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Biholomorphic convex mappings from unit ball in C” into C" are
studied in this paper. A Schwartz type lemma for the class of map-
pings and a necessary and sufficient condition under which a holo-
morphic mapping is biholomorphic and convex are established. The
results are used to describe some characteristics of the image of the
class of mappings.

1. Introduction. Since Loebe discovered as early as 1907 his “Ver-
zerrugsatz”, classical distortion theorems for families of univalent
functions defined the unit disc in the complex plane C have devel-
oped systematically in depth and scope. For several variables, H. Car-
tan showed his interest in the field and conjectured [1] that the mag-
nitude of the determinant of the complex Jacobian of a normalized
biholomorphic mapping on the unit polydisc in C? should have a fi-
nite upper and a positive lower bound. But, it was pointed out in [2]
that the conjecture is not correct. That is the distortion theorem for
general biholomorphic mappings in several variables does not hold.
This suggests one has to find some of their subclasses for which the
distortion theorem can still hold. In 1988 S. Gong, C. H. FitzGer-
ald and R. W. Bernard [3] obtained first time the upper and lower
bound of the magnitude of the determinant of the Jacobian of a
normalized, convex and biholomorphic mapping from the unit ball
B ={Z = (z!, z2) € C?||Z| < 1} into C2?. After that Taishun Liu
[4] generalized the result to the unit ball in C" and X. A. Zheng [5]
to the bounded symmetric domains.

It is worth pointing out that the estimate of the magnitude of the
determinant of the Jacobian of a holomorphic mapping is one of the
generalization of distortion theorems of one variable. The estimation
of eigenvalues of the Hermitian matrix, the product of the complex Ja-
cobian of a holomorphic mapping and its transpose conjugate, should
also be considered to be another form of generalization of distortion
theorems of one complex variable. In this contribution we will discuss
the type of distortion theorems and its application to biholomorphic
convex mappings.
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The paper is arranged as follows: In §2 we will prove a Schwartz
type lemma of biholomorphic convex mappings from the unit ball in
C" into C". The lemma describes the type of distortion theorems
given by us. In §3 we will give a necessary and sufficient condition
under which a holomorphic mapping is biholomorphic and convex.
In [6, 7] two necessary and sufficient conditions which are equivalent
were also given. However, in the section we would quote a counter-
example by Taishun Liu in [4] to illustrate that the conditions are not
sufficient. In §4, as an application of the above results, we will study
the geometric characteristics of the image of biholomorphic convex
mappings.

In this paper summation convention is used.

2. A Schwartz type lemma of biholomorphic convex mappings. B
denotes the unit ball in C”, that is

n
B= {Z:(zl, L2 ez =) 2P < 1}.
i=1

When »n =1 replace B by the symbol D. The Jacobian of a mapping
S from B to C" isdenoted by J;. So-called normalized holomorphic
mapping means the holomorphic one with f(0) =0 and Jf(0) =1,
I is the unit matrix.

In this section we demonstrate a Schwartz type lemma of biholo-
morphic convex mappings from B into C”.

THEOREM 1. Let f: B — C" be a biholomorphic convex mapping.
Then

1-|Z|
1+|Z]

2
(l +IZI) gagdzo‘d'z‘ﬂ Zf*aijdwidfv‘j > (

2
T=1Z| ) gaFdz dz

holds, where
L (1- |Z|2)5aﬂ + 7278
S =TT (1127
is the Bergman metric of the unit ball B in C" and the inequalities
are sharp.

The proof of the theorem depends on the following two lemmas.

LeEMMA 1. Suppose that F: B — C", W = F(&) is a biholomorphic
convex mapping and & = F~Y (W) is the inverse mapping of F(¢).
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Then
o&e 8{ i
46&/3' I w'@ j
92> &P dwk I i
> . o/
22\Re <5°"”’awkawiawf 52 5_0“ vy
holds for any a = (a',...,a") € B and V = (v!,...,v") € C",
where w' (i = 1,2,...,n) are components of W and & (a =

1,2,...,n) onesof &.

LEMMA 2. Suppose that f: B — C", W = f(Z), is a biholomor-
phic convex mapping with f(0) =0 and Z = f~Y(W) is the inverse
mapping of f(Z). Then

8z 9zh

lZlg“ﬂawla'ﬂ)‘JU v

0z 0z oz 0zF .
e e Bayizsi 2 inyj
> ZRe{gﬂyawlc’)wlz vl +|Zg 8550 570 Y

8%z 9zh owk , . .

- 2P uin)

(1=-12P)s, 8B gwkowi dw) 8z7 - Y

holds forany Z € B,V = (v!, ..., v") e C".

Proof of Lemma 1. Since F(B) is a convex set we have
AF (&) + (1 = A)F (%) € F(B)

for any A €[0, 1] and &, & € B. Fix & and define a holomorphic
mapping &, from B to B by

L=FAFQ)+(1-DF(&)), <¢eB.

From Schwartz’s lemma of the unit ball in C", it follows that

o5y 551 okl

(é)'U ’Uﬂ > aﬁ(é}“ Bék aél

or

w'! Bé _
55 O €)° 57 2 et

8 a
(1) £ 50 > RegE) ot (&)
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The inequality (1) can be rewritten as

z 28
0% o8k i 2 087 983 | i
O guiow| 7~ s WD auians| VT 20

&

ow: owJ

For A €[0, 1) we have

e Y .
Li aﬁ(é)aw ow’ |§v v~ l2gaﬂ(éi)afvi 5%0_‘;'511)”1)]
m

A—1 1-4

’Ui"Uj:|
&

> 0.

Straightforward calculation yields

oEe 9E)
owt ow’

d |2
0< hmgz l:l 8.7

. 9¢g &, | ij
- mz{ﬂgaﬂaw,aw v
A
325 aé ..
2, 7 mA Y5i k ank iz
+Re [i aﬂawkawlawl (w*(&) — w"(&))v'v
=8 _
aéa 8&,‘ . Bg aé)’
2 963 06, izj _Caf 06" k(gy _ apk
owi owi |, U BE puwk . (WE(E) = w™ (o)) | -
A A

Noting that &, — £ as A — 1, we obtain at the point &

&Y DEE
(2) 8ap ow! dw/ 75700

+2Re{ —&a_ (W (&) — wk(E)w'v)

8op dwkow! OwJ

8¢ 8%F ;985 ¢
dw'! dwJ 0&r wk

(w*(&) - 'wk(éo))} >0

The inequality (2) holds for any ¢, %o € B. Now fix { and take
¢ = ,{% in (2) where ¢t € D, D is the unit disc in C. We then obtain
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a nonnegative harmonic function defined on the unit disc by

H(t) =

+2Re{

a&e 6,1

aﬂaw’ Bwl

526" azﬂ
8B guwkow! 0w
oka 865
ow! dw/

aﬂ aé
667’ owk

It follows from Hamack’s inequality that

milli

1+ ItlH(O) <H(t)< H(O)

Now taking ¢ = |£|, we obtain

or

where

and

H(0) =

1—|¢]
1+ |&]

1—|¢]
1+ |¢]

H(0) < H(I¢]) <

&> 9k

aﬂ(’iw' 6w1

H([E]) =

o&e 6{
aﬂ ow' 0w/
92ka  9EP

T2Re {gar,, dwkow? Bwl
o0&« afﬂ

aﬂ 66

(@) -w

(2@ -

1

H(E) < H(0) < H(ED)

A= () (W (&) -

ow! dw/ 8@’ owk

The inequalities (3) can be rewritten as

41¢|

&> 9EF

- & %8 ow! ow)

9% dZk
SaB ukow dwi "’

oc> o&F 08,5 8¢

vl (W (§) ~

>2Re {
ow' ow’

5 —4el o o¢” agk .
= b4
1+ || %28 dw! dw)

64‘7’8 k

43
Il

v/

(1))

+ 1
=t

+ €]
— ¢l

+ I¢]
- ¢l

w*(0)v'v’

)W) - w(O))}.

w*(0))

(w*(&) - wk(O))}
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Taking & = va, v € (0, 1), and letting v — 0 in the inequalities
above, we have

oEx 9EB .
(4) 4|a|6aga—uﬂrﬁ’vlvj

=0

2ra ZB k o
2Re (6— 07" 0¢7 ow a’v’ﬁf)

> s
= af gwkow! 0w/ ¢!

¢=0

Lemma 1 is completely proved.

Proof of Lemma 2. Let ¢,: B — B be a holomorphic automorphism
defined by
a-¢
0a8) = Tz 4
where A=sl+i‘i'T‘§,s= v 1—|al?, a€ B. Denote Z = ¢,(&). The
inverse mapping of ¢, is as follows:

o _a-Z72
6—(0 (Z)_ I_ZEIA'

Let F(£) in Lemma 1 be f(@,(&)). Straightforward calculation gives

(5) d2ka _ 92> 9zt 9z BE* 9rz¥
dwkowi|.y 8zrdzY dwk dw'  dz¥ dwkow!
@A+ T AL 920 924 Ay 9%zH
(1—1al?)? dwkow! 1-|a|?dwkow’’

o _ A, o

ow/ £=0 T 1—Ja?owi’
owk| . 0wk
3_516_0_((1(1 —Al)azf )

Substituting (5) into the right side in (4) we have at £ =0 (Z =a)

alviv’
£=0

L yse
= —2Re {(‘d“g,,g + E”gug)a"aiaiv"ﬁf

92ka  9EB puwk
() 2Re <5"F6wk8wiawf &l

ow'! owJ
8%z¢  9z° dwk
- VY op.
dwkgws dw? dz*

+ (1 - 'alz)g/t'ﬁ
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Notice that the metric ( gaﬁ) i<a,p<n ON B is invariant under its holo-
morphic automorphism. That is to say

& HEP

8 i o 02Z® az#
b gwigwi| °°

= 8,5(@ dw! dwJ
=0 Z=a

'Y,

(7)

Combining (6), (7) with (4), we obtain at Z =a.

9z% 9zF
(8) 4|a|ga§%';a—w‘7

> IZ Re {Eaa/’gﬁ

o/

e g3 -
022 027 2a 1 Byizyi

ow'! 0w/

2 (9Za Bfﬂ issj
*lal 85 g
0%z 9zZh dwk , ..
—1al2yo — YayiayJ
+(1-ld )gal’awk(‘)wiaiﬂi 5272 v"Y }

The inequality (8) is valid for any a € B. we complete the proof of
Lemma 2.

Proof of Theorem 1. From the inequality (8) it follows that

8z 8z

9) 2|Z|(2‘|Z|)ga'gmﬁv
a9z’ ..
22Re{7"zﬂgﬂ7az 977 g

ow'! owJ

8%2z¢ 9z owk , ..
- A Yoylayi
=120 s 5rawigwi a7 2 VY }

for any V' € C". Using the definition of gg; we have

z?

(10) g = a-zre

and it is easy to see that the second term of the right side in (9)
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02z¢ Q&P gwk
1 - 2

(11) (1-121)g 8B gukowi 0w 027

3} 0z* 0Z
— -y Y _ 2 _Je B l
Ry {(1 1] )gaﬁawlawl v }

dz> oz
2
12l 8 s o

dz* 9z vivi L1212 zh 2>
T owigwl ¢ ['Z' Pt Zpy

_ ., 0 9z 97ZF i
=55 [(1 1ZP) SBawigwi '’ ]
_zozF bz c‘)Eﬂv

1= 1ZP2 0w 6w

vig/

iz5]

Substituting (10), (11) into (9) immediately gives

_0z* 62 frj
0z> 9z8 ..
r < - _ge YL i)
>2Re{z [(1 1Z?) aﬂawtawf”””'

Noting the Euclidean inner product (dz%, dz?) = 26 =, (dz*, dzF)
= 0, we easily see that the right side in (12)

dz* 9zF .
r=_ (1= i)
(13) 2Re{z [(1 VARY 83735V 0 }}

_1 _ _02°07F i 2
__2< [1 1Z]2) aﬁawlawlvv]’dlzl>'

By substituting (13) into (12), it follows that

8z 9zP

iz
8o ow! 6w1v

(14)  2|Z|(2-1Z])g,

1 8z 978
z-j< [(I—IZI am;,a—%v ,} d|Z|2>

The inequality (14) can be written as

2(2-1Z]

a 958
(15) 1_|Z|2)2<d{ [(1—|Z| ) aﬁ%%v 'UJ]} d|Z]>.
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Hence, integrating both sides of (15) one obtains

1Z| - agzh .
A e [(1 - |212>ga—5’f—5’——2—-v'vf} g (VP
0

1—17r2 Bow! owi
So
A+1ZD3, 0 s 0z20ZF .
LTV 12> (1 - =2 22 iy,
(16) Toizy V2 (1 -1208,5 50 570
(16) implies that for any Z € B the following matrix
(1+]2))°

9z* 9zP
AL Gl VRS NS T 4V gz 72
1<i, j<n
is positive semi-definite. So we get the following matrix inequality
1-1Z]\? dw! owI
(17) (m) (gag)lga,ﬂgn < (51‘;"6—2';;5:2?/7
Similarly, we can prove
1-1Z\? dw! ow’
18 (152 Eprcasen 2 (bs3m 30
Combining (17) with (18), we complete the proof of the inequalities
in Theorem 1.
Now let us give an extreme example to illustrate that the inequalities
in Theorem 1 are sharp. Set n = 2 and let

W=1@ =12, 1A= (i)

_Zl’l___zl

)lsa,ﬂﬁn

)lsa,ﬂsn

It is easy to check that the mapping is normalized, convex and biholo-
morphic and its Jacobian is
1
—z1)2

0
o= Er

.(1—21)2 1-z!

Take V = (1, 0). Then

v =7 (57) = (=)
and

(19)  VIHZ)I(Z)V'

1 1
(L—z'=Z+|z12)2 7 (1 -2r cos @ +r?)2’
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where z! = rje’? . On the other hand, we have

L-1ZN? L 7 1=
(20) (m) V(gaﬂ)a,ﬂ=1,2V = (1—+—|~Z-Dj,
L+1Z1\N? R el L
(21) (l_lzl) V(gaﬂ)a,ﬁZI,zV - (1___|ZD4‘
If z22=0, z! =r, (§; =0), we obtain from (19) and (20)
e [(14]|Z]\? -
(22) VJf(Z)Jf(Z)’V’ = ( _l I V(gaf)a,ﬁzl,ZV,-
1-1Z|
If z2=0, z! = —r; (6; = r), then from (19) and (21) we get

T TN 1_'Z| 2 874
@) VDT = (153 VEgesm. V"

The two inequalities (22) and (23) imply that the inequalities in The-
orem 1 are sharp.

3. Necessary and sufficient conditions of biholomorphic convex map-
pings. Denote B, = {Z € C"||Z| < r < 1} and the boundary of B,
by S,. We will demonstrate the following theorem.

THEOREM 2. If f: B — C" is a holomorphic mapping with f(0) =0
and |det Jp(Z)| > 0, then the following statements are equivalent.
(i) f is a biholomorphic convex mapping.
(ii)) If Z € B and b= (b', ..., b") € C" satisfy Re(b*zZ®) =0,
then

i e 2 a
(24) b2 + Re (bﬁbvaw U a_0°2 )20.

926027 ° dwiow

Proof. First prove (ii) from (i).
Since f(B) is a convex set, the mapping
Zy=f1Af(Z) + (1= D) f(Z)),

Zi,7Z, € B and 0 < A <1, defines a holomorphic mapping from
B x B — B. Denote Carathéodory distance of the two points P and
Q of adomain Q in C" by Cq(P, Q). Writing F(Z,, Z,) = Z; we
see [8]

Cp(F(Z,, Z3), 0) < Cpxp((Z1, Z7), (0, 0))
= max{Cp(Z,, 0), Cp(Z,, 0)}
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by the contraction property of Carathéodory distance for holomorphic
mappings. Recalling the Carathéodory distance on the unit ball in C”

1+1|Z
Cp(Z,0) = 2l1 :Zl

Z eB,

then one has

1Z;] < max{|Z,|, |Z>|}.
It implies that for any A € (0, 1) and Z,, Z, € B,, Z; € B,. Thus
f(By) is also a convex set. Since, moreover, f is biholomorphic the
image f(S;) (or 8 f(B,)) of S, under the mapping f is a real convex
hypersurface. The second fundamental form S of the hypersurface

is positive semi-definite. In other words, for any tangent vector U to
f(Sy), we have
(25) S(U, U) >0.
Note that f(S,) is an isothermal surface of the function r2 = |Z|? o
f-! and
rads? = or: 8 N or: 9 _5a02* 0 ,0Z° 8

Bl = Swiow T owiow - owiow ' 0w ow!
is a normal vector to f(S;). Denote the normal vector by v. ]%[ 1s
a unit normal vector. Assume that U = a' 22 2 +a =%, with

Re(aiz%(82°/dw')) = 0.

~ vV
S(U, U)=<DU|—V—|, U> ,

where D is the connection in R2" (directional derivative). Via (v, U)
= 0 we have

Then we have

(B> V) = Pev, 00

Hence, the above inequality (25) can be rewritten as

1 —: 0%r? . 0%r?
(26) m (a’a’W + Re (a’afm—]—.>> > 0.
Now set b = adZ or a’ = b#(8w'/dzF). From Re(a'z? (8z° /dw'))
= 0, it follows that Re(b#Zzf) = 0. Substituting a’ = bE(dw'/d z¥)
into (26) we can get (24).
Now prove (i) from the condition (ii). We divide the proof into
three steps.
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In the first step, we show that if the mapping f is injective on
B, (0 < u<1),then f(By,) is a convex set. In fact, since f is an
injection on B,, f(S;) is a real hypersurface in C" for any r < u.
If U=a'0/0w’)+a'(d/0w') is a real tangent vector to f(S;), the
second fundamental form is

27) S(U, U) = L (aiafﬂ i
SR Owiow/

.. 02
ij_9 1
+ Re (aa awaw))
_ 1, ;8z°0Z° e 0%2F
= ] (a a 5w 507 + Re (a a’z EYRIETT .

Set b = a$% . We have Re(b#zF) = 0. Recalling the condition (ii)
we get

S(U, U)>0.
Hence, f(S,) is a real convex hypersurface for any r < u, and then
we conclude that f(B,) is a convex set.
In the second step, we prove if the mapping f is injective on B,
then f is also injective on B,. Since f(B,) is a convex set f(B,)
is starlike with respect to the origin. Therefore, we have

(@rl,, dp?) 20

thanks to the necessary condition for starlike mappings [9], where
p? = |W|?. If the statement is not true then there are at least two
distinct points X, Y € B, such that f(X) = f(Y). We know, for
all 0<s<1, sf(X), sf(Y)€ f(By). Because f is a holomorphic
immersion one can obtain the curve X(s) with X(1) = X which falls
in B by the method of analytic continuation such that f(X(s)) =
sf(X). Thatis X(s) = f ~1(sf(X)) is a univalent component of the
inverse images of the segment sf(X). Since

2
AXOD - Lar ), dp)lw-ssan 2 0

for 0 <s <1, we have
r2(X(s)) < r(X(1) = *A(X) = p.

Thus _

X(s) € By.
Suppose that Y (s) is another univalent component of the inverse im-
ages of the segment sf(X), but Y(1) = Y. A similar discussion
shows Y(s) € B, . Let

F ={sel0, 11|X(s) =Y(s)}.
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If the set # is nonempty then the supremum s* of % exists. Be-
cause % is a closed set s* € # and s* < 1 due to X(1) # Y(1).
This implies that for any small positive ¢ satisfying s* < s*+¢e <1
we have X(s*+¢)# Y(s*+¢). But

S(X(s™ + &) = f(Y(s" + &) = (s" + &) f(X).

This is contrary to f being locally biholomorphic at X (s*). If &% is
empty then X(0) # Y(0). In other words, at this case we have at least
two points X(0) and Y (0) such that f(X(0)) = f(Y(0)) =0. Since
S is an injection on B, , at least one of the two points X(0) and Y (0)
must be a boundary point of B,. Suppose that X(0) € 0B,. Let
B(X(0), ) be the open ball central at X(0) with radius ¢, which
is so small that B(X(0), 6) N %, is empty, where %y, C B, is the
neighborhood of the origin in B such that f is biholomorphic on it.
Because of the open mapping theorem f(B(X(0), )NB,) is an open
set and f(%;) an open set including the origin of C". So the origin
is also a boundary point of the open set f(B(X(0), 6)NB,) and then
{f(B(X(0), 6)nB,)}n{f(%)} is not empty. This implies that for any
W e {f(B(X(0),d)NnB,)}N{f(%)} it has two distinguished inverse
images on B, . It is impossible due to the fact that f is injective on
By . So, f is also an injection on B, .

In the third step, we demonstrate &/ = [0, 1] where & = {t €
[0, 1]|f is injective on B;}. Since f(0) =0, J(0) # 0, the set &
is nonempty. We claim that &/ is a closed set. In fact, if 0 < ¢, € &/
then all ¢ < ¢#; fall in & . Therefore, to prove & is a closed set
it is sufficient only to prove that if * > ¢ and all ¢ fall in &/ then
t* is also in &/ . If the result is not true, there exist at least two
distinct points X;, X, in B, such that f(X;) = f(X;). Because of
|Xi| < t*, |X3] < t*, one can find a ** satisfying |X;| < ** < ¢*,
X3l < * < t*. The formulas above imply X;, X, € B,-. But
t** € & . This yields f(X;) # f(X;). It is impossible. So & is
a closed set. Finally, we need to prove the set &/ is also an open
set. For the end, only to verify that if f is a one to one mapping
on B, then there is a positive ¢ small enough such that f is also
a one to one mapping on B, .. If not, there is a sequence &, > 0
with lim,_,. €, = 0 such that one can find two sequences {X,}, {Y,}
satisfying the following conditions:

Xn ’ Yn < BH-B" s Xn ?é Yn 9 f(Xn) = f(Yn)
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forall n=1,2,.... Obviously,
n—o0 n—00

It is easy to see that {X,}, {Y,} are bounded sequences. So there
exist two subsequences {Xp }, {Yn } of {X,}, {Y»} which converge
to X and Y respectively, that is

lim Xn =X, lim Yn =Y.
k—oo K k—oo k
The two subsequences satisfy
f(Xnk):"f(Ynk): Xnk?éynka fork=1,2,. LI
and
Jim 3, = im 7, | =

Obviously, X,Y € dB;. If X # Y that is contrary to the result
in the second step. If X = Y it implies that there are two points
denoted still by {Xy }, {Y, } in any neighborhood of X =Y such
that X, # Y, ,but f(Xp) = f(Yy,). It is obviously impossible due
to the assumption of f being local biholomorphic.

Combining the above argument we obtain & = [0, 1]. Hence f
is biholomorphic and f is convex from the argument of the first step.

It is worth noting when n = 1, the inequality (24) has the following

form:
2,
|b> + Re <b2 (‘2’;’) zjw ) >0, Re(bz)=0.
Because of

vy (dsY'__dvdis
dz2 \dw) = dzdw?’

we have

dw (dz\* d*w d*w dz
2 _Re | zp2 WY _ 112 —Re [ zp2
(28) 2] ( b dz (d'w) dzz) 121 ( b d 2d'w)
= |b|> + Re (zbzf—,) > 0.
f
Furthermore, from Re(bZ) = bZ — bz =0, Zb = —bz, the inequality
(28) can be rewritten as

b2 (1 +Re Z]{,") > 0.
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It just is the necessary and sufficient condition of univalent convex
functions defined on the unit disc in the complex plane C.

In [6] K. Kikuchi stated the following theorem: Let f be a holo-
morphic mapping from the ball B into C” with f(0) = 0 and
detJs(Z) # 0,Z € B. Then f is biholomorphic and convex if
and only if

(29) Re[|ZAP +ZJ;'(2)4] 2 0,
where

ai 0 0

0 a --- 0 .

A= . . . .|, 420, j=1,2,...,n,

0 0 an

az-f‘l i !

- ZA5o ()42

..... 82f,,,,

ZA5Z2(2)A'Z

with Z A # 0. The necessary and sufficient condition is equivalent to
the one given by Suffridge in [7].

We quote a counter-example given by Taishun Liu in [4] to show
that the condition (29) is not sufficient to conclude the section. Set

_ Zy V) Zp
f(Z)= (1_21, 1—22""’—“1—2,1)'
Clearly, the mapping is biholomorphic and a simple calculation gives
(1 —zp)? 0 0
0 1—2z5)% --- 0
6y =] o RS
0 0 v (1= 2z,)?

and 82f;/0Z'dZ is the matrix of which the unique non-zero element

is 7. at j columnand j row.

Putting (30) into the left side of (29), we have

_ ~ L 1 j
Re[|ZA]? +ZJ;'(Z)A] = Re [Z a3|z;|? <——1 i j’)} > 0.
j=1 g

Hence, according to the result by Kikuchi, the mapping

£(Z) = (1 il z Zn )

z1'1=2zy" 77 1=z,
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should be convex. That is to say for 0 <r < 1

3" ftre) € £(B)}

k=1
where e; is the unit vector of which kth component equals to 1. So

a1
! [;Zf(rek)] €B.
k=1
But one has

11 & r r
(31) fI[Ekz::lf(rek)}:<r+n(1—r)""’r+n(1—r))'

When r is close to 1 the right side of (31) does not belong to B.
Therefore, the mapping f is not convex.

4. Characteristics of the image of biholomorphic convex mappings.
As an application of the theorems in §§1 and 2, we now consider
characteristics of the image of biholomorphic convex mappings from
B to C",

THEOREM 3. Suppose that f: B — C" is a normalized biholomor-
phic convex mapping. Then

(1) _(_(lﬂ_/‘_))_g < principal curvature of f(S,) < % ’
L—p  [r(=pmien!
@) Omor 7 / (T gy 4 S volume o J(50)
Lbp  [F (gl
Snwzn_lzu(l_“)L (l_z)3n+3 dta

where wy,_, is the volume of the unit sphere in R*" .

_Proof. Fix Z € B—{0} and b e C" fulfilling Re(b#Z#) = 0. Let
Z = {% and b—,’Tb', teD.Then Z € B and Re(h#ZP) = 0. Since
W = f(Z) is a normalized biholomorphic convex mapping it follows

from Theorem 2 that
2112 ahBhHY i i 2,0
|£)*|b] +Re H2tzb b (aw ow’l 8%z )~ >0
Z
> 0.
zZ

|Z |2 |Z|3 0zF 8zv dwidw’

or

, tz*bBbY (Ow'owl 0%z“ )
(32) Re{'bl T z1 \87F 87 dwiows




BIHOLOMORPHIC CONVEX MAPPINGS 303

The left side of (32) is a real-valued and nonnegative harmonic func-
tion. From Harnack’s inequality we have
z }

14 1z2bP b7 (awiawf 92z )
2( - 1°t < 2
(33) || (1+|t|)—|b| +Re{ ZI \8zF 927 dwiow

1+ ¢
cor (128)
< |b] -
If we take ¢t = |Z|, the formulae (33) becomes as follows:
+|Z| — 9z8 8z7 dwiowi ) [ =" 1-]Z]

for any Z € B — {0} with Re(b$z#) = 0. Now taking b = a(g—z)
and noting (27) we have

|b|2 < |b|*+Re {Eab/”b?(

0zB 8ZF _. (1 -1|Z]
! - -a’ <
(34) a'oo—a (1+|Zl>_|V|S(U,U)
1028 0ZF _; (142
dwidw/~ \1-|Z|
where

0z 0ZF .0 _; 0
IV|=\/ Swi ow' 2, U=d'g 5+ 5=

From Theorem 1, it follows that

s> (L2 L ezoze 1 _,0z007F 4
Y= \141Z| 1—|Z|? 0w ow/ (1—|Z|2) awi owi - |’
2 a 9= a B
5y < (1+|Z| 1 zai‘ai}r 1 - 62 0z Bl
1-1Z|) |1-1ZPow 0w’ * (1= |ZP)2° ow' 0w

Therefore, the inequalities

1 ;02% 9Z% _
—(1_+|‘Z‘|>_4[ ~ 12 G g

1 0z% 0zZ% _;
2 —_
'“'fmrﬁ[ 1P G g |

hold for any Z € B. By the Schwartz inequality
' _9z%|?

(35) laf?

a,.aza 0z% _;
ow! dw/

< |z}

0< |a'z* y
ow!
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(34) can be read as

1-|Z| ' ,0z° 820‘
(1+1Z])3" dwiow

Substituting (36) into (34), we obtain

(1-|z]p
1+|Z]

4
msw. vy < (7520 0

On the other hand, again using Theorem 1 we get
1+|Z| awfaw'> l—|Z|>2
> > =).
(1 - |Z|) (8.5) (aza ozh ir1z]) (&P
This yields
1-|Z] 9z 0zZk 1+|Z]
< < Ba
(1+|Z|) (89 < <8w'8wl)_(1—|Z| (7).

where (gﬁa) is the inverse matrix of (g F)‘ Hence

1 aiaza 0z® 7
(1—-|Z)*" dwidw/

(36) <la* <

(37) wIS(U, U) 2 Ui,

(1-1Z)?
Triz) O
L +iz)p
=1-Z]

32"‘ BZB B
ow! owJ

Zhz)zP 0 < 2
(Opa — zP 2z 2.

So, we obtain

(38) 1ZP(1 = 1Z)* < v <1ZPP(1+ 2]
Putting (38) into (37), we have

(1 - (L+p)?*
u(l +p)? u(l — p)?
To yield the volume of the hypersurface f(S,) of (2n—1)-dimension,
we consider the function 72 =|Z|?o f~!. Denote A = 49%/0w! dw' .
Then we have

Ar? |Vr?|
39 / dw = / YT _aw
9 gy =12 s, (1=r?)?

1 or?
+——2/ —dO’,
l—ﬂ af(B#) on

< principal curvature of f(S,) <
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where dW is the volume element of C" = #?%", dog that of 0 f(B,)
and n = I'Z_I the unit normal vector. Because of

orr v 5, 2 (_,0z¢0%ZF 4
on ] T (Z gwiamic | =2
(39) becomes

(1 = r>)Ar? +|Vr?? 2
@) [ AT AW = = ;[ wlda.
18,) w2 Iss,)

On the other hand, we have

Ar? = 4%2—%, |vr3? = 470%% B,
Hence
(a1) (1 - AP + VP22 _az‘fal_ﬁq
(1—r2)2 B pw! owW!
Putting (41) into (40) we obtain
o 978
(42) /f " Sgas 0T aw = 1—_2—#2- /f 5,19

From Theorem 1 we have

1+1Z)\* 09z067F l—|Z|)2 8z 8z
— -— >N > — - -,
(43) (1—-|Z|) Sbowiow = "= \1+(2|) SBow 0w

Substituting (43) into (42), we obtain

_ 2
@y nf (u) aw s [ ldo
/ey \1+71 1—uJyps)

2
Sn/ <1+r) aw.
ey \l=r

Combining (39) with (44), we obtain

n(l — p) (1 -r)2
et dw
2u(1 + u) f(B,) 1+r

2
S/ do < M/ (ﬂ) dw
1,) 2u(l =) Jypy \1 =1
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or

(45)
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n(l—u)/ (I—IZI)2 )
do > detJ(Z)|~dZ,
/ﬂs,‘) 2u(T+ ) Jy \1712]) 19772l

n(1+u)/ (1+|Z|)2 )
do < detJ (Z)|*dZ ,
/f(S”) = 2u(l-p) Jp \1-|Z] |det J4(2)

where dZ is the volume element of C* = #?2". Finally, again using
Theorem 1 we obtain

(46)

(1+|z|)"! 2. (1—|zph!
- > >
(1 —|Z[)3n+1 = |detJf(Z)| = (1 +|Z])mH

Putting (46) into (45) concludes Theorem 3.

(1]

(2]
[3]
(4]
(3]
(6]
(7]
(8]
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