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MicHAEL F. SINGER

For fixed /2 and », we consider the vector space of linear differen-
tial equations of order » whose coefficients are polynomials of degree
at most m . We show that for G in a large class of linear algebraic
groups, if we fix the exponents and determining factors at the singular
points (but not the singular points themselves) then the set of such
differential equations with this fixed data, fixed Galois group G and
fixed G-module for the solution space forms a constructible set (i.e.,
an element of the Boolean algebra generated by the Zariski closed
sets). Our class of groups includes finite groups, connected groups,
and groups whose connected component of the identity is semisimple
or unipotent. We give an example of a group for which this result is
false and also apply this result to the inverse problem in differential
Galois theory.

1. Introduction. In this paper we consider the set .2 (n, m) of
homogeneous linear differential equations

n m
(1) L(y) = an(x)y"™ + -+ ag(x) = D> a;x/y?
i=0 j=0

of order at most n whose coefficients are polynomials of degree at
most m with complex coefficients. By identifying L € .Z(n, m) with
the vector (a;;), one sees that .Z(n,m) may be identified
with an affine space C**D(m+1) Tet G be a linear algebraic group
and V a G-module. One would like to understand the structure of
ZL(n,m,G, V), thesetof L e.Z(n, m) with Galois group Gal(L)
equal to G and having solution space Soln(L) isomorphicto V' asa
G-module. In general .#(n, m, G, V) is not a Zariski closed subset
of #(n, m) or even a constructible subset of .#(n, m) (i.e. an ele-
ment of the Boolean algebra generated by the Zariski closed sets). To
see this consider the family of equations L.(y) = xy'—cy =0, ceC.
The Galois group is a subgroup of C*, the multiplicative group of
nonzero complex numbers. It equals C* if and only if ¢ is not a
rational number. If c=p/q, p,q€Z, (p,q) =1, then Gal(L,) =
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Z/qZ. Therefore (1,1, C*, C) is not constructible. Another ex-
ample is the family L, ,(v) =y"—(a+b)y'+aby =0,a#becC. A
fundamental set of solutions is {e%*, e?*} and Gal(L, ,) C C* x C*
with equality if and only if a and b are linearly independent over
Q. Therefore .#(2, 0, C* x C*, C?) is not constructible. Note that
in the first example ¢ is an exponent at the singular point O and in
the second example ax and bx are determining factors at infinity
(see §2(c) for precise definitions). In this paper we show that for G
in a large class of linear algebraic groups, if we fix the exponents and
determining factors at the singular points (but not the singular points
themselves) then we can insure constructibility of the set of linear
differential equations with this fixed data, fixed Galois group G and
fixed G-module for the solution space.

To make this precise, let 77" be a finite set consisting of elements of
C. We denote by & (n, m, 7") the setof L € Z(n, m) such that at
any singular point a of L, the exponents at « belong to 7 . We re-
fer to 77 as a set of weak local data. .#(n, m, 77") is a constructible
set. Let L(n,m, 7 ,G,V)=L(n,m, 7 )NL(n,m,G, V). If
G is a linear algebraic group and G° is its connected component of
the identity, we denote by Ker X(G°) the intersection of all char-
acters y: G° — C* of G°. Theorem 3.14 below implies that if
G° = Ker X(G°), then for fixed G-module V' and fixed n, m and
v, Ln,m,?7,G,V) is a constructible set. In particular, if G
is finite or if G° is semisimple or unipotent, then this result holds.
In §3, following this result, we present an example (due to Deligne)
of a parameterized family of second order fuchsian linear differen-
tial equations with fixed exponents such that for all parameters the
Galois group will be a subgroup of C* x Z/2Z but such that the set
of parameters for which the Galois group is C* x Z/2Z is not con-
structible. This shows that if G° # Ker X(G°), it is not generally true
that L (n, m, 7 , G, V) is constructible. Nonetheless, we are able
to weaken the assumption that G° = Ker X(G°) in the following way.

Let & be a finite set consisting of elements of C and polynomi-
als with coefficients in C. We denote by .Z(n, m, <) the set of
L € Z(n, m) such that at any singular point « of L, the expo-
nents and the determining factors at a belong to & . We refer to
Z as a set of local data. .Z(n, m, ) is a constructible set. Let
Ln,m,2,G,V)=ZLn,m,Z)nL(n,m,G,V). Deligne’s
example shows that, in general, £ (n, m, <, G, V) is also not con-
structible. For arbitrary G, Ker X(G°) is not only a normal sub-
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group of G° but also a normal subgroup of G and G°/Ker X(G°) is
a torus. There is a natural action of G/G° on G°/Ker X(G°). The-
orem 3.16 below states that if the action of G/G° on G°/Ker X(G°)
is trivial, then for any fixed G-module V and fixed », m and &,
ZLn,m,Z,G,V) is a constructible set. In particular, if G is con-
nected, Z(n,m, <, G, V) is constructible. We also give an exam-
ple to show that one must fix both the exponents and the determining
factors and not just the exponents as in Theorem 3.14.

When one restricts oneself to linear differential equations with only
regular singular points (the fuchsian equations), the parameters re-
maining free after one fixes the exponents at the singularities are
called accessory parameters (see [HI15] for a discussion of this clas-
sical notion). Our main result states that if the action of G/G° on
G°/Ker X(G®) is trivial, then when one fixes the exponents of a fuch-
sian equation, algebraic conditions on the accessory parameters and
the singular points determine if the equation has Galois group G.

Phenomena similar to our main results are known to already occur
when one looks at the Lamé equation:

Ly, B.e,(y) = f(x)y" + 51 (x)y' = (n(n+1)x + B)y,
where f(x) = 4(x — e1)(x — e3)(x — e3), the ¢; are distinct, e, is
fixed and e; + e; + e3 = 0. The exponents at each ¢; are 0 and
1/2. At infinity the exponents are —»n/2 and (n + 1)/2. Several au-
thors have investigated the problem of determining those »n, B and
e3 such that L, p . (y) = O has only algebraic solutions. In this
case the Galois group G ¢ GL(2, C) will be finite and coincide with
the monodromy group (see [SI81] or the discussion in §4 of this pa-
per). Brioschi showed (see [POO66], §37) that if n + % is an integer,
there is a non-zero polynomial p € Q[u, v] of degree n + % in v
such that L, p . (y) = O has only algebraic solutions if and only if
p(es, B) = 0. Furthermore, he showed that if this is the case, the
image of G in PGL(2, C) is the non-cyclic abelian group of order 4.
Baldassari [BA81], [BA89], Chiarellotto [CH89], and Dwork [DW90a]
have also studied algebraic solutions of the Lamé equation. Dwork
shows that if 2n is not an integer then, for fixed », there are only a
finite number of pairs (e3, B) such that G is finite. This is a con-
sequence of the following general result of Dwork. Consider the set
of second order fuchsian homogeneous linear differential equations
with m + 1 singular points. Assume that three are fixed at 0, 1, oo
and that the Wronskian is constant. Fix the exponent differences,
Uiy .- Umyy In Q and assume the ith singular point is apparent
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(resp. regular) if u; € Z, u; > 2 (resp. u; = 1). Dwork shows that
if we fix a finite subgroup G’ of PGL(2, C), then the set of such
equations whose Galois group has image G’ in PGL(2, C) is a Q-
constructible set of dimension bounded by Inf(p, m —2) where p is
the number of i such that y; € Z, u; > 1. (For the Lamé equation,
if 2n is not an integer, the projective image of the Galois group is
either the octahedral or icosahedral group.) Dwork’s proof relies heav-
ily on the fact that such an equation must be the weak pullback of a
hypergeometric equation whose exponent differences appear in a list
compiled originally by H. A. Schwarz. For higher order equations or
infinite groups there does not seem to be a similar fact. The proof of
our main result proceeds in a different manner, which we now outline.

Let G be a linear algebraic group, 7" a set of weak local data
and & a set of local data. One of the key ideas in this paper is that
knowing n and m and having a bound on the exponents of some
L e Z(n, m) allows us to bound a priori the exponents and degrees
of coefficients of operators L; and L, such that L(y) = L;(Ly(y)).
This information also allows us to bound the exponents and degrees of
the coefficients of certain auxiliary equations that we construct from
L. This will be used in the following way. For example, it is known
that Gal(L) c SL(n) if and only if Wr(y,, ..., y,) = R(x) € C(x)
where Wr is the Wronskian determinant and {y;, ..., y,} is a basis
of Soln(L). Knowing that L € .Z(n, m, 7") allows us to find an
N that bounds the degrees of the numerators and denominators of
possible R(x) € C(x) (in fact, to find N it is enough to assume
L € Z(n, m) and to have a bound B on the real parts of exponents of
L). Therefore for L € & (n, m, #"), Gal(L) Cc SL(n) is equivalent
to the statement “There exists a basis {y;, ..., y»} of Soln(L) and
a rational function R(x) whose numerator and denominator have
degree < N such that Wr(y, ..., y») = R(x).” We use elimination
theory to show that this is a constructible condition. We note that we
not only use the usual elimination theory for algebraic sets but also
use the elimination theory for differential algebraic sets (originally
due to Seidenberg, [SEIS6]; see §3(a)). In a similar way we can show
that for any group G, the condition “Gal(L) C G” is constructible
(Proposition 3.1). This is enough to show that & (n, m, 7 , G, I)
is constructible when G is finite, since G then has only a finite number
of subgroups and constructible sets form a Boolean algebra. This also
allows us to show that if Gal(L) C G, “ Gal(L) is mapped surjectively
onto G/G° by n: G — G/G°” is constructible.
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Assuming Gal(L) C G, we then show that “Ker X(G°) C Gal(L)”
is a constructible condition. To do this, we need the following con-
cept. If V' is a G-module and x is a character, we let V;, = {v €
Vig-v = x(g)-v for all g € G}. For distinct x;, x2, Vy, and
Vy, are independent. Let Chg(V) = @ V), the sum being over all
characters. We show that for any G there is a G-module W such
that if H 1is a subgroup of G, then Ker(G°) ¢ H if and only if
Chge (W) = Chynge(W). We also show that if Gal(L) C G, then
W is isomorphic to a Gal(L) submodule of K, the Picard-Vessiot
extension of C(x) associated to L. Furthermore, W = Soln(L)
for some L whose order, degree of coefficients and weak local data
can be determined from weak local data for L. The condition that
Chge (W) = Chgyr)nge (W) is then shown to be equivalent to certain
factorization properties of L and these are constructible properties
because we have bounds on the exponents and degrees of the coeffi-
cients of L.

Given the facts that Gal(L) c G, Gal(L) is mapped surjectively
onto G/G° by n: G — G/G° and Ker X(G°) C Gal(L), we need
only show that dim(Gal(L)°/Ker X(G°)) = dim(G°/Ker X(G°)) to
conclude that G = Gal(L). We show that dim(Gal(L)°/Ker X(G°)) =
dim(G°/Ker X(G°)) is equivalent (under the assumption that G/G°
acts trivially on G°/Ker X(G°)) to the statement that K contains
dim(G°/Ker X (G°)) algebraically independent elements z; such that
zi/z; € C(x). Knowing local data & for L (and not just a bound)
allows us to show that this condition is also constructible.

The rest of the paper is organized as follows. In §2 we present facts
from group theory, Galois theory and the structure theory of singular
points of linear differential equations that are needed in subsequent
sections. In §3 we discuss the elimination theory needed to show sets
are constructible, use this to show various subsets of .#(n, m) are
constructible and prove the main results. In §4 we give two applica-
tions of Theorem 3.14. In the first, we show, using results of [DW90b]
and [KA70], that the set of L(y) € £ (n, m) having fixed finite Ga-
lois group, k singular points and fixed exponents has dimension at
most k. In the second application, we are able to show, by refining
techniques of [TT79], that for any connected linear algebraic group
defined over C C C and any faithful G-module V' of dimension »
defined over C, there is an integer m and a finite set S C C such
that < (n, m, S, G, V) is not empty. We show that this in turn im-
plies that any linear algebraic group G, defined over an algebraically
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closed field C of characteristic zero, with G/G° acting trivially on
G°/Ker X(G°), is the differential Galois group of a homogeneous lin-
ear differential equation with coefficients in C(x), x’ = 1. To do
this it is important that we show that all the constructible sets we deal
with are defined over C.

The author wishes to thank P. Deligne for many helpful comments
on earlier manuscripts. In particular he suggested that one should
think of a connected group G in terms of Ker X(G) and G/Ker X (G)
and that invariant lines in some representation would guarantee that a
subgroup of G contains Ker X(G). B. Dwork also made many helpful
comments and suggested the application in §4(a). We would also like
to thank A. Duval and M. Loday-Richaud for allowing us to see the
preprint [DL89] which contains calculations that helped us formulate
Theorem 3.16. Some of the results presented here were formulated
and proved at the Université Louis Pasteur in Strasbourg during a
visit in May 1989. We would like to thank the mathematicians at
this institution, and especially C. Mitschi, J.-P. Ramis and the late J.
Martinet for their intellectual as well as financial support.

2. Ancillary results.

a. Group theory. In this section we investigate the following prob-
lem: Given a connected algebraic group G, does there exist a represen-
tation of G in which we can distinguish G from al/ of its subgroups
H using invariant subspaces, that is, in which for any subgroup H,
there is an H invariant subspace not left invariant by G ? As we shall
see (cf. the discussion following Proposition 2.7), this is not true in
general. Our main result (Proposition 2.9) implies that we can find a
representation such that if H cannot be distinguished from G by an
invariant line then H contains the intersection of the kernels of all
characters of G'. Let C be an algebraically closed field of character-
istic zero, let G be a linear algebraic group defined over C and let
V' be a G-module. In this paper, all G-modules are assumed to be
finite dimensional. If y: G — C* is a character of G, we define the
x-space V, of V tobe {v|g-v=x(g)-v forall g € G}. Note that
non-zero elements of different y-spaces are linearly independent and
therefore that V), # {0} for only a finite number of x. The character
submodule Chg(V) of V is defined to be @ ¥V, where the sum is
over all characters of G. Let X(G) be the group of characters of G
and let Ker X(G) = (1, cx g Ker(x). Ker X(G) is a normal subgroup
of G. X(G) is a finitely generated abelian group ([HUMS1], p. 103)
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so Ker X(G) = NJL, Ker(x;) for some finite set of characters. If G
is connected, then X(G) is torsion free so (xi, ..., xm): G — (C*)™
maps G onto a torus. Therefore, if G is connected, G/Ker X(G) is
a torus. If V is a G-module and H is a subgroup of G, we define
VH = {vlhv = v forall he H}.

We begin by giving a group theoretical characterization of Ker X(G).
A Levi factor of G is a reductive group P such that G = R, (G) x P
is the semidirect product of P and the unipotent radical R,(G). In
characteristic 0, Levi factors exist and are all conjugate. Furthermore,
if H 1is a connected reductive subgroup of G, then H belongs to
some Levi factor of G ([MO56]).

LEMMA 2.1. Let G be a connected linear algebraic group, R,(G) be
its unipotent radical and P a Levi factor. Ker X(G) is the group gener-
ated by (P, P) and R,(G). Furthermore, all characters of Ker X (G)
are trivial and Ker X(G) is connected.

Proof. Any character of G is trivial on (P, P) and R,(G) so these
groups are contained in Ker X(G). To prove the other inclusion note
that since P is reductive, P = (P, P). T where T is a central torus
of P ([HUMS1], p. 125 and p. 168). Since G = R,(G)x P = R,(G) x
((P, P)-T), we see that R,(G)- (P, P) is a closed normal subgroup
of G such that the quotient is a torus. Therefore R,(G)- (P, P) D
Ker X(G). Note that (P, P) is semisimple so all of its characters
are trivial. Since all characters of R,(G) are trivial, all characters
of Ker X(G) are trivial. Since R,(G) and (P, P) are connected,
Ker X(G) is connected. O

LEMMA 2.2. Let G be a connected algebraic group and V a G-
module then Chg(V) = VKerX(6)

Proof. Since Chg(V) is the sum V, @--- @V, of x-spaces and
each y; is trivial on Ker X(G), we have Chg(V) c VKerX(G)  On the
other hand, VKerX(G) i5 a G-submodule of V' and the action of G
on VXerX(G) factors through the action of G/Ker X(G) on V. Since
G/Ker X(G) is a torus, this action is diagonalizable so VKerX(G) ¢
Chg(V). O

LEMMA 2.3. Let G be a connected linear algebraic group, V a G-
module and H a subgroup of G such that Ker X(G) ¢ H. Then
Chy(V) = Chg(V).
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Proof. We have Chg(V) € Chy(V) C Chge x () - Since
Chger x(6)(V) = VET X = Chg(V),
we can conclude Chgy(V) = Chg(V). O

Our aim now is to show that for an appropriately chosen V', the
converse of Lemma 2.3 is true (Proposition 2.9).

LEMMA 2.4. Let G be a connected semisimple linear algebraic group.
There exists a G-module V such that for any proper connected sub-
group H, Chg(V) € Chy(V).

Proof. For any subgroup H of G, there exists a G-module Wy
and a one dimensional subspace Ly C Wy such that H = {g € G|g -
Ly = Ly} ([HUMS1], p. 80). G has, up to conjugacy, only finitely
many maximal proper closed connected subgroups, say H,, ..., H,
(IDYS2]). Since G is semisimple, G = (G, G) so any character of
G is trivial. Therefore for any G-module, Chg(V) = V¢. This
implies Chg(Wy) ¢ Chy (Wy) for i =1, ..., n. Therefore V' =
Wu & -- @ Wy satisfies the conclusion of the lemma. ]

LEMMA 2.5. Let G be a connected reductive group. There exists
a G-module V such that for any connected subgroup H of G, if
Chy (V) =Chg(V), then Ker X(G) C H.

Proof. We first note that since G is reductive, R,(G) is trivial.
Therefore KerX(G) = (G, G). Let G = (G, G)-T where T is a
central torus. Let n: G — G/R(G) be the canonical projection and
H a connected subgroup of G such that n(H) = n(G). We claim
that KerX(G) = (G, G) C H. To see this let y = y;y,07'y;!. We
write y; = hicy, Y2 = hocy, hy,hp € H, ¢, c; € T. Since the ¢;
are central y = hyhoh'h;' € H,s0 (G, G) C H.

To construct V', note that G/R(G) is semisimple. Let V' be the
G/R(G) module (and, a fortiori, a G-module) guaranteed to exist by
Lemma 2.4. By the above remarks, for any connected subgroup H
of G we have that either n(H) is a proper subgroup of G/R(G) or
Ker X(G) = (G, G) ¢ H. Therefore if H is a connected subgroup
of G and Chg(V) = Chg(V), then n(H) = G/R(G) so Ker X(G) C
H. a

LEMMA 2.6. Let G be a connected linear algebraic group. There
exists a G-module V' such that if H is a closed connected subgroup of
G with R,(H) C R,(G) then Chg(V) C Chy(V).
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Proof . First assume that the unipotent radical of G is of the form
C", i.e., the n-fold product of the additive group of the field. Let P
be a Levi factor of G and write G as a semidirect product of C”
and P, G = C" x P. Using this decomposition, we can define an
action of G on C" as follows. Each element p of P induces an
automorphism of C” via conjugation. For each g = (¢, p) € G and
co€C", welet ¢§ =c+pcop~'. This defines a group action and so
induces an automorphism of C[C"] = C[x,, ..., X,] that preserves
the degrees of polynomials in this ring. Let W be the polynomials of
degree at most 1 in this ring and let ' be the exterior algebra of W .
We claim that V' satisfies the conclusion of the lemma. To see this,
let H be a connected subgroup of G such that R,(H) C R,(G). We
wish to show Chg(V) ¢ Chy (V). If Hy = gHg™! for some g€ G,
then Chy (V) = gChy (V). Therefore it is enough to show Chg(V) ¢
Chpy (V) for some conjugate H; of H . In this way we may replace H
by a conjugate and so write H = R, (H)xPy where Py isa Levi factor
of H and Py C P. Since R,(H) C R,(G), there exist homogeneous
linear polynomials f;, ..., fix € W such that R,(H) is the set of
zeros of f;, ..., fm and such that the spanof f;, ..., f,, isinvariant
under the action of H but not of G. Therefore fiA---Af,, e N W
spans an H-invariant line that is not G-invariant. We shall show that
fiN--- A fm is not in Chg(V). Since Chg(V) = @}, Chg(A; W)
it is enough to show that fi A--- A f,, ¢ Chg(A" W). By Lemma
2.2 Chg(A" W) = (N* W)KerX(0) | Since R,(G) C Ker X(G), it is
therefore enough to show fj A+ A fr, & (N W)RLO),

If x;, ..., x, are indeterminates, then W has a basis of the form
X0 = 1,x1,...,%,. Iclaim that (A" W)R(9 is the span V of
{leiz/\m/\x,-m|O <ip<---<ip}. Toseethis,let g =(c;,...,cn) €

C" = R,(G). We then have g(1 Ax; A---AX; ) =T1TAXi A=A
xi and, if 0 < i} < -+ <ipm, then g(x; A~ AX; ) =X A=A
xi, + XL (=1 e (LA X Ao A% Ao AX; ). Therefore ¥V C
(A" W)HRLO) | Now let v € (A" W)R(G) and assume v ¢ V. We
may assume v = ) ¢r(X; A---AXx; ) where the sum is over all [ =
(iyy .., im) with 0< i) < --- < iy . We wish to show ¢; =0 for all
such 1. If not, we may assume without loss of generality that ¢; # 0
for some I of the form (1, i, ..., iy). Letting g =(1,0,...,0)
then

gu=v+ Y cqAxiA-AX; ).
I=(1,i,,..,i,)

l<iy<o<i,
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Since gv = v, we must have ¢; = 0 forall I of the form (1, i, ...,
im), a contradiction. Therefore ¥V = (A" W)R.0),

To show that fi A--- A f & (N W)RAG) it suffices to note that
JiN---Nfm=3crx, A---Ax; where the sum is only over I of the
form (iy,...,in), 0<i;<---<iy,andso fiA---A f, cannot be
in V.

We now remove the assumption that R,(G) = C” and consider the
general case. We may assume that R,(G) is not trivial, otherwise the
lemma becomes trivial. Any maximal subgroup of R,(G) has codi-
mension | in R,(G) and so contains the commutator of R,(G). Let
F Dbe the intersection of all maximal subgroups of R,(G). F isa
characteristic subgroup of R,(G) and is therefore normal in G. Fur-
thermore, R,(G)/F is commutative and unipotent, so is isomorphic
to C" for some n > 1. Therefore G/F has unipotent radical of the
form C" and we can use the above to find a G/F-module satisfying
the conclusion of the lemma. This gives the required G-module. O

ProrosITION 2.7. Let G be a linear algebraic group with G° be-
ing the connected component of the identity. There exists a faithful
G-module V such that for any closed connected subgroup H of G,
Ker X(G°) ¢ H if and only if Chge(V) = Chy(V).

Proof. Since G°/R,(G°) is connected and reductive, let V; be the
G°/R,(G°) module guaranteed to exist by Lemma 2.5. Let V5 be the
G°-module guaranteed to exist by Lemma 2.6. Let V3 be any faithful
G° module and let W =V, @V, @ V5. Let gy =1d, g, ..., gn be
coset representatives in G/G° andlet V =g W @ - & g, W be the
induced G-module. We will show that V7 satisfies the conclusion of
the proposition.

First note that if Ker X(G°) ¢ H then Lemma 2.3 implies that
Chge (V) = Chy(V). Now assume Chgo(V) = Chy(V). Since W
i1s G°-invariant, we also have Chg (W) = Chy(W). We shall show
from this assumption that Ker X(G°) ¢ H. To do this, Lemma 2.1
implies that it is enough to show R,(G°) ¢ H and (P, P) C H, for
some Levi factor P of G°. Let n: G° — G°/R,(G°) be the canonical
projection. Since Chge(V)) = Chy(V;) and G = G°/R,(G®) is reduc-
tive, Lemma 2.5 implies that ((~?, é) = Ker X (é) C n(H). Therefore
n(H) 1is reductive. This implies that R,(H) C Kerm = R,(G°). Since
Chge (V) = Chy(V3), Lemma 2.6 implies that R,(H) = R,(G°). Let
Py be a Levi factor of H and P;- a Levi factor of G° containing
Py . We may identify Pg with n(G°) = G and Py with n(H). Since
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((~i, é) Cc n(H), we have (Pg, Pg) C Py C H. Therefore Lemma 2.1
implies Ker X(G°) Cc H. a

The above result implies that if R,(G°) = R(G°), then there ex-
ists a G-module ¥ such that for any connected proper subgroup
H of G, Chg (V) € Chy(V). This follows from the fact that if
R,(G°) = R(G") then any Levi factor P issemisimpleso P = (P, P).
Therefore G° = R(G°)-P = R,(G°)-(P, P) so G° =KerX(G°). If
one removes the condition that R,(G°) = R(G®) then this conclusion
will not hold. For example, if G is a torus then any representation
of G is diagonalizable so for any G-module V' and subgroup H,
V = Chg(V) = Chy(V). In fact, one cannot hope to use invari-
ant subspaces to uniformly distinguish a group from its subgroups.
To see this let 7 = (C*)" be a torus of dimension r > 1 and V
be any T-module. T is diagonalizableso V =V, @ --- @V, for

distinct characters y;,..., x, of T. For integers n;, ..., n,, let
Ty \on = {(a1,...,ar) €T H’af' = 1}. Since any character y of
T is of the form x(a;,...,a,) = le-zla;"’ for some m; € Z, we
can find n;, ..., n, such that the y,, ..., x, are distinct characters

of T, n,,..,n - FOr such a subgroup, any invariant subspace W will
be of the form W, @ ---® W, where W, C Vy and so will also be
T-invariant.

To handle proper subgroups of G that are not connected, we will
need the following lemma. This, in turn, depends heavily on the fol-
lowing theorem of Jordan: Let C be an algebraically closed field of
characteristic zero. There exists an integer valued function J(n),
depending only on #n, such that every finite subgroup of GL(n, C)
contains an abelian normal subgroup of finite index at most J(n)
(this is shown in [CR62, p. 285], where it is also shown that J(n) <
(vV8n + 1)2 — (v/8n — 1)27") . The following result is closely related
to Proposition 2.2 of [SI81].

LeEMMA 2.8. Let C be an algebraically closed field of characteristic
zero. There exists an integer valued function N(n), depending only
on n, such that if G is a subgroup of GL(n, C) and H is a normal
subgroup of G of finite index then there is a normal subgroup H' of
G such that H C H', [G: H'] < N(n), and Chy(C") = Chy(C").

Proof. We proceed by induction on »n. There are only a finite num-
ber of x-spaces for H. Let V}, ..., V; be these spaces corresponding
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to x1,..., Xk - Let m = max{dim V;}. We distinguish between two
cases: m=n and m< n.

If m =n,then Kk =1 and V; = C". In this case H is a sub-
group of C,, the group of scalar matrices. Let PGL(n -1, C) =
GL(n, C)/C, . Note that

PGL(n -1, C) =SL(n, C)/(SL(n, C)N Cp).

Let ¢: GL(n, C)—»PGL(n-1, C) and y: SL(n, C)—=PGL(n—-1, C)
be the canonical homomorphisms. The kernel of ¢ contains H .
Therefore, ¢(G) is finite and so y~!¢(G) is a finite subgroup of
SL(n, C). Jordan’s Theorem implies that there exists an abelian nor-
mal subgroup K of y~!¢(G) of index < J(n). Let H' = ¢~y (K).
Some power of each element in H’ is diagonal and H’ is abelian, so
we can simultaneously diagonalize all elements of H’. Therefore, C”
is the character module of H’ and H’ is normal in G.

We now turn to the case of m < n. Since H is normal in G, G
permutes the elements of {V;, ..., V;} and we get a homomorphism
of G into the symemtric group on k elements. Let K be the kernel
of this homomorphism. Each V; is a K-module and H C K. Since
dimV; < n, there are subgroups H; of K such that [K : H;] <
N(n—-1), H C H; and V; is contained in the character submodule
of H; in V. Let H = (H;. We then have [K : H] < [][[K : H;] <
nN(n —1) and Chy(V) = Chg(V). Since [G : K] < n!, we have
[G:H]<n(n)N(n—1). Let G act on G/H by multiplication. This
induces a map from G to a permutation group. Let H’ be the kernel
of this map. H’ is normal in G and [G : H'] < (n(n!)N(n — 1))!.
Since H c H' ¢ H, we have Chy (V) = Chy (V). O

From these considerations, we see that N(n) can be defined induc-
tively by N(n) = max{J(n), (n(n!)N(n — 1))!}. We now generalize
Proposition 2.7 to deal with nonconnected subgroups H .

PROPOSITION 2.9. Let G be a linear algebraic group with G° the
connected component of the identity. There exists a faithful G-module
W such that for any closed subgroup H of G, Ker X(G°) C H if and
only if Chge(W) = Chynge(W).

Proof. If Ker X(G°) ¢ H, then Lemma 2.3 implies that for any
G-module W, Chge (W) = Chynge(W).

To prove the converse, let V' be the G-module of Proposition 2.7.
Let V have dimension n and let W = @Y1 Si(V') where S/(V) is
the ith symmetric power of ¥V and N(n) is as in Lemma 2.8. We
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will show that this choice of W satisfies the conclusion of Proposition
2.9.

Let H be a closed subgroup of G and assume Ker X(G°) is not
a subgroup of H. Applying Lemma 2.8 to H° C G° N H, we have
that there is a normal subgroup H’ of G° N H such that Ch (V) =
Chyo(V) and [G°NH: H'] < N(n). Since Ker X(G°) is not a sub-
group of H, Proposition 2.7 implies that we have a v € Chye(V) =
Chy (V) that spans an H'-invariant subspace that is not in Chg-(V).
Let Ay =1id, ..., h, be coset representatives of G° N H/H' and let
w = [[i%, hi(v) € S™(V). Since m < N(n), w € W. We will now
show that w € Chyg (W) but w ¢ Chg(W).

Forany & € HNG°, we have h(w) = 17, h(h;(v)) = [T, hi(hi(v))
where &; € H'. Since, for each i we have %;(v) = c;v for some ¢; €
C, h(w) =TI hi(w) = cw so w € Chyng(W). To see that w ¢
Chge (W), Lemma 2.2 implies that it suffices to show w ¢ WKerX(G")
Assume, to the contrary that g(w) = w for all g € Ker X(G°). Since
the symmetric algebra S(W) of W is a unique factorization domain,
we must have that for each i there is a j and a ¢; € C such that
g(hi(v)) = ¢;hj(v). Therefore each g permutes the lines spanned by
the h;(v). For each i, the set of g € Ker X(G°) such that g leaves
the line spanned by #;(v) fixed is a closed subgroup of finite index
in Ker X(G°). Since Ker X(G°) is connected (Lemma 2.1), we have
this subgroup is all of Ker X(G°). In particular, 4; = id so for any
g € Ker X(G°) there is a c; € C such that g(v) = c,v. The map
sending g to c, is a character so Lemma 2.1 implies all ¢, = 1.
Therefore v € VXerX(G") = Chgo(V), a contradiction. O

b. Differential Galois theory. The basic reference for differential Ga-
lois theory is [KO73] (see also [KAS7] and [SI89]). Here we recall some
facts to be used in this paper. Let F be a differential field of character-
istic zero. The subfield of constants C of F isthe setof ¢ in F such
that ¢/ = 0. If F ¢ K are differential fields and y;, ..., y, are ele-
ments of K, then F{y,,...,y,} and F(y;, ..., y,) are the differ-
ential ring and differential field, respectively, generated by y;, ..., v,
over F. If C is algebraically closed and L(y) = O is an nth order
homogeneous linear differential equation with coefficients in F, there
exists an extension K of F such that K and F have the same sub-
field C of constants and K = F(y,, ..., y,) where y;, ..., y, are
solutions of L(y) = 0, linearly independent over the constants (such
a set is called a fundamental set of solutions of L(y) = 0). Such a
field is unique up to a differential isomorphism that is the identity
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on F and is called the Picard-Vessiot extension of F associated with
L(y) = 0. A differential automorphism ¢ of K leaving F fixed
takes each y; to some constant linear combination of y;, ..., y,.
The group of these differential automorphisms is called the Galois
group of L(y) = 0 (or the Galois group of K over F) and is de-
noted by Gal(L) or Gal(K/F). It can be identified with a subgroup
of GL(n, C). It is known that this group is a Zariski closed subgroup
of GL(n, C) and so is a linear algebraic group. There is a differential
Galois theory that identifies a closed subgroup H of Gal(L) with the
intermediate field £, F C E C K, of elements left fixed by all mem-
bers of H. In particular an element z € K is in F if and only if
o(z) = z for all o € Gal(L). Furthermore, if H is a closed normal
subgroup of Gal(L), then the field E of elements left fixed by H is
also a Picard-Vessiot extension of F with Galois group isomorphic to
Gal(L)/H . Finally, the transcendence degree of K over F equals the
dimension of G. We shall also use the fact that elements z;, ..., z,,
of a differential field are linearly dependent over the constant subfield
if and only if Wr(zq, ..., z,) = 0 where Wr is the Wronskian deter-
minant ([KAS7], p. 21). This also implies that if L(y) has order n,
the dimension of the solution space of L(y) = 0 is at most n. The
following lemma will be used several times.

LemMMA 2.10. Let F be a differential field of characteristic zero with
algebraically closed field of constants C and let K be a Picard-Vessiot
extension of F. Let H be a closed subgroup of Gal(K/F) and E the
fixed field of H .

(1) If V C K is a finite dimensional vector space over C, then V
is the solution space of a homogeneous linear differential equation with
coefficients in E if and only if V s left invariant under the action of
H.

(ii) Let L(y) = 0 be a homogeneous linear differential equation
with coefficients in F and with solution space W in K. Let Wy be
a subspace of W left invariant by H. Then there exist homogeneous
linear differential equations L(y) and Lo(y) with coefficients in E
and with Ly monic such that Wy is the solution space of Lo(y) =0
and L(y) = Li(Lo(»)).

(iii) For z € K, z'/z € E if and only if there is a C-valued char-
acter y of Gal(K/E) such that o(z) = x(o)z for all o € Gal(K/E).

(iv) An element z € K is algebraic over F if and only if z is
left fixed by Gal(K/F)°, the connected component of the identity of
Gal(K/F).
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Proof. (i) If V is the solution space of L(y) = 0, then since
H = Gal(K/E) takes solutions of L(y) = 0 to solutions of the
same equation, V is left invariant by Gal(K/E). If V is left in-

variant by Gal(K/E), let y;,...,y, beabasisof V. If L(y) =
Wr(y, yi, ..., vn)/Wr(y1, ..., yn) and o € Gal(K/E), then if we
apply o to the coefficients of L(y), we get
L°(y)=Wr(y,o(y1), ..., a(¥n))/Wr(a(y1), ..., a(yn))
= det(a)Wr(y, y1, ..., yn)/det(a)Wr(yy, ..., Vn)
=Wr(y, i, oo s Yn)/Wr(y1, ... s ¥n).

Therefore, the coefficients of L(y) are left fixed by Gal(K/E) and so
liein E.

(i1) By (i), there is a homogeneous linear differential equation Lo(y)
with coefficients in E whose solution space is W;. We may write
L(y) = Li(Lo(y)) + R(y) where L;(y) and R(y) are homogeneous
linear differential equations with coefficients in E and the order of
R is less than the order of Ly(y) ([POO60]). Since R(y) = 0 for
all elements of W, and dim W} is larger than the order of R(y), we
must have R=0.

(iii) If z//z = u € E, then L(z) = z/ —uz = 0, so z spans
a one dimensional space invariant under the action of Gal(K/FE).
Conversely if a(z) = x(o)z for all ¢ € Gal(K/E), then og(z'/z) =
Z'/z,s0 Z//z=u€E.

(iv) If z isleft fixed by Gal(K/F)? then z lies in the field E fixed
by this group. Since Gal(K/F)? is of finite index in Gal(K/F), E
has finite degree over F and so is an algebraic extension ([KAS7], p.
18). Conversely, if z is algebraic over F', then the set of g € G such
that a(s) = z is of finite index in Gal(K/F) and so must contain
Gal(K/F)°. O

c. Singular points. Let L(y) = a,(x)y™ +---+ayg(x)y € L(n, m),
an(x) # 0. If a,(a) = 0, we say that « is a singular point of
L(y) =0. It is known that L(y) = 0 has a fundamental set of formal
solutions of the form

= (x — a)Pel1/D (zb,j (log(x ))f)

i=1,...,n where t = (x — a)/", P; is a polynomial without
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constant term, s, < n and b;;(¢) € C[[¢]] and such that for each i/,
some b;;(0) # 0 ([LEV75], [MAL79]). If all the P; are O, « is said to
be a regular singular point; otherwise it is called an irregular singular
point. If

y=(x—aye!/t (i bj(2)(log(x — a)f)) :

J=1

as above, is a solution of L(y) = 0, then for some i/, p = p, and
P = P;. Such a P is called a determining factor at o and p is
called an exponent at «. Py, ..., P, will be the determining factors
of L(y) =0 at « if and only if L;(y) = ef1/0L(e~F1/0y) has an
indicial polynomial at « of degree d; > 0 and d; +---+d; = n
(the indicial polynomial f(r) is the coefficient of the term of low-
est degree when L({(x — «)") is expanded in powers of x —a where
r is an indeterminate ([IN56], p. 160)). p is an exponent at « if
and only if, for some i, p is the root of the indicial polynomial at
a of L;(y). We note that the indicial polynomial of L,(y) has co-
efficients that are rational functions of the coefficients of P, and the
coeflicients of the a;. We define the local data &, at a to be the set
{p1s--s pn, Pr(x), ..., Py(x)}. We define the weak local data 7,
at o tobeaset {py, ..., py} wherethe p; are the exponents in <, .
Note that if « is not a singular point, then there exists a fundamental
set of solutions at o of the form y, = (x —a)"lb;(x),i=1,...,n,
where b;(x) € C[[x —a]] and b,;(0) # 0. At such a point 0 is the only
determining factor and the exponents are {0, ..., n — 1}. Therefore
we define the local data at o to be {0,..., n — 1}. One can make
similar definitions for the point at infinity by letting x = % and con-
sidering z = 0 in the transformed equation. Let & be a finite set
{P1s---5 pr, P, ..., P;} wherethe p, € C and the P; are polynomi-
als without constant terms. We say < is local data for L € £ (n, m)
if Z,CcZ forall « € CU{co}. Since any L € ¥ (n, m) has only
finitely many singular points, there is always some < such that & is
local data for L. Similarly, a finite set 77 is weak local data for L if
Vo C W forall a e CU{oco}. We say that a real number B is a local
bound for L if there is a 7 that is weak local data for L such that
[Re p| < B for all p € 77”. Note that the definition of a local bound
only refers to the exponents and not the determining factors. We will
need a bound on the degrees of the determining factors as well. It
i1s known ([LEV75], [MA79]) that such a bound can be expressed in



MODULI OF LINEAR DIFFERENTIAL EQUATIONS 359

terms of the orders at singular points of the coefficient ¢; in L and
n. These orders can be bounded by m and so the degrees of the
determining factors can be a priori bounded in terms of m and »
(in fact, mn! will be such a bound). For fixed & (resp. 7 ; B) we
let L(n,m,) (resp. L(n,m, ), L (n, m, B)) denote the set
of L € &(m, n) with the local data & (resp. weak local data 7" ;
local bound B). For any & (resp. 77°) there exists a B such that
Fn,m,Z)c Fn,m,B) (resp. L(n,m,#)c L(n,m,B))
so having a local bound is weaker than having local data. The follow-
ing lemma shows that by knowing a local bound B for L € & (n, m)
we can bound in terms of n, m, B, the degrees of the numerators and

denominators of rational functions y and u such that y or ef “ are
solutions of L(y) = 0. If we furthermore know local data for L, then
we can determine the coeflicients in the partial fraction decomposition
of a u up to some finite set of possibilities.

ProrosITION 2.11. (i) Let L € & (n, m, B). There exists an inte-
ger N, depending only on n, m and B such that if y e C(x),y #0,
and L(y) = 0 then y is the quotient of two polynomials of degree
<N.

(ii) Let L € & (n, m, B). There exists an integer M depending
only on n, m and B such that if u € C(x) and L(ef“) =0 then u
is the quotient of polynomials of degree < N .

(iii) Let L € L(n, m, ). There exists a finite set & and an
integer M, both depending only on n, m and & such thatif u € C(x)

and L(ef”) =0 then

t n B

i=1 \j=1

where s, t <M ,n; <M fori=1,...,t andeach a;; and b; € 7.

Proof. (i) Let y = g where p,q € C[x], (p,q) =1 and ¢ =
[I(x — a;)". Each o; must be a singular point of L(y) and each
n; is an exponent at «;. Since there are at most m finite singular
points, degg = > n; < mB. At infinity degqg — degp is an exponent
so degp < degg+B < (m+1)B.

(ii) and (iii) Let L € £ (n, m) and let u be as in (2.11.1). For any

«; , we have ef¥ = (x —a;)%exp(f Z?'zz (x—f';?)qﬁ(x) where ¢(x) is
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in C[[x — a;]]. Therefore,

nl

S

o e—ay)

is the derivative of a determining factor at «; and a;; is an exponent
at a;. If o; is not a singular point, we have that n; = 1 and gq;
is a positive integer. At oo, bsx5 + --- + by is the derivative of a
determining factor and — Ef‘:l a;; 1s an exponent. Therefore if L €
Z(m, n, B), each n; can be bounded in terms of » and m and
|3 Rea;| < B. If wewrite 3i_ a1 = Y ;c0 @i+ jcq @1 Where
& = {ila; is a singular point} and . = {i|o; is not a singular point},
then we see that | ) ,.#Rea;|| < B+, |Rea;| < B+mB. Since
each a;; in the first sum is a positive integer, we can bound the size
of % and therefore bound ¢. Similarly, s can be determined from
the degree of a determining factor at infinity and so can be bounded
in terms of m and n. Therefore the degrees of the numerator and
denominator of # can be bounded in terms of n, m and B.

If Le Z(n,m,2), we can determine for each «; that is a sin-
gularity of L the a;; from the exponents and determining factors.
Therefore the a;; are determined up to some finite set of possibili-
ties from <. Similarly the b; and s can be determined from the
determining factors at co and so from & . Note that —(3,. & a;1 +
Y ics @i1) is an exponent at infinity and that we know the a;; in the
first sum up to some finite set of possibilities. Since the a;; in the
second sum are positive integers, we can determine these up to a finite
set of possibilities. a

We close this section by noting that weak local data 77" is an an-
alytic invariant of a differential equation, that is, at any point « if
t = f(¢) is an analytic change of coordinates with f’(a) # 0, then
7" will continue to contain the exponents of L. In contrast, the
determining factors themselves need not be preserved under analytic
change of coordinates. This is why we show, whenever possible, that
our results depend only on knowing weak local data or a local bound
B . This is true for most of our results in §3 (up to Lemma 3.10) but
is, regrettably, not true for all our results (see the discussions following
to Lemma 3.10 and before Lemma 3.15).

We shall need the following generalization of Fuchs’ relation due to
Bertrand and Beukers [BB85]. A set of real numbers {r,;, ..., 7an} 1S
an admissible set of exponents for L at « if there exists a fundamental
system of solutions whose exponents p; satisfy Rep;, > r,; for i =
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1,...,n. L hasrank q = & at o; if the degree of any determining
factor is < p Bertrand and Beukers show the following result ([BB85],
Theorem 3):

LEMMA 2.12. Let .%¥ be a finite set of points on the Riemann Sphere
containing the singular points and oo. For each o € & let the set of
real numbers {r,i, ..., ran} be an admissible set of exponents at «
and let L have rank q, at o. Then

Z <(irai) —(qo + )n(n — 1)/2) <-nn-1).

aeS i=1

In subsequent sections we will start with a set of linear differential
equations and construct new equations. For example, given L;(y)
and L,(y) we will construct the equation whose solutions are sums of
solutions of L;(y) =0 and L,(y) = 0. These new equations will have
singular points that can be determined from the given set of equations
and possibly new apparent singularities (singularities where all solu-
tions are analytic). The exponents at the non-apparent singularities
will be of the form p + n where p can be determined from the ex-
ponents of the given set of equations and » is a positive integer. We
will need to be able to bound such an » as well as the exponents at
apparent singularities (which will be nonnegative integers).

LEMMA 2.13. Let L € X (n, m), .5 the set of all singular points of
L and R a non-negative real number. Assume that at each singular
point o the determining factors of L have degree < n'R and that the
exponents {p,;} are of the form p,; = pai + hai Where Re p,; > —R
and n,; is a nonnegative integer. Then

> Xn:na,- <(m+D(nRR+Dnn+1)/2)—nn-1).

ac? i=1

In particular there are only a finite number of possibilities for n,; and
these are all less than a bound that depends only on n, m and R.

Proof. {—R + n,;};—; is an admissible system of exponents at «
and L has rank < R at «. Therefore Lemma 2.12 implies

> (i(—zw Nai) — (R+ Dn(n — 1)/2) <-n(n-1).

aES
The result follows by noting that . has at most m + | elements. O

i=1
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3. Constructible sets of differential equations.

(a) Basic definitions. Let C c C be fields of characteristic 0 and
assume that C is algebraically closed. We start this section by recall-
ing the following definition (cf., [MUM?76], p. 37). A subset .* of
C" is C-constructible if it is a union T, U---U T, where each T; is
of the form {c € C"|fi;(c) = --- = fmi(c) =0, gi(c) # 0} for some
fii, & in C[xy, ..., xp]. The C-constructible sets are precisely the
elements of the Boolean algebra generated by the Zariski closed sets,
defined over C. It is known that if ¥ c C' xC" =C " isa
C-constructible set and p,: C" xC" — C " is the projection onto the
second factor, then p,(*) is a C-constructible set ((MUM?76], p. 37).
This fact is very useful in showing that certain sets are constructible
and will be used repeatedly in what follows. For example, one can
identify the set of polynomial in m variables of degree n with coef-
ficients in C with the space C of coeficients, where N = (";’")
The set of such polynomials that have a factor of degree / < n with
coefficients in C forms a C-constructible set. This implies that the
set of polynomials of degree m in n variables with coefficients in
C that are irreducible over C forms a C-constructible set for any
C c C. We shall also need the fact that if a C-constructible subset
& of C" is nonempty and F is any algebraically closed field con-
taining C, then % contains a point with coefficients in F . This is an
immediate consequence of the Hilbert Nullstellensatz. In particular,
if a C-constructible set contains a point in some algebraically closed
field containing C, then it has a point in the algebraic closure of C .

Let .Z(n, m) be the set of homogeneous linear differential equa-
tions as in (1) above. As we have noted, .#(n, m) may be identified
with C(r+1)(m+1) Tet C be a subfield of C. A set ¥ C Z(n, m) of
homogeneous linear differential equations is said to be C-constructible
if it forms a C-constructible subset of C("+D(m+1) ynder the above
identification. For example if we fix integers » and m and local data
Z defined over C then £ (n, m,<Z) is a C-constructible set. To
see this, note that L € .#(n, m, ) if and only if for each zero a of
the leading coefficient of L (and oo) there is a set of determining fac-
tors P;,..., P, € Z such that, for i =1,...,n, elOL(e=P0yY,
t = (x —a)/" | has an indicial equation f, of degree d, > 0 where
>~ d, = n and the roots of each f, liein & . Similarly for fixed n, m
and weak local data 7", & (n, m, 77") is C-constructible. Note that
Z(n, m, B) is not a C-constructible set (although it is a real semi-
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algebraic set when we identify C with R? (cf. [BCR87]). Given any
set X C £ (n, m) we say that Y C X is a C-constructible subset of
X if Y=XnNZ where Z is a C-constructible subset of & (n, m).
We will show various sets are C-constructible. To do this we need a
more general notion of constructible which we now describe.

Let F be a differential field and F{Y;, ..., Y,} the ring of differ-
ential polynomials with coefficients in F . There exists a differential
field K, F C K,suchthatforany p;, ..., pm,q in F{Yy,..., Yy},
if pp = =pu =0, g # 0 has a solution in some extension

of F, then it has a solution in K ([KO74]). Further K and F
have the same field of constants. Kolchin shows that any Picard-
Vessiot extension of F is isomorphic to a unique subfield of K.
We therefore may assume that all Picard-Vessiot extensions we con-
sider are subfields of K. We say a subset . of K" is differen-
tially F-constructible if it is the union T3 U .- U T, where each T;
is of the form {y € K"|p\;(¥) = -+ = pmi(¥) = 0, ¢;(y) # 0} for
some pj;, q; in F{Y;,...,Y,}. The differentially F-constructible
sets are precisely the elements of the Boolean algebra generated by
the differentially Zariski closed sets, defined over F. It is known
that if % ¢ K" x K" = K"*™ js a differentially F-constructible set
and p,: K" x K™ — K™ is the projection onto the second factor,
then p,(.%) is a differentially F-constructible set ([SE56], [SA72], p.
295, and [GR89]). We shall refer to this fact as Seidenberg’s prin-
ciple and use it frequently in the sequel to show that certain sets
are C-constructible. For example, if one fixes an integer N, then
the set of L(y) € £ (n, m) satisfying the following conditions is C-
constructible: there exists a non-zero solution y of L(y) = 0 such that
u=1y'/y satisfies p(x, u) = 0 where p is a polynomial in x and u
of degree < N. To see this, let p(x, u) = Zﬁ\szo bijx'u’ and write
L(y) = Yo Xitoaix/y . Let 7 be the set of (a;;, bij, x, ¥, u)
such that a;; = bj; = 0, b;; not all zero, x’ = 1, y # 0 satisfies
L(y) =0 for some L(y)e ZX(n,m,B), uy =y and p(x,u) =0.
This is a differentially C-constructible set. If we project this set onto
the (a;;), Seidenberg’s principle tells us that the set of such (a;;) is
again differentially C-constructible. Since the a;; are also constants,
we may replace any occurrence of a derivative of a;; by 0. Therefore
a differentially constructible set of constants is constructible and so
the set . is a C-constructible subset of & (n, m).

(b) Bounds on orders, degrees and exponents. In this subsection
we fix a field C ¢ C and show that if we start with elements in
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ZL(n,m,B) or ZX(n,m,Z) then we can calculate m’, n’, B’ and
2’ such that certain associated linear differential equations must lie
in Z(n',m', B") or X (n',m',Z'"). The results here strengthen re-
sults appearing in [SI80] and [SI81] which in turn rely on ideas from
[SCH68].

LeEMMA 3.1. (1) Let AX = 0 be a system of r equations in s un-
knowns where s > r and A has entries in C[x], C a field. If the
degree of each entry in A is at most N, then AX =0 has a non-zero
solution in C[x)* whose entries have degree at most rN .

(i) Let AX = D be a system of r equations in s unknowns where
A and D have entries in C[x], C a field. If the degree of each entry
in A and D is at most N and AX = D has a solution in C(x)S then
it has a solution whose entries have numerators and denominators of
degree at most rN .

Proof. (i) By replacing AX = 0 by a smaller system of equations,
we may assume that 4 = [a;;] has rank r. Let B = [a;;]i<;, j<,, and
we assume, without loss of generality, that det B # 0. Set each x;, = 1
for j > r and rewrite the system AX =0 as BX = D, for some r x|
matrix D. Using Cramer’s rule, we have x; = det(B;)/det(B) for
1 < j < r where B; is formed by replacing the jth column of B
by D. One sees that the degrees of det(B;) and det(B) are bounded
by rN and that x; = det(B;) for 1 < j <r and x; = det(B) for
r+1<j<s forms a solution of AX =0.

(i1) An application of Cramer’s Rule as above yields this result. O

LEMMA 3.2. Given integers n and m one can find integers n' and
m' such that for any Ly and L, in £ (n, m) there exist Lz, L,
and Ls in Z(n', m') such that Soln(L3) = {y| + y2|y, € Soln(L,),
2 € Soln(L,)}, Soln(Ly) is spanned by {y;-y,|y; € Soln(L;), y; €
Soln(L,)} and Soln(Ls) = {y'|ly € Soln(L,)}. Furthermore, given
local data & (resp. a local bound B) there exists local data ' (resp.
a local bound B') depending only on n, m and < (resp. B) such
that if Ly and Lye X (n, m, ) (resp. £ (n, m, B)) then Ly, L,
and Ls € L (n', m', 2') (resp. L (n', m', B")).

Proof. We will prove the existence of L; ; the other cases are proved
in a similar manner (see [SI80]). Let L(y) = a,y") + --- + apy and
Ly(y) = byy™ + - + byy with a,, b, € C[x]. We will furthermore
assume that a,b, # 0; easy modifications can be made if a, = 0
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orif b, =0. Let Y; and Y, be differential variables, and formally
differentiate Y; + Y> 2n times. Using the relation L;(Y;) = 0 and
its derivatives, we can replace occurrences of Yl(i) , 1 >n,with C(x)-
linear combinations of Yl(j ) , 0<j<n-1. Asimilar replacement can
be made for Yz(i) . In this way we get 2n+ 1 expressions Ey, ..., Ey,

in the 2n variables Yl(’ ), Yz(J ), 0<j<n-1. Let n be the smallest
integer such that there exist ¢p, ..., ¢, , in C[x], not all zero such
that Z:io ¢;(Y1+Y,)9) = 0. Clearly any solutions y;, y, of Li(y) =0
and L,(y) = 0 respectively yield a solution y;+y, of Z;"io ¢y =0.
As in [SI80] one can also show that all solutions of Z;’;O ¢y =0
are of this form.

The ¢; satisfy a system of 2n + 1 linear homogeneous (algebraic)
equations whose coefficients involve the a; and b; and their deriva-
tives. The degree of the coefficients can be explicitly bounded in terms
of the degrees of the a; and the b; (that is, in terms of m). There-
fore, by Lemma 3.1, there is a number m’ such that we can find ¢;,
not all zero, with the degrees of the ¢; less than m’.

We have therefore shown that y, +y, satisfies an equation L3;(y) =
0 with L3(y) in .Z(n’, m’) such that every solution of this equation
is the sum of a solution of L;(y) = 0 and a solution of L,(y) =0.
Fix some local data & and assume that L,, L, € Z(n, m,Z).
At any point, the determining factors are either those of L; or of
L, and therefore are in & . The exponents are of the form p + ¢
where p is an exponent of 'L; or L, and ¢ is a positive integer
(the presence of ¢ is due to the fact that terms may cancel in the
sum of solutions of L;(y) = 0 and L,(y) = 0; this explains why
new apparent singularities may enter in L3). If B is a local bound
for L; and L, then Lemma 2.13 implies that there are only a finite
number of possibilities for these non-negative integers and that these
only depend on n, m and B (or &). This allows us to construct,
from n,m and & (resp. B) local data &’ (resp. B’) such that
Lie X (n,m,2’) (resp. Z(n', m', B')).

For L4, the determining factors will be of the form P; + P, where
P, is a determining factor of L; and P, is a determining factor of
L,. The exponents will be of the form p; + p, + ¢ where p; is an
exponent of L; and p, is an exponent of L, and ¢ is a non-negative
integer. For Ls the determining factors are the same as those of L.
The exponents are of the form p — (deg P)(1/n!) — 1 +t where p is
an exponent of L;, P is a determining factor of L, and ¢ is a non-
negative integer. For both L, and Ls we now proceed as above. 0O
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LEMMA 3.3. Let n and m be integers, & local data and B > 0.
(i) Let P(Yy,...,Y;) be a differential polynomial in

C){Yr, ..., Y1}
One can find integers n', m’ such thatif Ly, ..., L€ X (n, m) then
there exists an Lp € £ (n', m') having the property that if y; sat-
isfies L;(y;) =0, i =1,...,¢t, then P(y,,...,y;) is a solution of

Lp(y) = 0. Furthermore, one can find local data &' (resp. a local
bound B') depending only on P, n, m and & (resp. B) such that if
Lie Zn,m,2) (resp. L (n,m, ZB)) then Lp can be chosen to
bein Z(n',m, ") (resp. L (n',m', F")).

(ii) Let
PYy,...,Y,,C, ..., Cyn)
€ CON{Yy, ..., Yo, (det(Y)™!, Cy, ..., Ch}.
One can find integers n' and m’' such that for any L € £ (n, m)
there exists Lp € £ (n', m') having the property that if yi, ..., Vn
forms a fundamental set of solutions of L(y) =0 and ¢, ..., cy are
constants then P(Yy, ..., ¥Yn,Cl,...,CN) IS a solution of Lp(Y) =

0. Furthermore, one can find local data ' (resp. a local bound B')
depending only on P, n, m and & (resp. n, m and B) such that if
LeZn,m,2) (resp. £ (n, m, B)) then Lp can be chosen to be
in Zn,m,") (resp. L (n', m', B")).

Proof. (i) follows from Lemma 3.2 by induction.
(i) Let L(y) € X (n, m, ) let y;,...,y, be a basis for the
solution space of L(y) = 0 and let Wr denote the Wronskian deter-

minant det(yl(.’)). If L(y) =a,(x)y"™ +---+apg(x)y, then Wr'/Wr =
—an_y/an so (Wr)~! satisfies Ly, -1(v) =0 where Ly, -+ € Z(1, m).
Part (1) of this lemma now implies that there exist »n’, m’ such that
Pyi,....¥n,€1,...,cy) satisfies Lp(y) = 0 for some Lp €
ZLn',m).

Now assume L € £ (n, m,<). Part (i) implies that 3n’, m’, &’
such that y = Wr satisfies L(y) = 0 for some L € X (n', m',Z").
Therefore (Wr)~! has exponents of the form —p and determining
factors —P for p, P€Z’. This implies that (Wr)~! satisfies Ly, -1(»)
=0 for Ly, - € Z(1,m,2") where 2" = —-2'. If all we know
is that L € #(n, m, B) then a similar argument shows that L €
ZL(n',m', B') for some B’ so Ly, - €.Z(1,m,B’). O
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LEMMA 3.4. Let L € ¥ (n, m, B) and let r be a positive integer.
There exist integers Ny and N, depending only on r,n, m and B
such that:

(i) if y satisfies L(y) = 0 and y is algebraic of degree r over C(x)
with minimal polynomial y" +b,_1y" "1 +---+ By, b; € C(x), then the
degrees of the numerator and denominator of each b; are < Nj.

(ii) If y satisfies L(y) =0 and u = y'/y is algebraic of degree r
over C(x) with minimal polynomial u"+b,_yu"~'+---+by, b; € C(x),
then the degrees of the numerator and denominator of each b; are
<N;.

Proof. (i) Since f(y) = y" + b,_1y""1 + --- + by is the minimal
polynomial of y, any solution of f(y) = O is also a solution of
L(y) = 0. Therefore each b; is a known symmetric polynomial
of solutions uy,...,u, of L(y) = 0. Lemma 3.3(i) implies the
existence of n’, m’, B’ s.t. each b; satisfies L;(b;) = 0 for some
L;e Z(n', m', B') and Proposition 2.11(i) implies that there exists
an integer N; such that the degrees of the numerators and denomi-
nators of each b; are < N;.

(ii) Since g(u) = u"+b,_u’~! +---+ by is irreducible any solution
u; of g(u) =0 is of the form u; = y}/y; for some solution y; of
L(y) =0. Note that b,_; = —(u; +---+u,) = ([[y))" /(I »i) € Cx).
Let P=7Y;.---.Y,. Lemma 3.3(i) implies the existence of n’, m’, B’
depending only on P, n, m and B such that P(y;, ..., y,) satisfies
Lp(y) =0 for some Lp € & (n', m', B'). Since

P'(yi, ..., y) /P, ..., yr) €C(x),

Proposition 2.11(ii) implies that there exists an M such that the
degrees of the numerator and denominator of b,_; < M. We fur-
thermore have that P(y;, ..., y,) satisfies L(y) = 0 for some L €
Z(1, M, B'). Therefore ([Jy:)"'=1/P(yy,...,y,) satisfies L(y) =
0 for some L € Z(1,M,B’). Each b;, 0 < i <r—1, is of the
form Pi(yy, ...,y )([1y:)~' where P; € C{Y;,..., Y,}. Therefore
Lemma 3.3(1) and Proposition 2.11(i1) imply there exists an integer
N, such that the degrees of the numerators and denominators of the
bi < N,. O

LEMMA 3.5. Let L€ £ (n, m, B) and r be an integer. There exist
integers n', m’' such that if y is a solution of L(y) =0 and y'/y is
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algebraic of degree < r over C(x) then y~! satisfies Ly Y =0 for
some Le X (n', m', B).

Proof. It is enough to prove this lemma assuming that y’/y has
degree =r. Let K be the Picard-Vessiot extension of L over C(x).
Lemma 3.4 implies that there exists an N, depending only on r, n,
m, and B such that u = y'/y satisfies f(u) = u" +b,_ju'~' +-- +
by = 0 where the degrees of the numerators and denominators of the
bi < N.Let uy=u, up, ..., u, bethe conjugates of u. Each u, is
of the form y;/y; for some solution y; of L(y) = 0. The Galois group
of K over C(x) acts transitively on the u; and permutes them. Let
v, = —uy,..., U = —u,. These elements are all conjugate and the
minimal polynomial is g(v) = (=1)"v" + (=1)"'b,_ v~ + .-+ by.
Let z; = el v = y;bfori=1,...,r. If ¢ € Gal(K/C(x)) then

a(ef Uy = caef Ysw for some constant ¢,. Therefore the C-span V'
of zy, ..., z, is left invariant by Gal(K/C(x)) and so is the solution
space of some linear differential equation L with coefficients in C(x).
We will now find »’, m’ such that L € Z(n', m', B).

Note that z; = v,;z;, z) = (v, + vlz)z,-, e ZE” = P,(v;)z; where
Pij(v;) = (Pj—y) + v;P;_;, Py = 1. Using g(v) = 0, we see that
there exists an M depending only on the degrees of the b, so that
each P;(v) may be written as Pj(v) =a,_; jv'~'+---+4ap ; where
each a; ; is the quotient of polynomials of degree < M. Let ¢ be
the smallest integer such that there exist ¢y, ..., ¢; in C[x], not all
zero with Y% ;¢;Pj(v) = 0. Each z; will then be a solution of

L(z) = Yi0ciz® = 0. As in [SI80] one can also show that the

z; span Soln(L). The c¢; satisfy a homogeneous system of linear
(algebraic) equations whose coefficients are polynomials of degree <
M . Therefore Lemma 3.1 implies that there is an M’ depending only
on M s.t. we can find ¢;, not all zero, with degc; < M'. Therefore
Le Z(r, M'). To find a local bound for L, note that at any point «,
each u; has an expansion u; = ZJ'ZJ'O ajt/, t=(z-a)/", q,;€C.
Therefore each y; = t”7.efW¢;(t) where ¢; € C[[f]], ¢.(0) # 0 and
so z; =t Pe POy(1), wi(t) € C[[#]], wi(0) # 0. Since the z; span
Soln(L), we have L € Z(r, M", B). o

In Lemma 3.6 we shall deal with the adjoint of a linear differ-
ential equation L(y) = a,y"™ + --- + apy. The adjoint is defined
to be L*(y) = (=1)"(@)™ + (=) (@ yy)" ' + -+ aoy. If
{¥1, ..., yn} form a fundamental set of solutions of L(y) =0 then
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{z1,..., zZn} foyms a fundamental set of solutions of L*(y) = 0
where zZj = (——l)l‘lwr(yla oo 7.)}1'7 oo aJ’n)/Wr(Yb .o >yn) ([SCH68]>
Vol. I, p. 64). Furthermore, if L(y) = L;(Ly(y)) then L*(y) =

L3 (Li(y)) -

LEMMA 3.6. Given n, m and B, there exists a B’ such that if L €
Z(n,m, B), then L* € X(n, m, B').

Proof. Lemma 3.3(ii) and Lemma 3.2 imply that there exist n’, m’

and B’ such thatif {y,,..., Yn} is a fundamental set of solutlons of
L(y) = 0 then there exists an L € Z(n’', m’, B') such that L(z;) =0
for i =1,..., n. Therefore any solution of L*(z) =0 1is a solution

of L(z)=0 and so L* € Z(n, m, B').

LEMMA 3.7. Given s, n, m and B, there exists an integer N sat-
isfying the following: if L(y) = 0 is a monic differential equation, with
coefficients in C(x), such that a-L € £ (n, m, B) for some a € C[x]
then if L(y) = Ly(Li(y)) where Ly(y) and L,(y) are monic linear
differential equations with coefficients in an algebraic extension of C(x)
of degree s, then each coefficient of L, and L, satisfies a monic poly-
nomial of degree < s whose coefficients are quotients of polynomials
of degree < N. If s = 1 then there exists a d € C[x] such that
d-Li € &X(n,N,B). Furthermore, if a-L € X (n,m,Z) then
d-LieXn,N,D).

Proof. It is enough to prove this lemma assuming that L;(y) has
some fixed order kK < n. If Li(y) = y® 4+ bp_;y*=D 4 ... + b,

then byr_; = (Wr(yy, ..., ¥))'/Wr(y1, ..., yr) for some solutions
Vi, .-->Y of L(y) = 0. Lemma 3.3 implies that there exist #’,
m', B" st. Wr(yy,...,y;) satisfies L,_;(y) = 0 for some L;_; €

ZL(n',m', B'). Since b,_; is algebraic of degree < s, Lemma 3.4
implies that there exists an N such that b, _, satisfies a polynomial of
degree < s with coeflicients in C(x) whose numerators and denom-
inators have degree < N. Furthermore, Lemma 3.5 implies there

exist 7, i, B such that ¥y = 1/Wr(yy, ..., y) satisfies L( ) =0
for some L € Z (i, m, B). Each b; is of the form P;(yy, ..., Vi) -
(1/Wr(yy, ..., ¥x)) so Lemma 3.2 implies there exist n”, m”, B”
such that each b; satisfies L;(y) =0 for some L; € £ (n”, m", B").

Each b; is algebraic of deg <s so Lemma 3.4 implies there exists an
M such that each b; satisfies an irreducible polynomial of degree <'s
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with coefficients in C(x) whose numerators and denominators are of
degree < M.

Let Ly(y) = y*% 4 a, ,_;y"k=1 4+ ...+ qyy. To handle the
coefficients of L, , we consider the adjoint operator L* = Lj(L5(y)).
Applying the above considerations and Lemma 3.6 to L* we sce that
there exist n”’, m", B" such that each coefficient a; of L3 satisfies
Li(y)=0 forsome L, €.Z(n”, m"”, B"). Since L, = (L%)* we see
that each a; = Pi(aj, ..., a,_,_,) forsome P, € C{Yy, ..., Y, s}
that depends only on n—k and /. Therefore Lemma 3.3 implies that
there exist #, m, B (depending only on k,s,n,m and B) such
that a; satisfies Z,-(y) = 0 for some L, € L, m, B). Since each
a; 1s algebraic of degree < s, Lemma 3.4 implies there exists an M
depending only on k, s, n, m, B, such that each a; satisfies an ir-
reducible polynomial whose coefficients have numerators and denom-
inators of degree < M . Letting k vary from 1 to n — 1 yields the
result.

If s = 1, then the bound N actually bounds the degrees of the
numerators and denominators of the coefficients of L{(y). Let d be
the least common multiple of the denominators of these coefficients.
Any solution of L;(y) = 0 1is a solution of L(y) = 0 soif L €
ZL(n,m,B) (resp. Le X (n,N,Z)) then d-L, € X (n,2N, B)
(resp. d-Le X (n,2N,2)). ]

In Proposition 3.9 below we show that a Picard-Vessiot extension K
of C(x) contains a copy of any finite dimensional G-module, where
G 1is the Galois group of K over C(x). Before proving this we need
some preliminary facts. Let G be a linear algebraic group defined
over a field C and let V' be a faithful finite dimensional G-module
defined over C. In [WA79], p. 25, it is shown that every finite dimen-
sional G-module defined over C can be constructed from V' by the
process of forming tensor products, direct sums, subrepresentations,
quotients and duals. If the dimension of V' is n, we may think of
G C GL(n, C) and consider the one dimensional representation given
by 1/det(g). Let W be the associated one dimension G-module. As
noted on p. 26 of [WA79], we do not need duals in the above process
if we start with both V" and W .

We shall also need an observation due to Ritt. Let k& be a differ-

ential field and Z,, ..., Z, differential indeterminates. The order
of a differential polynomial P € k{Z,, ..., Z,} is defined to be the
smallest integer » such that P € k[Z,, ..., Zn, ..., Zl(r), 70,

On page 35 of [RI66], Ritt shows the following:
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LEMMA 3.8. Let k be a differential field of characteristic O contain-

ing an element x with x' =1, let Z,, ..., Z, be differential inde-
terminates and let P(Zy, ..., 2Z,) € k{Z,, ..., Z,} have order r. If
P(Zy,...,Zy)#0, there exists d;j€Q, 1<i<n, 1<j<r, such

that P(z;zo dl]-xj 3 e s Z;:O dnjxj) 7+— 0

ProposITION 3.9. Let C be an algebraically closed subfield of C, G
a linear algebraic group defined over C, V; a faithful G-module of di-
mension ny, and V> a G-module of dimension n,, Vi and V> defined

over C. There exist integers my and N and elements Py, ..., Py €
CE{Y1,..., Yo, (det(Y))1, Cy, ..., Cn}, where Yy, ..., Yy,
Ci, ..., Cy are differential indeterminants, satisfying the following:

forany Ly € £ (ny, my) whose Galois group Gal(L,) is a C-subgroup
of G and with Soln(L,) Gal(L,)-isomorphic to V| and any basis
VYis--->¥Yn of Soln(Ly), there exist constants cy, ..., cy Such that
PyYis oo s¥n sClseers CN) s oves Pu(V1seees Vs C1s oon s CN) form
the basis of a Gal(L;) module C-isomorphic to V,. Furthermore
given my and <, (resp. m; and B;) one can find m, and
<, (resp. my, and By) such that if L, € £ (n, my, <) (resp.
L € 3(711,7’}’11,31)) then Pl(yl,...,ynl,cl,...,cN),...,
Pnz(yl seee s Vn s Clyvens cy) form the basis of Soln(L,) for some
L, Eg(nz, my, &) (resp. Lef(nz, my, By).

Proof. As noted above, V, can be identified with a G-module
formed from V] and (det¥;)~! by taking submodules, direct sums,
tensor products and quotients. We shall show that if L; is as above
then this construction can be carried out inside the Picard-Vessiot
extension associated with L;(y) = 0 and that this can be done in
a way that is independent of Gal(L;) C G. We shall proceed by
induction on the number of these operations required to construct
V. We shall assume that L, € & (n;, m, %) (the proof when
L, € &Z(ny, my, By) is similar). We will start with the operation of
taking submodules and prove the following:

Let W be a G-module of dimension v, & local data, N and m
integers. Assume there exist

Wy, ..., Wy EC(X){YI, cees Yn] > (det(yvl(j)))_la Cl s ey CN}
such that if L\(y) € Z(ny, m;, &) then for any basis y|, ..., Vn,
of Soln(L;), there exist constants c¢;,...,cy in C such that

wl(yis“')ynlacla'°'3CN)’"'>wll(yls'-'3y}’llacl>"-aCN) iS a
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basis of a Gal(L;)-module isomorphic to W and W that is the so-
lution space of some L € Z(v, u, Z). Let W be a sub-G-module
of W of dimension 7. Then there exist integers N and it and local
data & and differential polynomials

pl,...,ngC(X){Y],...,Y (det( ) l) CI,...,C&’}
such that if L; € Z(n, m, ) then for any basis y, ..., y,
of Soln(L;) there exist constant Cls--s Cx in C, such that
Pl(J’ls---ayn 361)"-,cﬁ)a---vpu(yla'--:yn >Cl5'-- CN) iS a

basis of a_Gal(L;)-module isomorphic to W that is the solution space
of some Le.Z (v, i, D).
To see that this is true, let (D,;) be a v x ¥ matrix of new indeter-

minates and define p;, ..., p; by letting
(pls :pf/) = (wla sy wll)(D[])'
If Vis«ees¥n s C1s...,Cy are chosen so that wy, ..., wy 1s a basis

of W, then there exist constants d,, in C so that

pl(yla"'>ynl>cla'~->CNadll>-~'>dVl7):
-spD(J’la~~-aYn17st---’CN>d117~~-adm‘/)

will be a basis for W . Lemma 2.10(ii) implies that W = Soln(L)
where L(y) = aL(L(y)) with L and L monic and having coef-
ficients in C(x). Lemma 3.7 (with s = 1) implies that there ex-
ists an integer # and d € C(x) such that 4 - L( ye LW, n,<).
To satisfy the conclusion of the above, we let N=v-0+N and
CN—H =D11, ey C']\;‘:Dy,;.

We now consider the operations of taking direct sums, tensor prod-
ucts and quotients and show the following;:

Let W, and W, be G-modules of dimensions v, and v, Z,
and &, local data, N, u;, and u, integers. Assume that there exist
Wity «v s wl,,l,wzl, ey ’wzl,z in

CO){Yi, ..., Yo, (det(Y )™, €y, e, Oy

such that if L,(y) e Z(n, m;, Z,) then, for any basis y;, ..., Vn,
of the solution space of L;(y) there are constants c¢;, ..., cy in C
such that

wll(y1>"':ynl>cla-'~>CN)7'~~>wll/l(y17'-~;yﬂlacl>~'~7CN)
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is the basis of the solution space (isomorphic to W) of some L(y) €
ZLvy, w1, ) and

WA (V1> wve s Vs Cls vev s ON) s wvv s Way (V15 wevs Vs €1y oen s CN)

is a basis for the solution space (isomorphic to W,) of some Ly(y) €
Z(vy, ny, Z4). Then there exist integers 7 and N, and local data
Z and differential polynomials ¢y, ..., qytv,,F1s ... -, and
Sty eensSy—p, in CO{Yy, ..., Yy, (det(Y)7!, €y, ..., Cy} such
that if Li(y) € Z(n;, m;, Z)), then for any basis y;, ...,y of
Soln(L;) there are constants ¢, ..., ¢y in C such that:

(i)
ql(yla"',ynl:cla--'5CN')a"°’qvl-i-l/z(yl’"‘:yn!acl)"')CN')

is a basis of a Gal(L;)-module, C-isomorphic to W, ® >, that is the
solution space of some L3(y) € L (v, + vy, M, ).

(i1)
rl(yl>~-- 5ynlac19--- >CN')9'°-arI/I'I/2(y19--- 9ynlscla oo ’CN')

is a basis of a Gal(L,)-module, C-isomorphic to W; ® W, , that is the
solution space of some Ls(y) € Z (v, vy, M, D),

(i)
sl(y1>"' 9ynl)cla-")CN/):'-'9SV1—I/2(y15"'ayl’llacla"'acN’)

is a basis of a Gal(L;)-module, C-isomorphic to W;/W;, that is the
solution space of some Ls € & (v, —v,, M, ) (assuming that W5 C
wy).

We begin by proving (i). Of course, we would like to claim that
Wi, eoos Wiy, Waps -.n, Wy, will be a basis of W, @ W, , but this is
not necessarily true. We will remedy this by shifting the w,;. Let
Zy, ..., Z, be differential indeterminates and let y;, ..., y, bea
basis for the solution space of some L,(y) € .Z(n,, m;, <) for
which there are constants such that

Wi =W (Vs v s Vn s Cly-nn s CN)

wll/l :wll/l(ylz"' 7ynlacla :CN)
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(resp.

wZI szI(yla-"aynl7cla"'acN)

wZI/Z =w2112(y1’--'>ynl:cla ...,CN))

are linearly independent solutions of some L;(y) € £ (v, u1, Zy)
(resp. Ly(y) € Z(va, ta, Z5)). Consider the differential polynomial

P(Zy,...,Z,)

2
vy Yy

_ " - - (i-1) - (i=1)

_Wr(w“,...,wl,,l,ZZinI ,...,ZZI-wZUZ .
i=1 i=1

This is a non-zero polynomial since (wéj."l))lg i j<v, is nonsingular
and Wr(w;,, ..., Wiy > Zys oo s Z,,) is non-zero. Therefore Lemma
3.9 implies that, for some M >0 and d;; €Q,

M . M .
P Zdljxf,...,}:dyzjxf 750
j=0 J=0

Note that M can be chosen to be any integer bigger than or equal to
the order of P(Z, ..., Z,)) and this order can be bounded in terms
of v; and v,. Letting

dq1 =Wy eev s Qo =W,

; i—1
Qv 1= > Dijx | wl Y

NS

e ,
QVI+1/2 = Z Z D,'jxf ng:l)
i=1 \j=0
and Cyyy = D1y, ..., Cy =Dy iy gives us the desired elements of
Cx){Y1, ..., Yn, (det(Yi(j)))‘lCl , ..., Cy/} since the vector space
spanned by Qv +15 - > Qv+, is Gal(L,)-isomorphic to W, . Lemma
3.3(b) implies that one can find integers »n’, m’, local data &’ and
LyeZ(n',m, 2" for i=1,...,v| +v; such that

qu(qi(yl: --~aJ7naC1, DCN'))ZO'
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Lemma 3.2 implies that one can find integers »”, m” local data &”
and Le Z(n", m", 2") suchthat L(q;(yy, .- s VYn,Cls .- Cy')) =
0 for i = 1,...,v; +v,. Since qi,..., dy+y, span a Gal(L)-
invariant subspace of the solutlon space of L(y) =0, we may write
L(y)=a-Ly(L(y)) where L(y) and L,(y) are monic and g, ...,
v +v, SPAN the solution space of L;(y) = 0. If d is the least common
multiple of the denominators of f,l(y), then Lemma 3.8 guarantees
that one can find 7 and a local data & such that Ls(y) =d Li(y)e
F(vy+vy, m, D). This satisfies (i) above.

To prove (ii), let Wy, ..., Wy, , Way s ..., Wy, be as above. Let

PZ,...,7Z))

2

= Wr (u?“-(zz w” 1)) ,--.,w1u1'<zzwzi/ 1)>> :
i=1

Since P is a non-zero polynomial, there exists an M and d;; € Q
such that

M M
P (Zdljxj, N Ed,,zjxj) #0
Jj=0

j=0

> 1
=wy - > Dipx/ | wy Y
i=1 \j=0
v, M ' |
Fojw, = Wiy - [ Y| D Dyjx! wé’y )
i=1 \j=0

and Cyi1 = Dyy, ..., Cy = D,y gives us the desired elements.
Lemma 3.2,~Lemma 3.3 and Lemma 3.7 guarantee the existence of
the desired L4(y) as above.

To prove (iii), we may assume that v, > vy and wj; = wyy, ..

Letting

NS
™

A

Wy, = Wiy, - Let Wy, ..., Wiy, be as above. We know that there is
some L; € Z(vy, uy, Zy) such that Li(dyy) = --- = Ly(dy,,) = 0
andan Ly € Z(vy, o, Z5) such that Ly(wy) =--- = Ly(iy,)=0.

Since every solution of Ly(y) = 0 is a solution of L;(y) = 0, there
is a linear operator Lj3, with coefficients in C(x) such that L,(y) =
L3(Ly(y)). Therefore Ly(Wiy11), .., La(ty,) forms a basis of a
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Gal(L;)-module isomorphic to W;/W,. We can therefore let

V2 2
Z(ZDUx)wIVH,.. - _Z(ZDU)H> wi) .
i=0

=0 \, =0
Setting Cyy1 =Dgg, ..., Cy = D"zﬁz , we can apply Lemmas 3.2, 3.3

and 3.7 to conclude that the s; satisfy (ii1). O

LemMA 3.10. Let n, m beintegers, & local data, and Py, ..., P €
c{Y1,.... Y, Cy,...,Cun, det(Yi(j))‘l}. One can find an integer
M, depending only on n, m, < and Py, ..., P, satisfying the fol-
lowing:

Forany Ly)e X(n,m,Z),c1,...,cy€C and {y1,...,Vn},
a fundamental set of solutions of L(y) =0 such that

(Pi(yla-"aynacla--"cN))l/Pi(yla"'aynacla-”’CN)e(C('x)’
for i=1,...,r, we have that

Pl(yla'-'syn7cl:"'3CN)5'~-aPr(y19---7yn)cla--'>CN)

are algebraically dependent over C(x) if and only if there exist integers
my, ..., m,, not all zero, with |m;| < M such that

H(Pi(yla cees Vs Clsvnns CN))m' :R(X)
where R(x) € C(x) and deg(R(x)) < M .

Proof. If TI'_{(Pi(»1s ...y ¥nsC1y...,Cn))™ = R(x) as above,
then the P;(yy, ..., yu, €1, ..., Cn) are algebraically dependent. Con-
versely, if Pi(Vi, ««. s Vns Cls coe sCN) s «vo s Pr(V1s e 5Yns Cly «ov 5CN)
are algebraically dependent over C(x), then the Kolchin-Ostrowski
Theorem [KO68] implies that there exist integers m, ..., m, not all

zero such that
,

(3.9.1) TP, oy ers oo en))™ = R(x)
/=1

for some rational function R(x) € C(x). Lemma 3.2 and Lemma
2.10(ii) imply that we can find s, ¢, n; and a finite set ©* depending
onlyon n,m,<Z and P, ..., P, such that

l

ajji s
ZZ -a,)1+b”x + - +b0[

ll]l
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for I =1,...,r where a;;;, by € 7. Let R(x) = f’ L =y
Taking the logarithmic derivative of (3.9.1), we have

r t n
(3.9.2) Zm, (ZZ _”Ci -+ bgx® + - +b0,)

Comparing positive powers of x, we have
r

(3.9.3) > myby =
I=1

for I =1,...,r. Let B;,..., B; be the distinct elements among
the o; and y;. Fix some f;, say fB;. Comparing coeflicients of
(x — B1)~!, we have

(3.9.4) SN mayy =g

=1 azI:ﬂl

where y; = By . Comparing coefficients of (x— )7/, j > 1, we have
for each such j

(3.9.5) S> may; =0

=1 a//:ﬂl

We get similar equations for each f;. Note that the formation of
the equations (3.9.3), (3.9.4) and (3.9.5) depends firstly only on the
partition of the elements «;; and y; (according to which are equal)
and not on the particular values of the 8; and secondly on a choice of
the a;;; and bj; from the finite set .. Furthermore, any choice of
integers m; and 71; (not all zero) satisfying these equations will yield
a solution of (3.9.1) (for a particular choice of «;; and y;). Since
there are only a finite number of partitions and only a finite number
of choices for the a;; and b;;;, we can find an integer M such that
if there exist m; satisfying (3.9.1) for some R(x), then there exist
such m; with |m;| < M. O

We note that, unlike the previous lemmas and propositions,
the hypotheses in Lemma 3.10 cannot be weakened to assume L €
Z(n, m, B) for some local bound B. An example showing that we
need to know the exponents is ' — (a/x)y =0. Let r=1, P  =y.
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Letting o = (1/m) shows that as @« — 0 we must let m — oo to
guarantee y™ € C(x). An example showing that we need to know
the determining factors and not just a bound on their degrees is given
by ¥ — (a1 + a2)y’ + (ajaz)y = 0, a1 # a € C. The solutions are
Y1 = e%*, y, = e%*  so a;x are determining factors at co. Letting
Pi=y, b,=y;,and a; = (1/n)a;, then PP} € C(x) with n — oo
and a suitable choice of the coefficient of the determining factors.

(¢) Main Theorem. In this section we show that certain sets of linear
differential equations are constructible. Throughout this section C C
C 1is a fixed algebraically closed field.

ProrosITION 3.11. Let n and m be integers and B > 0 a real
number.

(i) Let G be a linear algebraic group and V a faithful G-module
of dimension n both defined over C. The set of L € < (n, m, B)
such that Gal(L) C G and Soln(L) is Gal(L)-isomorphic over C to
V is a C-constructible subset of £ (n, m, B).

(i) If G is a finite group and V a faithful G-module, then
ZLn,m,B,G,V) is C-constructible subset of £ (n, m, B). There-
fore, for any weak local data 7, L (n, m,? ,G,V) is a C-con-
structible set.

Proof. (1) We start with some notation. Let fi,..., f; €
Clx11, ..., Xnn] generate the ideal of polynomials vanishing on G.
If we select enough generators, we may assume that the C-span W
of fi,..., fr is G-invariant under A,(f) = f((g)~!- (x;;)) and
that G = {g € GL(n, C)[A,W = W}. Let Y = (Y/)) and s =
(sij) where the Yi(j) and the s;; are variables. For r = 1,...,1,
let F(YY,s;) = f((Y~'-s);;). For L(y) € Z(n, m, B) and
Y1, ..., yn afundamental set of solutions of L(y) =0, let Y = (yl(j))
and F,(s; ]) F, (yl( D s ;) for r=1,...,¢t. Note that the action of
g€ G on Y isgiven by gY)=7Y. (g,,) for some (g;;) € GL(n, C).

We first note that F,(yY)) = f,(id) =0, r=1,..., ¢, where id is
the identity matrix. Secondly, any g € Gal(L) acts on the coefficients
of Fr(S,'j) via

FE(sij) = 8(F(sif) = f(g()™) - (s0))) = A ()7 - (s1))) -
Therefore, F,g(yl.])) = f,(g~!). We claim that the C-span V of
{F1, ..., F;} is left invariant by Gal(L) if and only if Gal(L) C G.
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To see this first assume that Gal(L) C G. For each g € Gal(L), we
have

FE(sij) = A (@) - (1) = Zc Sl (i)

for some c‘g; in C, since the span of the f; is left invariant by G.

Therefore FS(s; i) =2k crgkﬁk (sij). Now assume that V' is left invari-
ant by Gal(L). This implies that F£(s;;) = 3, cfkﬁk(si ;) for some
constants cigj. Therefore Frg(yl(j)) =0,s0 f,(g7')=0 and g isin
G.

Therefore, to reach the desired conclusion we must show that the
property “the C-span V of {Fj, .. E} is left invariant by Gal(L)”
is C-constructible. To see this we cons1der each F, (Y , Sij) as a

polynomial in the s;; with coefficients in C (Yi(J )) . In such a polyno-
mial the coefficient of each power product of the s;; is of the form
(det(Yi(’)))‘N q(Yi(’)) , where ¢ is a polynomial. Therefore we may
multiply the F, by a sufficiently high power of det(Yl-(] )) and assume
that these coefficients are differential polynomials in C{Y;, ..., Y,}.
Assume that there are at most M power products of the s;; in
each F, and order these products in some manner. We may identify
each F, with its vector of coefficients (P,;);<;<ar, Where each P, €
C{Yy,...,Y,}. Let p,y = Py{y1,...,yn). Note (p,) is the vector
of coefficients of F,. Let P be the ¢ x M matrix formed by these
rows. Assume that the rank of P is f; and let Q = (g;;) be the
t; x M matrix formed by using a maximal set of independent rows
of P. Clearly V' is left invariant by Gal(L) if and only if for any
g € Gal(L) there is an A, € GL(#;, C) such that gQ = 4, - Q. We
shall show that this latter condition is C-constructible.

First note that Lemma 3.2 and Lemma 3.3 imply that there exist
integers 7 and 7 and a local bound B (depending only on n, m
and B) and an element L € ¥ (7, ™, B) such that L(g;;) = 0 for
all entries g;; of Q. Let o be a point that is not a singular point of L
(i.e. @ is not a zero of the leading coefficient of L), let v; = (j — 1)7
andlet R= ¥ (x-)"Q; where Q; is the jth column of Q. We
claim that the entries of R are linearly independent over C. To see
this, assume that we have ¢; € C, i=1, ..., {;, such that

i (Z x = ) ’qu) Z )" (gciqi,).

Jj=1
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For each j, Zﬁ‘zl ciqi; is a solution of L(y) =0 analytic at o which
vanishes at « to order at most 7 — 1. Therefore the order of each
non-zero term (x — a)”/(Z?:l ciqj) 1s between (j —1)7 and ja—1.
Since the sum of these terms is zero we must have each Z?‘: 169, =0.
Since the rows of Q are linearly independent, we must have that each
Ci = 0.

- We will now show that the statement that for any g € Gal(L) there
is an 4, € GL(¢;, C) such that gQ = A4g - Q is equivalent to the
following:

(a) The entries of R form a basis for the solution space of some L
in Z(#, m, B) where 1, m, B depend only on n, m and S.

(b) Q=WZ where W=(R,R,..., Rb=D)and Z isa t; xM
matrix with entries that are rational functions (whose degrees can be
a priori bounded in terms of n, m and B).

Once we have shown this equivalence we will be done since Seiden-
berg’s principle implies that (a) and (b) define C-constructible sets.

Let us start by assuming that for each g € G there is an A, €
GL(t;,C) such that g0 = 4, - Q. Since R = Q- X where X =
(x=a)", ..., (x—a)")T we see that the entries of R spana Gal(L)
invariant space. Since these entries are linearly independent, Lemma
2.10(1), Lemma 3.2, Lemma 3.3, and Lemma 3.7 imply that there exist
integers 7 and 77 and a local bound B (depending only on #n, m and
B) such that these entries form a basis of the solution space of some
Le Z(n,m, B). Therefore (a) holds.

To see that (b) holds, let g € Gal(L). Since gR = g(Q-X) = A4R,
we have gW = A,W . Since W is the Wronskian matrix of the
entries of R, W is invertible. Therefore Z = W~!Q is left invariant
by Gal(L) and its entries so must lie in C(x). Lemma 3.2, Lemma 3.3
and Proposition 2.11(i) imply that we can a priori bound the degrees
of Z interms of n, m and B so (b) holds.

Conversely assume that (a) and (b) hold. (a) implies that for any
g € Gal(L) there exists an 4, € GL(#;, C) such that gR = A,R.
From (b) we deduce that gQ = 4,0.

(ii) Let G be a finite group and H,;, ..., H; all the subgroups of
G . We then have that

ZLn,m,B,G,V)={Le F(n,m, B)|Gal(L) C G}

- L eZ(n, m, B)Gal(L)c H}.

i=1
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Since C-constructible sets form a boolean algebra, this latter set is a
C-constructible subset of & (n, m, B). O

Of course if L € Z(n,m, B, G, V) for a finite group G, all
solutions of L(y) = 0 will be algebraic so L will have only regular
singular points and rational exponents.

PROPOSITION 3.12. Let n and m be integers and B a real number.
Let G be a linear algebraic group with G° the connected component
of the identity and V a faithful G-module of dimension n, all defined
over C. Thesetof L in &(n, m, B) such that

(i) Gal(L) ¢ G and Soln(L) is isomorphic to V over C as
Gal(L)-modules.

(ii) The map n: G — G/GO is surjective when restricted to Gal(L)
is a C-constructible subset of £ (n, m, B).

Proof. Let W be a faithful G/G%module. By Proposition 3.9 there

exist Py,...,P € Cx){Yy,..., Y, (det(Y')"1, Cy, ..., Cn}
such thatif L € & (n, m, B) and Gal(L) C G/G° with Soln(L) iso-
morphic to W as a Gal(L)-module then for any basis {y;, ..., ¥}
of Soln(L), there exist constants ¢;, ..., cy such that

Pl(yla .o 3ynlacl: ree s CN), cee s Pt(yls aynla Cl: cee s CN)

generate a Gal(L)-module isomorphic to W . Furthermore, there ex-
ist n’, m’, B’ depending only on n, m, B and the P; suchthat W =
Soln(L') forsome L' € & (n’', m’, B). Therefore (ii) is equivalent to:
(ii’) there exists a basis {y;, ..., y,} and constants ¢, ..., ¢y such
that Pl(yl, ,y,,], Cly vy CN), ey P,;(yl, ,y,,l, Clyoens CN) is
a basis of Soln(L') for some L' € #(n’', m', B', G/G°, W). Propo-
sition 3.12(i) implies that (i) above defines a C-constructible subset
of Z(n, m, B). Proposition 3.12(ii) implies that (ii’) defines a C-
constructible subset of .%’(n, m, B). Therefore Seidenberg’s princi-
ple implies that the set defined in the proposition is a C-constructible
set of £(n, m, B). 0

ProrosITION 3.13. Let n and m be integers and B a real number.
Let G be a linear algebraic group, G° its connected component of the
identity and V a faithful G-module of dimension n, all defined over
C. Thesetof Le & (n, m, B) such that

(i) Gal(L) ¢ G and Soln(L) is isomorphic to V over C as
Gal(L)-modules.
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(i) Ker X(G°) ¢ Gal(L)
is a C-constructible subset of £ (n, m, B).

Proof. Proposition 3.11 implies that (i) defines a C-constructible
subset of .Z(n, m, B) so we only need to show that under the as-
sumption that (i) is true, condition (ii) defines a C-constructible sub-
set of .Z(n, m, B). To see this, let W be the faithful G-module
guaranteed to exist by Proposition 2.9. Let k = dmW, r =
dim(Cho(W)), and let s =[G : GY]. Let ¥, =V and V5, = W and
let ny, my, By and Py, ..., P, € Cx){Yy,..., Y, (det(YV)))~!
Cy, ..., Cy} be the elements guaranteed to exist by Proposition 3.9.
We w111 show that (assuming (i) holds) (i1) is equivalent to the follow-
ing condition and that this condition defines a C-constructible subset

of Z(n,m, B):
(i) There exists a basis {yi, ..., ¥»} of Soln(L) and constants
¢y, ..., Cy such that
{Pl(yls---,))n>cla---sCN)a---st(yl>--~JYnlsCIs--'aCN>}

forms the basis of Soln(L,) for some L, € ¥ (n,, m,, B;) with

() Ly(y) = Li_,(L/(y)) where Ly_,(y) and L,(y) have coeffi-
cients in an algebraic extension of C(x) of degree <.

(b) If L,(y) =0 and y'/y is algebraic over C(x) of degree < s,
then L,(y) =0.

Assume (i) and (ii) hold so Ker X(G°) ¢ Gal(L). Proposition
2.9 implies that Ch (W) = ChGal(L)nGO(W)' ChGal(L)ﬁGO(W) 1s a
Gal(L) N G° invariant subspace of W of dimension r so Lemma
2.10(i1) implies that L,(y) = L;_,(L,(y)) where

Soln(L,) = ChGal(L)ﬁGO(W> ,

and L,_, and L, have coefficients in the fixed field of Gal(L)NGP.
Since [Gal(L) : Gal(L)NG°] < [G : G°], this fixed field is an algebraic
extension of C(x) of degree at most s. Therefore (a) is true. If
L,(y) = 0 and y’/y is algebraic over C(x), then y’/y is left fixed
by Gal(L)?. Since KerX(GY) c Gal(L)? we have Chg, (W) =
Chpo(W) = ChGal(L)mGo(W) Therefore y € Ch,,, L)QGO(W) so L,(y)
=0.

Now assume (i) and (it’) hold. We will show ChGal mGO(W) =
Cho(W) so by Proposition 2.9, Ker X(G% c Gal(L). Let 1 =
dimChGal(L)nGo(W) and let {y,, ..., J;} be abasis of ChGal ﬂGo(W)
where each j; spans a Gal(L) N G%invariant subspace of W . For
each i, y//y; will be Gal(L) N G%invariant and so be algebraic over
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C(x) of degree at most s. Therefore (b) implies that each y; sat-
isfies L,(J;,) = 0. This implies ¢t < r. Since Gal(L)n G° c G°,
we have Ch(W) C ChGal(L)nG‘)(W) so we must have ¢/ = r and
Chgo(W) = Chgypynge (W) -

Therefore, assuming (i), (ii) and (ii’) are equivalent. To see that
(it') is a C-constructible subset of .#°(n, m, B) note that Lemma 3.7
implies that there exists an M depending only on n,, m; and B;
(and so only on N, m and B) such that the coefficients of L;_, and
L, satisfy irreducible polynomials over C(x) whose coefficients are
quotients of polynomials of degree < M . Furthermore Lemma 3.4(ii)
implies that there exists an M such that if y is as in (b) then y'/y
will satisfy an irreducible polynomial whose coefficients are quotients
of polynomials of degree < M . Using Seidenberg’s principle we see
that (i) defines a C-constructible set. O

THEOREM 3.14. Let n and m be integers and B a real number.
Let G be a linear algebraic group, G° its connected component of the
identity and V a faithful G-module of dimension n, all defined over
C. Theset of Le ¥ (n, m, B) such that

(i) Gal(L) ¢ G and Soln(L) is isomorphic to V over C as
Gal(L)-modules.
(ii) m: G — G/GO is surjective when restricted to Gal(L).
(iii) Ker X(G°) c Gal(L)
is a C-constructible subset of £ (n, m, B). Therefore, if G° =
KerX(G% and % is weak local data, then the set of L €
Ln,m, 7 ,G,V) is a C-constructible set.

Proof. The first statement follows from Propositions 3.12 and 3.13.
To prove the second statement, note that if Ker X(G%) = GO, then
conditions (i), (ii), (iii) imply that Gal(L) = G. Z(n, m,X’) is
always C-constructible so the conclusion follows. a

We note that the condition Ker X(G%) = G°, is equivalent to the
condition that R,(G% = R(G®). To see this note that Lemma 2.4
implies that Ker X(G°) = R,(G) x (P, P) for some Levi factor P
of GO. Therefore if G® = Ker X(G°) then G°/R,(G°) is semisim-
ple so R,(G% = R(G® . Conversely, assume R,(G°) = R(GY).
Any character y of G° is trivial on R,(G°) so becomes a charac-
ter on G9/R,(G% . Since R,(G°) = R(G°), G°/R,(G°) is semisim-
ple so x is trivial on G°/R,(G°) as well. Therefore any character
of GO is trivial, i.e., G° = Ker X(G°). Examples of groups satisfying
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R, (G%) = R(GY) are finite groups and groups where G° is semisimple
or unipotent.

We also note that .Z(n, m, B) is a real semi-algebraic set when we
identify C with R?. Therefore the set defined by (i), (ii) and (iii) in
Proposition 3.13 is a real semi-algebraic set.

Finally we note here that the last part of Theorem 3.14 is not true in
general without some assumption on G'. The following example (due
to Deligne) shows that for G = C* x (Z/2Z) there is a G-module V',
integers n and m and local data & such that X (n, m, <2, G, V)
is not constructible. This example is constructed by first constructing
a differential equation on a torus (with differential Galois group C*)
and then projecting onto the Riemann Sphere.

Let E be an elliptic curve. Given any two points p and g on
E, there exists a holomorphic 1-form « with poles only at p and
q and at these points the poles are simple with residues —1 and +!
respectively ([FO81], Corollary 18.12, p. 152). Any two such 1-forms
differ by a holomorphic 1-form, so there is a one-parameter family of
such forms. If we fix p to be O, the identity element in the group
structure of E and let ¢ be a variable point, we get a two parameter
family of forms w(q, ?).

Consider the family of differential equations

dz
z
parameterized by g and ¢. Assume that for some fixed g € F and ¢ €
C this has a solution Z = z(x) algebraic over C(E), the function field
of E. Since z'/z will be in C(FE), the Kolchin-Ostrowski Theorem
[KO68] implies that z" € C(E) for some N € Z—{0}. The divisor of
zN willbe —N-O+N-q. Abel’s Theorem implies that such a divisor is
the divisor of a meromorphic function if and only if —N-O+ N.g =
O where + is now interpreted as addition on E ([FO81], 20.8, p.
165). Therefore, if equation (3.14.1) has a solution, algebraic over
C(E), for some ¢, then ¢ must be a point of finite order in E.
Conversely, if ¢ is a point of order N in E, let w € C(E) be a
function whose divisor is —N - O+ N -¢q and let z = {w. One
sees that z is a solution of (3.14.1) for some (unique) value of .
Therefore the set 4 of (¢,t) € E x C such that (3.14.1) has an
algebraic solution is not a constructible set since the points of finite
order on E are not constructible. If (g, ¢) ¢ A, then a solution z of
(3.14.1) is transcendental over C(E). Since such a solution satisfies
z'/z € C(E), the Galois group is C*. Furthermore note that (3.14.1)

(3.14.1) =w(q,t)



MODULI OF LINEAR DIFFERENTIAL EQUATIONS 385

has only regular singular points and that the exponents of (3.14.1) are
{£1} independent of ¢ and ¢. We therefore have an example of a
parameterized family of equations on E, with regular singular points
and fixed exponents, which for almost all parameters has Galois group
C* but such that the set of parameters corresponding to equations with
Galois group C* is not constructible.

One can project this example down to the Riemann Sphere. If one
considers E as a two sheeted cover of P! then the Galois group of
C(E) over C(x) is Z/2Z. Let o be a generator of this group and

zZy = eJ @ be a multivalued solution of (3.14.1). Let z, = eJ 7@ we
then have that L(Y) = Wr(Y, zy, z3)/Wr(zy, z;) is a parameterized
family of second order linear differential equations with coefficients
that are meromorphic functions on the Riemann Sphere (i.e., rational
functions). L(Y) is parameterized by the projection n(g) and ¢. Its
Galois group will generically be C*xZ/2Z and will be finite (for some
value of ¢) if and only if 7(q) lies under a point of finite order. This
family will have regular singular points with fixed exponents & and
so the set .Z(2, m, D, C* x Z/2Z, C?) is not C-constructible.

Note that in the above example the action of Z/2Z on C* is
not trivial. We show in Theorem 3.16 that if the action of G/G°
on G°/Ker X(G°) is trivial, one can indeed extend Theorem 3.14
and show that for fixed »n,m and local data &, the set
ZLn,m,Z,G,V)is C-constructible. We note that it is not enough
to fix a local bound B or weak local data 77 but rather one must fix
local data & to make this result true. To see this consider again the
example L,(y) =)' — (a/x)y =0, a € C. For any B, the set of «
such that |[Rea| < B and Gal(L,) = C* is not a constructible set of
the parameter space. Even if we fix the exponents, one must know the
determining factors and not just a bound on their degrees. To see this
consider again L, ,o,(¥) =" — (@1 + a2)y’' + ajapy, o, # a2 € C.
Gal(Lq,,q,) = C* x C* if and only if @; and a, are linearly inde-
pendent over Q but the only singular points is infinity and there the
determining factors have degree 1.

To prove Theorem 3.16 we need the following technical lemma.
Let G be a linear algebraic group. Ker X(GP) is not only a normal
subgroup of GP, but it is also normal in G. We therefore have the
following exact sequence

1 — G%/Ker X(G° — G/Ker X(G°) — G/G° — 1.
Since G°/Ker X(G) is abelian, this sequence defines an action of
G/G° on G°/Ker X(G?).
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LeEmMMA 3.15. (i) Let
1 -K—-G5Q0—1

be an exact sequence of linear algebraic groups where K is abelian and
Q is finite. If the action of Q on K is trivial, then G = H - K where
H is a finite normal subgroup of G.

(ii) If G is a linear algebraic group and G/G° acts trivially on
G/Ker X(G°) then there is a surjective map ¢: G — T where T is a
torus and dim T = dim G°/Ker X(G).

Proof. i) G=H -G for some finite subgroup H of G ([WE73],
p. 142). Since Q is finite, G° C K so G = H - K as well. Since the
action of Q on K is trivial, K is central so H is normal.

(ii) Write G/KerX(G°) as H-K, K = G°/Ker X(G%) and H is
finite and normal. Let y: G/Ker X(G°) — H.-K/H = K/KNH . Note
that K/K N H = T is a torus and, since Kery is finite, dim7 =
dim G/Ker X(G%) . Let ¢ = won where n: G — G/Ker X(G%) is
the canonical projection. O

THEOREM 3.16. Let n and m be integers and & local data defined
over C. Let G be a linear algebraic group, G° its connected compo-
nent of the identity and V a faithful G-module, all defined over C .
If G/G° acts trivially on G/Ker X(G°), then ' (n,m, 2, G, V) is
C-constructible.

Proof. Let w: G — T be the map defined in Lemma 3.15(i1).
Let dim7 = k and let y = (xy,..., x;) be an isomorphism of
T with (C*)!. Note that the y; are multiplicatively independent
characters of G. Proposition 3.9 gives us polynomials P, ..., P
in CxX){Y1,..., ¥y, (det(YV')"!, Cy,...,Cy} such that if
Gal(L) ¢ G and {y;,...,yn} is a basis for Soln(L) then there
exist constants c¢;, ..., cy such that for each i, { = 1,...,1,
P(yy,...,yn,c1,...,cy) spans a one dimensional Gal(L) module
corresponding to x,. Let . be the set of L € X (n, m, <) such
that

(1) Gal(L) ¢ G and Soln(L) is a Gal(L)-module isomorphic to
V.
(ii) KerX(G% c G
(iii) #: G — G/G° maps Gal(L) surjectively onto G/G°.
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(iv) There exists a basis {y;, ..., y»} of Soln(L) and constants
Ct,...,cy such that py = Pi(Vi, .-, VnsCls--esCN)yeue s Dt =
P(yi,...s¥Yn,C1,...,cCn) are algebraically independent.

We claim that =%(n,m, Z,G, V). If LeX(n,m, Z,G, V)
then Gal(L) = G so (i), (i1) and (iii) obviously hold. Furthermore,
each p; spans a one dimensional G-space corresponding to ;. If the
p; are algebraically dependent, then the Kolchin-Ostrowski Theorem
implies that p;"‘ R p,m * =1 for some integers m; not all zero. This
in turn implies x{"‘ SR xtm * = 1, contradicting the multiplicative
independence of the ;.

Conversely, assume (i), (ii), (iii) and (iv) hold. For g € Gal(L),
g(pi) = xi(g)p;. Therefore each p; is in the fixed field Ky of
Ker X(G%) (which is a subgroup of Gal(L) by (ii)). The Galois group
of Ky over C(z) is Gal(L)/Ker X(G°). Since the p; are algebraically
independent, tr.deg.c,yKo > ¢, so dimc(Gal(L)/Ker X (G%) > t.
Since Gal(L)? c G® and dim¢(G%/Ker X(G%)) = ¢, we have Gal(L)°?
= GY. By (iii) we have Gal(L) = G.

All that remains is to show that (i)-(iv) define a C-constructible
set. Theorem 3.14 implies that (i)-(iii) define a constructible set. To
see that in addition (iv) defines a C-constructible set first note that
since (i) holds, each p; spans a one dimensional yx;-space so p;/p; €
C(x). Proposition 3.11 implies that there exists an M depending
only on n, m and & such that the p; are algebraically dependent
if and only if ]'[§=1 p;" * = R(x) for some integers m;, not all zero,
with |m;| < M and rational function R(x) that is the quotient of
polynomials of degrees at most M . This implies that “the p; are
algebraically dependent” is a C-constructible condition. Seidenberg’s
principle implies that £ (n, m, <, G, V) is C-constructible. O

Note that if G/G° does not act trivially on G°/Ker X(G°) then
we can still produce pi, ..., p; in the Picard-Vessiot extension of
C(x) corresponding to L such that each pj/p; is left fixed by GO
(but not necessarily by G). As Deligne’s example shows, Proposition
3.11 is no longer true if C(x) is replaced by an algebraic extension
of C(x). Therefore, we are forced to have some hypothesis on G
in Theorem 3.16 because for a non-trivial algebraic extension K of
C(x) the condition “p;/p; € K for i=1,...,¢ and p;, ..., p, are
algebraically independent” is no longer constructible.

Theorem 3.16 implies that if G is connected then
ZLn,m,Z,G,V)isa C-constructible set. Deligne’s example again
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shows that this result does not extend when we consider differential
equations over Riemann surfaces of genus > 1 instead of the Rie-
mann sphere. The reason is the same as above.

4. Applications.

a. Finite Galois groups. In this section we show how our results
combined with results of Katz and Dwork imply that if G is a finite
group then the dimension of the set linear differential equations of
order n with k distinct regular singular points, fixed exponents and
Galois group G is a constructible set of dimension at most k. We
shall show that if one furthermore fixes the singular points as well,
then this set is finite. We thank B. Dwork for pointing out how the
arguments of [DW90b] can be used to prove this result.

We first review some facts about differential operators in character-
istic p (cf. [KA70], [HO81], [DW90]). Let K be a field of character-
istic p andlet L = D"+a,_;D" ' +-.-+aq be a differential operator
with coefficients in K(x), D = . We say that L has nilpotent p-
curvature if DP* € K(x)[D]L for some positive integer 4. One can
define regular singular points and exponents as in the characteristic 0
case (using Fuchs’ criteria). It is known ([KA70], [HOS81]) that if L
has nilpotent p-curvature then it has only regular singular points and
its exponents are in F, = Z/pZ. Fix integers n and k and consider
the set ¥V} of operators having order n, k+ 1 regular singular points
(including oo) and nilpotent p-curvature. Note that Fuchs’ relation
implies that there is a bound m, depending on n and k, such that
the coefficients of L are quotients of polynomials of degrees < m.
We denote a point in V¥ by (y, v) where y is the vector of k finite
singular points and v is the vector of remaining parameters. Dwork
[DW90] showed that ¥} is a constructible set and that if (y, v) € V'{,
then v is integral over F,[y].

Finally, we need the following facts. Let F be a number field and
L a differential operator with coefficients in F(x). For almost all
primes p of F we can reduce the coefficients of L modp and get an
operator L, with coefficients in F,(x), where F, is the residue field
of p. Itis known (cf. [KA70], [HO81]) that if L(y) = 0 has » linearly
independent solutions algebraic over F(x), then for almost all prirtes
p, Ly(y) =0 has n linearly independent solutions in F,(x) and that
this implies that L, has nilpotent p-curvature.

To prove our assertion, we may assume that one of the singular
points is always oo. Let # be the set of linear differential equa-
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tions of order n with k+1 distinct regular singular points (including
00), fixed exponents, and Galois group G. We will show that the
dimension of % is at most k. We may further assume that the
representation of G is fixed, since G has only a finite number of in-
equivalent representations of any finite dimension. Therefore .% is a
constructible subset of Z(m,n, S, G, V) for some m,S and V.
As in the characteristic p case, we associate an element L €. % with
(v, v) where y is the vector of k finite singular points and refer to
L as L, ,.Let (y,v) bea generic point of some irreducible compo-
nents of % . We shall show that there is a constructible set 7 defined
over Q with (y, v) € V such that, for almost all primes p, V,, the
mod p reduction of V', lies in Vﬁ . Since for almost all p, the dimen-
sion of V), is the same as the dimension of V', the result of Dwork
quoted above shows that v is algebraic over Q[y], so dim% < k.
Furthermore, if the singular points are fixed, there can be only finitely
many such v.

To produce the desired constructible set V' we first consider the
following set. For fixed m,n and M, let V, ,, »r be the set of
elements (a, ¢) where a = (a;;), ¢ = (¢;j;) such that

(i) for i=1,...,n, f; = E?io S Mocijixiyt is irreducible in
Clx, y1, o
(i) fi(y) =0 implies that L,(y) = ¥7_o X i%oai;x'y) =0, and
(iii)) There exist yy, ... ,y, such that f;(y;)=0 and Wr(yy, ... ,¥n)
£0.

Va.m,m 1s a Q-constructible set. Furthermore, there exists a pg
such that for any prime p > py we have (a,¢é) € (Vi m,m)p the
modp reduction of V, ,, » if and only if conditions (i), (i1) and
(i11) hold over Fp(a, ¢)(x) (where C[x, y] is replaced by K[x, y], K
being the algebraic closure of F,(a, ¢)), thatis, (a, ¢) € (Vy,m, m)p if
and only if L;(y) = 0 has n independent solutions in some algebraic
extension of F,(d, ¢)(x). For (a,c) €V, m m, define n(a,c) =a.
Let V = n(V,, m, a)-. For sufficiently large p, we have V), the mod p
reduction of V', is the same as n((V}, m ar)p). Therefore any point in
V), corresponds to a linear differential equation having only algebraic
solutions and so, as noted above, it must have nilpotent p-curvature.
Therefore ¥V, c V. Since (7, v) € V', we have produced the desired
constructible set V.

b. The inverse problem. In this section we show (Theorem 4.3)
that for any linear algebraic group G defined over an algebraically
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closed field C ¢ C and a faithful n-dimensional G-module V', there
exists an integer m and local data & defined over C such that
Ln,m,Z,G,V) is not empty. In fact, we will select & hav-
ing no determining factors, so any L € Z(n,m, <, G, V) is of
fuchsian type, that is, will have only regular singular points. When
G has the property that G/G° acts trivially on G°/Ker X(G), The-
orem 3.16 implies that .Z(n, m, <, G, V) is a C-constructible set
and the Hilbert Nullstellensatz implies that .#(n, m, S, G, V') con-
tains a point with coefficients in C. This allows us to show that for
any algebraically closed field C of characteristic zero and connected
linear algebraic group defined over C, there is a Picard-Vessiot exten-
sion of C(x) having G as its Galois group (Theorem 4.4).

The proof of Theorem 4.3 follows ideas presented in [TT79]. In that
paper the authors show that any linear algebraic group G € GL(n, C)
is the Galois group of a Picard-Vessiot extension of C(x). To do
this, they select a finitely generated Zariski dense subgroup G* of
G and use the solution of Hilbert’s Twenty-First Problem [KAT79]
to conclude that there is a homogeneous linear differential equation
L(y) = 0 of fuchsian type whose monodromy group is given by G*.
For equations of fuchsian type, the monodromy group is Zariski dense
in the Galois group, so the Galois group must be G [TT79]. Since their
proof relies heavily on analytic techniques, it does not immediately
apply to fields of the form C(x), where C is any algebraically closed
field of characteristic zero, but the machinery developed above will
allow us to transfer their result to such fields. The following two
lemmas allow us to modify the argument of [TT79] to insure that the
differential equation produced via the solution of Hilbert’s Twenty-
First Problem has exponents in a designated field C.

LEMMA 4.1. Let G C GL(n, C) be a connected solvable linear al-
gebraic group defined over an algebraically closed field C C C. There

exists a finite set X ={gy, ..., &} C G, such that
(1) The subgroup generated by X is Zariski dense in G,
(i) Ty & =1,

(iii) Forany g € X, the eigenvalues of g are of the form e*™'¢ with
leC.

Proof. Since G is connected and solvable, we may assume that
the elements of G have been simultaneously triangularized and that
G =T-.-U, where T is a maximal torus and U is unipotent. All
elements of U satisfy (iii). Inductively choose g, g, --- € U such
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that the Zariski closure of the group generated by g, ..., g has di-
mension ; < dimension of U. In this way we can find g, ..., g
that generate a group that is Zariski dense in U. We next consider
T c D(n,C), the group of diagonal elements of GL(n, C). As-
sume 7T has dimension r. Let x; be the character on D(n, C)
that picks out the ith diagonal element. There exist ((HUMS1], p.
104) characters ¢; = ;’zlx:'”, with n;; € Z and j =1,...,r
such that ® = (¢, ..., ¢,) maps 7 isomorphically onto (C*)". Let
li,..., ¢ € Q be linearly independent over Q. We then have that
a = (e?"i¢, ..., e?™%) generates a Zariski dense subgroup of (C*),
since x(a) # 1 for any character on (C*)". Therefore, g,.; = ®!(a)
is an element of T satisfying (iii) that generates a Zariski dense sub-
group of 7. We have now constructed g;, ..., &, &1 satisfying
(1) and (iii) for G. Since we are assuming that the elements of G are
upper triangular matrices, one sees that 4 = (]'[f-ilI gi) also satisfies
(iii). Therefore S = {g1, ..., Z+1, &+2 = h~!} satisfies conditions
(1), (i1), and (iii). O

LEMMA 4.2. Let G C GL(n, C) be a linear algebraic group defined
over an algebraically closed field C c C. Then there exists a finite set
X={g,...,8}CG, such that

(i) The subgroup generated by X is Zariski dense in G,

(i1) i‘:l gi=1,

(iii) For any g € G, the eigenvalues of G are of the form e*™¢ with
(eC.

Proof. First assume G is connected. We claim there exist two Borel
subgroups B; and B, of B such that B; U B, generates a Zariski
dense subgroup of G. To see this let R(G) be the radical of G and
let 7: G - G/R(G). Let B be a Borel subgroup of G/R(G). By
((HUMS1], p. 174), BU B~ is Zariski dense in G/R(G), where B~
is the opposite Borel subgroupof G. By =n~!(B) and B, = n~(B™)
satisfy the conclusion of our claim.

Lemma 4.1 now guarantees the existence of a set {g!,..., g}
and {g?, ..., g} satisfying (i), (ii), (iii) with respect to B; and B,
respectively. X ={g},..., g!, g, ..., g?} satisfies the conclusion

of Lemma 4.2.

Now assume that G is not necessarily connected and let G° be
the connected component of the identity of G. We may write G =
H - GY for some finite subgroup H of G ([WE73], p. 142). For
any h € H, the eigenvalues of A are of the form €2 for some
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re Q. Let {q,...,q)} satisfy (i), (ii), (iii) with respect to G°.
X ={q1, ..., q:}UH satisfies (i), (ii) and (ii1) with respect to G. O

The proof of the Theorem 4.3 depends on the solution of Hilbert’s
Twenty-First Problem for a multiply punctured sphere, (cf., [KAT76],
[TT79]). This result states that if z,, ..., z;,; are points on the Rie-
mann Sphere S2, then any representation of the fundamental group
m1(S? —{z1, ..., zs11}) in GL(n, C) can be obtained as the mon-
odromy representation of a fuchsian differential equation with coefh-
cients in C(x) (possibly having additional apparent singular points).
Note that 7;(S? —{zg, ..., zs}) is isomorphic to the free group on
s+1 generators yq, ..., s modulo the relation yy-----y; = 1. There-
fore a representation of 7,(S?>—{zq, ..., zs}) is defined once we have
specified s + 1 matrices gy, ..., g such that gg----- g =1.

THEOREM 4.3. Let G be a linear algebraic group and let V be
a faithful n-dimensional G-module all defined over an algebraically
closed field C c C. There exists an integer m and a finite set S C C
such that £ (n, m, S, G, V) is not empty.

Proof. The action of G on V' allows us to consider G as a subgroup
of GL(n, C). Let {g1, ..., g} be a subset of G satisfying Lemma
42 and let z;, ..., z; be distinct points on S%. These allow us to
define a representation of 7,(S>—{z;, ..., z;}) into G c GL(n, C).
Using the solution of Hilbert’s Twenty-First Problem, there is a fuch-
sian differential equation L(y) = O having this as its monodromy
representation. Since {g, ..., &} generates a dense subgroup of G,
the Galois group of L(y) =0 is G and the solution space is isomor-
phicto V. Let S be the set of exponents of L(y). The singular points
of L(y) are either among the z; or are apparent singularities. At the
z; the exponents are (1/27i) times the logarithms of eigenvalues of
g; and so lie in C. At the apparent singularities, the exponents are
integers. Therefore S ¢ C. Let m be the maximum of the degrees
of the coefficients of L(y). We then have that Z(n, m, S, G, V) is
nonempty. O

THEOREM 4.4. Let G be a linear algebraic group defined over an
algebraically closed field C of characteristic zero such that G/G° acts
trivially on G°/Ker X(G®). There exists a fuchsian differential equa-
tion L(y) =0 with coefficients in C(x) such that the Galois group of
L(y) is G.
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Proof. If the cardinality of C is at most the cardinality of C, we
can assume that C ¢ C. Theorem 4.3, Theorem 3.14, Theorem 3.16
and Hilbert’s Nullstellensatz imply that there is a fuchsian linear dif-
ferential equation L(y) = 0 with coefficients in C(x) such that the
Galois group of L(y) over C(x) is G. Since C is algebraically closed,
the Picard-Vessiot extension K; of C(x) associated with L(y) = 0
is isomorphic to K ® - C, where K is the Picard-Vessiot extension of
C(x) associated with L(y) = 0. One then sees that the Galois group
of K over C(x) is G.

If the cardinality of C is larger than the cardinality of C, we can
assume that C C C and that G is defined over C. The preceding
paragraph shows that there is a Picard-Vessiot extension Ky of C(x),
associated with a fuchsian equation L(y) = 0, such that the Galois
group of Ky over C(x) is G. K = Ky ®c C is the Picard-Vessiot
extension of C(x) associated with L(y) = 0 and its Galois group is
also G. a

As mentioned earlier, when C = C this result (for arbitrary G)
appears in [TT79]. Kovacic in [KOV69] and [KOV71] deals with the
general problem of when an algebraic group is the Galois group of
a differential field k. One of his results is that if G is a connected
solvable linear algebraic group defined over an algebraically closed
field C and k is a finitely generated proper differential extension of
C with constant field C, then there exists a Picard-Vessiot extension
of k having Galois group G. Ramis [RA88] has shown that any
semisimple connected linear algebraic group is the Galois group of a
linear differential equation with coefficients in C(x) with precisely one
regular singular point and one irregular singular point. These results
are not constructive and it should be noted that other authors have
shown that certain groups occur as Galois groups of linear differential
equations by explicitly calculating the Galois groups of certain classes
of equations ([BH87], [BBH88], [DM89], [KATS87], [KP87], [MI89}])
and by showing that certain groups can be realized by specializing
generic equations ([GOLS7], [MIL70]).
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