphism. Let L(f) be the Lefschetz num-
ber of f. Then N(f) > L(f) > -N(f) + 2χ(M), or equivalent^,
\L(f)-χ(M)\<N(f)-χ(M).

Proof. Since both L(f) and N(f) are homotopy invariants of / ,
we may assume / is in the standard form φ . The fixed point classes
of φ are as described in Lemma 3.6. L(φ) < N(φ) simply because
every fixed point class of φ has index < 1. The other inequality
needs a closer analysis. Clearly

A

where the summation is taken over all fixed point classes A with
index(^, A) < — 1. A 0-dimensional fixed point class A in the last
summation must be a point x which is an interior px -prong singular-
ity of some pseudo-Anosov piece Mj and index(#>, A) + 1 = 2 - px .
A 1-dimensional fixed point class in this sum is a circle C which
is a /?c-prong boundary component of some pseudo-Anosov piece of
φ, index(9> ? ^) — ~Pc F° r a 2-dimensional fixed point class A,
index(^ , A) = χ(A)~ΣPC where the summation is over components
C of dA which is at the same time a /?c-prong boundary component
of a pseudo-Anosov piece Mj . Hence

C
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where Σx sums over the pseudo-Anosov pieces Mj of φ and Σ2

sums over the periodic pieces Mj of φ , in the braces x runs over all
interior singularities of φ\Mj and C runs over the boundary compo-
nents. By the Euler-Poincare formula of [FLP, p. 75] (applied to the
stable foliation of φ\Mj), the sum in the braces equals 2χ(Mj). Thus

L{φ) + N(φ) > £ 2χ(Mj) + ]Γ χ(Mj) > 2χ(M)
1 2

since every χ(Mj) < 0. D

REMARK. From the proof we see that the equality L(f) + N(f) =
2χ(M) can occur only if / is isotopic to a pseudo-Anosov map of a
closed surface.

Question. Is Theorem 4.1 true even for self-maps of MΊ Note that
for compact surfaces with χ — 0, it is known that \L(f)\ < N(f) for
every self-map / .

5. The relative Nielsen numbers. What is the best lower bound for
the number of fixed points in an isotopy class of diίfeomorphisms?
The Main Theorem provides the answer only for the isotopy classes
without orientation-reversing invariant boundary components. A can-
didate for a general answer is the relative Nielsen number introduced
by Schirmer [S].

Let (X, A) be a pair of compact polyhedra, / : X, A-^ X, A be a
self-map of the pair. Let /A : A —• A be the restriction of / . Denote
by N(f, /A) the number of essential fixed point classes of / that
contain some essential fixed point class of /A . Define

W ; X,A):= N(f) + N(fA) - N{f, fA).

It is shown in [S] that for any map g~f:X,A->X,A,we always
have N{f\ X, A) = N(g X, A), therefore such a map g has at least
N(f; X, A) fixed points on X.

Another relative Nielsen number is introduced by Zhao [Z]. Define
N(f; X - A) to be the number of essential fixed point classes of /
that are not /-related to the /-invariant set A. For any map g ~
f\X9A-* X,A, we always have N(f\ X - A) = N(g; X - A) 9

hence such a map g has at least N(f\ X - A) fixed points on the
complement X-A.

Note that a map / : X, A -* X, A has exactly N{f\ X, A) fixed
points on X and exactly N(f; X-A) fixed points on X-A if and



88 BOJU JIANG AND JIANHAN GUO

only if the following three conditions are satisfied:
• every fixed point class of fA is a single point;
• every inessential fixed point class of / consists of essential fixed

points of fA

• an essential fixed point class of / can have more than one point
only if it consists of essential fixed points of fA .
For homeomorphisms of surfaces we have:

THEOREM 5.1. Let M be a compact surface and let f:M-*M be
a homeomorphism. Then f is isotopic to a dίjfeomorphism which has
exactly N(f; M, dM) fixed points on M and exactly N(f; M-dM)
fixed points in intΛf.

Proof. For the three connected compact surfaces M with χ(M) >
0, the conclusion is obvious. Hence we assume that every component
of M has negative Euler characteristic. By Thurston Theorem we
may replace / with the diffeomorphism φ in the standard form, as
at the beginning of §4. Now we isotope φ as in the proof of the
Main Theorem, with the following modifications: In Step 1 and Step
3, when we push along the axis we leave the intersection of the axis
with dM fixed. In Step 4, we choose the singularity XQ of the vector
field υ to be in F Π dM when F Π dM φ 0 . The result φ1 is
then a diffeomorphism and satisfies the three conditions listed above.
Hence φf has exactly N(φ'\ M, dM) fixed points on M and exactly
N{φ' M — dM) fixed points on int M. D

Acknowledgment. We thank the referee for comments that led to
improvement of exposition and to simplification of the analysis in
§§3.2-3.
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THE MODULI OF RATIONAL WEIERSTRASS
FIBRATIONS OVER P 1 : SINGULARITIES

PABLO LEJARRAGA

The Weierstrass equation y2 = x3 4- ax + b, where a and b are
rational functions of one variable, defines a fibration over P1 , which
we call a Weierstrass fibration. We consider the moduli space W of
rational Weierstrass fibrations over P1 . In this paper we determine
the singular locus of W and we compute the general singularities.
We work over C, but it seems possible to generalize our methods to
characteristic p Φ 2, 3 .

Introduction. In [Mi] Miranda has constructed moduli spaces WN,
N > 0, for Weierstrass fibrations over P 1 whose zero section has self
intersection number —Nm the associated elliptic surface. Seiler has
generalized and extended this work in [Sei2] and [Sei3]. For N — 1,
we have the moduli space of rational fibrations W =W\. The points
of W parametrize isomorphism classes of rational Weierstrass fibra-
tions over P 1 with at most rational double point singularities whose
associated elliptic surface (= minimal resolution of singularities) has
only reduced fibers. By passing to the associated elliptic surface, W
can be viewed as parametrizing isomorphism classes of relatively min-
imal elliptic surfaces over P 1 admitting a section which have only
reduced fibers. The basic definitions and constructions are reviewed
in §1.

To determine the singular locus of W, we first find the locus S
of Weierstrass fibrations that have non-negligible (= nontrivial) auto-
morphisms. By means of the Weierstrass equation, this boils down
to finding stable pairs of Weierstrass coefficients whose isotropy group
with respect to the action of G = GL2/ ± / is nontrivial. This work is
the content of §2 and culminates in Theorem 1 where the 7 irreducible
components of S are listed.

The general singularities turn out to be cyclic quotient singularities.
We compute and classify them with the help of the slice theorem and
work of Prill [Pr] in Theorem 2, §3.

This work is part of my Ph.D. thesis. I want to thank my advisor
M. Artin and Rick Miranda for their help.
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1. Generalities. All varieties we consider are defined over the field
of complex numbers C. Unless otherwise stated all topological no-
tions refer to the Zariski topology. We refer the reader to [Mi], [Ka]
and [M-S] for proofs of the following facts in this section.

Let S be a variety. Let p: Y —• S be a flat proper morphism of
irreducible varieties whose fibers are of one of the following types:

(a) an elliptic curve,
(b) a rational curve with a node,
(c) a rational curve with a cusp.
Let σ be a section of p not touching the nodes and cusps of the

fibers. The quadruple (Y, S,p, σ) is called a Weierstrass fibration

over S. We usually denote Weierstrass fibrations by Y/S when there
is no risk of confusion.

A morphism of a Weierstrass fibration (Y, S, p, σ) into a Weier-
strass fibration (Yr, S', pf, a1) is given by a pair of morphisms / :
Y —• Y1 and φ: S —• S1 such that pr o f = φ o p and / o σ = a1 o φ .

When 5 = C is a complete nonsingular connected curve, a Weier-
strass fibration with nonsingular general fiber and only rational double
point singularities is called a Weierstrass model. As is well known, a
Weierstrass model Y/C can be described by a Weierstrass equation
over C, i.e. there exists an invertible sheaf 3* over C and sections
α of - 2 ^ 4 and 6 of ^ ^ such that Γ is isomorphic to the hyper-
surface in P(OC ®.S^- 2 ) θ - S ^ " 3 ) ) given by y 2 = x 3 + ax + b. The
morphism J = J(a,b) = 4a3/(4a3 + lib2) of C into P 1 is called
the J-invariant.

Let S = P 1 . Choose coordinates ί, s such that t = 1, s = 0 is the
point at infinity. Call ^ the set of homogeneous functions of degree
« o n P 1 viewed as homogeneous forms of degree n in t, s. Call G
the quotient group GL2/(±/). We use the same notation for a matrix
(" £) in GL2 and for its image in G. We also use the notation ( a

 δ)
for diagonal matrices, a — ( a

 a) for scalar matrices and ( γ

 β) for
matrices with zeros in the main diagonal. Let f(t,s)eVn and g be
an element of G with matrix ( a β

δ). We define

This defines a right action of G on Fw . The pair of coefficients (a~\b)
of a rational Weierstrass model over P 1 can be interpreted as an ele-
ment of K4 x Kg.

In this way we get an injection of the set of isomorphism classes of
rational Weierstrass models over P 1 into (V4 x F6)/G, where G acts
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by means of its actions on V4 and V^. Denote by X the open set of
SLi-stable (= finite stabilizer and closed orbit) elements of V4 x V^
(to be called just stable from now on). The quotient algebraic variety
W = X/G is called the moduli of rational Weierstrass fibrations over
P 1 . We denote by π: X —> W the canonical map. Under the above
injection points of W correspond to classes of Weierstrass models
whose associated elliptic surface has reduced fibers. For / e Vn and
τ G P 1 denote by vτ(f) the order of vanishing of / at τ . An element
(a, b) e V4 x V§ is stable if and only if the following numerical criterion
holds:

min(3ΐ;τ(α), 2vτ(b)) < 6

for all τ e P 1 .
Let x = {a, b) e X. Denote by Yx the Weierstrass fibration

with equation η2 = ζ3 + aξ + b. Denote by Stab x the isotropy
group (= stabilizer) of x with respect to the action of G. Denote by
Aut^ir(Yx/P1) the automorphism group of the Weierstrass fibration
Yx/Pι and by N the normal subgroup of negligible automorphisms,
i.e., those of the form

Define Aut j R^ ir(7 x/P 1) = ( A u t ^ H Γ x / P 1 ) ) ^ , the reduced automor-

phism group of Yx/P1. Given g e Stabx with matrix λ(a

y

β

δ ) , A / 0,

aδ - βγ = 1, the formulas

*7 = A"3?/, £ = λ~2ζ', t = at' + βsf, s = yt' + δs'

define an element of AutR^/^Γx/P1) denoted by Autg. The follow-
ing proposition follows from well known facts.

PROPOSITION 1. The canonical group homomorphism Stabx —•
1 is bijective.

We view the /-invariant J(x) = J(a, b) = 4a3/(4a3 + 27b2) as a
morphism of P 1 into P 1 . We denote by Aut J(x) the group of deck
transformations of J(x): P 1 —> P 1 . For # an element of G with
matrix (" | ) we denote by Pg the linear fractional transformation
z H-> (αz + /?)/(yz + <J), viewed as an element of PGL2 = AutP 1 . The
proof of the following easy corollary is left to the reader.

COROLLARY. Suppose that x e X has nonconstant J-invariant.
The canonical group homomorphism Stabx —• Aut/(x), g *-> Pg
is injective.
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REMARK. In fact the homomorphism of the above corollary is bi-
jective, but the proof is more involved.

2. Components of S. Recall that π: X —• W is the canonical mor-
phism. Define

S = π{xeX\Stabx^ 1}.
By the corollary to Proposition 1, this set is the locus in moduli of
Weierstrass fibrations with nontrivial automorphisms. In this section
we determine the irreducible components of the closed set S.

Let the group Γ operate on the set E. Let H be a subgroup of Γ.
We denote

EH = {xe E\xg = x for all g e H}.
For g G Γ, define Eg = E^ , where (g) is the group generated by
g we remark that Eg is the set of x in E such that xg = x. When
E = X, Γ = G, H subgroup of G, g e G, we use the notations

It is clear that

K G> g ^1 ? ^ o f finite o r d e r }
LEMMA 1. Le£ g e G be of finite order. The sets ln\ g and π(Inv g)

are irreducible closed in X and W respectively.

REMARK. It follows from Lemma 1 that the maximal elements
among the π(Invg) are the irreducible components of S. Since a
Noetherian topological space has a finite number of irreducible com-
ponents, the set S is closed.

Proof of Lemma 1. We have

where (V* x V6)
g is a sub-vector space of K4 x K6 and X is open in

V4xV^. It follows that Inv g is irreducible and closed. Consequently
π(Invg) is irreducible. We have not used the fact that g is of finite
order up to here.

Now let C be the conjugacy class of g . Since g is of finite order
it follows from [Bo, pp. 227-228] that C is closed. Moreover G
acts properly on X by [GIT, p. 41, Converse 1.13] and the fact that
π: X —* W = X/G is affine. Hence the morphism

XxG^XxX,

(x,h)\-+ (xh, x)

is proper.
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Denote by Ax the diagonal morphism of X into X x X. It follows
that the set Aχl(ψ(X x C)) is closed. Since

AχX(ψ(X x C)) = {x e X\xg = x for some g eC}

is G-saturated, it is clear that

is closed. D

For any prime number p, let Rp be a system of representatives of
the equivalence classes of elements of F* - {1} = (Z/pZ) - {0, 1} with
respect to the equivalence relation between elements u,v of F* - {1}
defined by the condition "u = v or u = v~ι". Moreover we define
ζn = e2πi'n.

LEMMA 2. We have

where g runs over the following list:

('• ••)

11.

-1 \ ί-i
1

The inclusion
|Jπ(Inv£)c,S

is obvious. Now let u € S. There are two cases:

(i) J(x) = 0 (resp. J{x) = 1) for all x e r ' ( i ί ) .
(ii) J(x) is nonconstant for all x G π~ι(u).

(i). The conditions J(x) = 0 and J(x) = 1 are equivalent to
x G Inv C3 and x £ Inv 1 respectively. We conclude in this case that

ue\Jπ(Invg)

w h e r e g = i,ζ3.

Case (ii). Since J(x) is nonconstant, it follows from the rational-
ity of the Weierstrass model determined by x , that deg/(x) < 12,
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where deg/(x) denotes the degree of the cover J(x): P 1 —• P 1 .
The following argument shows that every element φ of AutJ(x)
has order < d = deg/(x) < 12. Take a classical nonempty open
set U in P 1 such that (J(x))~ι(U) is a disjoint union of d copies
of U. Suppose that V is one of such copies. Then the sequence
V = φ°{V), φι(V), . . . , φd{V) has a repetition, say

φ\V) = ^"(F) for 0 < i < j < d.

Thus
V = φj-\V)

which implies, since φ is an analytic function, that φ has order <
j — i <d. We conclude by the corollary to Proposition 1 that every
element of Stabx has order < 12. Now we notice the following facts.

(a) If u G 7r(Inv#), there exists x e π~ι(u) such that x e Invg.
Thus Stab c D (g). It follows that g has order < 12 by the above
considerations.

(β) If u G π(Invg), there exists x e π - 1(w) such that x € Invg.
Since J(x) is nonconstant, x = (a, b) with aφQ, b Φ 0. Suppose
g were scalar with matrix (A

 λ ) . It follows that

ag = A4α = a, 6g = /16Z? = b

which implies λ4 = λ6 = 1. Thus λ2 = 1, which contradicts the fact
that g Φ 1 in G. Consequently # is nonscalar.

(7) Given g of finite order there exists g' € (g) of prime order
such that

π(Invg) C π(Invg').

(δ) Given g of finite order there exists a diagonal element gf

conjugate to g such that

π(Invg) = π

(ε) If (g ) is conjugate to (g'), then

π(Inv^) = π

We conclude from (a) to (ε) that

where g runs through a system of representatives of the equivalence
classes of nonscalar diagonal elements of G of prime order < 12
with respect to the equivalence relation between elements g, gf of
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G defined as follows. We say that g is equivalent to gf if (g) is
conjugate to (gf).

Let g be of prime order p < 12 with matrix ( ι

 λ), λ\ Φ λi. In

case p = 2, we have either λ\= λ\ = \ or λ\ = λ\ = -\. Thus g is
equivalent to one of ( - 1

 1), (~ι .). In case /? is odd, suppose first
that λp

{ = λξ = 1. If Λ.2 = 1, then λi Φ 1. There exists an integer μ
such that

Thus g is equivalent to (^ ) . The case λ\ = 1 reduces to the
previous one by conjugation with the matrix

G ' ) •
If λ\ φ 1, λ2 φ 1, there exists an integer μ such that

For some integer / φ 0, 1

Thus g is equivalent to

When λ^ = λp

2 = - 1 , set λ\ = -λ/, / = 1, 2 and reduce to the
previous case.

The proof of Lemma 2 is finished by the observation that whenever
m / = 1 (mod/?),

is equivalent to ( p

 r ) . D

For g G G, we have

= (F4 x V6Y ΠX = (V* x V*) nX.

Let g be diagonal. The g-invariant monomials of Vn form a vector
basis of Vff. Thus a general element of V$ is given by a linear
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combination with general coefficients of elements from such a basis.
A general element of Vf x Vξ is just a pair of general elements of Vf
and Vξ. Such a general element is also a general element of Inv g
since X is open. It is stable if some specialization is stable.

Now we choose the following Rp for p — 3, 5, 7, 11:

Ri = {2 ,3 ,6} ,

H π = { 2 , 3 , 5 , 7 , 10}.

In Table 1 we give bases of ^-invariant monomials of Vf and Vξ
for the different values of g that appear in Lemma 2 subject to the
above choice of i?/s, except for the cases g = /, £3 which are trivial.
We also indicate for which values of g the set Inv g is nonempty.

TABLE 1. Invariant Monomials. We list all g-invariant
monomials of degrees 4 and 6

P

2

3

5

7

11

g

( - , )

( C > ι )

( c .)
(ίs< 0
C' , )
C' c)

( ί ; t, )

(C'° c )

degree 4

ΛΛ2,/

Λ2

5 4

" 3

4

4

Λ

No solutions

Λ2

z 2 , 2

No other solutions for p = 11 .

degree 6

Λ,Λ3,Z/

t 6 , Λ 3 , j 6

ΛΛ3,,6

t5s,s6

tΛs2

s6

s6

ts5

No solutions

Λ3

?

3.3

^-invariant pairs

some stable

some stable

some stable

some stable

some stable

some stable

all unstable

all unstable

some stable

all semistable

all semistable
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TABLE 2. Components of S. Here Γ is the component
π(Inv^), x = (a, b) is an element of the general orbit
over Γ

99

Γ

A

B

C

D

E

F

G

g

( - , )

x = (a,b)

(a = (ί2- s2)(t2 - k2s2)

\b = c(t2 - m2s2)(t2 - Λ V ) ( ί 2 - p2s2)
ra = {t2_s2){t2_k2s2)

\b = cts(t2 - m2s2)(t2 - nV)

j a = (t3 -s3)s
j , , J 3 3w,3 3 3v

^ 6 = c ( ί - m s )(ί - n s )

U = C(/5 - 55)5

U = Λ2

U = ̂ 5

Γα = 0

\b = t(t- s)s(t - ms)(t - ns)(t - ps)

Stab*

c2

c2

deg/(x)

12

12

12

10

5

7

/ Ξ Ξ O

dimΓ

5

4

3

1

0

0

3

THEOREM 1. 77ze irreducible components of S are listed in Table 2.
Suppose g and x are entries in a row of Table 2 with x an element
of the general orbit over Γ = π(Inv g). Then Stab* = (g).

In Table 2 the element x = (a, b) is obtained by taking a general el-
ement of Inv g constructed from Table 1 and eliminating parameters
redundant with respect to the action of G. The resulting parameters
are chosen in such a way as to make explicit the zeros of a and b.

Keeping in mind the remark after Lemma 1, we first prove that the
sets π(lnv g) for g in Table 2 are an irredundant decomposition of
S. Among the π(Invg) in Lemma 2 the following inclusions hold:

(a)

(β)

π Inv ί . ] c π Inv ( j ,

πlnv C πlnv
- 1

(a) By putting c = 0 in the element of the general orbit over
π l n v ( - 1 j) we get

? = 0 .

By dimension considerations we get that the locus / = 1 which equals
π Inv( ι .) is contained in π I n v ( - 1

 χ).
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(β) Since ( {

 1 ) is conjugate to ( - 1

 γ) we have

π Inv ί J = π Inv ί

But the general element of Inv^ 3 ) is invariant under ( {

 ι).

To check that there are no other inclusions we use systems of eigen-
values. More precisely, let R be the equivalence relation on C2 gen-
erated by the relations "(V, / ) = (y, x)" and "{xf, / ) = (-x, -y)"
both between the elements (x, y) and ( x ' , / ) of C 2 . Thus the
class of (x, y) consists of the elements (x, y), (y, x), (-x, -y)
and (— y, —x). The system of eigenvalues of an element of finite
order g e G will be considered as an element of C2/R.

For a subgroup of finite order H of G we denote by Eigenval(//)
the set of systems of eigenvalues of elements of H. Clearly
Eigenval(//) depends only on the conjugacy class of H.

Let gι, g2 appear in Table 2 and suppose that π(Inv^ 1 )cπ(Inv^ 2 )
Suppose X\ is the element of the general orbit over π (Inv g\), given in
Table 2. Then π(x\) e π(lnvg2), which implies that X\ G \rwh~xg2h
for some h. By (ii) it follows that

(gι) = Stab x{D(h-ιg2h).

Thus Eigenval(gi) D Eigenval(^2) The reader can easily check case
by case that this can only happen when g\ — g2.

Now it remains to prove that Stabx c (g), for g, x satisfying the
conditions of the theorem. The inclusion (g) c Stabx is obvious. In
cases D, E, F, suppose h = (α

y

β

δ ) e Stabx, x = (α, b). By comparing
coefficients in the equations αh = α and bh = b, one concludes that
he(g). The remaining cases depend on a series of lemmas.

As usual, we identify P 1 with C U {oc} and automorphisms of P 1

with linear fractional transformations. Moreover, given a set E of
n > 3 distinct points of P 1 , every automorphism of P 1 stabilizing the
set E is determined by the induced permutation of E. We indicate
such automorphisms by giving only the induced permutation. We
omit the proof of the following well-known lemmas.

LEMMA 3. Every automorphism of P 1 that permutes the points 0,
1, oo, m, n, p, where m, n, p are in general position, is the
identity.
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LEMMA 4. The group of automorphisms of P 1 that permute the
points 0, 1, oo, k, for general k is Klein's four-group consisting
of(0 l)(oofc), (0oo)(l k), (1 oo)(0fc) and the identity e.

LEMMA 5. The group of automorphisms of P 1 that permute the
points 1, C3, ζ\, 00 is the tetrahedral group.

LEMMA 6. The group of automorphisms of P 1 that permute the
points 1, — 1, k, —A:, ybr general k is Klein's four-group consisting
of (I -\){k -k), (lk)(-l -k), (1 -k){-lk) and the identity e.

Now we return to the proof of Theorem 1. We omit Case B because
it is similar to case A. We treat case G first.

Case G. Suppose bh = b for b = t(t - s)s(t - ms)(t - ns)(t - ps),
m, n , p in general position and h e G. By Lemma 3, we infer that
h has the matrix (λ

 λ) since the automorphism of P 1 induced by h
permutes the zeros of b. Thus λ6 = 1.

Case A. Suppose ah — a ϊox a — (t2 - s2)(t2 - k2s2), k general,
h e G. By Lemma 5 the linear fractional transformation Ph is one
of (1 - l)(fc - fc) , (1 fc)(-l - fc) , (1 - fc)(- lλ ;) or the iden-
tity. But (1 fe)(-l -fc) and (1 - k){-l k) cannot stabilize the set
{m, — m 9 n, —n, p, —p} for m , π , p in general position.

Case C. Suppose ah — a for h e G. By Lemma 6, PA belongs to
the tetrahedral group permuting the points 1, ζ 3 , ζ\, oo, which is
isomorphic to the alternating group of the set {1, £3 , ζ2, 00} . Taking
into account the form of the elements of this group ([Se], p. 41), for
m, n in general position the subgroup stabilizing the set of zeros of

b is ((IC3C32)). D

3. Singularities. In this section we prove that S is the singular
locus of W and we determine the general singularities.

All the representations we consider in the following are finite di-
mensional linear representations over C of finite groups.

We need the notion of isomorphism of two representations p: H —•
GL(K) and p'\ Hf —• GL(K;) of not necessarily identical groups
H, Hf. The definition is obvious. The representation p: H —> GL(F)
is called small if no element in the image of p has 1 as eigenvalue of
multiplicity dim V - 1. We gather in the following proposition the
results we need from [Pr].
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PROPOSITION 2. Two small faithful representations p: H —• GL(F)
and pf: //' —> GL(F') <zre isomorphic if and only if the germs of ana-
lytic space (V/H, 0) <zm/ (V'/H', 0) are isomorphic.

A small faithful representation p: H -> GL(F) w identically equal
to the identity if and only if (V/H, 0) is nonsingular.

Now let u be a point of W and x an element of X such that
u = π(x). Put 7/ = Stabx and let N be an //-invariant complement
to Tx(xG) in TX(X). By the slice theorem ([Sch], p. 56) and the fact
that π is affine, there exists an isomorphism of germs of analytic space
(W, ύ) -^ (N/H, 0). Call p = ρx N the representation of H defined
by its action on N and pf — pζ N the faithful representation of
///Kerp induced by p. The isomorphism class of the germ {W, u)
depends only on the isomorphism class of the representation p. We
say that the representation p = ρx N is associated to the point u =
π(x).

THEOREM 2. The set S is the singular locus of W. Representations
associated to the general singularities, which are given in Table 3, are
faithful and small

The following corollary is immediate by Proposition 2.

COROLLARY. The isomorphism classes of the associated representa-
tions classify the general singularities up to isomorphism.

TABLE 3. Associated Representations. Here Γ is the com-
ponent of π(Inv£), x is the element of the general orbit
over Γ such that Stabx = (g), P = PX,N is a represen-
tation of Stabx associated to u = π(x)

Γ
A
B

C

D

E

F

G

Stabx

c 2
c 2
c 3

c5

c5
Q

1,
1,

1,

1,

£7,

1,

1,
1,

1,

£ 5 ,
£ 5 ,
£7

2>
1,

Eigenvalues of

1,
1,

1,
ζ2

£5,

£ 2

1,

1,
1,

£3,
ζ2

ζ2

£?'
£3,

1,
- i ,

£3,
ζl

ζ2,

ζ4,

£3,

Pig)
- 1 ,
- 1 ,

£3,

£ | ,

£ 5 ,
£3,

- 1 ,
- 1 ,

£ L
Cl

£7,

£3,

- 1
- 1

£ 3

2

£ 5

4

α
£7
£3
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Proof of Theorem 2. It is clear that the representations in Table 3
are faithful and small. We have to prove that they are associated to
the general points of the components of S.

First of all we recall some generalities on infinitesimals of first order.
Let X be an analytic space, x e X. Let C[ε] be the algebra of dual
numbers. Let Specan C[ε] be the analytic space with only one point
o and with local ring C[ε] at that point. We use the notation

X(C[ε])x = H o m ( ( S p e c a n C [ ε ] , o),(X, x))

for the set of C[ε]-valued points of I at x .
The map

jc, C) - H o m c _ a l g l o c ( ^ , x , C[e]),

t —• u = x + εt

establishes a bijection of TX(X) onto X(C[ε])x .
Now denote by X the set of stable elements of V4 x V6 and by

G the group GL 2/(±/) as before. Let x e X. The orbital map
p: G —• X, g »-• xg is etale because Stabx is a finite set. We get the
following commutative diagram:

G(C[e])x - ^ X(C[ε])x

<p\

M 2 ( C ) -J-+ V4xV6

w h e r e w e i d e n t i f y Tχ(G) = 7 / ( G L 2 ) = M 2 ( C ) = 2 x 2 m a t r i c e s ,
TX(X) = TX(V4 x Vβ) = V4xV6, TX(G) = Im dρλ and φ and ψ are
the bijections described above. Note that p and dp\ are injective.
We have a canonical basis t\, . . . , t4 of Im dp\ namely the image of
the canonical basis

1 °\ E = ( ° ι\ E = (° °\ E = ί 0 °
of M 2 (C). It can be computed explicitly from the equation

x (/ + εEi) = x + εti

which follows from



104 PABLO LEJARRAGA

and
{ψo dpι){ei) =x + eti.

Now let us explain how to choose N. Let θ: V4 x V6 -^ C 1 2 be
the isomorphism defined by the canonical basis, (t4, 0), (t3s, 0), . . . ,
( s 4 , 0 ) , ( ( M 6 ) , . . . , o f F 4 x F 6 . L e t U =
Let A be the matrix

α 4 , 0 " ' α 0 , 4
4 . . . 4

The row space of A is Im d/^ . We choose a square submatrix B Of
4̂ such that detl? Φ 0. The submatrix 5 is gotten from A by deleting

a row (α£ z) (resp. a row (βι

m>n)) if and only if (fc, /) e D (resp.
(m, n) e E) for well determined sets D, E. The subspace N = NB

generated by ( ί V , 0), (k91) e D and (0, tmsn), (m9n) e E is a
complement of Im dp\. This is obvious by considering their images
under θ.

To calculate the matrix A we use the following formulas, where
/ = ΣafijPs-i is an element of Vn .

We indicate the explicit choice of the square submatrix B in each case
by underlining the corresponding columns of A. The reader should
keep in mind Table 2.

Case A. By setting

κ= - ( 1

λ = k2,

μ= - [m1 + n2 + p2),
9 9 ? 9 9 9

π = - m2n2p2,

the general element x can be written

(a = t* + κi1s2 + λs

\b = c(te + //ίV +
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The matrix A has the form
4
0
0
0

0
4

2κ
0

2κ
0
0
2κ

0
2κ
4λ
0

0
0
0
4λ

6c
0
0
0

0
6c
2μc
0

4μc
0
0
2μc

0
4μc
4ι^c

0

2vc
0

0
4Ϊ/C

0
Avc
βπc

0

0
0
0
βπc

and the submatrix B consists of the underlined columns. It is clear
that deti? φθ for k, m, n,p general enough.

The action of g = (~1

 t ) on Nβ is given by

s4; t6 t5s, t4s2 3s3
t3s t2s4

ts5

+ 1, + 1 , - 1 , + 1 , - 1 , + 1 , - 1 , +1
where the first line is the canonical basis of Nβ which consists of
eigenvectors of g and the second line are the corresponding eigenval-
ues.

In the following cases we just indicate the matrices A, B.

Case B. Here

v = m
2
n

2
,

4 0 2κ 0 0

0 4 0 2κ 0

0 2κ 0 4 0

0 0 2κ 0 4

0 6c 0 3μc 0 uc 0
0 0 6c 0 3μc 0 i/
c 0 3μc 0 5ẑ c 0 0
0 c 0 3μc 0 5i/c 0

C. Here

0
0

μ = (m
3

0 -4

0 0

0 0 3 0 0
1 0 0 - 4 0

0 0

6c 0

v = nv'rr'

0
0

3μc
3μc

0
0

0
0

6vc
0

Case D.
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 4

0 6c 0 0 3μc 0 0

0 0 3μc 0 0 βvc 0

0 5c 0 0 0 0 0
0 0 5c 0 0 0 0
c 0 0 0 0 -6c 0
0 c 0 0 0 0 -6c

Case E.
0 0 0 1 0
0 0 0 0 1
0 0 3 0 0
0 0 0 3 0

0 0 4 0 0 0 0
0 0 0 4 0 0 0
0 2 0 0 0 0 0
0 0 2 0 0 0 0
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Case F.
0 3 0 0 0
0 0 3 0 0
1 0 0 0 0
0 1 0 0 0

0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 5 0 0
0 0 0 0 0 5 0

Case G. Here

μ = - 1 - m - n —p,

v
 = m
 +

 n
+p + mn + mp + np

π = pmn - mp -np - mnp,

p = mnp,

0

0 5 4μ Zv 2π p 0

0 0 5 4μ 3v 2π p

0 μ 2v 3π Ap 0 0

0 0 μ 2v 3μ 4p 0

The reader can check by specialization that the underlined matrix
B has det B φθ for m, n, p general enough.
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ON DISCRETE ISOMETRY GROUPS
OF NEGATIVE CURVATURE

GAVEN J. MARTIN

In this paper we extend well-known results concerning the alge-
braic limits and deformations of groups of hyperbolic isometries of
hyperbolic 3-space, H 3 , to negatively curved groups. For us these will
be groups of isometries of variable negative curvature metrics satisfy-
ing a pinching condition and in particular will include the IR-rank one
Lie groups. We accomplish these goals, as in the hyperbolic case, by
producing a version of Jβrgensen's inequality for such groups. Using
an appropriate normalisation we can consider algebraic limits and de-
formations of such groups in the homeomorphism group of the n-ball,
Hom(B"). We ask that the generators of each group move continu-
ously or some sequence of generators have limits in Hom(B"), but
there is no such restriction on the associated negatively curved metrics.
We then recover many of the standard results for groups of hyperbolic
isometries of H 3 in this more general setting under mild and usually
necessary restrictions, such things as the limits being discrete, or the
deformations are algebraically trivial and so forth.

We point out, as a warning, that some authors use the term nega-
tively curved groups to mean hyperbolic groups in the sense of Gromov
[G].

The pinching condition we assume may be relaxed if the curvature is
nonpositive, bounded below and the associated Hadamard manifold
is a visibility manifold [EO]. The version of Jorgensen's inequality
[J] that we produce follows more or less directly as in [M], where the
n-dimensional hyperbolic case is considered, from Gromov's gener-
alization of the convergence of iterated commutators, see Buser and
Karcher [BK, §2]. The results of this paper can be viewed as further
applications of that fundamental result. Other aspects of the theory
of isometry groups of negative curvature can be found in the book
of Ballman, Gromov and Schroeder [BGS] which we use as a general
reference.

In §§3, 4 we discuss the algebraic limits of negatively curved groups
(in the appropriate homeomorphism group) and show that under mild
(and necessary) hypotheses they are discrete. We also obtain that a
group of isometries of a negatively curved metric is discrete if and only
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if all its two generator subgroups are discrete under either the algebraic
assumption that the order of the torsion is bounded, or the geometric
assumption that the fixed points of hyperbolics are in general position.
It is not difficult to see that some assumption is necessary. Our result
includes those negatively curved groups which, as abstract groups, are
hyperbolic in the sense of Gromov.

In §5 we show that continuous deformations of most (for instance
those that are virtually torsion free) discrete negatively curved groups
are algebraically trivial; that is, the deformation consists entirely of
isomorphic groups. (Here we vary the generators continuously in the
homeomorphism group, the underlying metrics need not change con-
tinuously.) From this it turns out that a continuous deformation of
a cocompact torsion free group is topologically trivial; that is, all the
groups are topologically conjugate (including the action on the sphere
at infinity).

There are three main reasons why our results (except in the R-rank
one case where more precise statements can be made) are not as good
as the hyperbolic case:

First, in this general setting there is no Selberg Lemma [S] asserting
the existence of torsion free subgroups of finite index in finitely gen-
erated matrix groups. Indeed there is an example, due to Gromov [G,
§4.5C], of a finitely generated infinite torsion group acting on a space
of nonpositive curvature (this space is not a manifold). He remarks,
page 79, that it might be possible to achieve a uniform bound on the
order of the torsion and thus produce a geometric Burnside group. It
is true however that a purely torsion negatively curved group is finite.
This is a simple consequence of [G, Lemma 8.1 A].

Secondly, there is no known compact core theorem, as for instance
Scott's Core Theorem for 3-manifolds [Sc]. Thus we cannot assume
that a finitely generated group is finitely presented. Indeed, there are
finitely generated discrete hyperbolic groups (in dimension n > 4)
which are not finitely presented [KP]. We point out that there is a
useful version of the core theorem if one assumes pinched curvature
and the injectivity radius goes to zero [BGS, Theorem 10.5].

And thirdly, in [GM] we construct an infinite parabolic convergence
group which contains free groups of arbitrarily large rank and so j s
not virtually nilpotent. The Heisenberg group is a purely parabolic
group of isometries of complex hyperbolic space which is not virtu-
ally abelian. Consequently, parabolicity is not as easy a condition to
deal with as it is in the constant curvature case. It should be noted,
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however, that a finitely generated discrete parabolic negatively curved
group is virtually nilpotent; see for instance [B] who shows that dis-
creteness implies finite generation in this case.

Finally we remark that it is an interesting feature of our work
that the underlying metrics do not play a crucial role in the discrete-
ness of limits. The dependence is more on the topological action of
such groups on the sphere at infinity (as convergence groups in the
sense of [GM]) which enables us to produce the appropriate version
of JΘrgensen's inequality. The algebraic limits of discrete negatively
groups may only be groups of homeomorphisms, but our results imply
they are discrete and have reasonable geometric structure.

1. Notation and Definitions. We denote by Bn the closed unit ball
of euclidean n-space Rn . A Hadamard manifold M is a complete
simply connected manifold all of whose Riemannian sectional curva-
tures K(M) < 0. Every n-dimensional Hadamard manifold is dif-
feomorphic to int(Bw) via the usual exponential mapping (Cartan-
Hadamard Theorem). The universal covering of any manifold whose
sectional curvatures are nonpositive is a Hadamard manifold. Two
unit speed geodesies C\, Cι in M are asymptotic if there is some con-
stant b such that d(c\(t), C2W) < b for all t > 0. The equivalence
classes of asymptotic geodesies are called points at infinity and the col-
lection of all such points is denoted *SΌo There is a natural topology
on M U Soo which makes it homeomorphic to B" [EO]. If the sec-
tional curvatures are strictly negative, K(M) < -a2 < 0, then M is
a visibility manifold in the sense of [EO]. Then for distinct x and y
in Soo there is a unique geodesic c: R —• M such that c(+oo) = x
and c(-oo) = y. We say that a Hadamard manifold M has pinched
curvature if all of the sectional curvatures of M satisfy

- 1 <K{M) < - α 2 ,

where a Φ 0. The choice of — 1 on the left-hand side of the above
inequality is a normalization which can be achieved by scalar multi-
plication of the Riemannian metric as soon as the sectional curvatures
satisfy -B2 < K(M) < -b2. It is easy to see that any isometry of
a pinched Hadamard manifold M extends to a homeomorphism of
M U Soo via its action on geodesies.

It is clear from the above discussion that the study of pinched
Hadamard manifolds and their isometries is equivalent to the study
of Riemannian metrics g defined on the open unit ball of W1 and
for which all the sectional curvatures satisfy - 1 < K(g) < -a2 . For
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simplicity, this is the framework in which we will work. We say a
group Γ of homeomorphisms of B" is a negatively curved group if
there is some metric g satisfying the above pinching condition and
for which Γ acts as a group of isometries.

We say that a negatively curved group Γ is discrete if the identity
is isolated in Γ (the topology here is essentially irrelevant). Discrete
negatively curved groups arise naturally in the study of manifolds with
pinched curvature. If (M, g) is a Riemannian manifold with pinched
sectional curvature, then the fundamental group π\ (M) is a negatively
curved discrete group. Discrete subgroups of R-rank one Lie groups
are negatively curved groups. Let γ be an isometry of a pinched
curvature metric g with associated distance function d( , •). For
x G int(Bw) we define dy{x) = d(γ(x), x) and dγ = inf{dγ(x): x G
int(B")} dγ is called the translation length of γ. The isometry γ is
classified by its translation length. We say γ is elliptic if dγ = 0 and
this infimum is attained, γ is hyperbolic if dγ > 0 and this infimum
is attained, and γ is parabolic if the infimum is not obtained. If γ
is elliptic, then the fixed point set of γ in int(BΛ) is a nonempty
complete totally geodesic subspace of codimension at least 1 (actually
2 if γ is orientation preserving). If γ is hyperbolic, then γ has two
fixed points on the sphere at infinity. The unique geodesic connecting
these two points is completely invariant and γ translates along the
geodesic by the distance dγ. If γ is parabolic, then γ has a single fixed
point on the sphere at infinity [BGS]. This characterization implies the
notion of hyperbolicity, parabolicity and ellipticity are well defined
for negatively curved groups. That is, they are independent of the
underlying metric (of which there may be many).

In [MS] we prove that a discrete negatively curved group is a con-
vergence group in the sense of [GM]. These are groups of homeo-
morphisms with the compactness properties of quasiconformal (and
hence conformal) mappings. More precisely a group Γ of homeomor-
phisms of Bn is called a convergence group if every infinite family of
elements of Γ contains a sequence {)>i}, >i for which there are x and
y in S"-1 such that

fi -» x locally uniformly in Bn - {y}

and

γ~ι —>y locally uniformally in Bn - {x},

the possibility x — y may occur. This definition is actually that of a
discrete convergence group in our reference [GM], but we adopt this
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terminology for simplicity. Note too that in accordance with the usual
terminology for isometries of negatively curved spaces we use the term
hyperbolic for loxodromic elements.

The limit set, L(Γ), of a convergence group Γ is the set of accumu-
lation points of Γ(0) = {γ(0): y e Γ } . We say that Γ is elementary
if the limit set contains fewer than three points. Otherwise the limit
set is a perfect set, and the fixed points of hyperbolic elements are
pairwise dense in L(T) x L(Γ). In [GM] we classify the elementary
convergence groups. The elements in a convergence group are also
classified according to their fixed point data and their order. In the
case of a discrete group of isometries of a pinched metric, the above
implies that the two classifications correspond.

Let g be a negatively curved Riemannian metric on int(Bw), d ( , •)
the associated distance function, γ an isometry and x e int(BΛ).
Then the rotation of γ at x is the angle

rγ(x) = max{Z(w, Pγ(γ*x(w))): w e TxB
n and \w\ = 1}.

Here γ*x: TxB
n -• Tγ{x)B

n is the differential at x and Pγ: Tγ{x)B
n ->

TxB
n is parallel transportation along the geodesic from x to γ(x).

We then define the norm of γ at x as

nγ(x) = max{ry(Λ:), $dγ(x)}.

One of the most important results we use in the following conse-
quence of the generalization (due to Gromov) of the convergence of
iterated commutators in Lie groups, see Corollary 2.4.4 of [BK]. This
result can be found in [BGS, Corollary p. 106].

1.1. THEOREM. Let g be a pinched Riemannian metric, x e
int(Bw) and N a discrete group of isometries generated by elements a
with na(x) < 0.49. Then N is nilpotent.

It is interesting to note that the constant 0.49 is independent of
dimension. In the three-dimensional hyperbolic case, a related result
can be proved purely in terms of the translation length [GM2, §5].

It is easy to prove that a nonelementary convergence group contains
a subgroup isomorphic to the free group on two generators and is
therefore not nilpotent. Thus in Theorem 1.1 we could have arranged
the (weaker) conclusion that N is elementary and so in particular the
limit set consists of at most two points.

2. Jβrgensen's inequality for negative curvature. In this section we
prove a generalization of Jorgensen's inequality for Kleinian groups
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[J]. This result can be seen as a generalization of the classical Margulis
lemma, or the existence of Zassenhaus neighbourhoods. First we need
a couple of lemmas. We assume that γ is an isometry of a negatively
curved metric. A line is a complete geodesic. We fix x e int(BΛ).

2.1. LEMMA. If γ interchanges the endpoints of a line, then γ is
elliptic and nγ(x) > π/2.

Proof. If γ interchanges the endpoints of a line, then γ2 has two
additional fixed points and hence is elliptic. Thus γ too is elliptic.
Next, γ has a fixed point on this line and so the set V of perpen-
dicular geodesies to this line and passing through the fixed point is
invariant and separates Bn into two components (if there were more
components we would find conjugate points). One of these compo-
nents V+ contains x, the other V~ contains γ(x). Let C be the
geodesic joining x to γ(x) and y the point of intersection of C and
V. Let w be the unit tangent vector at x whose parallel transport
along C to y is perpendicular to V and points into V+. Then
7 *x (w) points in the direction of V~ as does its parallel transport
to y (note that γ2{x) e F + ) . Thus the angle between the parallel
transports of w and 7 *x (w) to y is at least π/2. This establishes
the lemma.

The following two lemmas are proved in a manner similar to Lem-
mas 4.1 and 4.2 of [M]. We illustrate the proof of the second lemma.

2.2. LEMMA. Suppose a and β are two isometries generating a
discrete negatively curved group. If a is parabolic or hyperbolic and
if the group (a, βaβ~ι) is elementary, then the group (α, β) is also
elementary.

2.3. LEMMA. Let a and β be two isometries generating a discrete
negatively curved group. Suppose that a is elliptic and that p is the
dimension of the fixed point set of a. If the group

is elementary, then either (α, β) is elementary or na(x) > π/2.

Proof. Let V = fix(α). As we have noted earlier V is a nonempty
complete totally geodesic subspace. Given a collection of points xo,
X\, . . . , xm we denote by sp(xo, X\, ... , xm) the smallest totally



ON DISCRETE ISOMETRY GROUPS 115

geodesic complete subset containing these points. The curvature as-
sumption easily implies that sp(xo > > Xm) is diffeomorphic (for in-
stance via the exponential mapping) to the interior of a ball of some
dimension at most n and that the closure of this set is topologically
a ball. As with the hyperbolic case we need to consider three cases.

(1) Suppose Γ is finite. Then there is a nonempty complete totally
geodesic subspace F pointwise fixed by every element of Γ. Let w e
F. Then β'aβ-'iw) = w for all i = 0, 1, 2, . . . , p + 1 and so X/=
β'^w) € V for all / = 1, . . . , p + 1. Let j be the smallest integer
s u c h t h a t s p ( x 0 , x \ , ... ,Xj) = s p ( x 0 , x \ , ... , x j , Xj+\). S u c h a j
exists by general position as the {*/} are a collection of p + 2 points
lying in the ^-dimension subspace V. As β is an isometry we have

* i , . . . , xj)) = *p(β(xo),β{xi), , β(xj))

But sp(jci 9 X2, ... , Xj+\) is a subspace of sp(xo? χ\ > χ2> « >
and a dimension count implies

/?(sp(x0, * i , . . . , ^ ) ) = sp(x0, * i , . . . , ^/)

Since the closure of the set is topologically a ball, β has a fixed point
in sρ(x0 ? xi , . . . , * , - ) , a subset of V, and therefore (α, yff) fixes a
point and must be an elementary group [GM].

(2) Suppose L(Γ) = {xo}. Since the limit set is Γ invariant we
have a(xo) = Xo and for all / = 1, 2 , . . . , / ? + 1, βιaβ~ι(xo) = XQ .
The above argument now applies.

(3) Suppose L(Γ) = {XQ , jo} Again, the limit set is Γ invariant
and so every element either fixes or interchanges the set {xo, j>o} If
every element of Γ fixes this set, the argument of part one applies to
give the result. Otherwise there is an element of Γ which interchanges
these points and therefore the line between them. Consequently one of
the generators must have this property. Since they are all conjugates of
α, a must have this property. Then Lemma 2.1 implies na{x) > π/2.

The following is the necessary generalization of Jorgensen's inequal-
ity.

2.4. THEOREM. Suppose that a and β generate a discrete nonele-
mentary negatively curved group. If a is hyperbolic or parabolic, then
for each x e int(BΛ)

max{na(x), n[aiβ](x)} > 0.49 and

nβaβ_x{x)} > 0.49.
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If a is elliptic and p = dim(fix(α)), then

max{ftα(x), Πr βiΛx): / = l , 2 , . . . , / ? + l } > 0.49 and

max{nβlaβ-,(x) :/ = 0 , l , 2 , . . . , p + l } > 0.49.

Proof. Suppose that the inequality does not hold. In the parabolic or
hyperbolic case we find from Theorem 1.1 that the group (α, βαβ~ι)
is nilpotent and hence elementary. The result in this case follows by
Lemma 2.2. In the elliptic case, we again obtain from Theorem 1.1
that the group (β^β"1: i — 0, 1, . . . , p + 1) is elementary. The
result then follows by Lemma 2.3.

It is the following principle, first espoused by Jorgensen, that makes
Theorem 2.4 such a valuable tool.

If two isometries α, β of α negatively pinched metric generate a
nonelementary discrete group, then given a, β cannot be too close to
the identity.

jΘrgensen's inequality is conjugacy invariant, while the above are
not (because of the dependence o n x ) . However a simple corollary is

2.5. COROLLARY. Suppose that a and β generate a discrete non-
elementary negatively curved group. If a is hyperbolic or parabolic,

α (x) , n[aJ]{x)}\ x e int(BΛ)} > 0.49.

There is of course a corresponding result if a is elliptic.

3. A limit theorem. We recall here that even in the hyperbolic case,
for dimensions greater than three, the limit of finitely generated dis-
crete nonelementary groups may not be discrete (even if the limit is
assumed to be nonelementary) [M, §5]. The problem arises as there
may be elliptics of high order converging to an irrational rotation about
a codimension two or larger subspace stabilized by a nonelementary
discrete subgroup. Thus in [M] we had to introduce the notion of uni-
formly bounded torsion. We must of course make a similar assump-
tion in this more general case. To begin with we need the following
lemma, essentially due to Newman [N], which we leave the reader to
verify. It can be proved using Newman's result and a compactness ar-
gument for near the fixed point set the rotation angle is proportional
to the reciprocal of the order.

3.1. LEMMA. There is a positive constant δ = S(m, ή) such that if
x G int(Bw) and a is a periodic ίsometry of period less than or equal
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to m {which is not the identity), then

na(x) >δ(m).

3.2. DEFINITION. Let {Γ/}, >o be a family of groups. We say that
{Γz} has uniformly bounded torsion if there is an integer N such that
for all / and γ e Γ, , either ord(y) = 00 or ord(y) < N. Here ord(y)
is the minimal mφO such that γm = identity.

If Γ is group of homeomorphisms of W (possibly not discrete) we
say that Γ is nonelementary if there are two elements a and β for
which

(a) a2 and β2 have disjoint fixed point sets (if one has finite order)
or

(b) a and β are of infinite order and a2 and β2 have different
fixed point sets.
By different we mean that they do not coincide exactly. Otherwise
Γ is elementary. This apparently weaker definition of nonelementary
is equivalent to the usual definition for finitely generated Kleinian
groups. We make this definition so as to include infinite torsion groups
without a common fixed point amongst the nonelementary groups. We
point out that if in addition Γ is a convergence group, then (a) and
(b) follow from the definition of nonelementary given earlier. As (a)
and (b) are essentially all that is needed in the limit groups for our
proofs we shall use this definition henceforth.

Here is the first convergence theorem. It is analogous to [J, Propo-
sition 1].

3.3. THEOREM. Let T be a nonelementary group of homeomor-
phisms of Bn. For each m > 0 let ψm be a mapping ψm: Γ —•
Isom(Bw, gm) into the isometry group of a Riemannian metric gm

whose sectional curvatures satisfy - 1 < K(gm) < -a2^ < 0 and which
has discrete image. Suppose that {ψmiX)}m>o has uniformly bounded
torsion and that for each γ e Γ

ψm{y) -* y

uniformly in W as m —• 00. Then Γ is discrete.

Proof. Suppose that Γ is not discrete. Then there is a sequence of
elements {α/}/>o converging (uniformly) to the identity in Γ. From
our hypothesis there are two elements β\ and βι satisfying (3.2) (a)
or (b). As the fixed point sets are closed, they are uniformly separated.
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Let x G int(Bn). It follows by continuity that for j = 1, 2 and
sufficiently large / and m that

< min{δ(N), 0.49}.

Where N is the bound on the maximal order of the cyclic subgroups
and δ(N) is the number from Lemma 3.1. Thus ψm{μi) is not el-
liptic for m and / sufficiently large and so from Theorem 2.4 the
groups (ψm(ai), ψm(βj)ψm(^i)ψm(βj)~ι), j = 1, 2, are elementary
and have nonempty limit set. If the limit set consists of one point,
then these two elements have a common fixed point which is stabi-
lized by ψm{βj), j — 1, 2. If the limit set contains two points, then
Ψm(βj) fiχes 0 Γ interchanges this set, 7 = 1,2 and the squares have
a common fixed point. Now letting m —• 00 we obtain the desired
contradiction.

REMARK. Of course in the hyperbolic case the assumption of uni-
form convergence implies that the limits are again hyperbolic isome-
tries. Notice too that in the above situation we make no assumption
about the convergence of the metrics {gm}m>o > a n d that in the limit
Γ may not even be a group of diffeomorphisms. Presumably however
there is some underlying metric structure in the limit.

3.4. COROLLARY. Let Γ be a nonelementary group of isometries of
a Riemannian metric all of whose sectional curvatures satisfy —A2 <
K(g) < -a2, which has bounded torsion. Then Γ is discrete if and
only if every two generator subgroup is discrete.

Proof. By multiplying the metric by a suitable constant we may
assume the curvature satisfies - 1 < K(g) < -c2 < 0. Suppose that
Γ is not discrete and let yz —• identity in Γ. Since Γ has bounded
torsion we may assume γι is not elliptic. By hypothesis there are
two elements β}?, 7 = 1,2, which are parabolic or hyperbolic and
whose fixed point sets do not coincide exactly, or the fixed point sets
are disjoint. Also by hypothesis the sequence of groups (7/,/?/), j =
1, 2, is discrete. Finally an argument similar to Theorem 3.3 implies
this sequence of groups is elementary for sufficiently large /. We
therefore reach a contradiction as above and this establishes the result.

3.5. COROLLARY. Let Γ be a group of isometries of a Riemannian
metric all of whose sectional curvatures satisfy -A2 < K(g) < -a2.
Suppose that the fixed points of hyperbolic elements of Γ are in general
position (that is, the fixed points of hyperbolic elements do not lie in a



ON DISCRETE ISOMETRY GROUPS 119

totally geodesic codimension 1 set). Then Γ is discrete if and only if
every two generator subgroup is discrete.

Proof. Let β}?, j = 1, 2, . . . , k be hyperbolic elements whose fixed
point sets are in general position. Let {y/} be a sequence as in Corol-
lary 3.4. If this sequence (or some subsequence) is not eventually
elliptic we can argue as above and conclude the desired result. Thus
we assume y, are all elliptic. Then for all j and for all i sufficiently
large we have (as above) (y, , βj) is a discrete elementary group and so
for all j , tix(βj) lies in fix(y, ) as βj is hyperbolic. This is impossible
as fix(y ) is totally geodesic and codimension at least 1.

In the above two results it is clear that some additional hypothesis,
such as bounded torsion or the constraint on the fixed points of hyper-
bolic elements, is necessary (even in the hyperbolic case). We might
for instance encounter a negatively curved group isomorphic to Γ x S,
with the circle action stabilizing a lower dimensional hyperbolic space
on which Γ acts discretely. If Q is that subgroup of S containing all
the elements of finite order, then Γ x Q has the property that all its
two generator subgroups are discrete. Of course Γ x Q is not discrete.
However, it is quite possible that the additional hypotheses are redun-
dant in the case that the group is finitely generated (this of course
implies bounded torsion by Selberg's lemma in the symmetric cases).
Thus we ask the question: is it true that finitely generated groups of
isometries of a metric of pinched negative curvature have bounded tor-
sion! G. Mess showed me an argument which implies this is the case
if the abstract group is hyperbolic in the sense of Gromov [G].

4. Algebraic convergence.

4.1. DEFINITION. Let {Γ, }, >o be a sequence of negatively curved
groups each with the same finite number of generators {y, t \, γt 5 2, . . . ,
y ί>m} . If for each j = 1, 2, . . . , m, there is a self homeomorphism
y, of Bn such that

7ij->7j as/ -*oo,

then we say that the groups Γ, converge algebraically to the group

Γ = (γ\, y 2 , . . . , γm).

REMARK. Again we note that there is no assumption on the conver-
gence of the underlying Riemannian metrics of negative curvature, and
moreover no assumption that their curvature is uniformly bounded
above by a negative constant. Thus the limit could possibly be a group
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of isometries of a flat metric (and therefore a negatively curved group).
It is a consequence of our results that this is not the case.

4.2. THEOREM. Let Γ beagroupofhomeomorphismsofW which
is the algebraic limit of a sequence {Γ, }, >o of nonelementary negatively
curved groups with uniformly bounded torsion. Then Γ is infinite and
discrete. Moreover, ifT is a negatively curved group, then Γ is nonele-
mentary.

In the three-dimensional hyperbolic case the assumption of bounded
torsion is unnecessary and also that Γ is nonelementary is a conse-
quence of algebraic convergence [JK]. For the higher-dimensional hy-
perbolic case, the assumption of bounded torsion (or a related assump-
tion) is necessary and also implies that Γ is nonelementary. Notice
in Theorem 4.2 we have skirted the delicate issue of when the limit
of negatively curved groups is again negatively curved. We hope to
return to this at a later date.

Proof Let

Γ ί = ( y , , i , 7i9 2 , . . . , 3 > / , m ) w i t h y , - , ; r - > y /

be a sequence as in Theorem 4.2 with Γ = (γ\, γ2, . . . , γm) We
proceed by a series of lemmas.

4.3. LEMMA. Γ is not finite.

Proof. Suppose Γ is finite. Then there is a 0 < k < oo such that
every element of Γ can be expressed as a word in the generators {y, }
of word length at most k. Since Γz is nonelementary, there are words
of all lengths. For each / choose a word wt of length k + 1 in Γz

(in terms of the generators given). Since there are finitely many such
words, passing to subsequence we may assume that the sequence of
words converges to a word w in Γ. This limit word can be expressed
in a word w' of length k, and then let w^ be the corresponding
word in Γ z . Then the sequence of words V\ = WiWr~x is nontrivial,
has word length at most 2k + 1 and converges to the identity. The
assumption of bounded torsion implies that Vj is not elliptic for: /
sufficiently large by Lemma 3.1. Thus Vi is parabolic or hyperbolic.
Then there is a generator ytj which does not stabilize the set fix(v, ).
Hence the group (VJ9 y/^) is nonelementary. But as Vi —> identity
and γij —• y, , we easily obtain a contradiction to Corollary 2.5.
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Hence Γ is finitely generated and infinite. In the classical case (or
whenever Γ is isomorphic to a subgroup of GL(m, C) for some m)
we could now use Selberg's Lemma [S] to assert the existence of ele-
ments of infinite order. This would simplify the following arguments.

4.4. LEMMA. Γ is discrete.

Proof. If not choose a e Γ, so close to the identity (but a φ
identity) so that if α/ is any approximant to a in Γ, , then α, is
parabolic or hyperbolic and also that for some x e int(Bπ)

na(x) + nv - i ( x ) < 0 . 4 9 , j=l,2,...,m.

We can of course do this by appealing to continuity and Lemma 3.1.
Then the group (α;, Ϊi,j^i7^)) is elementary by Corollary 2.5. Thus
each generator stabilizes fix(α, ) and the group they generate is ele-
mentary. This is contrary to our hypothesis.

We suppose henceforth that Γ is a negatively curved group.

4.5. LEMMA. Γ is nonelementary.

Proof. As Γ is infinite and negatively curved, there is a hyperbolic
or parabolic a in Γ ([G, Lemma 8.1 A] implies the group is not purely
torsion). Since Γ; is nonelementary, some generator yik does not
setwise fix the fixed points of α/. Passing to a subsequence we may
assume that k = 1 and yz 51 = y,. If γ and a do not have a common
fixed point, then we are done and so we suppose otherwise. Now
suppose (α, γ) is discrete and elementary. If a is hyperbolic, then
by [GM] the group (a, γ) is virtually cyclic. This easily leads to a
contradiction. We are left to consider the case that every element of
Γ of infinite order is parabolic with the same fixed point [GM]. That
is, Γ is a finitely generated negatively curved parabolic group and so
is virtually nilpotent [B]. Then there are integers p and q such that
a = ap and b = γaqγ~x generate a nilpotent group. Let x e int(BΛ).
There is a d such that any d-fold commutator [ , ]d of a and b is
trivial. Thus, summing over all the finitely many d-fold commutators
involving only a and b

Σ » [ . ],(*) = °

Then by continuity and Theorem 1.1, for sufficiently large i, the group
generated by the d-fold commutators of the approximants α, and &,
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will be nilpotent. Thus there is a d1 so that all d'-fold commutators
involving (only) the approximants α, and b\ are trivial. Then the
commutator identity [a, be] = [a, £][&, [α, c]][0 , c] implies that all
d'-fold commutators are trivial as they can be written as (much longer)
products of d'-fold commutators in α, and b\, see for instance [BK, p.
28]. Thus (fl|, fc/) is eventually nilpotent and hence elementary. But
this is easily seen not to be the case. The contradiction establishes the
lemma.

Actually, the above argument only needs that Γ is a convergence
group which is not purely torsion and whose discrete parabolic sub-
groups are virtually nilpotent. If this is actually the case, we can
further restrict the possibilities for Γ with the following

4.6. LEMMA. If Γ is infinite and purely torsion convergence group,
then Γ is discrete and has bounded torsion.

Proof. Γ is discrete. If there is no bound on the order of torsion
elements, then the approximants to all elements of sufficiently high
order will have to be parabolic or hyperbolic. Powers of these elements
will again be parabolic or hyperbolic and close to the identity. The
argument of Lemma 4.4 again produces a contradiction.

4.7. THEOREM. Let Γ be a finitely generated abstract group with
uniformly bounded torsion. For each m > 0 let

ψm: Γ ^ Isom(Bw, gm)9 - 1 < K{gm) < -a2

m < 0,

be an isomorphism such that the images ψm(T) = Γm are discrete
and nonelementary and converge algebraically to Y^. Then T^ is
discrete and the correspondence of generators induces an isomorphism

Proof. As ψm is an isomorphism, the sequence {Γm}m>o has uni-
formly bounded torsion. Thus from Theorem 4.2 Γoo is discrete. It
is clear that the correspondence of generators y^o: Γ^ —• Γ = Γm

induces a homomorphism onto. Suppose a e Γ^ - {Identity} and
^oo(α) = Identity. Uniformly bounded torsion implies that ψm{μ)
is parabolic or hyperbolic for all m sufficiently large as ψm{y) —•
Identity by Lemma 3.1. Now apply the argument of Lemma 4.4.

Indeed the above argument easily implies (see [M, Theorem 6.1]).
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4.8. THEOREM. Let {Γ/}/>o be a sequence of discrete nonelemen-
tary negatively curved groups with uniformly bounded torsion converg-
ing algebraically to a finitely presented group of homeomorphisms Γ.
Then Γ is discrete and the correspondence of generators Γ —> Γ, in-
duces a homomorphism for all i sufficiently large.

If each Γ, has a finite presentation, each relation of which has uni-
formly bounded wordlength, then the correspondence eventually induces
an isomorphism.

From [BGS, Theorem 10.2] if Γ is a negatively curved torsion free
group with the injectivity radius of the quotient manifold BΛ/Γ going
to zero at infinity (for instance cofinite volume), then this quotient is
diffeomorphic to the interior of a compact manifold (with boundary)
and so the fundamental group Γ is finitely presented. The conclusion
of Theorem 4.7 would then hold and all groups sufficiently close to
Γ, in the topology of algebraic convergence, would be factors of Γ.

The symmetric Riemannian R-rank one spaces of negative curva-
ture are real hyperbolic space SO(1, n)/SO(n), complex hyperbolic
space SU(1, n)/U(n), quaternionic hyperbolic space Sρ(l, ή)j Sp(n)
and hyperbolic space over the Cayley numbers i^/Spin 9. The isom-
etry groups are the Lie groups SO(1, ή), SU(1, n), Sp(l, ή) and
F4 respectively. The metric is the canonical left invariant metric with
-1 < K < -\, see [Mo] and [H].

Let Γ be a discrete subgroup of one of the isometry groups above
and let H(Γ) be the geodesically convex hull of the limit set L(Γ)
of Γ. We say that Γ is of compact type if H(Γ)/Γ is compact.
Clearly compact type groups are finitely generated and finitely pre-
sented. Therefore and application of Theorem 4.8 yields

4.9. COROLLARY. Suppose Γ is a compact type discrete subgroup of
the isometry group of an R-rank one space of negative curvature. Then
there is a neighbourhood of the generators ofT in β x β x x ί such
that every discrete group whose generators lie in this neighbourhood is
a factor of Γ.

5 Continuous deformations. In this section we shall show that a
continuous deformation of a negatively curved group, through dis-
crete negatively curved groups, is algebraically trivial, Theorem 5.3.
That is, all the groups have the same isomorphism type. It then fol-
lows that in the torsion free cocompact case that such a deformation
is topologically trivial as well. That is, all the associated quotients
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are homeomorphic and the deformation is induced by a topological
conjugacy on the whole (closed) ball.

5.1. DEFINITION. We say a group Γ is virtually torsion free, if Γ
has a torsion free subgroup of finite index. Let D(k, n) denote the
space of all virtually torsion free k generator discrete nonelementary
negatively curved groups. We give D(k, n) the topology of algebraic
convergence. In what follows we fix x e int(B/1) and define the norm
of a as n(a) = na(x).

The proof of the following lemma is more or less implicit in what
we have done in §4, see for instance [M, Lemma 6.2]

5.1. LEMMA. Let Γ E D(k, n). Then there is a neighbourhood
Nε(Γ) of Γ such that if ae Nε(T) and n(a)<e, then a = Identity.

The following is a generalization of [J, Theorem 3] and [M, Theo-
rem 6.3]. The proof given here follows the latter reference.

5.2. THEOREM. Let E be a connected compact subset of D(k, ή).
Then E consists entirely of isomorphic groups.

Proof. Let Em denote that subset of E for which the maximal order
of a finite cyclic subgroup is exactly m. Then {Em}m>o is a disjoint
collection, Em is compact by Theorem 4.2 and as each element of
D(k, n) is virtually torsion free E = \Jm>0 Em . Let Γ e Em and R a
relation in Γ, and Fm that subset of Em with the relation R. Lemma
5.1 implies that Fm is relatively open; clearly it is also closed and so is
a union of components of Em . Thus each component of Em consists
entirely of isomorphic groups. As E is compact, Sierpinski's Theorem
[K, §47111, Theorem 6] (which states that a compact connected set
cannot be the countable union of closed disjoint subsets) implies that
E = Em for some m and we are done.

It is interesting to note that each component of EQ (the torsion free
groups) consists entirely of isomorphic groups. Notice too that in the
proof we did not use the full hypothesis that every group is virtually
torsion free. Only that each group has bounded torsion. Furthermore,
although Sierpinski's Theorem is not true for arbitrary closed sets, it
is true for the real line. We can then obtain the following slightly "dif-
ferent result. Here, by a continuous deformation, we mean that a fixed
finite set of generators is being continuously deformed in Hom(Bw).
The underlying metrics (of negative curvature) need not change con-
tinuously.
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5.3. THEOREM. Let Γ be a finitely generated nonelementary neg-
atively curved group with bounded torsion. Let {Γt: t e R} be a con-
tinuous deformation 0/ Γ = ΓQ through discrete nonelementary nega-
tively curved groups. Then {Tt: t e R}, and its closure in the topology
of algebraic convergence in Hom(Bw), consists entirely of isomorphic
groups.

Proof. Since the elliptics have integer-valued order, one cannot con-
tinuously change this without the order becoming infinite. Since each
group in the deformation is assumed discrete, if the order of an el-
liptic is not preserved by the deformation it must be perturbed to a
parabolic or hyperbolic element. But then some power of these el-
ements will be arbitrarily close to the identity (by continuity) and
still parabolic or hyperbolic. Pairing this power with its conjugate by
each generator will imply by Corollary 2.5, as we have seen before
in Lemma 4.4, that the groups generators stabilize a set containing at
most two points and therefore the group they generate is elementary,
contrary to our hypothesis. Thus the deformation preserves the orders
of elliptics. As Γ has bounded torsion so does every element of the
deformation. Then the proof of Theorem 5.2 implies the deformation
is through isomorphic groups.

We say a negatively curved group is cocompact if the orbit space
int(Bn)/Γ is compact. Notice that cocompact implies nonelementary.

5.5. THEOREM. Let {Γt: t e R} be a continuous deformation of a
torsion free group Γ o . If each Γt is a discrete cocompact negatively
curved group, then there is a continuous family of homeomorphisms
ft:B

n -> Bn such that ftΓof-
1 = Γ,. That is, the deformation is

topologically trivial.

Sketch of Proof. For each t the quotient is a compact negatively
pinched manifold, each with the same isomorphic fundamental group
Γ. The obvious action of this group on the space int(BΛ) x [0, 1]
(here [0,1] is the parameter space) is proper. The orbit space is a
manifold foliated by the codimension 1, two-sided compact manifolds
(leaves) int(Bn)/Γf. By Reeb stability, all the leaves are homeomor-
phic and the orbit space is a trivial fibration. Thus there is a conjugacy
ft\ int(Bπ) —> int(Bw). Since each group is cocompact, it is uniform
and therefore contains no parabolics [BGS, Lemma 8.2]. The usual
Mostow-Margulis construction, see [Mo] and [T], shows that ft is a
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pseudo-isometry, that is, a continuous map which is a bounded dis-
tance from an isometry (the minimal number of fundamental domains
between two points is preserved by / as it is automorphic). In partic-
ular, the image under / of a geodesic line will be a bounded distance
from another geodesic line. (Here the curvature assumptions and co-
compactness simplify matters greatly. The details are not trivial, see
[Mo] and compare with the R-rank one lattice case there. Alterna-
tively the argument given by Thurston [T] works in this general set-
ting). Such maps as / extend homeomorphically to the boundary via
their action on geodesic lines.

We remark that the much deeper results of Farrell and Jones [FJ]
also imply that the leaves are homeomorphic (for n Φ 3, 4).
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ADJOINT LINEAR SYSTEMS
ON A SURFACE OF GENERAL TYPE

IN POSITIVE CHARACTERISTIC

T O H R U N A K A S H I M A

Let X be a minimal surface of general type defined over an alge-
braically closed field of positive characteristic p . For a given divisor
D, we consider the spannedness properties of adjoint linear systems
\K + D\ on X. Under some numerical conditions on p and D, the
failure of spannedness of \K + D\ implies the existence of divisors
with special properties. This leads to the following result: Let L be
an ample line bundle and assume p > 5 . Then \m(K + L)\ is base
point free for m > 2 and very ample for m > 3 . Our proof is based
on a technique of Shepherd-Barron using unstable vector bundles.

1. Introduction. After Reider introduced a new method ([R]), many
results have been obtained concerning adjoint linear systems on alge-
braic surfaces defined over an algebraically closed field of characteris-
tic 0. Recently, Shepherd-Barron ([SB]) treated the positive charac-
teristic case and obtained results on pluricanonical systems, improving
the work of Ekedahl ([E]). He also showed Reider's analysis holds for
surfaces of special type except the quasi-elliptic ones. His method is,
as in [R], based on the theory of unstable vector bundles in the sense
of Bogomolov.

In the present note we shall consider adjoint linear systems on a
minimal surface of general type in characteristic p and prove some
results of Reider's type.

Let X be a minimal surface of general type defined over an alge-
braically closed field k of char/: = p > 0 and let D be a nef divisor
such that D - K is nef and big. We shall prove the following

THEOREM 1. Let X and D be as above and let d := D2.
(i) Suppose that one of the following conditions holds:
(1) p > 2, d > 5 and X is not uniruled,
(2) p = 3 and d> 12,
(3) p = 5 and d>6,
(4) p > 7 and d>5.

If \K+D\ has a base point, then there exists an effective divisor A such

129
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that

either DΆ=l, Δ2 = 0,

or DA = 0, Δ2 = - 1 .

(ii) Suppose that one of the following conditions holds:
(Γ) p > 2, d > 10 and X is not uniruled,
(27) p = 3 and d>30,
(37) p = 5 and d> 13,
(40 p = Ί and d> 11,
(57) p> 11 and d> 10.

Zf |AΓ + Z>| is noί very ample, then there exists an effective divisor Δ

Z) Δ = 0, Δ2 = - l , - 2 ,

or fl Δ = l , Δ2 = - l , 0 ,

or Z) Δ = 2, Δ2 = 0.

As a corollary of the above theorem, we obtain the following result
on pluri-adjoint systems:

COROLLARY 2. Let L be an ample divisor on X.
(i) Suppose that one of the following conditions holds:
(1) p > 2, m>2 and X is not uniruled,
(2) p = 3 and m > 3,
(3) P> 5 am/ m > 2 .

Γ/zerc \m(K + L)\ is base point free.
(ii) Suppose that one of the following conditions holds:
(10 P > 2, m > 3 am/ X w mtf uniruled,
(20 p = 3 an f̂ m > 4 ,
(30 p > 5 and m>3.

Then \m(K + L)\ is very ample.

Proof. Apply the theorem to D = (m - \)K + mL. D

2. Proof of the theorem. Let p b e a base point of \K + D\ in (i)
(resp. p, q be the points not separated by \K + D\ in (ii)) and let
π: X -^ X be the blowing up at p in (i) (resp. at p and # in (ii)).
Put / := n'ι{p)9 m := π " 1 ^ ) , and D := π*D - 21 in (i) (resp.
D := π*2) - 2(/ + m) in (ii)).

Since we have Hι(X, ^-(—Z))) ^ 0, we have a nonsplit sequence

on X :
0 - ^ - E - ^ ( Z ) ) - 0.
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Since E satisfies the inequality C\(E)2 > 4c2(E), by Theorem 1 in
[SB], there exists a Frobenius map Fe: X —• X and an exact sequence

0 -+d?~(peD - Δ 0 - E -*JFZ Θ ^ Δ j ) - 0.

Here E := (Fe)*E, Z is a 0 cycle and Δi is some effective divisor
such that peD - 2A\ is contained in the positive cone of X. We write
Δi = π*A + rl in (i) (resp: Δi = π*A + rl + srn in (ii)) where r, s are
some integers and Δ is an effective divisor on X.

If pe = 1, Reider's argument shows Δ satisfies the properties stated
in the theorem (cf. [R]). We shall show that the case pe > p never
occurs under our assumption.

Suppose pe > p. Then there is a purely inseparable covering
p: Y -* X of deg/? = pe and we have the following estimates (cf.
[SB]).

LEMMA 3. Assume d := D2 > 5 in (i) (resp. d > 10 in (ii)). Then

and

ί r>e - 1

-\)Dι-W

Since both D and D-K are nef and big, the Hodge index theorem
yields KD<d-3 and K2 <d-5 in (i) (resp. K2 <d-6 in (ii)).
By these estimates, we have

ωγ p*π*D = 2(pe - \)D A + pe(K D - (pe - \)D2)

< 2(p< - 1) U - \J^-λ +Pe{d - 3 - (pe -

= (rf - 3 - (p* - l)Vd2-4d)pe.

Thus we obtain ω /?*π*Z> < 0. Therefore Y is ruled and hence X
is uniruled. Let #(X) be the irregularity of X. Then by Lemma 34
in [SB], we have χ(t?γ) < 1 - q(X) < 1. Assume we are in the case



132 TOHRU NAKASHIMA

(i). Then Corollary 30 and Proposition 35 in the same paper yield

Pe - 1,
P

yί J

K Όe-\r,~» Ί-4)-3(D-K + 2)])pe

- 4) - 3(rf - 3) - 6]

Similarly in the case (ii) we obtain

However, under the assumption that one of (1) to (4) (resp. (I7) to

(5')) holds, we have χ{<@γ) > 1. This is a contradiction and hence

the theorem is proved. D
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A HOMOTOPY TRANSFER
FOR FINITE GROUP ACTIONS

BILL RALPH

We obtain a transfer for group actions on spaces for which the
orbit map admits a section. This transfer exists for sets of homotopy
classes as well as for any generalized homology theory.

Introduction. Intuitively, one feels that there should exist special
relationships between the homotopy invariants of a space Y and its
quotient by the action of some finite group G. The main result of
this paper is the construction, for an arbitrary homology theory, of a
version of the transfer that exists for ordinary homology. Recall that
this is a homomorphism τ: Hn(Y/G) -> Hn(Y) with the following
properties:

(a) τop{z) = ΣgeGg*z f o r a 1 1 z e Hn(Y),
(b) poτ(υ) = \G\v for all veHn(Y/G)

where p: Hn{Y) —> Hn(Y/G) is the projection. An account of this
can be found in [Br].

Unfortunately, the existence of a transfer map satisfying (a) and
(b), or their duals in cohomology, seems to be a special property of
the ordinary homology and cohomology functors which is closely tied
to the fact that Eilenberg-Mac Lane spaces have the homotopy type of
abelian monoids. In view of this, it is not surprising that in general
there is no transfer for covariant functors F such as πn and those
associated with generalized homology theories.

In this paper we will recover a version of transfer for many functors
F including generalized homology theories. In order to deal with the
fact that the //-spaces that arise are not, in general, of the homotopy
type of abelian monoids, we will have to multiply equation (a) by a
number c(G), that I have been calling the coherence number of the
group G. This number depends only on the group G and is currently
under intense investigation. For cyclic groups this number is 1 and
hence the transfer equations will have their usual form in this case. It
is not yet known whether this number is always finite, so there may be
groups to which our transfer cannot be applied, although our feeling
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is that this is not the case. [R3] contains all the current information
on this number. The reason the coherence number is not required
for abelian monoids can be understood in general form [Rl] and, for
ordinary homology in particular, from [R2].

1. Statement of results. Throughout this paper, we will assume that
all spaces have basepoints, that G is a finite group acting on a space
Y, that G fixes the basepoint of Y and that the orbit map admits
a section. We will let p: Y —• Y/G denote the orbit map and let
s: Y/G —> Y denote a section of it. The symbol c(G) which occurs
in the following theorems denotes a positive integer or infinity and is
a combinatorial invariant of the group that will be defined later.

The main results of this paper are the following:

THEOREM 1. Let Y have the homotopy type of a G-C.W. complex
and suppose that c(G) < oo. Let K be the {reduced) homology theory
associated with some spectrum and let p:hn{Y)->hn{Y/G) denote the
obvious homomorphism. Then there exists a transfer homomorphism
τ:hn(Y/G)-+hn(Y) satisfying the following:

(1) c(G)(τ o p(z) - ΣgeG g*z) = 0for all z e hn{Y),

(2) p o τ(v) = \G\υ for all υ e hn(Y/G). D

We also give a version of Theorem 1 for homotopy. See Theorem
6 below.

The following theorems give the flavour of the kind of constraints
imposed by the transfer.

THEOREM 2. Suppose that c(G) < oo and there is some homology
theory such that hn(Y) = Z and hn(Y/G) = 0. Then G must have a
subgroup of index 2.

THEOREM 3. Suppose that Z 4 acts on W and induces an effective
action on hn(W) = Zχ6 for some homology theory. Then the orbit map
W —• W/Z4 does not admit a section. π

Here is the definition of the transfer map in its most general setting.

DEFINITION 1. Let X and Y be spaces. Let W be an //-spacerfor
which there exists a topological group (L, 1) and a map ε: (W, WQ) —>
(L, 1) inducing an isomorphism of groups e: [X, W] —• [X, L]. Let
a be a map from Y to W and let a be the induced map from
[X, Y] to [X,W]. Let p:[X,Y]^[X, Y/G] be the map induced
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by the projection, let s: [X, Y/G] —> [X, Y] be the map induced by
the section and let β: [X, W] —• [X, W]ah be the abelianizing map.
The transfer map is the function

defined by

τβ(ϋ) = J2βoά(g*S(υ)). π
geG

2. Coherence numbers. As mentioned in the introduction, the de-
velopment of this transfer requires a new idea, namely the "Coherence
Number" of a finite group. We first define the coherence number of a
set of permutations on a finite set and then specialize this definition to
finite groups. The reader should refer to [R3] for details and proofs.
Let P(S) denote the set of all permutations on the set S.

DEFINITION 2. Let S be a finite set and let A c P(S). Suppose
that S = {si, . . . , sm} and A = {σx, . . . , σn} . Let rt = (σ\(Si), ... ,
σn(Si)) and C\ — (s/, . . . , sϊ), for / = 1, 2, . . . , m, be regarded as el-
ements of F(S)n , the direct product of n copies of the free group on
the set S. Let T be the subgroup of F(S)n generated by rx, . . . , rm

and C\, . . . , cm and define θ = Π/li ri^X Ξ T. There is a homomor-
phism λ: T —> T/[T, T], where [Γ, T] is the commutator subgroup
of T. The coherence number, c(A), of .4 is defined to be the or-
der of λ(θ), which may be infinite. It is easily verified that c(A) is
independent of the ways in which S and A are ordered. •

We now specialize this definition to groups by letting the group act
on itself as a set of permutations.

DEFINITION 3. Let G be any finite group. We can regard G as a
subset of P(G) by letting G act on itself on the left by translation.
Specifically, for g e G, we define g e P(G) by putting g{h) =
gh. The coherence number of {g\g e G} c P(G) will be called the
coherence number of the group G and will be denoted by c(G). We
will use TQ to denote the subgroup corresponding to T in Definition
2. D

In [R3] we showed that the coherence numbers obtained by letting
G act on itself on the right or the left are the same. We have chosen
Definition 3 as the most convenient in this context.

3. The combinatorial part of the transfer. In what follows we shall
denote the action of G on a point, function, homotopy class, etc. by
a * and let the meaning be determined from the context.
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DEFINITION 4. Let X and Y be sets and let {̂ 4/} be a set of n
subsets that cover X. If f\ X -» Y and gι: X -> 7 for / = 1, . . . , n
are two families of maps, then we will say that (/i, . . . , fn) ~ (g\9 . . . ,
gn) if the restrictions of f and gz to A\ are the same for all / =
l , . . . , n . •

Our next lemma contains the essential combinatorial idea that
makes the transfer work. Although it is only stated in terms of contin-
uous functions, the identical proof works for arbitrary functions. In
the following lemma, (L, 1) is a topological group and ζ: (Y, yo) —>
(L, 1) is a map. Hom((X, x0), (Y, y0)) wiU denote the set of maps
from (X, x0) to (Y, y0) and ζ denotes the induced map from
Hom((X, x0), (Y, y0)) to Hom((X, x 0 ) , (L9 1)). We will regard
Hom((X, XQ) > (L, 1)) as a group under pointwise multiplication.

LEMMA 1. Let G be a finite group with finite group with finite co-
herence number. Let (X, XQ) be a Hausdorff space and let (Y, yo) be
a space on which G acts. Let σ, ω e Hom((X, x0), (Y, yo)) with
p o σ = p o ω. Let M be the subgroup of Hom((X, x0), (L, 1)) gen-
erated by all elements of the form ζ°(g*σ) and ζ o (g * ω), where g
is any element of G. Let δ: M —• M a b denote the projection. Then
we have

geG geG

in M a b .

Proof. Recall, from Definitions (3) and (4), that the group TG is
generated by the elements rt = (gjgi, . . . , gtgn) and c, = (gi9... , &•)
for i = 1, . . . , n . The first step in our proof is to show that the homo-
morphism from TG into Hom((X, JCO), (L, 1)) given on generators
by Γ/ M ζ o (gi * σ) and c/ H-> £ o (gz * ω) is well defined.

Let Aj = { X E X\σ(x) = ^z *ω(x)} . Note that, since poσ = poω,
these sets cover X . It is clear from the definition of the A{ and
Definition 4 that (σ, . . . , σ) ~ (gi * ω, . . . , gn * ω) . From this, we
see in general that (g*σ, ... , g*σ) ~ ((ggi) * ω, . . . , (g£π) * ώ).

We will construct a homomorphism ^ x ^: TQ —• L as follows. Let
/?£ be the projection of the subgroup ΓG of F(G)\G\ onto the ^ h
factor. For each x e X, we define a map of sets, ηx: G -> L,
by tyxίsO — C ° (g * G>)(JC), which then induces a homomorphism
ίfo: -F(G) —» F{L). Let o: -F(X/) —> L be the canonical homomor-
phism and define ψx^k — υof\χ°Pk'
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Now suppose that x e A} , n Ak . We claim that ψxj = ψx^. To
see this, the reader can easily check that equality holds on the two
types of generators for the group TG.

Since the sets Ak cover the set X, it follows that the homomor-
phisms ψx^k, obtained from each pair x and k with x e Ak, can
be "glued" together into a single homomorphism ψ from TQ into
the set of continuous functions from (X, XQ) into (L, 1). It is im-
mediate from our construction of ψ that ψ{ri) = ζ o (gv * σ) and
ψ(d) = ζ o (^ * ω) and hence we obtain a well-defined map from TG

into Hom((X,.Xo)> (L, 1)).
Clearly the image of ψ is precisely the subgroup M of

Hom((X, XQ), (L, 1)) and so ψ induces a homomorphism ψah: T^-^
M a b . Since the coherence number of G was assumed to be finite, we
know that c(G)λ(θ) = 0, where λ{θ) is the element of Tf defined
in Definition 2. Applying ψah, we see that c(G)ψ*b(λ(θ)) = 0. Ex-
panding this, we obtain that

c{G)ψ

geG J \ geG

which equals zero and gives our result. D

The reader should check that, if the topological group L used above
happened to be an abelian monoid, then we would not need the factor
c(G).

4. Properties of the transfer map. Here is the crucial property of
the transfer map.

THEOREM 4. If τa is given as in Definition 1 and z e [(X, XQ),

(Y,y0)] then

= 0

in

Proof. Define ζ = ε o a: (Y, yo) —• (L> 1) a n d choose a represen-
tative z: X -> Y. Let M be the subgroup of Hom((X, x0), (L, 1))
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generated by all the elements of the form ζo(g*z) and ζo(g*{sopoz})
for all g e G. By Lemma 1,

geG geG

in M a b .
From this it follows that

c(G) Σ[[ζ(g * z)]] = c(G) Σ[[ζ(g *{sopo z})]]
geG geG

in [(X, xo)> (£> l ) ] a b

5 where the inner and outer brackets indicate
the two equivalence relations of homotopy and abelianization respec-
tively. The result now follows after applying the isomorphism

( O a b : [{X, xo)> (L, l ) ] a b - [{X, xo), {W, wo)f\ π

Since the subgroup generated by a single element is abelian, it turns
out that, under an additional hypothesis, we can say something about
the order of elements in [(X, XQ) , (W, WQ)] . The reader can easily
furnish the proof of the following by modifying the proof of Theorem
4.

THEOREM 5. Assume the context of Definition 1 and in addition that
[X, Y/G] is trivial. Suppose that for some [f]G[X,Y] and all geG
the elements ά([g*f]) coincide in [X, W], Then the order of ά([/])
in [X, W] divides c(G)\G\. π

We next examine the simplest form of our transfer, which occurs
when Y is an H space which has the homotopy type of a topological
group and X is a co-H space. In this case, the transfer map τ is
a homomorphism from [X, Y/G] to [X, Y]. It is in this setting
that we feel our use of the term transfer is most justified, since we
obtain a transfer map with exactly the same properties as the transfer
for singular homology theory, except for the appearance of the factor
c(G). This factor can be looked on as the "correction" term that is
required because homotopy theory is "not as abelian", in a certain
sense (see [Rl] for a precise description), as we might like it to be.

THEOREM 6. In addition to the assumptions of Definition 1, assume
that Y = W and that X is a co-H space. Then the transfer map
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τ: [X, Y/G] —• [X, Y] is a homomorphism with the following proper-
ties:

(1) c(G)lτop(z)-Σg*z\ =0 fora!lze[X9Y],
\ seo J

(2) p o τ(υ) = \G\v for all υe[X, Y/G].

Proof. Immediate from Theorem 4 and the definitions. D

5. The transfer for a generalized homology theory. Next, we develop
a transfer for the reduced homology theory associated with any spec-
trum.

We will follow the definitions and notation for spectra given in
[Sw]. Recall that the reduced homology theory, Λ*, associated with a
spectrum E is defined by

hn(Y) = diήimπk+n(EkΛY, * ) ,
k

where the connecting homomorphisms φk are defined by the compo-
sition

πk+n(EkΛY, *)^πk+n+ι(Sι ΛEkΛY, * ) ^ % i # w Λ 7 , *).

It will be convenient in what follows to denote by φk the correspond-
ing homomorphisms used to define hn(Y/G).

Proof of Theorem 1. The proof will be a straightforward "direct
limit version" of Theorem 4. Note that we have not had to make any
assumptions involving topological groups. This is because suspending
maps is equivalent to mapping into spaces of the form ΩSY, where
Y is a CW complex, and as, is well known, see [St] for example,
these spaces are of the homotopy types of topological groups. In what
follows, we will extend the group action of G on Y to an action of
G on Ek Λ Y in the obvious way.

We begin by taking the spaces X, Y and W in Theorem 4 to be
$n+k ? £k Λ Y a n ( j QS(Ek Λ Y), respectively, and the map ak: Ek A

Y —• ΩS(Ek Λ Y) to be the adjoint of the suspension of the identity
map. By Theorem 4, there is a transfer homomorphism

τak: πn+k{Ek Λ Y/G, *) -+ πn+k(ΩS(Ek Λ Y), *).

Let adj^: πn+k(ΩS(Ek Λ Y), *) -> πk+n+ι(Sι ΛEkAY,*) denote
the adjoint homomorphism and define

τk = ιk oadjfcoτα : πn+k(EkΛY/G, *) -+ πk+ϊ+n(Ek+ι Λ Γ , *).
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The theorem now follows immediately from the following easily
verified properties:

(a) Φk+\ ° ?k = *k+\ ° Ψk ,

(c) c(G)(τko Pk{z) -ΣgeGΦk(g * z)) = 0. D

Using the fact that Eilenberg-Mac Lane spaces have the homotopy
types of abelian monoids and the remark following Lemma 1, it can
be shown that the coherence number factor c(G) can be dropped
in Theorem 1 to obtain a transfer resembling the usual transfer for
ordinary homology theory.

6. Proofs of Theorems (2) and (3).

Proof of Theorem 2. From Theorem 1, the transfer gives that
c(β) ΣgeG S * z = 0. Since hn{X) = Z, we have that Σgeo S * z =
0. This can only happen if there is a nontrivial homomorphism
from G into the automorphism group Z2 of Z. The result follows
immediately. D

Proof of Theorem 3. By way of contradiction, assume that the orbit
map has a section. The units of order 4 in Z 1 6 = {0, 1, . . . , 15} are
3, 5, 11 and 13. Since the action is effective, p: hn(W) -> hn{W/Z4)
cannot be an isomorphism, p is a split epimorphism since the orbit
map admits a section. Therefore the image of the map in homology
induced by the section is a direct summand of Z 1 6 . It follows that
this image and the image of the transfer map must be trivial. Since
Z 4 is cyclic, its coherence number is 1 by [R3]. Theorem (1) gives that
τ o ρ(z) — ΣgeG 8 * z w ^ich equals either 8z or 12z depending on
which unit of order 4 we take. This contradicts the triviality of τ . D

REFERENCES

[Ba] M. G. Barratt, Spaces of finite characteristic, Quart. J. Math., 11 (1960), 124-
136.

[Br] G. E. Bredon, Introduction to Compact Transformation Groups, Academic
Press, London and New York, (1972).

[C] F. R. Cohen, Orders of Certain Compositions, Seminar on Current Trends' in
Algebraic Topology (1981), CMS Conference Proceedings, vol. 2 part 1, Amer.
Math. Soc, (1982), 289-295.

[KL] D. Kraines and T. Lada, A Counterexample to the Transfer Conjecture, Lecture
Notes in Mathematics #741, Springer-Verlag, New York, Heidelberg, Berlin,
(1979), 588-624.



A HOMOTOPY TRANSFER FOR FINITE GROUP ACTIONS 141

[Rl] W. J. Ralph, Category and group rings in homotopy theory, Trans. Amer. Math.
Soα, 299 (1987), 205-223.

[R2] , An extension of singular homology to Banach algebras, Pacific J. Math.,
123, no. 2(1986), 391-405.

[R3] , The coherence number of a finite group, J. Algebra, 126 (1989), 61-79.
[St] J. Stasheff, H-Spaces from a Homotopy Point of View, Lecture Notes in Math-

ematics #161, Springer-Verlag, New York, Heidelberg, Berlin, (1970).
[Sw] R. M. Switzer, Algebraic Topology-Homotopy and Homology, Springer-Verlag,

New York, Heidelberg, Berlin, (1975).

Received March 5, 1990 and in revised form April 25, 1992.

BROCK UNIVERSITY

ST. CATHERINE'S, ONTARIO

CANADA L2S 3A1





PACIFIC JOURNAL OF MATHEMATICS

Vol. 160, No. 1, 1993

MAPS BETWEEN SEIFERT FIBERED SPACES
OF INFINITE πx

YONGWU RONG

A theorem of A. Edmonds says that any nonzero degree map be-
tween closed surfaces is homotopic to a composition of a pinch map
and a branched covering. Here we consider the analogous problem
in dimension three. We prove that any nonzero degree map between
P2-irreducible Seifert fibered spaces of infinite πx is homotopic to
a composition of "vertical pinches" and a fiber preserving branched
covering, except for a few cases which we describe completely. In
particular, any such degree one map is homotopic to a composition of
vertical pinches.

0. Introduction. In this paper we study nonzero degree maps be-
tween closed P2-irreducible Seifert fibered spaces of infinite π\, or
equivalently, closed aspherical Seifert fibered spaces. We prove that
any such map is homotopic to a composition of vertical pinches (de-
fined in §1) and a fiber preserving branched covering, except for cer-
tain cases which can be completely understood (Theorem 3.2). As a
corollary, any degree one map between such spaces is homotopic to a
composition of vertical pinches.

The analogous theorem for surfaces was proved by A. Edmonds [1].
Later R. Skora gave a simplified proof using the notion of geometric
degree [6]. Our proof uses similar ideas as theirs. Some extra work
must be done to adjust the map so that it is nice with respect to the
Seifert fibrations of the manifolds.

In § 1 we establish terminology. Pinches and squeezes are defined by
analogy with those definitions in dimension two given by A. Edmonds
[1]. In §2 we show our map can be homotoped into an equivariant
fiber preserving map, but possibly followed by a covering between
Euclidean manifolds (those which have the geometry of E3). In §3
we give an inductive proof of our main theorem.

I would like to thank R. Fintushel for helpful conversations, and R.
Skora for his useful comment.

1. Notations and terminology. For a Seifert fibered space M , h
denotes either a regular fiber or its homotopy class. Tori and annuli
are often regarded as Seifert fibered without singular fibers, and h has
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a similar meaning in these cases. For two or more spaces which are
Seifert fibered, we use the same letter h to denote the regular fibers
in them if this does not cause confusion. For an element x in a
group, (x) denotes the subgroup generated by x . For a submanifold
S, N(S) denotes the regular neighborhood of S. / always denotes
a closed interval, T denotes a torus, V a solid torus, and A an
annulus. The abbreviation S.F.S. stands for Seifert fibered space. The
geometric degree of a proper map / : Mn —• Nn , denoted by G(f),
is the least number d such that for some map g properly homotopic
to / , and some disk in TV, g~ι(D) consists of exactly d disks and
g maps each such disk homeomorphically onto D.

We now define pinches. Let M be a closed 3-manifold, F be a 2-
sided closed surface which separates M into a union of M\ and M2 .
If there is a map q from M2 onto a handlebody H such that q\d
is a homeomorphism, then we have a degree one map / (= idu#)
from M to N = M\ UpH. We call such a map a I-pinch. When Z7 is
a 2-sphere, a 1-pinch is a pinch in the usual sense, which we may call
a "0-pinch". The following lemma says that a 1-pinch can always be
homotoped so that it "pinches" M2 onto a 1-dimensional complex.
The proof is simple and is omitted.

LEMMA 1.1. / / / : (W 9 dW) -* (H, dH) is a map from a 3-mani-
fold onto a handlebody such that f\d is a homeomorphism, then f
can be homotoped reld such that f sends a collar dW x [0, 1) of
d W homeomorphically onto H-c, and sends W - d W x [0, 1) onto
c, where c is a core of H.

Proof. Let s: dW x [0, 1] -• [0, 1] be the projection. Let rt: H -*
H be a deformation retract of H so that r0 = id, and rλ (H) c c.
Let f: W —> H be defined by ft(x) = rts^of(x). It is easy to verify
ft is the desired homotopy. D

The next lemma tells us when a 1-pinch can occur:

LEMMA 1.2. Let W be a compact 3-manifold with dW = F, a
connected orientable surface. Then there exists a map f\W-+H
with f\d is a homeomorphism if and only if there are g (= genus(i7))
disjoint simple closed curves on F which cut F into a 2g-punctΰted
sphere and bound disjoint surfaces in W.

Proof. Let D = |J Dt be a system of meridian disks in H. If there
is such a map / , homotop /rel<9 so that / is transverse to D.
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Then f~ι(D) is a surface whose boundary is a collection of s.c.c. on
F satisfying the conclusion.

If there is such a collection of s.c.c. {l\, . . . , lg} on F such that
/, = dFi, and F/'s are disjoint, let H be the handlebody obtained
by adding 2-handles to F x / along each //, and then a 3-handle to
cap off the 2-sphere. There is a map from N(\JFi) onto the union
of the 2-handles by pinching. The map can then be extended over the
remaining part onto the 3-handle by the Tietze extension theorem. D

A manifold W satisfying the above lemma is called pinchable.
If M is a Seifert fibered space and T is a separating vertical torus

in M such that one side of T is pinchable, then the resulting manifold
N after the pinching is again a Seifert fibered space with an induced
Seifert fibration from M. This is true because in Mi, the fiber h
is not null-homologous. Such a 1-pinch is called a vertical 1-pinch or
simply a vertical pinch.

Next we define squeezes. Let T be an incompressible torus in a
3-manifold M with a product neighborhood Txl, I be an essential
simple closed curve on T. Parameterize T by T = Sι x S1 such
that / = Sι x {p}. Let X = M/~, where (x, y, t) ~ (x', y, ή for
(x,y,t), (x*, y, t) e Sι x Sι x I. The quotient map q: M -+ X is
called a squeeze. Topologically X is M cut open along T, union two
solid tori along the boundary such that each meridian is identified with
a copy of /, and then union an annulus connecting the cores of the
two tori. If T is a vertical torus in a Seifert fibered space, a squeeze
along T is called a vertical squeeze.

If a map f:M-+N factors through a squeeze, then we say /
admits a squeeze. If N is aspherical, then / admits a squeeze along
a torus T iff f sends an essential s.c.c. on T onto a null-homotopic
loop in N.

2. Equivariant fiber preserving maps. Let M be a Seifert fibered
space. Fix a Seifert fibration of M and regard M as an S1-bundle
over its base orbifold OM [5]. The transition group is SO(2) if the
bundle is orientable and is O(2) otherwise. In any case, there is a well-
defined local 51-action on M. We denote the image of the action by
tx for t G Sx and x e M. Globally tx is well-defined up to changing
t into r 1 .

Let a be a path in M connecting two fibers CQ and c\ . An Sι-
action tx on c0 extends along a to an S1-action tax on ci . If
a' is another arc connecting c0

 a n d <?i, then tax = ifl/x or Π 1 ^
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depending whether w\(a Ua1) = 0 or 1, where W\ is the first Stiefel-
Whitney class of the bundle. In particular, the S ̂ action is globally
well-defined iff the bundle is orientable.

We say a map f\M—*N is an equίvarίant fiber preserving map
(EFPM) if / is a bundle homomorphism. By definition / is EFPM iff
/ is fiber preserving and f(t(x)) — tn f[x), where n is the integer for
which /*(/*) = hn . (n is globally well-defined when both M and N
are oriented bundles, otherwise \n\ is well-defined and will be called
the geometric fiber degree of / in §3.)

Similar definitions can be made for annuli, tori, and Klein bottles
when they are regarded as Seifert fibered spaces.

We hope to show in this section that any nonzero degree map be-
tween aspherical S.F.S. M and N is homotopic to an EFPM for
some Seifert fibrations of M and N. However, the following exam-
ple shows that this is not true in general.

EXAMPLE. Let M = Fg x Sι, where Fg is a closed orientable sur-
face of genus > 1. Let S = Sι xSι xSι, N be the unique S.F.S. with
orbifold S2(3,3,3) that is covered by S. Let a = p x id: M -+ S,
where p is a (2-dimensional) pinch from Fg onto Sι x S1. Hence
a sends the fiber of M onto the last S ^factor of S. Let β: S —> N
be a covering that sends the first Sι -factor onto the fiber of N. Now
define F = β o a. Under the unique Seifert fibrations of M and N,
f*(h) φ (h). Hence / is not homotopic to a fiber preserving map.

The core of the above example is that S has two non-isotopic Seifert
fibrations, so that a and β are both fiber preserving but under dif-
ferent Seifert fibrations of S. In other words, when a map factors
through S, S switches its fibration. Since we restrict ourself to P2-
irreducible manifolds with infinite π\, such S must be a Euclidean
manifold [5]. There are only finitely many of such Seifert fibered
spaces. We will show that this is the only way our map fails to be an
EFPM (Lemma 2.1 and Proposition 2.4).

LEMMA 2.1. Let f:M-*N be a map of nonzero degree between
aspherical S.F.S. of infinite π\. Then, for any fixed Seifert fibration of
M, either

1. there is a Seifert fibration of N such that f*(h) e (h), or
2. there is a covering p: N —> N, a lifting f' JM -> N such that

f — P ° f y and f*{h) £ (h) for some fibration of N. Furthermore, N
and N are both Euclidean manifolds in this case.
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Proof. If /*(/*) = 1, f*(h) € (h). (In fact this can happen only
when N is a solid torus since deg / Φ 0.)

Now let us assume that f*(h)φ\. If /* is onto, then (f*(h))
is an infinite cyclic normal subgroup of π\(N). By [2, VΊ.ll(e)],
/(/*) G (Λ) for some Seifert fibration of N.

If /* is not onto, let p: TV —• N be the covering corresponding to
f*π\(M). It must be a finite covering for deg/ ^ 0. Let f:M—>N
be the lift of f. Since / is onto, f*{h) e (h) for some Seifert
fibration ofN. N also has a Seifert fibration induced from N by
the map p so that /? is fiber preserving covering. If the two Seifert
fibrations of N agree, then f*(h) € {h), and we are in case 1. If they
do not agree, then N has two Seifert fibrations that are not isotopic
to each other. By [5], N js Euclidean, and therefore N is Euclidean
since it is a quotient of N. D

From now on, we will focus on maps of case 1 in the above lemma.

LEMMA 2.2. Let f: A —• N be a map from an annulus into an
aspherical Seifert fibered space such that f sends dA into fibers and
f\OA is an EFPM. Then f can be homotoped rel<9 such that f is an
EFPM.

Proof. Let dA = α0 U tfi, a be a spanning arc of A. We consider
3 cases:

Case 1. Both /(αo) a n d f(a\) belong to regular fibers. Let f{tx) =
tnf{x) on a0. Define fx on A by fx(tx) = tnf(x) for t e Sι, x e a.
Then fx is an EFPM, and fx = f on dA. Using π2(N) = {0}, and
fx = / on a, we can easily see that f\ ~ /rel<9 .

Case 2. /(αo) belongs to a regular fiber but not f{a{). Let cx be
the singular fiber containing f(ax). The index p\ of Ci must divide
deg{/|: ax —• c}. Let α̂  be a parallel copy of #i in A, and Ax c A
be the annulus between α̂  and # i . We can homotop /rel<9 so that
it is an EFPM on A\, and f(a[) belongs to a regular fiber. By the
previous case the result holds.

Case 3. /(αo) and f(a\) belong to singular fibers CQ and C\ respec-
tively. Suppose that f{a{) covers c\ with degree Λ, . Let ON be the
base orbifold of N and ON be its universal covering. Let cι e πx (ON)
be the coset of c, in the quotient group π\(N)/{h) = TI\(ON) . The
map / gives a conjugacy relation CQ° = άc[ιa~x in U\(ON) . But cz

acts on 6V as a rotation around some point over the /th cone point.
Hence the relation cannot hold unless either the two rotation angles
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are both multiples of 2π, or the two rotations have the same fixed
point and a is also a rotation around this point. The first possibility
implies that Λ, is a multiple of the index of c\, and the result then
follows by a similar reason as in Case 2. For the second possibility,
c0 = c\, and f(ά) is a loop whose homotopy class lies in (CQ) . Hence
/ is homotopic to the constant fiber CQ . D

Similar to Case 1 above, the following lemma is proved using π$(N)
= {0}:

LEMMA 2.3. Let f: V —• N be a map from a Seifert fibered torus of
type (1,0) into an aspherical Seifert fiber ed space N such that f\dV
is an EFPM. Then f ~ f\ rel d, where f\ is an EFPM.

PROPOSITION 2.4. Let f: (Af, dM) —• (TV, dN) be a nonzero de-
gree map between aspherical S.F.S. of infinite πγ such that 1 Φ f*(h) G
(h). Then f can be homotoped into an EFPM. If f\d is already an
EFPM, then the homotopy can be chosen to be fixed on the boundary.

Proof. Consider first the case when M and N are closed. We can
write M as a union M = Ho u H\ u Hi, where Ho = N(h U cf ), h
is a regular fiber, \J cz is the union of all the singular fibers, H\ —
N(\JAj), where A/s are disjoint vertical annuli such that N(dAj) c

, and Hi = N(h\), where /*i is a regular fiber and dfy c
. (This is called a round-handle decomposition of M [3].)

Since /I,(A) G (A), /*(cz) is a multiple of a fiber for each / [2,
VI. 1 l(f)]. Hence we can homotop / so that f\Ho is EFPM. Then we
apply Lemma 2.2 and Lemma 2.3 to finish the proof.

For manifolds with boundary, we first use the fact 1 Φ f*{h) G
(h) to homotop f\d so that f\d is an EFPM. The rest is similar as
before. D

Let Zn denote the cyclic subgroup of order n in Sι. Let ~ w be
the equivalence relation on the S.F.S. M defined by x ~n t{x) for
all x G M and all t eZn. Let Mn = M/~n. Then Mn is a Seifert
fibered space, and the quotient map is a fiber preserving branched
covering. An EFPM / with /*(/*) = hn satisfies /(*(*)) = t±n(f(x)).
Thus f(t(x)) = f{x) for all t G Zn . It follows that / factors through
Mn:

COROLLARY 2.5. Under the same hypothesis as in Proposition 2.4,
/ ~ fγ o p, where p: M —• M\ is a fiber preserving branched covering,
and fu(h) = h.
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3. Main theorem. We prove our main theorem in this section. First
we give some definitions. Let / : (M, dM) —>(N, ΘN) be a map of
Seifert fibered spaces which is homotopic to a fiber preserving map.
The geometric orbifold degree of / , denoted by Gob(f), is the mini-
mum number of regular fibers in f{~ι{h), where f\ ranges in all the
maps which are properly homotopic to / , fiber preserving, and trans-
verse to h. The geometric fiber degree of / , denoted by Gh(f), is
\n\ where f*(h) = hn. Notice that these definitions depend on the
choice of Seifert fibrations of the spaces.

Denote by fd the restriction of / on the boundary. We have

G{f)<Gh{f)Gob{f)<G{fd).

We say a fiber preserving map / is allowable if fd is a covering of
degree Gob(f)Gh(f). If dM = ON = 0 , then any fiber preserving
map is allowable. From the definition, the following observation is
easy to see and will be used later in our proof:

REMARK 1. If / : M —> N is allowable, X is a vertical set (ver-
tical annulus, vertical solid torus, etc.) in N, and f\ = f\: M -
f~ι(N{X)) -> JV - N(X), then fx is allowable if either

f\f~ι(X) is a covering of degree Gob(f)Gh(f), or
f\f~ι(X) is a covering of degree G(f). In the later case,

PROPOSITION 3.1. Let f be an allowable map between aspherical
S.F.S. of infinite π\ with G(f) Φ 0. Then F ~ gπ, where π is
a composition of finitely many of vertical pinches, and g is a fiber
preserving branched covering branched over fibers.

This proposition together with Lemma 2.1 and Proposition 2.4 im-
ply our main theorem:

THEOREM 3.2. Let f:M—*N be a nonzero degree map between
closed P1-irreducible S.F.S. of infinite %\. Then f ~pogoπ, where π
is a composition of finitely many vertical pinches, g is a fiber preserving
branched covering, and p is a covering.

REMARK 2. The covering p can be chosen to be the identity map
unless N is an Euclidean manifold. There are only 10 such mani-
folds N [5]. For each such N, the covering space Λf must have two
different Seifert fibrations and is Euclidean. There are only two such
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manifolds N, the three torus and the double of the twisted /-bundle
of the Klein bottle. Hence the possibilities of p are very limited.

When G{f) = 1, we have

COROLLARY 3.3. Any degree one map between closed P2-irreducible
Seifert fibered spaces of infinite %χ is a composition of finitely many
vertical pinches.

Before we prove Proposition 3.1, we first prove a lemma which
serves the initial step of the induction.

LEMMA 3.4. Let f:M—>V be an allowable map, where M is a
S.F.S. of infinite π\, and V is a Seifert fibered solid torus. Assume that
f does not admit a nontrivial vertical pinch, and Gh{f) = \. Then f
can be homotoped rel d to a fiber preserving breached covering.

Proof. Since F has no nontrivial vertical pinch, the orbifold OM
of M must be a planar surface with at most one cone point. Let
fli,...,fljt be proper arcs which cut OM into a disk with possibly
one cone point, let At be the annulus over at. Then \JAi cut M
into a Seifert fibered solid torus V\. The map f\A\ can be homotoped
reld so that /(J4, ) is d-parallel. Now f\Vλ is a map between tori,
hence can be homotoped reld such that off dV\ it is a branched
covering branched over the core c of V. It follows from Remark 1
that f\\ M\ -> N\ is allowable and Gob{f\) = Gob{f), where N\ =
(N-N{c))~9 M^f-HNJ, fι=f\Mx.

The Seifert fibered space N\ is isomorphic to a product A x Sι

where A is a horizontal annulus. Homotop /ireld such that f{~ι(A)
is incompressible. It must be either vertical or horizontal by [7]. But it
cannot be vertical since fu{h) — h in π\(N\). Hence f{~x{A) must
be a union of parallel horizontal surfaces (J F, and M\ is a fibered
manifold with fiber F and a periodic gluing map. Using G^ (/i) = 1,
we conclude that there is only one copy of F and the gluing map must
be the identity. The map f\\: f~ι(A) —> A is allowable as a map of
surfaces (note that Edmonds and Skora both defined allowable maps,
but the two definitions are in fact equivalent by [6]); also it does not
admit a pinch since / does not admit a vertical pinch. By Edmond$
theorem, it is homotopic rel d to a branched covering g. This implies
f\ is homotopic reld to g x id: F x Sι -» A x Sι, which is a fiber
preserving branched covering. Hence / is homotopic rel d to a fiber
preserving branched covering. D
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Proof of Proposition 3.1. After a finite number of vertical pinches we
may assume that / has no vertical pinch. Next by Corollary 2.5, we
can compose / as / = f\ o g, where g is a fiber preserving branched
covering branched over fibers and Gh(f\) — 1. Note that f\ does
not admit a vertical pinch since a vertical pinch of f\ would yield a
vertical pinch of / . Therefore we may assume that G^(f) = 1 -

If dM = 0, let h be a regular fiber in N such that / is transverse
to A, and f~ι(h) is a union of Gob(f) regular fibers. We then
consider f\M - N(f~ι(h)), which is again an allowable map of the
same geometric orbifold degree. Hence we may assume that dM ψ 0 .

From now on, we assume that dM φ 0 , / has no vertical pinch,
and Gh(f) = 1. Under these assumptions we prove that / is homo-
topic to a fiber preserving branched covering branched over fibers by
an induction on the complexities of M and N.

The first step is the case when N = V. This has been done by
Lemma 3.4.

Next is the inductive step:

Case 1. / admits a squeeze along an incompressible vertical torus
T.

We take a maximum collection of disjoint non-parallel incompress-
ible vertical tori along which / admits squeezes. Let X = Q U A be
the space obtained after these squeezes, where Q = \JQi is a union of
S.F.S., A = [)Aj is a union of annuli such that dA is a disjoint union
of (possibly singular) fibers in Q. After a homotopy, / = (g U α) o q,
where Q is a composition of squeezes, g = [jgi is defined on Q,
and a is defined on A. Each Qi must be of infinite π\ for other-
wise f*{h) factors through an element of finite order in π\Qι which
implies /*(/*) = 1 in πχ(N), and thus G(f) = 0.

Claim, g is allowable and Gob(g) = Gob{f), Gh{g) = 1.

Proof of Claim. Clearly, G^{g) = G^(/) = 1. Next, fix a regular
fiber h in 7V,homotop gi so that gi is fiber preserving and g~ι(h)
is a union of Gob(gi) regular fibers in M. By Lemma 2.2 we can
homotop a rel d so that a is fiber preserving; hence we can perturb
it so that a(A) misses h. So f~x{h) = g~ι{h). Hence Gob(f) <
Gob(g). It follows that G(fd) = Gob(f)Gh(f) < Gob{g)Gh{g) <
G(gβ). Since fo = gβ, all inequalities must be equalities. Hence
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Gob(g)Gh(g) = G(gd)> a n d thus g is allowable. It also follows from
the above equalities that Gob{g) = GOb(f).

By the maximality of q, g does not admit any squeeze, thus no
vertical pinch.

For each / such that Q\ is closed, by Lemma 3.5 below we can
homotop gj such that gi(Qi) is contained in a fiber of N. Let B\
be the union of such fibers in N.

For each / such that Q, has boundary, Gob(gi) Φ 0 since g is
allowable. By the inductive hypothesis, each gt is homotopic to a
fiber preserving branched covering branched over fibers. Let Bi be
the union of the branched fibers in TV.

Now consider a: A —> N. a{dA) = g(ΘA) must be fibers in N.
By Lemma 2.2, we may assume that a is fiber preserving after a
homotopy reld.

If a component of dAj is a singular fiber c in Q of order n
(> 1), a(Aj) must be contained in one singular fiber. Otherwise, by
Lemma 2.2, a sends a fiber d of Aj in IntAj into a regular fiber
in N. So α(c') ~ A* and thus g(c) ~ α(c') ~ A* . This implies that
#(λ) ~ g(cn) ~ Λn/:, contradicting the fact that Gh{g) = Gh(f) = 1.

If both components of dAj are regular fibers in Q, we can perturb
them so that they are mapped into different regular fibers in TV under
g. By Lemma 2.2, a(Aj) can be homotoped into an immersed vertical
annulus. Thus we can homotop αreld so that a(Aj) is an embedded
vertical annulus by sliding the double lines off a{dAj).

It follows that in any case, a{Aj) is contained in a vertical solid
torus after a homotopy rel d . Let B^ be the union of these vertical
solid tori in N.

Let E be a vertical essential annulus in N missing B\ U B2 U 2?3.
Now f~x(E) covers E with degree G^(f)Gof)(f)9 thus consists of
a collection of annuli. The map f\: M - N(f~ι(E)) -* N - N(E) is
again allowable, so it is homotopic rel d to a fiber preserving branched
covering by the inductive hypothesis. Hence / is homotopic to a fiber
preserving branched covering.

Case 2. f does not admit a squeeze along any incompressible ver-
tical torus. Since d N Φ 0 , and N ψV\ there is an essential vertical
annulus E in N. Homotop / such that f~ι(E) is incompressible.
It must be either vertical or horizontal [7]. lϊ F is a horizontal com-
ponent of f~ι(E), then the subgroup A generated by π\(F) and h
has finite index in π\(M). Let B = π\(E), which is an infinite index
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subgroup of π\(N). Since f*(A) c B, we have

[πxN : B] < [πλN : f(A)] = [πxN : f+πxM\[f+πχM : f+A]

< [π\N : f*π\M][π\M : A] < oo, a contradiction.

Hence f~ι(E) must be a union of incompressible vertical tori or
annuli. It must be a union of annuli because / does not admit a
squeeze. Denote the annuli by {Ej}. After a homotopy of / , f\E[
either covers E or misses a boundary component of E. But the
later case cannot happen, for otherwise f~ι(h) has less than GOb(f)
components for a regular fiber h on E that is close to dE, a contra-
diction. It follows that /|AΓ - N(f~ι(E)) is an allowable map onto
N — iV(2?). Therefore the inductive hypothesis implies it can be ho-
motoped rel d into a fiber preserving branched covering. Hence / is
homotopic to a fiber preserving branched covering. α

LEMMA 3.5. Let g: M —• N be a map ofaspherical Seifert fibered
spaces of infinite %\ such that 1 Φ f*{h) e (A). Assume that M
is closed and dN φ 0. 77ze« either f admits a squeeze along an
incompressible vertical torus or f ~ f\, where f\ (M) c a fiber of N.

Proof. Let A be a union of essential vertical annuli in N which
cut N into a union of solid tori. Homotop / so that f~ι(A) is
incompressible in M.

Case 1. If a component F c f~ι(A) is horizontal, the group G =
(π\(F), h) is of finite index in π\(M). But f*(G) is cyclic since it
is contained in an annulus group. Hence f*(π\M) contains a cyclic
group of finite index. Therefore if M contains an incompressible
vertical torus then / admits a squeeze along this torus. If M does not
contain any incompressible vertical torus then M is a Seifert fibered
space whose base orbifold is S2 with three exceptional fibers. In this
case G = π\(M). Thus f*(ji\M) = f*(G) is a cyclic group with
a generator x. Since this group contains f*(h), and f*(h) G (A),
x is represented by a power of fiber c in JV [2, VΙ.ll(f)]. Hence
f*{π\M) C (c), and so / ~ f\ where f\(M) c c.

Case 2. If Z " " 1 ^ ) is a nonempty union of incompressible vertical
tori, then / admits squeezes along these tori.

Case 3. If f~ι(A) = 0, then /(M) is contained in one of the tori
of N cut along A. Hence f(M) can be homotoped into the core of
this torus, which is a fiber of N. D
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SOME NUMERIC RESULTS ON ROOT SYSTEMS

JIAN-YI SHI

Let Φ be an irreducible root system (sometimes we denote Φ by
Φ(X) to indicate its type X). Choose a simple root system Π in Φ.
Let Φ + (resp. Φ~) be the corresponding positive (resp. negative)
root system of Φ. By a subsystem Φ' of Φ (resp. of Φ + ) , we
mean that Φ' is a subset of Φ (resp. of Φ+) which itself forms
a root system (resp. a positive root system). We refer the readers
to Bourbaki's book for the detailed information about root systems.
Among all subsystems of Φ, the subsystems of Φ of rank 2 and of
type Φ A\ x A\ are of particular importance in the theory of Weyl
groups and affine Weyl groups (see the papers by Jian-yi Shi). In
the present paper, we shall compute the number of such subsystems
of Φ for an irreducible root system Φ of any type. Some interesting
properties of Φ are also obtained.

1. The number h(a). Let ( , ) be an inner product of the euclidean
space E spanned by Φ. For any a e Φ, we denote by |α| the length
of α, by α v the dual root 2α/(α, α) of a and by sa the reflection
in E which sends any vector v e E to sa(υ) = v - (v, α v ) α . For
a, β G Φ, we write a < β iΐ β — a is a sum of some positive roots.

For a G Φ, we define the sets D(a) = {β e Φ\a + β e Φ},
D+{a) = Z>(α)nΦ+ and D~(a) = D(α) n Φ " . Let d(a) be the
cardinality of the set Z>+(α). Also, we denote by ht(α) the height of

α, i.e. ht(α) = Σβenaβ i f a = Σβenaββ w i t h aβ e z

For any α e Φ + , there exists a sequence ζ of roots a\ = a, aι, . . . ,
ar in Φ + such that ar e Π and for every /, 1 < / < r, we have
α/_i > at = s# (oίi-ι) for some J / G Π . Such a sequence ζ is called
a root path from a to Π. We denote by h(a, ξ) the length r of ξ.
We shall deduce a formula for the number h(a,ζ), from which we
shall see that h(a,ξ) is actually independent on the choice of a root
path ξ from a to Π but only dependent on the root a.

Note that if the root system Φ contains roots of two different
lengths and if a = Σβmaββ *s a ^o nS r o o t °^ ^ w ^ aβ G

each coefficient aβ with β short is divisible by \a\2/\β\2.

LEMMA 1.1. Let a = Σβenaββ> aβ e%> ^e a r o o t °f φ +

ξ be a root path from a to II. Then

155
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(i) If either all the roots of Φ have the same length or a is a
short root of Φ with Φ containing roots of two different lengths, then
h(a:ξ)=ht(a);

(ii) If a is a long root of Φ with Φ containing roots of two different
lengths, then

*(*>« = Σ !§«/>•
βen ' '

Proof. Let a\ = a, a2, . . . , ar be a root path from a to Π. Then
in case (i), we have ht(α/) = ht(α/+i) + 1 for any /, 1 < / < r, by the
fact that (α, , δ^) = 1, where J, G Π satisfies the relation J/(α/_i) =
α, . So assertion (i) follows immediately by applying induction on
ht(α) > 1. Next assume that we are in case (ii). Again apply induction
on ht(α) > 1. If ht(α) = 1, then α e Π and the result is obviously
true. Now assume ht(α) > 1. Let ξ : a\ = a, α2, . . . , ar be a root
path from a to Π. Then ξf : a2 , a^ , . . . , ar is a root path from a2

to Π with ht(α2) < ht(α) and a2 = ^(α) for some δ G Π. Note
that α 2 is a long root of Φ. Write

Then by inductive hypothesis, we have

βen' '

Since (α, J v ) = |α|2/|(5|2 by the assumption sδ(a) < α, we have

This implies that

2 . l«2i2

+

by noting |α| = |«2|
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We see from Lemma 1.1 that, for any a G Φ + , the length of a root
path ξ from a to Π is only dependent on a but not on the choice
of the path ζ. So we can denote h(a, ξ) simply by h(a).

Let Φ v be the dual root system of Φ , i.e. Φ v = {αv | a e Φ} . Then
Π v = {αv I a € Π} and (Φv)+ = {αv | a G Φ+} are a simple root sys-
tem and the corresponding positive root system of Φ v , respectively.
We can define the number hy{ay) for any α v G ( Φ v ) + in the same
way as that for a root of Φ. That is, A v(α v) is the length of a root
path from α v to Π v in (Φ v )+.

LEMMA 1.2. For any a e Φ + , we have h(ά) = hv(ay).

Proof. For any δ G Π, we have the following equivalence.

(1) sδ{a) < a o (α, δy) > 0 <* (α v , δ) > 0 & sδ^{ay) < α v .

Apply induction on h(a) > 1. When h(a) — 1, we have a e Π
and hence α v e Π v . So hy{ay) = 1, and the result is true in this
case. Now assume h(a) > 1. Then there exists some δ e Π with
(α, δy) > 0. So h(ss(a)) = h(a) - 1 . By inductive hypothesis, we
have

(2) h(sδ(a)) = hy((sδ(a)r) = hy(sδ^(ay)).

But by (1), we have

A v(^v(α v)) = A v ( α v ) - l .

Thus we get h(a) = hv(aw). D

2. The number d(a). We shall deduce a formula for the number
d(a) for any a € Φ + .

For α, /? G Φ, we call all roots of the form a + iβ (/ e Z) the
/?-string through α. Let a G Φ + and J G Π satisfy the inequality
{a, δv) > 0. Then it is easily seen that α , α — < J , . . . , α - - ( α , <5V><5
is the (5-string through a except for the case when a is the highest
short root of the root system of type GΊ .

LEMMA 2.1. Given a e Φ + and δ e Π with {a,δy) > 0. Let
a' = ̂ ( α ) . Γλέ?/! (i) i)(αθ = ^( i)(α)) .

(ii) Sδ(D+(af)) = ̂ ^(α) U {-δ}, provided that a is not the highest
short root of the root system of type G2

(iii) d(af) = d(a) + 1 under the same assumption as that in (ii).
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Proof, (i) β eD(a') <* β+a' e Φosδ{sδ(β)+a) eΦ&sδ(β)+a e
Φ o sδ(β) e D(a) &βe sδ(D(a)).

(ii) First we shall show sδ(D+(a)) c Z)+(α'). Let β e sδ(D+(a)).
Then β e D{ar) by (i). If β e D~{ar) c Φ~ , then by the fact
sδ(β) e D+(a) C Φ + , w e have β = -δ. Since α , α - < 5 , . . . , α -
(α, δy)δ is the 5-string through a by the above remark, we see that
a+Ss(β) = oί+δ £ Φ which contradicts the condition sδ(β) G DJr{a).
Thus we have β e D+(af) and so sδ(D+(a)) c D+(a'), i.e. D+(a) c

It is obvious that {—£} C sδ(D+(a')). Thus it remains to show
the reversing inclusion. Now assume β e sδ(D+(a')). Then sδ(β) e
D+{af). This implies that sδ(β) + a' e Φ and sδ(β) e Φ + . Hence
β + a eΦ and sδ(β) e Φ + . But then we have either β e D+(a) or
β = -δ, which implies sδ(D+(a')) C D+(α) U {-<5} .

(iii) This is an immediate consequence of (ii). D

REMARK. In the case when the type of Φ is G2, let Π = {γ, δ}
with δ short. Then Z)+(2(5 + y) = {δ, δ + γ}, D+{δ + y) = {J, 2(5 + y}
and <5 + 7 = ^ ( 2 J + y). Thus the results (ii), (iii) of Lemma 2.1 do
not hold in this case.

In Φ + , let a1 be the highest long root and let as be the highest
short root, where we stipulate as = a1 in the case when all the roots
of Φ have the same length.

THEOREM 2.2. Given a e Φ + .

(i) If a is short and if the type of Φ is not G2, then

(ii) If a is long, then

Proof. First assume that the result has been shown to be true in the
case when a = as in (i) and α = αz in (ii). Apply reversing induction
on h(a) < h{as) in (i) and on h(a) < h{a!) in (ii). Now assume that
α is either short with h(ά) < h(as) or long with h(a) < h(aι). Then
there must exist some δ eΠ with (a, δw) < 0. So oί — sδ(a) > a
with h(a') = h(a) + 1. We see (α', δv) > 0. By Lemma 2.1 (iii), we
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have d(a') = d(a) — 1. So by inductive hypothesis, we get

Λ(α) + d(a) = (h{af) - 1) + (d(af) + 1)

= h{μ') + d{oί)

ί ht(aι) if a is short,

\ ht(as) if a is long,

by noting |α| = \a'\.
Thus it remains to show that assertion (i) is true for a = as and

that assertion (ii) is true for a = a1.
In the case when the Dynkin diagram is simply laced, we have

h(as) = ht(α5) by Lemma l.l(i). Clearly, d(as) = 0. So our re-
sult is true in this case. Now assume that Φ contains roots of two
different lengths. If Φ has type Bn , then h(as) = n, d(as) = n - 1,
ht(αz) = 2/ι - 1, rf(α') - 0 and h{aι) = A v((α0 v) = ht((α z) v) -
ht(α5) = 2n-2 by Lemmas 1.2 and 1.1 (i). If Φ has type Cn, then
h{as) = 2n-2, d(as) = 1, ht(αz) = In - 1 and rf(α7) = 0. We also
have

h{μι) = ΛV((α/)V) = ht((α ;)V) - ht(α5) - n

by Lemmas 1.2 and 1.1 (i). If Φ has type F4, then h(as) = 8, ί/(α5) =
3, ht(α ;) = 11 and d(aι) = 0. By the same reason as above, we have

h{aι) = hv({aι)v) = ht((α z) v) = h t ( ^ ) = 8.

If Φ has type G2, then d(aι) = 0 and h{aι) = ht(α5) = 3. Thus in
all the cases, our result is true. D

COROLLARY 2.3. Assume that the type of Φ is not G2. Then for
any short root a of Φ+, we have the equation

ht(α) + d{a) = h-l,

where h is the Coxeter number of Φ.

Proof. We have h(a) = ht(α) by Lemma 1.1 (i). Since ht(aι) =
h — l, our result follows immediately from Theorem 2.2(i). D

3. The number of certain rank 2 subsystems in Φ . Let g(Φ) be the
number of subsystems of Φ of rank 2 and of type other than A\xA\.
Then g(Φ) is also equal to the number of positive subsystems of Φ +

of rank 2 and of type Φ A\ x A\. In this section, we shall compute
the number g(Φ) for Φ of any type.
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LEMMA 3.1. If the Dynkin diagram of Φ is simply laced, then

(3) g(Φ) = ^

Proof. Under our assumption, the only possible type for a subsystem
of Φ + of rank 2 and of type Φ A\ xA\ is Aι. Each of such subsystems
could be obtained by first taking a root a G Φ + and then taking any
root β in the set D+(a) to form a subsystem {a, β, a + β}. Since
such a subsystem is obtained twice in the above way, this implies the
required formula (3) for the number g(Φ). α

Define

H(Φ) = Σ ht(α), HS(Φ) = ^ ht(α) and

e
short

ht(α).

aeΦ+

long

These numbers could be computed for any irreducible root system Φ.

Define (™) = num-n)\ ^ 0 Γ a n y integers m, n, 0 < n < m .

LEMMA 3.2.

Type of Φ

A
n
 (n > 1)

B
n
 (n > 2)

C
n
 in > 2)

D
n
 (n > 4)

E
6

E
η

Es

F
4

G
2

H(Φ)

«(«+l)(4«_l)
6

«(n+l)(4n-l)
6

n(n-\)(2n-\)
3

156

399

1240

110

16

H
S
(Φ)

(T)
n(n-l)(4n+l)

6

46

6

tf'(Φ)

4
(

n
3

l
)

64

10

D
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Now we can compute the numbers g(Φ) for Φ of types An , n > 1,
Dm , m > 4, and £7, / = 6, 7, 8 as follows.

THEOREM 3.3.

Type of Φ

A
n
 (n > 1)

A* (n > 4)

£7

*(Φ)

120

336

1120

Proof. By Corollary 2.3 and Lemma 3.1, we have

^ = \ Σ (h -! - ht(«)
1
1

Thus we have g(Φ(An)) = \{n{n+

2

x) - (nf)) =
n > 4 , we have

for AZ > 1. For

= 4

Also, we have g(Φ(E6)) = 4(11 - 36— 156) = 120,

and

) = ^(17-63-399) = 336,

120-1240) = 1120.

Now assume that Φ contains roots of two different lengths and that
the type of Φ is not Gι. Then the possible types for a subsystem Φ ;

of Φ of rank 2 and of type Φ A\ x A\ are A2 and B2 . Let w(Φ) be
the cardinality of the set

{{a, β} I a, β e Φ + have different lengths with a + β e Φ + } .

Then it is easily seen that the following formula for g(Φ) holds.

(4) (Φ)
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First let us consider the case when Φ has type Cn , n>2. We see
that a subsystem Φ' of Φ has type Ai only if all the roots in Φ' are
short. This implies that for each long root β e Φ + , the set D+(β)
contains no long root and hence u(Φ) = Σ^eΦ+ ΐong^(β) So by (4),
we get

1 V̂  Ji \ V̂

α€Φ+

long

d(a)-

short long /

\

:Λ_l_ht(α))-Σ(ι-l)
ι=l

\ short

by Theorem 2.2, Corollary 2.3 and Lemma 1.2. Then by Lemma 3.2,
we have

Since the root system of type Bn is the dual of the one of type Cn ,
there exists a bijection from the set of subsystems of the root system

v

of type Cn to that of type Bn by sending Φ' to Φf . Such a bijective
map preserves the ranks of subsystems and also preserves the types of
them whenever their ranks are not greater than 2. This implies that
we also have g(Φ) = "("-Wn-s) w h e n Φ has type Bn .

Next assume that Φ has type F4. By Theorem 2.2, Lemma 3.2 and
Lemmas 1.1, 1.2, we get

5 Σ'«•>-!

\

(ht(α') - ht(α))

£Φ
short

βeΦ+

long

= 1(1.24-

= 68.

8) - 9 2 )

Also, by a direct computation, we get u(Φ) = 18. So by (4), we have
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Finally, it is easily seen that g(Φ) = 3 when Φ has type
Summing up, we get the following table.
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THEOREM 3.4.

Type of Φ

Bn or Cn (n > 2)

F4

G2

g(Φ)
n(n-l)(4n-5)

6

50

3

D

From the above discussion, we can deduce even more precise con-
clusion. We note that in any irreducible root system Φ, there exist at
most two different types of subsystems which have rank 2 and types
Φ A\ x A\. Let g'{Φ) be the number of subsystems of Φ of type A2

and let g"(Φ) be the number of subsystems of Φ of type B2 or G2

Then by Theorem 3.3, we have

g'{Φ{Bn)) = g'(Φ(Cn)) = g(Φ(Dn)) = foτn>4

by noting that all the long (resp. short) roots of Φ(Bn) (resp. Φ(Cn))
form a root system of type Dn . Hence we also have

g"{Φ{Bn)) = g"(Φ(Cn)) = g(Φ(Bn)) - g'(Φ(Bn))

n(n-l)(4n-5)

• ( ; ) •

On the other hand, we have

) = l8 and

g'(Φ(F4)) = g(Φ(F4)) - g"(Φ(F4)) = 50 - 18 = 32.

Finally, it is obvious that g'{Φ{G2)) = 2 and g"(Φ(G2)) = 1. Sum-
ming up, we have the following table.
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THEOREM 3.5.

Type of Φ

Bn ,Cn(n> 2)

FA

G2

32

2

* " ( Φ )

(")

18

1

D

Proof. By the above discussion, it remains to show the result for
Φ being of types Bm or Cm , m = 2, 3. But this could be checked
directly.
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SINGULAR HOMOLOGY AND COHOMOLOGY
WITH LOCAL COEFFICIENTS AND

DUALITY FOR MANIFOLDS

E. SPANIER

This article contains an application of the author's previous work
on cohomology theories on a space to an exposition of singular the-
ory. After a summary of the relevant concepts concerning cohomology
theories in general, singular homology and singular cohomology with
local coefficients are defined. Each of these is presented in two ver-
sions, one with compact supports and one with arbitrary closed sup-
ports. It is shown that each version satisfies an appropriate duality
theorem for arbitrary (i.e. nonorientable) topological manifolds.

1. Introduction. This paper is a presentation of singular homology
and cohomology theory with local coefficients. Included is a treatment
of the usual singular homology with compact supports (which is based
on finite chains) and the singular homology based on locally finite
chains. The former is a weakly additive theory and the latter is an
additive theory.

Similarly, there are two types of singular cohomology, one with
compact supports and one with arbitrary supports. In an n-manifold
X the basic duality theorem asserts the isomorphism of the two types
of ^-dimensional homology for an open pair (U, V) in X to the
corresponding two types of (n — q)-dimensional cohomology of the
complementary closed pair (X — V, X — U) with coefficient systems
suitably related.

Our approach is to study homology and cohomology on a fixed space
X and to prove the duality theorem referred to above by comparing
two cohomology theories on X, one being the appropriate homology
of the open pair in complementary dimension and the other being the
corresponding cohomology theory of the complementary closed pair.
For this we present the relevant concepts concerning such theories and
a review of the comparison theorem for them.

Thus, the paper is divided into two parts, §§2 through 5 are devoted
to general concepts concerning covariant and contravariant functors
defined on pairs in a space, and §§6 through 10 are devoted to appli-
cations of these ideas to singular homology and cohomology and to a
proof of the duality theorem for manifolds.
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Many of the results in the paper seem to be known in some form but
not readily available in the literature. What is new is the generality of
our treatment and the methods used. The presentation is reasonably
self contained except for two results. The first is the main comparison
theorem (stated below in Theorem 2.1) whose proof can be found in
various forms in any of the references [9, 12, 13]. The second is the
existence of a Thom class for arbitrary manifolds (needed in §10 for
the duality theorems) a proof of which can be found in [7].

Section 2 contains definitions of a cohomology (homology) functor
on X as a contravariant (covariant) functor from closed (open) pairs
in X to the category of graded modules, together with a suitable nat-
ural transformation, such that continuity, excision, and exactness are
satisfied. The main comparison theorem for cohomology functors is
stated as well as a dual for homology functors.

In §3 we review some notation and terminology for chain (cochain)
complexes, and in §4 we consider chain (cochain) functors on a space.
These are often used in constructions to obtain homology (cohomol-
ogy) functors. In §5 we introduce chain (cochain) prefunctors. These
may be obtained by applying the hom functor to cochain (chain) func-
tors. By taking suitable direct limits of a prefunctor one obtains a
corresponding functor. Since the hom functor converts direct sums
of modules to direct products, it takes weakly additive functors into
additive prefunctors.

In §6 we define the singular chain complex with a local system as
coefficients. This is a weakly additive theory. In §7 we consider lo-
cally finite singular chains and obtain an additive singular chain func-
tor with local coefficients. We prove that in a locally compact finite
polyhedron the corresponding homology is isomorphic to the cellu-
lar homology of the polyhedron based on infinite chains. In §8 we
introduce singular cohomology with local coefficients. By using the
hom functor on singular cochains with compact support we construct
another additive homology functor. This is compared with the one
based on locally finite singular chains, and the two are shown to be
isomorphic on manifolds.

Sections 9 and 10 are devoted to a proof of the duality theorem for
manifolds. The algebraic machinery necessary to compare singular
homology of an open pair in X with cohomology of the complemen-
tary closed pair is set up in §9. This uses a suitable cohomology class
Uin(XxX,XxX-δ(X)) where δ(X) is the diagonal of Xx X.
In §10 we consider the case where X is an n manifold and U is its
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Thorn class and deduce the duality theorem. Some variants of duality
are also discussed.

2. Cohomology and homology functors. We assume throughout that
the space X is paracompact and Hausdorff. This isn't absolutely es-
sential for some of the results but it simplifies the presentation and
suffices for our applications. R will denote a fixed principal ideal
domain. All modules will be over R.

A cohomology functor AT*, 5* on X consists of:

(a) a contravariant functor H* from the category of closed pairs
(A, B) in X and inclusion maps between them to the category of
graded R modules (H*(A,B) = {H*(A, B)}geZ) and homomor-
phisms of degree 0 between them, and

(b) for every closed triple ( i , 5 5 C ) in I a natural transforma-
tion

δ*: H*{B, C) -> H*(A, B) of degree 1,

such that the following three properties are valid:

Continuity. For every closed pair (A, B) in X there is an isomor-
phism

p: lim{i/*(M, N)\(M, N) a closed neighborhood of (A,B)}

where p{u} = u\(A9B) for u e H*(M, N).

Excision. For closed sets A, B in X there is an isomorphism

p: H*(A UB,B)& H*(A ,AnB)

where p(u) = u\(A, A nB) for u e H*(A uB,B).

Exactness. For every closed triple (A, B, C) in X the following
sequence is exact

> Hq{A, 5) 4 #*(Λ, C) ^ i f * (5 , C)

What is here called continuity was called tautness in [8, 9]. This
definition of a cohomology functor is equivalent to that of an ES
Theory [10, 11, 12] although it is formally different. The defini-
tion given here is more convenient for dualization. It is a conse-
quence that every cohomology functor defines a cohomology theory



168 E. SPANIER

H', δ' on X (as defined in [9, 12]) in which H'(A) = H*(A, 0) and
δ': H'(AnB) -> H'(A\JB) is suitably defined. The cohomology func-
tor is nonnegative if Hq(A, B) = 0 for # < 0 and all closed pairs
{A,B).

A family {Sj}j€j of subsets of X is discrete if each point of X has
a neighborhood meeting at most one element of the family. Given a
discrete family {{Aj, Bj)}jeJ of closed pairs in X, for each j eJ let
C/ = U Ϊ / 7 Ai, a closed set in X . For each j e J there are restriction
homomorphisms

H*{Aj U C,, Bj U C,-) 4 JΓ ( U (^-, Bj)) ^ H*{Aj , £,).

The cohomology functor is said to be weakly additive if the homomor-
phisms {pj} define an isomorphism

H*(Aj\JCj9Bj\jCj)κH*l\J(AJ9Bj)
\jeJ

for every discrete family {(Aj, Bj)}jej, and it is additive if the ho-
momorphisms {pj} define an isomorphism

jeJ

for every discrete family {(Aj?, Bj)}jeJ. (Note that, by excision,
if*(4/ U C/, ̂  U C, ) = / / * ( ^ U (Bj U C/), 5 7 U Cj) « //*(^ y , J?/)
for each 7 € / , so weak additivity as defined above is equivalent to
that defined in [13].)

A homomorphism φ: Hf , δ^ —• 7/|, J2 between two cohomol-
ogy functors on the same space X is a natural transformation from
HI to //I (of degree 0) which commutes up to sign with δ\, δ^ -
The following is a consequence of the main comparison theorem for
cohomology theories [9, 12, 13] and the five lemma.

THEOREM 2.1. Let φ: H\, δ^ —• //£, 2̂ ^ α homomorphism-be-
tween cohomology functors on X and suppose both are weakly additive
or both are additive. Suppose there is n such that φ: Hf(x9 0) —>
H^x, 0) is an n-equivalence for all x e X. If both H*, δf and
H2, δ% are nonnegative or if X is locally finite dimensional then
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φ: H\{A, B) —• H^A, B) is an n-equivalence for all closed (A, B)
in X.

Dually, a homology functor H*, d* on X consists of:

(a') a convariant functor H* from the category of open pairs
(£/, V) in X to the category of graded i?-modules (H*(U, V) =
{#,(£/, F)},€Z), and

(b;) for every open triple (U, V, W) in X a natural transforma-
tion d*\H*{U, V)-+H*(V, W) of degree - 1 ,

such that the following three properties are valid:

Continuity. For every open pair (U, V) there is an isomorphism

i: Km{H*(U'9 V
f)\(U', V) open and (V, T') c ((7, F)}

where /{z} = /'(z) for z G H*(U'9 V
f) (and /' : H*(U', F;) ->

/ί*(ί7? F) is induced by the inclusion map (£/', K;) c (U, V)).

Excision. For open £/, V in X there is an isomorphism

/://*([/, £/nF)^/7*(£/uF, F)

induced by the inclusion (17, U Γ)V) c (U UV, F) .

Exactness. For every open triple (C/, F, W) the following sequence
is exact

The homology functor is nonnegative if Hq{U, V) = 0 for <? < 0
and all open pairs ({7, F) . Given a discrete family {(IT/, F/)}^/ °f
open pairs in X, for 7 e / let M7; = U/^ ̂ / F° r e a c ^ j € J there
are homomorphisms induced by inclusion

H.{Uj9 VJ)XH* l\J(Uj9 Vj)\ X H.(UjUWJ9 VjUWj).
J

The homology functor is weakly additive if the homomorphisms
define an isomorphism
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for every discrete family {((//, Vj)}jeJ > a n d it is additive if the ho-
momorphisms {ifi define an isomorphism

jeJ

for every discrete family {(C//, F/)}./€/
Complementation and sign changing interchanges homology func-

tors and cohomology functors. That is, the equation

Hq(X - B9 X - A) = H-g(A9 B)

can be used to define a covariant functor 77* on open pairs if 77* is
given on closed pairs, or conversely, defines 77* on closed pairs if 77*
is given on open pairs. In each case there is a similar way to relate δ*
and d* so that corresponding to a homology functor 77*, <9* there is
a cohomology functor and conversely. Complementation in this form
does not preserve nonnegativity but does preserve weak additivity and
additivity and it is involutive.

A homomorphism h: 77*, d* —•//£, dl between two homology
functors on the same space is a natural transformation from 77* to
77* commuting up to sign with <9* and dl. The following comparison
theorem is one consequence of Theorem 2.1 obtained by complemen-
tation and sign changing.

THEOREM 2.2. Let h: 77*, <9* —• 77**, dl be a homomorphism be-
tween two homology functors on X and suppose that both are weakly
additive or both are additive. If h: 77*(X, X - x) -> 77^(X, X - x)
is an isomorphism for all x e X and X is locally finite dimensional
then h: H*(U, V) —> Hl(U, V) is an isomorphism for every open pair
(U, V) in X.

3. Chain complexes. In the next section we will see that a homol-
ogy (or cohomology) functor can be obtained from a functor from
open (or closed) pairs to the category of chain (or cochain) complexes
having properties analogous to the continuity, excision, and exactness
properties.

In this section we summarize some definitions and properties of
chain complexes over 7?. By changing the sign of the degree in such a
complex we obtain a cochain complex and vice versa. This procedure
will be referred to as "the sign changing trick" and implies that re-
sults valid for chain (or cochain) complexes have analogues valid for
cochain (or chain) complexes.
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A chain transformation between two chain complexes is called a
weak chain equivalence [3] if it induces isomoφhisms of the respective
homology modules. Every chain equivalence is a weak chain equiva-
lence, and every weak chain equivalence between free chain complexes
is a chain equivalence (recall that R was assumed to be a principal
ideal domain). In a similar fashion we define the concept of weak
cochain equivalence between cochain complexes.

Let θ: C —> C be a chain transformation and let G be an R-
module. Then 0 ® 1: C®G -> C®G is a chain transformation, and
if θ is a chain equivalence, so is θ ® 1. However, if θ is a weak
chain equivalence, then θ ® 1 need not be a weak chain equivalence.
We will replace C ® G by another chain complex which is a functor
of C and (7 such that a weak chain equivalence of C will induce a
weak chain equivalence on the new chain complex. The main interest
in this construction is in the case of chain complexes which are not
free.

Let 0 -> Pi Λ Po Λ G -> 0 be a free presentation of G. Then
P = {Po > Λ , #} is a free chain complex with

G i f# = 0,

and there is a weak chain equivalence e: P —* ((7, 0) where ((7,0)
is the chain complex with G in degree 0 and trivial chain modules
in degrees other than 0. If Pι is another free chain complex with
ε': P' —• ((?, 0) a weak chain equivalence, there is a chain equivalence
τ:P-*F such that δ 'oτ = ε.

Consider the complex C®P. Since P is free it is a consequence of
the Kunneth formula [8] that for every q there is a split short exact
sequence (universal coefficient formula)

0 - Hq{C) ® G ^ Hq(C® P) -> tor(/^_i(C), (?) - 0.

Furthermore, if θ: C —• C ; is a weak chain equivalence, so is θ <S>
1: C ® P —• C(S)P, and if C is a free chain complex, then 1 ®ε: C®
P -^ C ® G is a weak chain equivalence. Finally, if Pf is another
free chain complex with ef: Pf —• ((7, 0) a weak chain equivalence,
then C ® P and C ® P ; are chain equivalent. Therefore, H*{C®P)
depends canonically on C and G.

If C, C are chain complexes there is a chain complex hom(C, C)
[3] where hom(C, C')q is the module of homomoφhisms φ from C
to C of degree q (so φ(Q) c C _^ for all /) and with

d": hom(C, C7)* -> hom(C, C%-i
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defined by d"(φ) = d'oφ+(-l)<*φod . Then d"d" = 0 so hom(C, C)
is a chain complex. Note that hom(C, (G, 0))q = hom(C-q, G) so
that if C is a nonnegative chain complex, hom(C, (G, 0)) is a non-
positive chain complex. In this case we consider hom(C, (G, 0)) as a
nonnegative cochain complex by changing the sign of the degree. Sim-
ilarly if C* is a nonnegative cochain complex we change the sign of
its degree and obtain a nonnegative chain complex hom(C*, (G, 0)).

If C, C are chain complexes and θ: C —• C is a weak chain
equivalence, then

hom(0, 1): h o m ( C , (G, 0)) -* hom(C, (G,0))

need not be a weak cochain equivalence. Because of this we consider
an injective resolution of G

Here, Q = {Q°, Q} , δ} is an injective cochain complex with

T'
and η: (G, 0) —• Q is a weak cochain equivalence.

Consider the cochain complex hom(C, Q) (hom(C, Q)q consists
of pairs {ψQ,φ\) where φ0: Cq -* Q° and ψ\\ Q_i —> Q1 and
^(^o ? ί̂ i) = ( ( - l ) ^ o °d , (-l)^^i od +δ o ^ 0 ) ) . For every # there
is a split short exact sequence (universal coefficient formula)

0 -> ext(iίy_i (C), G) -^ ^ ( h o m ( C , Q)) -> hom(//^(C), G) ^ 0.

Furthermore, if θ: C —• C is a weak chain equivalence so is
hom(#, 1): hom(C ;, Q) —• hom(C, Q), and if C is a free cochain
complex, then

hom(l, η): hom(C, (G, 0))-^hom(C, Q)

is a weak cochain equivalence. Finally if Q is another injective
cochain complex with a weak cochain equivalence ηf: (G, 0) —• Q7,
then there is a cochain equivalence hom(C, Q)-^hom(C, Q'). There-
fore, 77*(hom(C, Q)) depends canonically on C and G. Similarly if
C* is a cochain complex then hom(C*, Q) is a chain complex (with
hom(C*, Q)q consisting of pairs (^o, ψ\) where ΨQ\ Cq —> 2° and
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4. Chain and cochain functors. It is frequently the case that a homol-
ogy (cohomology) functor is obtained from a suitable chain (cochain)
functor on the space. This section contains the relevant definitions.

A chain functor C* on a topological space X is a covariant functor
from the category of open pairs in X to the category of chain com-
plexes of R modules (C*(C7, V) = {Cq(U, V)}qeZ) such that the
following three properties are valid:

Continuity. For every open pair (U, F) there is a weak chain equiv-
alence

i: lim{C*(t/', V')\(U', V) open and (V,V) c (ϊ/, V)}

Excision. For open sets U, F in X there is a weak chain equiva-
lence

i: C*((7, £ / n F ) - + C * ( £ / U F , F).

Exactness. For every open triple (C/, F , W) in X there is a short
exact sequence

0 - > C * ( F , jPF)Λc*(C/? PF)-tc*(C/ ? F)-> 0.

The chain functor is nonnegative if Cq{U, V) = 0 for # < 0 and
all open pairs (17, V) in X. It is weakly additive if for every dis-
crete family {([//, Vj)}jeJ of open pairs in X there is a weak chain
equivalence

/:
induced by the maps /,•: C*(Ϊ77 , F,) -> C*(U7 G/(l7y, F;)). It is addi-
tive if for every discrete family {(Uj, Vj)}jej there is a weak chain
equivalence

σ': C* ( \J{Uj,
\jeJ

where Wj = U/^7 C// and σ' is induced by the maps

\J(UJ9 Vj)) -+ C*(UjUWj, UjU

W /
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THEOREM 4.1. If C* is a chain functor on X and G is an R mod-
ule, there is a homology functor H*( , ;G) on X with Hq(U, V\ G)
= Hq(C*(U, V)®P) {where P is a free resolution of G) and <9* the
connecting homomorphism corresponding to the exact sequence

0 - » C * ( F ,

If C* is nonnegative or weakly additive, the same is true of //*(•, G),

Proof. The operation on chain complexes of forming their tensor
product with P commutes with direct sums and direct limits, takes
weak chain equivalences into weak chain equivalences, and takes short
exact sequences into short exact sequences. Therefore, the continu-
ity, excision, and exactness properties of C* yield the corresponding
properties of i/*( , •; G), <9*. Nonnegativity of C* clearly implies
nonnegativity of 77* ( , G) and weak additivity of C* implies weak
additivity of #*(•, . G). D

Additivity of C* does not imply additivity of //*(•, G) because
tensor product of chain complexes with P does not commute with
infinite products.

Thus, weakly additive homology functors can be obtained from
weakly additive chain functors. To get additive homology functors, in
the next section we shall use the hom( , Q) construction applied to
a weakly additive cochain functor. Therefore, we now introduce the
concept of a cochain functor, dual to that of a chain functor.

A cochain functor C* on X is a contravariant functor from closed
pairs in X to the category of cochain complexes of R modules
(C*(A, B) = {Cq{A, B)}qeχ) such that the following properties are
valid:

Continuity. For every closed pair (A, B) there is a weak cochain
equivalence

p: lim{C*(M, N)\(M, N) a closed neighborhood of (A,B)}

Excision. For closed sets A, B in X there is a weak cochain equiv-
alence

p: C*(A UB,B)^ C*{A ,AυB).
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Exactness. For every closed triple (A, B, C) in X there is a short
exact sequence

0 -+ C*(A, 5) Λ C*(Λ, C) ^ C*(£, C) -* 0.

The cochain functor is nonnegative if C^(^4, 2?) = 0 for # < 0
and all closed {A, B) in X . It is weakly additive if for every discrete
family {(Aj, Bj)}jej of closed pairs in X the homomorphisms

p'j: C*(Λ, u Cj, Bj u C, ) -> C* ( (J (Λ, , * , )

induce a weak cochain equivalence

*(Aj\jCj,BjUCj) - C. l\J{Aj,Bj)

\jeJ

(where Cj = Uί=έ/ ̂ « f°Γ e a c n 7)» a n <^ it ^s additive if there is a weak
cochain equivalence

jeJ

induced by the maps pj: C*(\Jjej(Aj, £,-)) -> C*(^ί7, Bj).
Complementations and sign changing

{Cq{A9 B) = C_^(Z - 5, X - ^))

interchanges chain and cochain functors preserving weak additivity
and additivity (but not nonnegativity). The following analogue of
Theorem 4.1 is obtained by complementation and sign changing.

THEOREM 4.2. If C* is a cochain functor on X and G is an R
module, there is a cohomology functor //"*(•, •; G), δ* on X with
H«(A ,B;G) = H<*(C*(A, B) ® P) {where P is a free resolution of
G) and δ* is the connecting homomorphism corresponding to the exact
sequence

0 -• C*(A ,B)®P-> C*{A ,C)®P-+ C*(B, C) ® P -> 0.

If C* is weakly additive the same is true of H*{*, \G).

5. Prefunctors. We have viewed homology on X as a covariant
functor on open pairs of X and so our chain functors are also co-
variant functors on open pairs of X. Dually cohomology on X is a
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contravariant functor from closed pairs of X and the corresponding
cochain functors are also contravariant functors on closed pairs. It
may happen that we encounter or construct a covariant functor from
closed pairs of X or a contravariant functor from open pairs. If such
functors satisfy suitable hypotheses they are called chain (cochain)
prefunctors on X. By passing to appropriate direct limits they give
rise to chain (cochain) functors.

One way of constructing a chain (cochain) prefunctor is to apply
hom( , Q) to a cochain (chain) functor (where Q is an injective res-
olution of a module G). This procedure applied to a weakly additive
cochain (chain) functor yields an additive chain (cochain) prefunctor.

A cochain prefunctor C* on X is a contravariant functor from
the category of open pairs (£/, V) of J to the category of cochain
complexes of R modules (C*(t7, V) = {Cq{U, V)}geZ) such that
the following are valid:

Excision. For open sets U, V in X there is a weak cochain equiv-
alence

p: C*(£/UF, F)->C*(£/, UnV).

Exactness. For every open triple (U, V, W) in X there is a short
exact sequence

o-+c*(t/, F
Nonnegativity, weak additivity, and additivity are defined for cochain

prefunctors in fashion analogous to their definition for cochain func-
tors. There is no continuity property involved in the definition of
cochain prefunctor.

Dually a chain prefunctor C* on X is a covariant functor C* from
the category of closed pairs (A, B) in X to the category of chain
complexes of R modules satisfying excision and exactness.

THEOREM 5.1. Let C* be a chain functor on X and G an R module.
For an open (U, V) in X define

C*(U, F)=hom(C*(£/, K),β)

where Q is an injective resolution of G. Then C* is a cochain pre-
functor on X. If C* is weakly additive, then C* is additive. Dually if
C* is a (weakly additive) chain functor define, for a closed pair (A9''B)
in X,

Then C*(A> B) is an (additive) chain prefunctor on X.
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Proof. Because Q is an injective complex, the excision property of
C* implies that of C* and the exactness property of C* implies that
of C*. Thus, C* is a cochain prefunctor.

Assume C* is weakly additive. We prove C* is additive. Let
{(£//, Vj)}jej be a discrete family of open pairs. Then there is a
weak chain equivalence

\j£J

Therefore, there is a weak cochain equivalence

hoπψ , 1): horn C* \J(Uj, Vj) , Q

-+homl®C.(Uj,Vj),Q\.

Since h o m ( φ y e / α(C/, , Vj), Q) » \[j€J hom(C([/7 , ^ ), Q) we ob-
tain a weak chain equivalence

j jeJ

proving that C* is additive.
This completes the proof of the statement about the cochain pre-

functor. The dual statement about chain prefunctors is proved
similarly. D

THEOREM 5.2. Let C* be a cochain prefunctor. Define, for {A, B)
a closed pair in X,

C*(A, £)=lim{C*(£/, V)\(U, V) an open neighborhood of {A, B)}.

Then C* is a cochain functor and if C* is additive, so is C*. Similarly
if C* is a chain prefunctor define, for open (U, V),

C*(£/, V) = l im{C*μ, B)\(A, B) closed c (t/, F)}.

C* w α c/zα/π functor and if C* w additive, so is C*.

Proof. Since X is normal, if a closed pair (̂ 4, B) is contained in
an open pair (U, V) there is a closed pair of neighborhoods (M, TV)
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of (A, B) with (M, N) c (U, V). Using this and the definition of
C* it follows that C* is continuous.

Since the cohomology of a direct limit of cochain complexes is the
direct limit of the cohomology of the cochain complexes, the excision
property for C* follows from that for C*.

Since the direct limit of exact sequences is exact, the exactness prop-
erty for C* follows from that for C*.

Therefore, C* is a cochain functor. To prove it is additive if C*
is, note that, since X is paracompact, it is collectionwise normal.
Hence, if {(Aj, Bj)}jej is a discrete family of closed pairs in X there
exist discrete families of open pairs {(Uj, Vj)}jej with (Aj, Bj) c
(Uj, Vj) for each j , and as these discrete families vary over such
neighborhoods their unions \JJ€J(UJ , Vj) form a cofinal family of
open neighborhoods of \JjeJ(Aj, Bj). Since C* is additive, there is
a weak cochain equivalence

Taking the direct limit of both sides as (Uj, Vj) vary over discrete
neighborhoods of (Aj, Bj) yields the additivity of C*. This proves
the result for C*.

The result for C* follows similarly. D

Combining Theorems 5.1 and 5.2 we obtain the following.

COROLLARY 5.3. Let C* be a chain functor on X and G an R
module. For a closed pair (A, B) in X define

C * μ , 5 ; G ) = lim{hom(C*(C/, V), Q)\(U, V) an open

neighborhood of(A,B)}

where Q is an injective resolution of G. Then C*( , G) is a cochain
functor on X. / / C * is weakly additive\ then C*( , •; G) is additive.
Dually, if C* is a (weakly additive) cochain functor on X define, for
(t/, V) open in X,

C,(U, V;G)= lim{hom(C*(A,B)yQ)\(A,B) closed c(C/, V)}.

Then C* is an (additive) homology functor on X. D

REMARK 5.4. In Corollary 5.3 if C* (or C*) is nonnegative it is
not true that C* (or C J is nonnegative; however, the corresponding
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cohomology functor Ή* (or homology functor /7J determined by
C* ( C J is nonnegative because of the universal coefficient formula.

Even for prefunctors which are neither weakly additive nor additive
we can obtain weakly additive functors by using limits over compact
(or cobounded) sets as we now describe. (Recall that a set A c X is
cobounded if X - A has compact closure.)

THEOREM 5.5. Let C* be a cochain prefunctor on X. For {A, B)
a closed pair in X define

C*C(A,B) = lim{C*(£/, V)\(U, V) open cobounded

neighborhood of(A,B)}.

Then Cc is a weakly additive cochain functor. Dually, if C* is a chain
prefunctor on X define, for open ({/', V) in Xy

C«(U9 V) = Km{C*(A9B)\(A,B) compact c (U, V)}.

Then C_l is a weakly additive chain functor on X.

Proof. The proof that C* is a cochain functor (and C* *s a chain
functor) is analogous to the proof in Theorem 5.2 that C* ( C J is a
cochain (chain) functor.

We show C* is weakly additive. Let {(Aj, Bj)}jeJ be a discrete
family of closed pairs in X and let (U, V) be an open cobounded
neighborhood of \JjeJ(Aj, Bj). Then there is a finite set F c / such
that j φ. F implies Aj c V (since X— V is compact it can meet only
finitely many Aj's). If w e c£(U/€/C4/ > ^/)) ^ a s ^ e f ° r m u = {v}
where i; G C*(C/, F) then w| U7 ^ F ( ^ 7 » ̂ 7) = 0 s o (bY t h e analogue
of the Lemma in [13]) it follows that C* is weakly additive. D

6 Singular homology. In this section we introduce the usual sin-
gular homology of X with coefficients in a local system. This is a
weakly additive homology functor on X. A corresponding additive
homology functor will be introduced in the next section. Our treat-
ment of singular theory dates back to Eilenberg [5] and is the one most
commonly used since the appearance of [5].

We begin by recalling some properties of local systems. Local sys-
tems were defined by Steenrod [14]. The definitions below are equiv-
alent to his. A local system [8] Γ of R modules on a space X is
a function associating to every x e X an R module Γx and to ev-
ery path ω: I —> X a homomorphism Γ ω : Γω(0) —> Γω(i) (this is the
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reverse of the definition in [8]) such that:

(1) If εx is the constant path at x , then Γε^ = l Γ ( x ) .

(2) If ω(l) = ω'(0) the product path ω*ω' is defined and Tω^ω> =

Γω ' o Tω: Γω(0) -> Γω'(i)
(3) If ω and ω' are homotopic paths (i.e. homotopic relative to

{0, 1}), then Γ ω = Yω>: Γω(0) -> Γ ω ( 1 ) .

Let / : Y —• X be a continuous map and Γ a local system on X. A
Γ section of / is a function s assigning to every y e Y an element
s(y) G Γf(y) such that, for every path ω in 7 , Γfoω(s(ω(0))) =
s(ω(l)). The set of all such Γ sections of / is an R module Γ(/)
under pointwise operations of functions. In case Y is path connected
and every closed path in Y is mapped by / into a null homotopic
path in X (e.g. if Y is simply connected), then for every y0 e Y the
map φ$: Γ(/) —• Γy^ ) defined by ψo(s) = s(yo) is an isomorphism.

If Γ is a local system and G is an R module, hom(Γ, G) is
the local system (hom(Γ, G))x = hom(Γ x , G) and, for ω a path
in X, (hom(Γ, G))ω: (hom(Γ, G))ω{0) -• (hom(Γ, G)) ω ( 1 ) is equal
to (hom(Γω, I ) ) - 1 : hom(Γ ω ( 0 ) , G) -> hom(Γ ω ( 1 ) , G) (so for φ e
hom(Γ, G) ω ( 0 ) , (hom(Γ, G))ω(φ) ^ p Γ ^ G hom(Γ, G ) ω ( 1 ) ) .

Two local systems Γ and F are paired to an R module G if there
is bilinear map ( , •): ΓxφΓ^ —• G for each x such that if ω is a path
in X then for γ e Γ ω ( 0 ) , γ e Γ ω ( 0 ) we have (γ, γ') - (Tω(γ), Γ ω ( / ) ) .

EXAMPLE 6.1. There is a pairing of hom(Γ, G) and Γ to G defined
by (<P>V) = φ(ϊ) for γ eΓx and ^ e (hom(Γ, G))x - hom(Γ x, G).

If Γ and Γ are paired to G then for every path connected Y and
map / : Y —* X there is a pairing of Γ(/) and Γ'(/) to G defined
by (s,s') = (5(y), ^(y)) for y e Y (the value of (s(y),s'(y)) is
independent of y e Y because Y is path connected).

For q < 0 define Δ^(X; Γ) = 0 and for <? > 0 define Ag(X; Γ) to
be set of all finitely non-zero functions c which assign to every singular
^-simplex σ: Ag —> X an element c(σ) G Γ(σ). Then Aq(X] Γ) is an
R module under pointwise operations of functions. If gσ e Γ(σ) let
gσσ denote the element of Aq(X Γ) such that

0 iϊσφσ',

^ if σ = σ1.

Then every element c e Aq(X;Γ) has the form c = ^ σ gσσ where
# σ = 0 except for a finite set of σ 's.

If gσ e Γ(σ) and σ ^ is the /th face of σ, then gσ\σ^ e Γ(σ^).
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Thus, there is a homomorphism

defined by d(Σσgσσ) = Σσ Σo<i<g(^y(8σW{i))σ{i). It is easily ver-
ified that dd = 0 so that Δ*(X Γ) = {Aq(X Γ), a} is a nonnegative
chain complex. If c = Σ σ ĝ cr its support \c\ = \J{σ(Δq)\gσ Φ 0}, a
compact subset of X. If 4 c X, then Δ*(Λ ; Γ ) = {CG Δ*(X Γ)||c| c
4̂} is a subcomplex of Δ*(X Γ), and we define

so there is a short exact sequence

0 - \*{A Γ) -> Δ*(X Γ) ^ Δ*(X,A;Γ)->0.

THEOREM 6.2. Le/ Γ be a fixed local system on X. Then Δ*( , •)
defined for (U 9 V) open by Δ*(i7> V) =Δ*(ί7, F ; Γ) is a nonnegative
weakly additive chain functor on X.

Proof. Continuity follows from the fact that as (£/', F') vary over
open sets with ( F \ F') c (U, V), then UΔ*(C/;;Γ) = Δ*(t/;Γ)
and UΔ*(K'; Γ) = Δ*(F; Γ) because every element of Δ*(ί7 Γ) (or
Δ*(F Γ)) has support a compact subset of U (or V) so is contained
in Uf (or V) for some open t/' (or V) whose closure is contained
in U (or F ) .

For excision let ^ be a collection of subsets of X and define
Δ * ( ^ Γ) to be the subcomplex of Δ*(X Γ) consisting of finite sums
Σcj such that for each j , Cj £ Δ*(X; Γ) and there is some Vj e
Ψ° with \CJ\ c Vj. If Ψ" is a collection of subsets of 4̂ such that
A = U F ( Ξ ^ i n t F ' , then the inclusion map Δ*(?^; Γ) c Δ#(^4; Γ) is
a chain equivalence (proof analogous to that of Theorem 14 on p.
178 of [8]). In particular if U and F are open sets in X, then
Δ*(C/ Γ)+Δ*(F Γ) c Δ*(C/U F Γ) is a chain equivalence. It follows
that

[Δ*(t/; Γ) + Δ * ( F ; Γ)]/Δ*(F; Γ) - Δ*(C/U F ; Γ)/Δ*(F; Γ)

= Δ*(C/UF,F;Γ)

is a chain equivalence. Excision follows from this and the Noether
isomorphism

Δ*(C7, C/n F ; Γ) = Δ*(£/; Γ)/Δ*(t/Π F ; Γ)

= Δ*(C/;Γ)/[Δ*(C/;Γ)ΠΔ*(F;Γ)]
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If (U, V, W) is an open triple in X there is a short exact sequence

so exactness is satisfied.
Thus, Δ*( , •) is a nonnegative (by definition) chain functor. It is

weakly additive because every chain has compact supports [13]. D

It follows from Theorem 6.2 that for every R module G the singu-
lar homology on X with coefficients T®G, denoted by //•(•, Γ® G)
and defined by Hq(U, V; Γ® G) = Hq{A*{U, V; Γ) ® P) (where />
is a projective resolution of G1) is a nonnegative weakly additive ho-
mology functor on X.

7. Locally finite singular homology. In this section we introduce the
locally finite singular chains to obtain an additive homology functor.
In a special situation we relate this new homology to limits of the usual
singular homology. This is applied to show that for a locally finite
simplicial complex the locally finite singular homology is isomorphic
to the simplicial homology based on infinite chains. The locally finite
singular homology was considered in Seminaire Cartan [2] where it
was called "singular homology of the second kind".

For j > 0 a function c which assigns to every singular (/-simplex
σ: Aq —• X an element c(σ) e Γ(σ) is called a locally finite q-chain
if {σ(Aq)\c(σ) φ 0} is a locally finite family in X. The locally finite
^-chains form an R module A™{X\ Γ) under the usual operations
on functions. For q < 0 we define A™(X Γ) = 0. If c e A™(X Γ)
with 0 < q its support \c\ = \J{σ(Ag)\c(σ) Φ 0}, a closed subset of
X. If c €Δ£°(X; Γ) with ? < 0 w e define |c| = 0 .

If {Cj}jej is a family of elements of A™(X; Γ) it is said to be
locally finite if the family of supports {\cj\}jej is locally finite. In
this case the sum Σ/e/ cj *s defined as an element of A™(X Γ) (be-
cause for every singular ^-simplex σ, σ{Aq) is compact so meets
only finitely many \CJ\ and so Cj(σ) = 0 except for a finite set of

's). In particular, if q > 0 and c = Σσ gσσ e A™(X; Γ), then
iy(gσW{i))σ{i)}gσϊθ is a locally finite family so

Σ (-mg
σ 0<i<q

and there is a homomorphism
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such that d(Σσgσσ) = ΣσΣo<i<σ(-iY(gσ\σW)σW. Then \dc\ c |c|
and ddc = 0 so there is a nonnegative chain complex Δ£°(X; Γ) =
{Δ£°(X; Γ), d} of locally finite singular chains with coefficients Γ.
We define H™>{X Γ) = Hq(Δ?(X Γ)).

Clearly Δ*(X; Γ) c Δ f ( X ; Γ) (in fact, Δ*(X; Γ) is the subcom-
plex of Δ£°(X; Γ) of chains having compact support) so there is a
homomorphism

Hq(X 9Γ)-+H?(X;Γ).

If A c X we define XΔ?(A;Γ) = {c G A™(X; Γ)\\c\ c Λ}. This
is a subcomplex of A™(X Γ) and consists of chains in A which are
locally finite in X (a stronger condition than being locally finite in
A). We define XH?(A\ Γ) = H*(xAf(A\ Γ)). In case Λ is closed
in X, *Δ~(Λ Γ) = Δ2°(Λ Γ) so that XH?(A Γ) = H?>(A Γ) in
this case.

If c G XΔ^°(^4 Γ) there is a set F closed in X with F c A such
that c G ΔfCF Γ) (for example, F = |c |). Therefore, if {^ ;} ; € / is
a family of subsets of A directed upward by inclusion such that every
subset of A which is closed in X is contained in Aj for some j G /
then XΔ?(A;Γ) = \JJeJ

xΔ?(Aj;Γ) and so l i m { ^ ° ° ( ^ ; Γ)} «

If B c A c X then X ΔJ°(5;Γ) c ^ Δ f ί ^ Γ) and we define
xAf{A, B Γ) = x Δ f (Λ Γ)/XΔ^(B Γ). There is then a short exact
sequence of chain complexes

0 -> XΔ£°(£ Γ) -* XΔ^°(^ Γ) -> XΔ^°(^, 5 Γ) -• 0.

THEOREM 7.1. For (U, V) an open pair in X define Δ£°(ί7, V) =
XΔ^°(C/, F ; Γ). Γλen Δ °̂ w α nonnegative additive chain functor on
X.

Proof. Continuity follows from the fact that as (U1, Vf) vary over
open pairs with (Z7',F') c (£/, V) then (JΔfίt/O = Δ2°(t/) and
(JΔ^°(F / )=Δf(F) so that limίΔfίC/7, F ;)} « Δf (J7, F ) .

For excision let ^ be a family of subsets of X and define
xAf(T\ Γ) to be the subcomplex of Δ2°(ΛΓ; Γ) consisting of lo-
cally finite sums ΣjeJCj such that for each j G / , c7- € Δ£°(X; Γ)
and there is some Vj• e Ψ' with \CJ\ c Vj. If 2^ is a collection
of subsets of 4̂ such that A = | J F G ^ i n t F then the inclusion map
XΔ£°(5^ Γ) c XA™(A Γ) is a chain equivalence (proof analogous to
that of Theorem 14 on p. 178 of [8]). Excision follows from this (as
in the proof of excision in Theorem 6.1).
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If (U, V, fF) is an open triple in X there is a short exact sequence

so exactness is satisfied.

Thus, Δ£° is a nonnegative chain functor on X. To show it is
additive suppose {Uj}jej is a discrete family of open sets in X and
V C \JjeJ Uj *s ° P e n Then there are isomorphisms

and additivity of Δ£° follows. D

Thus, usual singular homology is obtained from a weakly additive
chain functor and locally finite singular homology is obtained from an
additive chain functor. In case X is compact the two theories agree.
The following is a generalization of this.

LEMMA 7.2. If B c A and A - B has compact closure in X then

Proof. If A - B has compact closure in X, then for c e
XA™{A, B\ Γ) the set {σ\c{σ) φ 0 and σ(Δ*) Π {A - B) φ 0} is
finite. Therefore, xAf(A Γ) = xAf{B Γ) + Aq{A Γ) and so

XA™(A, B Γ) = xAf(A Γ)/XA™(B Γ)

= [xAf{B Γ) + Aq{A Γ)]/xΔξ>(B Γ)

= Aq{A Γ)/Δ,(5 Γ) = Aq(A, B Γ). D

Our next result relates H£° to limits of //* in a special situation.

THEOREM 7.3. Assume there is a sequence {C/}/>o of subsets of X
such that X = (J/intC/, Q c Q + i for each i, and Ci is compact for
each i. ΓAeft ί/^re is a short exact sequence

H™(X; Γ) -, \im{Hq(X, X-Q; Γ)} - 0.
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Proof, (Note that a sequence {Q} of subsets of X satisfying the
hypotheses of the theorem exists if and only if X is a σ-compact space
as defined in Dugundji [4].) For each / there is a quotient chain map

τr. Δ^(X; Γ) -> XA?(X, X - Q Γ)

and these define a chain map

τ: Δ-(X; Γ) -> H m { x Δ r ( X , X - Q Γ)}.

We prove τ is an isomorphism. If c G Δ£°(X; Γ) is in kerτ then
τ/(c) = 0 for each / so c G ZΔ£°(X - Cz Γ) for each z. Since
U/ Q = X, it follows that f|, XΔ£°(X - Q Γ) = 0 so c = 0 and τ is
a monomorphism.

To show τ is an epimorphism let {c, G XΔJ°(X, X - Cz Γ)} be
an element in lim {XΔ£°(X, X - C, Γ)} . The element c/ can be re-
garded as a locally finite sum of singular simplexes each having support
which meets Q . Similarly Q + I is a locally finite sum of singular sim-
plexes each having support which meets C/+i. The condition that c, +i
maps to Q implies that on singular simplexes whose support meets
C\ both Ci and c/+1 have the same value. Therefore, there is a chain
C = Σ SσO in X such that if \σ\ nCf Φ 0 then gσ = the value of c,
on σ. We show c is a locally finite chain in X . Since X = (J int Q ,
if x G X there is i such that x e intC/. If |σ| n intC/ ^ 0 then
\σ\Γ\Ci Φ 0 so gσ is the value of c, on σ. Since C/ is a locally finite
chain, there is a neighborhood N of x such that there are only a finite
number of σ 's with \σ\Π N Φ 0 and Q(σ) Φ 0. Then TV n int Cz is
a neighborhood of x such that there are only finitely many σ 's with
|σ| Π (TV Π int Q) ^ 0 and gσ φ 0. Therefore, c G ΔJ°(X Γ) and
clearly τ(c) = {τ, (c)} = {cz} so τ is an epimorphism.

By Lemma 7.2 since Cz is compact, there is an isomorphism
Δ*(X, X - Q Γ) « ZΔ^°(X, X - Q Γ) so that Δf(X Γ) is iso-
morphic to lim{Δ*(X,X - C Z ;Γ)}. Each of the chain maps
Δ*(X, X - Ci+χ Γ) —> Δ*(X, X - C/ Γ) is an epimorphism so by
A.15 on p. 402 of [6], l im^Δ^X, X - Q• Γ)} = 0, and then by A.19
on p. 407 of [6] there is a short exact sequence

0 -

- H™{X\ Γ) - lim{//^(X, X - Q Γ)} -> 0. D

We use this last result to show that for the space of a locally fi-
nite simplicial complex K, then H™{\K\\ Γ) is isomorphic to the
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homology group of the complex of infinite simplicial chains with co-
efficients Γ.

Let K be a locally finite simplicial complex and let C£°(K; Γ) be
the infinite chain complex of oriented simplexes with coefficients Γ
(thus an element c e C%°(K; Γ) is a function assigning to every
oriented ^-simplex σ of K an element c(σ) e T(\σ\) such that if
a' is the oppositely oriented simplex then c(σ) + c(σf) = 0). Sim-
ilarly let A™{K\ Γ) be the infinite chain complex of ordered sim-
plexes with coefficients Γ (so c e A^(K; Γ) is a function assign-
ing to every ordered ^-simplex σ of K an element c(σ) e Γ(|σ|)).
There are natural chain maps [8] μ°°: A™(K; Γ) -> C2°(K; Γ) and
j,oo. ^(AΓ Γ) —> Δ2°(|AΓ| Γ) which are chain equivalences for every
finite complex K.

THEOREM 7.4. If K is a locally finite simplicial complex there are
isomorphisms

μ?: Hg(A?(K; Γ)) « Hq(C™(K; Γ))

and

Proof. The local finiteness of K implies that K = |J£o ^ where AT/
is finite for each / and \Kj\ c int |AΓ/+i | . By analogues of Theorem 7.3
for C£°(K; Γ) and Δ^°(^; Γ) there is a commutative diagram with
exact rows (in which K — int \Kf\ is denoted by Lz and all coefficients
are in Γ)

t oo t ' t

0 -* ]*ml{Hq+l{\K\, \ L t \ ) } - > H™(\K\) - > l i m { ^ ( | V | , | L , | ) } - > 0 .

Since the vertical maps on the sides are known to be isomorphisms,
the result follows from the 5-lemma. D

8. Singular cohomology. In this section we define the singular co-
homology of X which coefficients in a local system, and, using this,
we define another additive homology function X which we compare
with the one defined in the last section.

Let Γ be a local system on X and for a pair (M, N) in X
let Δ«(M, N; Γ) = 0 if q < 0 and for q > 0 let Δ«(Af, TV; Γ)
be the module of #-cochains of M which vanish on N (i.e. u e
Aq(M,N;Γ) is a function assigning to every singular ^-simplex
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σ: Aq -»• M an element u(σ) e Γ(σ) such that if σ(Aq) c N then
u(σ) = 0). ForueAq(M,N;Γ), q > 0 define δu G Δ « + 1 ( M , N; Γ)
by

(δu)(σ)=

where σ: A i + 1 —• M and if g e Γ(σ(')) then g e Γ(cr) is the unique
element such that g\σ^ = g. Then <$<J = 0 so there is a cochain
complex A*(M, N Γ) = {A*(M, N Γ), δ} .

In case Γ, F are local systems on X paired to an R module G as
in §6 there is a pairing A«{M, N ;Y)®Aq(M, N Γ) -> G defined by
(u, c) = £("(<7), gσ) where c = Σσ gσσ. In case u e Aq{M, N; Γ)
and c = X) g σ σ € Δ ί + 1 (Λf, iV F) we have

Σ (-V'Mrt.gσ).
gσ σ 0<i<q+l

Now for any g e Γ(σ^)) we have (g, ^σ) = (g, 5"σ|σ^^). Therefore,

In case Γ = hom(Γ, G) we have

Aq(M, N; hom(Γ, G)) » hom(Δ^(M, iV; Γ ) , G)

an ^ corresponds to hom(θ, 1) under the above pairing.
The singular cohomology Hq{M, ΛΓ Γ) is defined to equal

Consider the cochain complex Δ*(t/, F; Γ) as a functor of open
pairs (C/, F) in X. For an open triple (I/, V, W) there is a short
exact sequence

0-Δ*(t7, F;Γ)-^Δ*(ί7 ? JF;Γ)->Δ*(F, f F ; Γ ) ^ 0 .

If t/, V are open sets in X then (by an argument similar to the proof
of excision in Theorem 6.2) there is a weak cochain equivalence

Δ*(C/UF, F;Γ)-+Δ*(£/, UnV Γ).

Furthermore, if {(I//, F/OI e/ is a discrete family of open pairs in X
there is an isomorphism

jeJ
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Thus, Δ*( , Γ) is a nonnegative additive cochain prefunctor on X .
By Theorem 5.2 there is a corresponding cochain functor Δ* which

associates to a closed pair (A, B) in X the cochain complex

Δ * ( ^ , G ; Γ ) = lim{Δ*(C/? V\Y)\{U, V) an open

neighborhood of (A, B)}

whose cohomology functor is denoted by Ή*(A, B Γ). It is a non-
negative additive cohomology functor on X. Note that H*(A, B Γ)
is not the singular cohomology of (A, B) with coefficients Γ but
is the limit of the singular cohomology of open neighborhoods Of
{A, B). (However, because (X, 0) is an open pair, 77* (X, 0 Γ) =
H*(X, 0 ; Γ) is the singular cohomology of (X, 0).) In case X is
an HLC space, H*(A, B\ Γ) is isomorphic to the Cech-Alexander
cohomology of (A, B) with coefficients Γ [9].

Similarly by Theorem 5.5 there is a weakly additive cochain functor
Δ* which assigns to a closed pair (A, B) in X the cochain complex

X(A,B\ Γ) = lim{Δ*(C/, F ; Γ)|(£/, F) open cobounded

neighborhood of (A, B)}

whose cohomology functor is denoted by Έtc{A, B Γ). It is a non-
negative weakly additive cohomology functor on X . In case X is
HLC, H*C(A, B Γ) is isomorphic to the Cech-Alexander cohomology
of (A, B) with coefficients Γ and with compact supports.

For a pair (M, N) in X we define

Δ,(M,iV;hom(Γ, G))

= lim{hom(Δ*μ, £ Γ), Q)\(A, 5) closed c (M, JV)}

where Q is, as usual, an injective resolution of G. We define
Kq{M, N; hom(Γ, G)) = Hq(A*(M, JV; hom(Γ, G))). Then for a
closed pair (-4,5), we have

Δ,(Λ, 5 hom(Γ, G)) = h o m ^ μ , B Γ), β) .

By Corollary 5.3 there is an additive chain functor Δ* which associates
to an open pair (17, V) in X the chain complex Δ^C/, V\ hom(Γ, G)).
We want to compare the additive homology functor

# * ( . , . ;hom(Γ,G))

just defined with the additive homology functor defined in §7 by using
locally finite singular chains. Note that Δ* (and //J are defined for
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local coefficients of the form hom(Γ, G) for some local system Γ and
some module G. It is not clear how much of a restriction this imposes
on the resulting local system hom(Γ, G).

We begin with a pairing

Δ*(C/', V'\ Γ) x XA™(A, B; hom(Γ, G)) -> G

for a closed pair {A, 2?) contained in an open cobounded pair
(£/', V). Let c = Σ σ £ σ σ e *Δ~(Λ J9; hom(Γ, G)) and let u G
Aq(U\ V'\ Γ). Then M vanishes on every singular simplex σ in V.
Since X - K' is compact there are only a finite number of σ 's such
that gσ φ 0 and |σ| n (X - V) φ 0 . Therefore

is a finite sum of elements of G. In case

~ !(Λ, 5 ; hom(Γ,

then 9c = Σ σ Σ o < κ , + i ( - l ) ' ( ^ | σ « ) σ « and

Σ (-

Passing to the direct limit as (£/', K7) varies over open cobounded
neighborhoods of (A, B) we obtain a pairing

Δ?C(A ,B;Γ)x xAf{A, 5 hom(Γ, G)) -> G

which corresponds to a homomorphism

ψ: ^ μ , B hom(Γ, G)) -> hom(Δ^(v4,5;Γ),G)

such that (p(c))({M» = {u,c) for c e XA?(A, B\ hom(Γ, G)) and
W G Δ ^ I / ' J F ' Γ ) where (t/7, F ;) is an open cobounded neighbor-
hood of (A, B). For the injective resolution

we see that ηφ: XA™(A, B\ hom(Γ? G)) -> hom(Δ?(^, 5 ; Γ), Q)
and

(ηφ)(dc)({u}) = η(u, dc) = η{δu, c) =

= d(ηφ(c))({u})

so that (ι?^)d = d(ηφ).



190 E. SPANIER

Passing to the direct limit of both sides as (A, B) varies over closed
pairs in (U, V) yields the homomorphism

φ: XA™(U, V; hom(Γ? G)) ->Δ,(t/, V; hom(Γ, G))

and φd = dφ. So ^ is a natural chain map and determines
a homomorphism φ* from X//J°( , •; hom(Γ, G)), <9* to
#*(•, •; hom(Γ, G))9 <9* both nonnegative additive homology func-
tors on X.

If X is finite dimensional it would follow from Theorem 2.2 that
if φ* were an isomorphism for pairs of the form (X, X - x) for
x E X then <p* would be an isomorphism for all open (U, V) in
X. To obtain the local result we consider the case of an n manifold
(i.e. a paracompact Hausdorff space in which each point has an open
neighborhood homomorphic to Rn).

LEMMA 8.1. If X is an n manifold, then

φ*\ XH™(X, X-x\ hom(Γ, G)) « H,(X, X-x\ hom(Γ, G))

is an isomorphism for all x e X.

Proof. Since X - (X - x) = x is compact, it follows from Lemma
7.2 that

XH™{X, X-x; hom(Γ, G)) « /^(X, X - JC hom(Γ, G)).

Let C/ be an open neighborhood of x with U homomorphic to a
closed n ball. Then

/ ^ ( F , V- x hom(Γ, G)) « //^(X, X - x hom(Γ, G)).

Since U is simply connected, hom(Γ, G) is equivalent to a constant
system on ΊJ so that

hom(Γ x , G), qφn.

For the other group note that cofinal in the family of all closed pairs
in (X, X—x) are pairs of the form (X, X—U) where U is as above.
Then Δ*(X, X - U Γ) and Δ*(Z7, U - U Γ) are chain equivalent.
Since U is simply connected,

0, qφn,

ΓJC, q = n.
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Therefore,

^(X,X-jc;hom(Γ, G))

= Hq(A*(X,X-x;hom(T,G)))

= i ^ ( l i m { h o m ( Δ * ( X , X - U ; T ) , Q)})

« l i m { / f g ( h o m Δ * ( Z , X - U Γ ) , Q)}

»\\m{Hq{homTc(U, V-U;Γ),Q)}

I hom(Γx, G), # = rc,

the last isomorphism by the universal coefficient formula.

Finally, we observe that the pairing we defined induces a pairing

xHn(V, U-x; hom(Γ, G)) x H»(U9U-U\Γ) -+ G

which is isomorphic to the evaluation pairing

hom(Γx , G ) x Γ , - i G .

Therefore

φ*: XH™(X, X - x;hom(Γ, G)) -> Hn(X - X - x;hom(Γ, G))

is an isomorphism (corresponding to the identity map of hom(Γx, G)
—• hom(r x, G) resulting from the evaluation pairing above). D

THEOREM 8.2. For an n manifold X

ψ*:xH™{U, K;hom(Γ? C?)) « H*(U, F;hom(Γ, G))

for every open pair (U, V) in X.

Proof. Using Lemma 8.1 the result follows immediately from The-
orem 2.2 D

From the definitions we see that if (A, B) is closed in X then
H,{A, 5 hom(Γ, G)) = #*(hom(Δ*μ, B Γ), Q)). We already re-
marked that if X is HLC then, A*(A, B\ Γ) has cohomology iso-
morphic to the Cech-Alexander cohomology of (A, B) with compact
supports. It follows that in a locally compact HLC space X the groups
H_^(A, B; hom(Γ, G)) are isomorphic to the Borel-Moore homology
groups [1] of (A, B) with coefficients hom(Γ, G).
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9. Homology-cohomology comparison. In this section we construct
a homomorphism from singular homology χH£°(U, F) to singular
cohomology 77* (X - F , X - U) with suitable coefficient systems.
This homomorphism will depend on a cohomology class of
H*(XxX,XxX-δ(X)) where δ{X) = {(*, y) e X x X\x = y} is
the diagonal of X x X.

We shall assume Ψ* is an open covering of X such that if F ,
V eT' and F n F / 0 then every closed path in V U V is null
homotopic in X. If X is a paracompact space in which each point
has an open neighborhood W with the property that every closed
path in W is null homotopic in X, such a covering can be obtained
as follows. Let W be an open covering of X by sets W such that
every closed path in W is null homotopic in X (W is assumed to
exist) and let "V be an open star refinement of W covering X (such
star refinements exist because X is paracompact). Then Ψ* has the
desired property.

In §§6 and 7 it was noted that for any Ac X the inclusion maps

n A Γ) c xAf(A Γ), Δ * ( ^ n A Γ) c A*(A Γ)

are chain equivalences (where J^nA = {VnA\V e 2^}). If σ and σ'
are singular simplexes such that \σ\ c V, \σ'\ c V for F , V eT*
and |σ| Π |σ r | 7̂  0 then if x e |σ| n |<τ'| there are isomorphisms

If Λ:' is another point in |σ| Π \σ'\ let ω be a path in \σ\ from x
to x1 and α/ a path in \a'\ from x t o x ' . There are commutative
triangles

Γ(σ) -£ Γx Tx <- Γ(σf)

Since ω, α/ have the same endpoints and lie in VuV they are ho-
motopic in X so Γ ω = Γ ω ' : Tx —• Γ x ' . It follows that the composite
of the isomorphisms

Γ(σ) ^ Γ x ^ Γ(σ;)

is independent of the choice of x e |σ| Π \σ'\ so there is a well-defined
isomorphism /lσ σ ': Γ(σ) « Γίσ7).

If σ, σ r, σ/r are singular simplexes such that \σ\ c F , |σ ; | c F ; ,
|σ ;/ | c F / ; for V, F ' , F/ 7 G ̂  and M n |σ ; | , | σ | n | σ " | , H Π |σ/;|
are all non-empty, then λσσ» = ̂ σ'σ"^(τσ' : Γ(σ) « Γ(σ/ ;).
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Using this notation if g G Γ(σ), then g\σU) = λσσ^(g). It follows
that if c = Σσ 8aθ G Δ f ( r Γ), then

and if u eΔ«(^~; Γ), then

If Γ and F are local systems on X define Γ x Γ to be the local
system o n l x l such that (Γ x Γ\χ9y) = Γx ® Γy and (Γ x Γ)ω =
ΓpΓl ω ® ΓPr2 ω where prj: X x X —• X and p r 2 : l x l -^ I are
projections to the first and second coordinates, respectively.

Let U e Hn(X x X, X x X - δ(X) hom(i? x Γ, R)) be a given
cohomology class (here we regard R as a constant local system on X
in forming RxΓ on X x X) and let

a G hom(Δπ(ΛΓ x X, X x X - δ(X) i? x Γ), R)

be a cocycle representing t/.
Let τ: Δ*(X; i?) ® Δ*(X; Γ) -+ Δ*(X x I , Λ x Γ ) be an Eilen-

berg-Zilber map [8]. Then τ is a natural chain map (so
τ(Δ*(Ύ;i?)<g>Δ*(Z;Γ)) c Δ*(7 xZ,RxΓ) for all 7 , Z c X),
and in dimension 0, if [x] denotes the 0-singular simplex at the point
x, then

τ(a[x]® g[y]) = ag[(x, y)]

for αGJί , g € Γy and x, y e l . For an arbitrary local system P
on X define

θ: XΔ£°(^; Γ® Γ) -^^~q{T\ Γ)

by requiring it to be i? linear and such that if σ' is an (n-q) singular
simplex in V where F ' E ^ a n d c G XΔ£°(^ n(X- \σ\) Γ ® Γ)
then

θ(c)(σ') = 0

while if c = (g ® g;)^ e Δ ^ , Γ ® Γ) then

0(c)(σ') = (u, τ(σ'®gσ))λσσ<(g')=λσσ*({u, τ(σ'®gσ))gf)

(the right-hand side is 0 if |σ| Π \σ'\ — 0 because, in that case

τ{σ'®gσ)cXxX-δ{X)

and u vanishes on An(X xX, X x X - δ{X)\ RxΓ)). This uniquely
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defines θ because, for every singular simplex σ', given c e
* Δ ~ ( ^ ; Γ <g> Γ) there exist cx e Aq{T~\T®Γ) and c2 e
xAq

<>(T' n (X - \σ'\) Γ ® Γ) such that c = cλ + c2 (so that
Θ{c2){σ') = 0 and θ(cχ)(σ') is a finite sum of terms of the form
described above).

Given σ' in Δn_α + 1(F') for some V e Ψ~ let c = C\ + c2 where
ci G Aq{V Γ ® Γ) and c2 € *Δ£°(2^ n (A" - |σ'|) Γ ® Γ ) . Then
δ(θ(c)) = δ(θ(cι)) + δ(θ(c2)) and (5(θ(c2)))(σ') = 0 so (δ(θ(c)))(σf)
= (δ(θ(cι)))(σ'). To calculate (δ(θ(cι)))(σ') we need only calculate
it for C\ of the form (g ® ,?')σ where |σ| n |σ'| ^ 0 . In this case

where the corresponding term on the right is 0 if \σ\ Π |σ/(z) | = 0 . If
|σ| Π Iσ'^l ^ 0 , then λσ,(oσιλσσιw = λσσ> so we obtain

Now dτ(σ' Θ ̂ σ) = τ(5σ7 ® ̂ σ) + (-l)/I"4r+1τ(σ/ ® 9(gσ)) so that
τ(5σ' ® gσ) = dτ(σ' ® ̂ σ) + (-l)w~^τ(σ/ ®d(gσ)), and we obtain

(^) + (-1 )«'*(u, τ(σ'

Because δu = 0 since w is a cocycle, this equals
j

The corresponding term on the right equals 0 if \σ^\ n |σ'| = 0 and
if | σ ^ | Π \σ'\ Φ 0 , then λσσ* = ^ O J ^ ^ O ) SO we obtain

and, by definition, this equals (-l)n~qθ(d(g ® ̂ )^)(^0 Therefore,
^ maps the chain complex XΔ£°(^ Γ®P) into the cochain complex

* F) so that it commutes up to sign with d and δ .
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If B c X is arbitrary, then

τ ( Δ * ( ^ Π (X - B) R) <g> Δ*(^" n 5 ; Γ ) ) c Δ*((* -B)xB;RxΓ)

and w vanishes on the latter. Therefore, θ maps

X n (X - B) Γ ® Γ) into Δ * ( ^ , ^ n ί ; Γ) .

If fic^cl, the following diagram is commutative (the top row
is a short exact sequence with coefficients Γ ® Γ , the bottom row is a
short exact sequence with coefficients P , and the right-hand vertical
map is defined to make the diagram commutative)

0-^xA^(^ n(X- A)) - > * Δ ~ ( ^ Π (X - B)) -^x£^(ψ~ n (X - B), Ψ Π (X - A)) -*0

If (Af, B') c (A, B) there is a commutative square

B),^Π(X-A);Γ^Γf) Λ\°°(^ Π(I-5 ;),rπ(I-/);Γ0 Γ')

Let (^4,5) be a closed pair. Taking the direct limit of the homomor-
phisms (as (V, W) varies over open neighborhoods of (A, B))

θ: xA™(^Π{X-W),^n{X-V);Γ®Γ)->A*(^nV, ^ΠW; Γ)

determines the homomorphism

Similarly taking the direct limit as ( F , W) varies over open co-
bounded neighborhoods of (A, B) in X (and observing that, in case
( F , W) is cobounded,

Π (X - W), Ψ Π (X - V) Γ ® Γ))

we obtain a homomorphism

The homomorphisms θ and 0C depend on the choice of the cocycle
u and the Eilenberg-Zilber map τ . Altering u in the cohomology class
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U or altering τ will alter θ and θc by a chain homotopy. Therefore,
θ induces uniquely defined homomorphisms

and

θc

v: Hg(^ n (X - 5 ) , T n (X - A) Γ ® Γ )

The homomorphism

is defined so that commutativity holds in the square

xH£°(T~n(X-B), TΉ(X -A);Γ®Γ) > XH£°(X -B, X-A',Γ®Γ)

Γ) < Hn \A,B\ Γ).

Similarly the homomorphism

is defined so that commutativity holds in the square

> Hq{X-B,X~A\T®Γ)

H?-q(yrnA,<PrnB',r) < Hn

c

 g(A,B\Γ).

Both θu and θ^ are natural and commute up to sign with con-
necting homomorphisms. The image θu(z) is the slant product U/z
[7, 8] for local coefficients.

10. Duality in manifolds. Throughout this section X will be as-
sumed to be an n manifold. We prove various duality theorems re-
lating homology of a pair in X to cohomology of the complementary
pair.

THEOREM 10.1. Suppose X = U°^ointC/ where C[ is compact and
Ci c C +i for each i. Then for any local system on X,

H™(X; Γ) « lim{Hn(X, X - C z, Γ)}.
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Proof. By Lemma 1 on p. 299 of [8] Hn+ϊ(X, X - Q?, Γ) = 0 for
each / (the lemma referred to asserts the result for a constant local
system G, but the same argument establishes the result for an arbi-
trary local system Γ). The theorem follows from this using Theorem
7.3. D

It is straightforward to verify that lim {Hn(X, X - C, G)} is the
same as H%(X G) as defined on p. 299 of [8]. From Theorem 6 on p.
303 of [8] it follows that for a connected n manifold X, H™(X R) φ
0 if and only if X is orientable over R, and from Theorem 5 on p.
302 of [8] there is a bijection between orientations of X over R and
generators of H™>(X;R).

In general there is a local system Γ^ on X with

Γx = Hn(X,X-x;R)

and, if ω is a path in I , Γx: Γ (̂Ox —• Γ^(1) is suitably defined as in
[7] by "moving along ω ". The dual local system Γ z * = hom(Γ x , R)
has the property that r £ * « Hn(X, X-x R) for all x e X. In fact,
Γ^ « i? for each x G X and Γ^ corresponds to multiplication of i?
by ±1 depending on ω. Therefore, Γ x * « Γ x . On X x X the local
system i? x Γ z * is isomorphic to hom(i? x Γx, i?).

For x G X there are isomorphisms

Hn(X,X-x; Γx) « hom(i/w(X, X - x R) Γf)

« hom(i/"(X, X - x i?), Hn{X, X - x /?))

and z x G Hn(X 9 X - x Γ x ) will denote the element corresponding
under the above to the identity map of Hn[X, X - x R).

A ΓΛom class on X is an element

U G i/"(X x X, X x X - δ{X) hom(i? x Γ x , R))

such that, for each x G X, θc

u(zx) = I e Hc(x; R). It is known
(Theorem 4.7 in [7]) that every manifold has a unique Thorn class. In
the sequel we use the Thorn class U in defining θ and θc and omit
specific reference to U in the notation.

THEOREM 10.2. For every closed pair (A,B) in X and every local
system Γ of R modules on X there are isomorphisms

9: XH™{X -B9X-A\TX®T) π Ήn~q(A ,B;Γ)
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and
Rc * H ( Y — R Y — Λ Tx (9) T\ ~ ΎTn~q (Λ R Γϊ

Proof. Define cohomology theories //' and H on X by H'j(A, B)

with ^ ' , 5 suitably defined connecting homomorphisms. Then θ is a
homomorphism of Hr

 9 δr into 77, <5 which is an isomorphism
for every x e X (because W{x) = xH^_j{X, X - x; Γx ® Γ) =

//7(x Γ) « ^ ( x i?) ® Γ x , and both sides are 0 except for j = 0
when θ is an isomorphism by the choice of U). Since H' and H
are additive and X is finite dimensional, it follows from Theorem 2.1
that θ is an isomorphism for all closed (A, B) in X.

The result for # c is obtained similarly because the two sides be-
ing compared are weakly additive cohomology functors and θc is an
isomorphism for every x eX. •

REMARK 10.3. Replacing Γ by Γ X ®Γ and noting that TX®ΓX « R
so that Γx ® (Tx ® Γ) « i? ® Γ « Γ we see that for (^4,5) closed in
X there are also isomorphisms

and

θ: XH™(X -B,X-A;Γ)π Ήn~g(A ,

θc: Hq(X -B,X-A\T)π Ήn

c~
g(A, 5 Γ x ® Γ)q(

for an arbitrary local system Γ.
Theorem 10.2 and Remark 10.3 express duality between the two

types of singular homology groups of an open pair in X (i.e. weakly
additive or additive homology) with two types of Cech-Alexander co-
homology groups of the complementary closed pair (either weakly ad-
ditive or additive cohomology) with arbitrary coefficient systems. This
duality is not just an isomorphism of the homology groups with coho-
mology groups but is an isomorphism of cohomology theories with all
its implications. There is also the following result which expresses du-
ality between the Borel-Moore homology of a closed pair in X and the
singular cohomology of the complementary open pair (which equals
the Cech-Alexander cohomology) of the open pair.

THEOREM 10.4. If (A, B) is a closed pair in X and Γ is a local
system on X there is an isomorphism

H (A, B hom(Γ, G)) * Hq{X - B, X - A\TX ® hom(Γ, G)).
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Proof. In §9 we defined a map

θc: A ^ Π(X - B), ^ n(X - A);ΓX ®Γ) ->A*C(^ ΠA, 3r ΠB Γ)

for (A, B) a closed pair in X. Define a chain complex (C, d) so
that Q = Δ " ' V n ^ , ^ Π 5 ; Γ ) and 9: Q -* Cq.x equals (5:

ΔΓ^n^,^n£;Γ)^ΔΓ*+\^n^,^n£;Γ). Then θc is a
map of degree 0 from Δ * ( ^ n ( X - £ ) , ^ Π ( X - , 4 ) ; ΓX®Γ) to C*
which commutes up to sign with d. By Theorem 10.2, θc induces
an isomorphism on homology. It follows that θc also induces an
isomorphism on cohomology

H*(C* G) » iΓ(Δ*(T n (X - B), ^ n (X - Λ) Γ x ® Γ) G)

for any R module G. Because of the way C* is defined, this yields
an isomorphism

n (X - 5) , ^ Π (X - A) hom(Γ* ® Γ, (?))

and this corresponds to an isomorphism

^ _ ^ μ , 5 hom(Γ, G)) « /ί^(X - 5 , X - ^ hom(Γx ® Γ,

Because of the special nature of the local system Γ^ it is easy to
see that hom(Γz ® Γ, G) » Tx ® hom(Γ, G) so that

Hn_g(A, 5 hom(Γ, G)) « i/^(X - 5 , X - Λ Tx ® hom(Γ,

D

In case X is orientable, Tx w i? and the Theorems 10.2 and 10.4
assert isomorphisms of homology with coefficients in a constant system
with cohomology in the same constant system. In the non-orientable
case, however, if the homology is in a constant local system the corre-
sponding cohomology has coefficients in a non-constant local system
and vice versa.
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