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WEIGHTED MAXIMAL FUNCTIONS AND DERIVATIVES
OF INVARIANT POISSON INTEGRALS OF POTENTIALS

PATRICK AHERN AND WILLIAM COHN

In this paper we prove L? estimates for weighted maximal func-
tions of invariant Poisson integrals of potentials. From this it follows
that the exceptional sets of the Poisson integrals of potentials are sets
of zero HausdorfT capacity.

Let S denote the boundary of B, , the unit ball in C”, and let do
be the unusual rotation invariant measure defined on S. If g is a
function belonging to the usual Lebesgue space L!(do) of functions
defined on the sphere then by P[g] we will mean the invariant Poisson
integral of g defined by the equation

(1-|z]»)"

=z 401

Plg](z) = /S g(n)

where z € B,.

In this paper we will continue the work of Ahern and Cascante [ACa]
and study invariant Poisson integrals of potentials of distributions in
the atomic Hardy spaces HZ, where 0 < p < 1. Precisely, if v
denotes a distribution in the space H?, defined by Garnett and Latter
and if 0 < f <n and { € S define the (non-isotopic) potential of v

by
d
e©) = 90

Let f(z) = P[Igv](z) and denote by f; the admissible maximal
function of f defined on the sphere S associated with the admissible
approach region of aperture o . Thus, for each fixed a > 1

fa(@)= sup |f(w)],
wel ({)

where I',;({) is the admissible approach region
T.({)={weBy,:|1—(w, )| <$(1-w}.
Suppose that u is a positive measure on S satisfying the condition

(1) W(B(L; 9) < Comrr
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for every Koranyi ball

B((;0)={neS:|1-(n,{)|<d}

centered at { of radius J contained in S. In [ACa] the following
result is proved.

THEOREM 1. Suppose that B is an integer between 0 and n—1. Let
u be a positive measure satisfying condition (1). Then with v and f
related as above, there is a positive constant C, depending on o but
independent of v, such that

[y duscipls,.
In this paper we will remove from Theorem 1 the restriction that S
be an integer. In order to explain the method we pursue we first recall

the basic idea used to establish Theorem 1.
For z € B, let R be the operator given by

z)=Y z;D;f(z)
j=1
d

where D; = 5z 2 and let R be the operator given by

Rf(z)=)_z;D;f(z)
j=1

where D; = ai— . If z=r{ where { € S then it is easily verified that

-

0 — .
5, f(r0) = (R+ R +id) f(2).
From this it follows that

@) (k-1If(z) /logk 1( ) (R+ R +id)* f(tz)dt.

In [ACa] it is shown that if v € H?, and f = P[Iv], then the ad-
missible maximal function of (R+ R +id)* f(z) belongs to L?. The
argument used in [A] then can be applied to derive the conclusion of
Theorem 1. For the case we are considering, thatis, f = P[Izv] where
B is not an integer, in order to use an argument patterned on the one
above, we must find a suitable replacement for equation (2). The dif-
ficulty we face is that if we tailor the definition of (R + R + id)* f(z)
for non-integral k in such a way that equation (2) still holds then
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the methods of [ACa) are no longer sufficient by themselves to show
the other fact that is needed, namely that the admissible maximal
function of (R + R+ id)* f(z) is in L”. (This problem does not oc-
cur if v belongs to the Hardy space HP of holomorphic functions;
see [A].) We circumvent this obstacle in the following fashion. With

£(z) = PUj)(2) let
u(z) = (1 - |2l AR+ R +id)*f(z),

where k is an integer greater than S but less than n. It can be
verified that

(3) (k=Dz|f(z) = /()IZ' (log (l—jl)>k_1 (1= 0)f~*u@t?)de,

where z = r{, and { € S. The main result of this paper will be the
following theorem.

THEOREM 2. Let v € Hf,, 0 < B < n—1, and f = P[Izv].
If k is an integer greater than B but less than n, then the function
u(z) = (1-|z|)*B(R+R+id)k f(z) has admissible maximal function
in L”.

Theorem 2 and the representation given by equation (3) can be used
to apply the method of [A] to estimate f; the idea is that the factor
(log(L2l)ye=1(1 — ¢)A~* will serve just as well as the factor (log(1))#-!
appearing in (2). We thus obtain the following corollary.

COROLLARY 1. Theorem 1 remains true for all values of B between
Oand n—1.

We will need to make use of the following objects. Let { € .S and
for 1< j, k < n define the complex tangential vector field

- 0 = 0
Tj k= ij - Cka—Cj
and let T, ; be the conjugate of T ;. Furthermore, let
L=>"T;Tjx
j<k
and

L= T; T
j<k
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If f is a function defined on B, then for z € B, with z = r{ and
{ € S we define
Tj 1 f(2) =T 1 f(r0),

where the right-hand side is computed by holding r fixed and inter-
preting f(r{) as a function defined on the sphere. Then other opera-
tors above are also extended to act on functions on the ball in a similar
fashion. We will need the following observations. Suppose that g is
a smooth function of one complex variable. Let { and » range over
the sphere S. Then

(4) Leg({C,n) =Lyg(¢, ),

where the subscripts on the operators denote which variable the deriva-
tives are taken with respect to. Furthermore, there is a second func-
tion, A, of one complex variable, such that

(5) Lyg((€, m) =h({E, n).

In fact, direct calculation shows that formula (4) is valid and that both
expressions are equal to

(1=K, mIHDDg((L, n) — (n = (L, MDD, n)),

where D and D denote the usual operators D = 3(z& — i) and

D = j(#& + i) . This proves the second assertion as well.
The following variants of the Poisson kernel used by Geller in [G]
will also be of importance. For integers j and / let P; ; be the kernel

_ (1— |Z|2)n+j+1
P; ((z,n) = (1 =z, p)rti(1 = (n, z))nt "

These kernels will concern us when j and / are non-positive integers
whose sum is greater than —n. Notice that Py ¢ is the usual Poisson
kernel.

Before proceeding to the proof of Theorem 2 we will need some
preliminary results. We remark that in what follows we will follow the
custom of using the letter C to stand for a positive constant which
changes its value from one appearance to another while remaining
independent of the important variables.

LEMMA 1. Let g and h be bounded functions defined on the unit
ballin C! and suppose { and n are points on the sphere in C". Then

/g((C,w))h((w, n))da(w)=/h((C, w))g({w, n))do(w).
S S
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Proof. Denote by L({, n) the left-hand integral in the statement
of the theorem and by R({, n) the right-hand integral. For each
{ both expressions are continuous functions in the variable #. The
desired conclusion will therefore follow if we show that for any smooth
function ¢ defined on the sphere we have the equality

/ SMLC, n)da(r / SR, nyda(n).

This in turn will follow if we show it to be true for all functions ¢
belonging to the space H(p, q) of restrictions to S to homogeneous
harmonic polynomials of bidegree (p, g) for all p and g. Now,

/S S(ML(C, m)da(n)
- [ sz, o) / h({, 1)é(n) do(n)do(w).
S S

Let the inside integral of the right-hand side of the last equation define
the operator

T($)(w) = /S h({e, 1)é(n)do(n).

It is easily checked that 77 commutes with the usual action of the
group of unitary operators on S. By Theorem 12.3.8 in [R] it follows
that for all ¢ € H(p, q)

T(¢) = Cyo,

where Cj, is a constant depending only on 4, p and ¢ . Therefore

/ $(ML(C . n)do(n) = C / (L, ©))p() do()
S S

and by the same reasoning it follows that

[ SLE. ndo(n) = CuCe(0).
An identical argument gives the formula

/ SR, 1) da(n) = CsCro(()

for all ¢ € H(p, q), where the constants C, and Cj are the same as
before. This completes the proof. O

REMARK. The hypothesis that # and g be bounded is clearly not
the weakest on 4 and g which allows some version of the conclu-
sion of Lemma 1 to hold. If, for example, we assume only that the
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functions used in the proof are integrable on the sphere and therefore
permit the application of Fubini’s theorem, the argument will show
that the equality of Lemma 1 holds almost everywhere da({)da(n).
In what follows, we will use this version of Lemma 1 whenever the
hypotheses on g and & satisfy these less restrictive conditions.

While there is no natural group structure that allows us to define
convolution, the Hermitian inner product provides a well-known sub-
stitute. If g is a function defined on the unit ballin C! and { € S
for a function F defined on the sphere let F * g be given by

Frg(()= /S Fmg((¢. ny)do(n).

The integral will be well-defined whenever F € L!(do) and g({)) €
L!(do). Here, of course, by {; we mean the first coordinate of the
variable { € C". As a corollary of Lemma 1 we have the following
result.

COROLLARY 2. Let g and h be functions defined on the unit ball in
C' such that both g(¢y) and h({,) arein L'(do). Let F € L'(do).
Then

(Fxg)xh=(Fxh)xg.

Proof. The proof is accomplished through Fubini’s theorem and the
remark following Lemma 1. a

We will also need to notice that “convolution” commutes with the
operators L and L.

LEMMA 2. Let F be a smooth function on S and 8 a smooth
Sfunction of one complex variable. Let X be either L or L. Then

X(F « g)({) = (XF *g)(().
Proof. Use integration by parts and formula (4) to compute that

XW*gsz;LHmﬁ@mnﬁw)
- /S F(nX.g((¢, n) da(n)
- /S F(mX,g((¢, n))da(n)

- /S XF(n)g((C, n))do(n)

= (XF xg)({),
as claimed. O
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We will also need pointwise estimates on the derivatives of an in-
variant harmonic functions. See Theorem 1.2 of [G] for the analogous
estimates associated with the Heisenberg group. Let a € B, and for
¢ > 0 define

Qa;e)={weB,:|1 —(w,a)| <ée}.

LEMMA 3. Let U be an invariant harmonic function defined on B, .
If ae B, let

U (a) =sup{|U(w)| tweQ (a; 1—2|a|)} .

Then for each pair of non-negative integers j and | there is a constant
C=C(j,!) independent of a or U such that

IR'R'U(a)| < C(1 - |a))7~U(a).

Proof. The proof is based on the same idea as the proof of Theorem
1.2 in [G]. For each a € B, let ¢, be the automorphism of the ball
given on page 25 of [R]. Let y be a smooth nonnegative function of
a real variable supported on the interval [0, s]. We may choose s so
small that for all a ¢, maps the ball in C” centered at the origin
of radius s into Q(a; L‘zﬂ). Next, let Y(w) = y(Jw|) for w € B,.
The argument used in [G, p. 130] (see also [ACa, equation 1.2]) shows
that there is a constant C independent of U or a such that

Ua)=C /B U (w)¥(ga(w)) dv(w),

where dv is the invariant measure

av(w)

W)= T wpyeT

and dV is Lebesgue measure on C”. The desired estimate fol-
lows now by first differentiating under the integral sign, then using
the fact that W(¢,(w)) is supported on the set Q(a; 1_2|a|) together
with the formula for ¢,(w) to bound the resulting expressions by
C(1 — |a])=/~!, and finally observing that the invariant measure of
O(a; %ﬂ) is bounded by a constant independent of a. This com-

pletes the proof. ]

We are now ready to give the proof of Theorem 2.
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Proof of Theorem 2. At times we will simplify the notation by sup-
pressing the dependence of the admissible maximal function on the
parameter a determining its aperture. The atomic decomposition of
Garnett and Latter shows that Theorem 2 is a consequence of the
following assertion.

Claim. Let a be a (p, o) atom in HZ,. Suppose f = P[lzal
and u(z) = (1 — |z))¥*"B(R + R)* f(z). Then there is a constant C
depending only on «, k, and p, but not a such that

/(u,‘;)”a’a <C.
s

We first give a detailed proof of the claim for the case where 0 <
B <1 and k = 1. Since all the ideas necessary to establish the
claim in full are present in this situation we will only sketch how the
argument goes in general. Assume thenthat 0< f <1, k=1,and a
isa (p, co) atom in HE,. We may assume that a is an atom centered
at e; supported in the Koranyi ball

B(e;;0)={neS:[1 —m|<d},
where e¢; = (1,0, ..., 0). Recall that
la| < o~np,

and that g has vanishing moments up to a certain order depending
on p; see [GL] for details. We note for later use that the construction

of the atomic decomposition given in [GL] shows that this order may
actually be taken to be arbitrarily large. Let

u(z) = (1~ |z))! (R + R)P[Iga](z).
For 4 a complex number in the unit disk and r < 1 define

(1 =r2)n

If z=r{ with { €S and F € L'(do) then we may write
P[F](z) = F = P.({).
By Corollary 2 it follows that
Pllga)(z) = (a*Ip) * Pr({) = (a* Pr) « I5().

Let V' be the invariant harmonic function given by V' = P[a]. Since
R+ R=r£ it follows that

(6) R+ RPUga)z) = (rgas P) (D).
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The right-hand side may be rewritten as

1 _
/s T, R+ RV L) do(m).

Notice that the operator R+ R now acts on the variable rn. We may
therefore write u as the sum of

M w@) =01 [ e RV () da(n)

and a similar expression, > (_z) , which is obtained from the formula
for u; by replacing R by R. We proceed to show that there is a
constant C independent of a such that

/(u’{)pdasC.
S

The same argument will establish the same inequality for u,, and
complete the proof for the case we are considering.

We first split #; into two parts. Let y be a non-negative &
function supported on the disk in the complex plane centered at the
origin of radius 7 which is identically 1 on the disk centered at the
origin of radius 1. For 0<r <1 and { and 5 in S let

vl m =y (W) :

7

Then

ui(z) = Ji(z) + ha(z2),
where

)= +(C, M)
®) ~ 12!t [ s RV () dot)
and
v, n

9) L(z)=(1-|z])!~# |1— €, - s RV (rn)da(n).

Consider first J;. Let £ € .S and suppose that z = r{ € I',(£) for
some aperture «. Since the integrand in J; vanishes for |[1—({, )| >
%(1 —r) it is easy to see that on the support of y,({, n) we may apply
Lemma 3 to RV (rn) to get the estimate

(10) IRV (r)| < C(1=r)~'V*(&),
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provided that the maximal function V* is taken with respect to an
aperture equal to a fixed constant ¢ times «, where ¢ is independent
of the atom a. It follows that

K@) < C -V [ de.

If we use again the fact that y,({, n) is supported on a Koranyi ball
centered at { of radius 1 — r then the integral in the last inequality
may be estimated as in [ACo, p. 427] to yield the conclusion that

[J1(2)] £ CV*(&).
From this it follows easily from the fact that a isa (p, co) atom that

/(J;)Pda < C/(V*)Pda <cC:
S S

see [GL].

The analysis necessary to handle J, will be more complicated. We
first make use of Theorem 1 and Lemma 1.4 from [ACa] together with
Lemma 2 above to write
(11) —(n — 1)RP[a)(rn) = Po,1[La)(rn) = LPy, _1[a](rn).

We remark that the equality of the first and last terms above may be
verified directly by showing that
—(n=1)R;Py,0(z,n) = L¢Py, -1(z, 7).

In any event, let

B (1 _ r2)n—1
Gr(4) = (1 —rA)n(1 — rayn=1’
SO
—(n—1)RV (rn) = RP[a](rn) = LPy, -1[al(rn) = L(a * G,)(n) .
Next let

~(n - 1DK,(A) = (1 —y (-i-:—'i)) 11— A",

Then we may write
B(z) = (1 —r)'"F(L(axG))* K (().
Integration by parts shows that

(L(a* Gy)) * K ({) = /S L(a G(n)K- (¢, n)) da(n)
= /S (a* GuMIKA(C, n)) da(n).
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By formula (5) LK,({({, n)) is, for fixed r, a function of (¢, 7). In
fact, a calculation shows that LK,(({, 1)) is the sum of
1-{C, - _
(1-v (F5E2)) 2t - e

and three other terms each of which has a factor which is a derivative
of . Now, differentiating y yields a function which is supported
on the region
1—r
5 .

These terms can then be handled in the same fashion as J; above.
We therefore are left with the final task of estimating the admissible
maximal function of

R )

‘L1 = (¢, m|P~"(ax G () do.

{nes: 13t <in-w.mi<

To simplify the notation, let

0t i) ===t (1—p (S T - gy,

where Q, is a function of one complex variable; equation (5) shows
that this is possible. We therefore obtain the formula

J3(2) = (axGy) = Qr(0).
Recall that the atom a is supported on the Koranyi ball
B(e;;0)={neS:|1 —-m|<Ld},

where e; = (1, 0, ..., 0). We will need to partition unity in a manner
that lets us take advantage of the support of a. It is possible to
find smooth functions ¢y and ¢ defined on the complex plane such
that ¢¢ is supported on the unit disk, ¢ is supported on the annulus
{AeC':1/2<2| <2} and

1=¢o(z>+i¢(§).

j=0
For n and 7€ S and rp € B, let

Do(rn, 7) = ¢o (k—_(s%y_,_r_))
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and for j=1,2,..., N let
_ 1— (rn ) T)
D;(rn, 1) =¢ (W) .
It follows that .
1= ®;(rn, 1),
j=0

where N is a sufficiently large integer which depends only on ¢ .
We now write

a* Gy(n) = Po,-1lal(rn) = ZA (rn),

where
Arm) = [ Po,a(rn. 90, Da(x) do(s).
We claim that there is an integer m that we may choose to be
arbitrarily large (and whose choice will depend on p) such that
(i) Ao(rn) is supported on the set
{rn:|1 —rm| < 326};
(ii) |Ao(rm)| < Co"/P;
(iii) For j=1,..., N, A4j(rn) is supported on the set
{rn: 216 <1 —rp| <32-2g}d;
(iv) For j=1,..., N
|4,(rn)| < C(27)7=m+nlp (21 8) 1P
Properties (i), (i1) and (iii) follow immediately from the definition
of ®;, the support and size of the atom a, and the triangle inequal-
ity for the pseudometric d(z, w) = |1 — {(z, w)|'/? proved in [R],
Proposition 5.1.2. To verify property (iv) we must use the cancella-

tion properties of the atom a in the usual way. For 2/-16 < |1 —rny|
estimate that

14;(rm)] < ‘ [ 4@, 1, 901070, 1) = Tz, enldo(@)]

where for each fixed ry, T,,(z, e;) is the non-isotropic Taylor poly-
nomial for Py _{(rn, 1)®;(rn, t) expanded about e; of degree m;
see [GL] for the precise details. Since

2715 < |1 —rpy) < 32-2/6
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we may estimate that
5m
lPO,—l(rna T)(Dj(”la T) - Tm(T’ el)l S C(_Z_J_B—)n—m'

It follows that 5m
|4;(rn)| < C5"’"/”(‘275——)nﬁ>

as claimed.
We now write

N
J3(z) =D _F(rl),
j=0
where

Fy(r0) = /S A;(r)Q, (¢, myda(n)

and proceed to estimate F* foreach j. From the formula for Q,(¢, n)
it is not hard to see that

/S 0L, | da(n) < C

for a constant C independent of r; we have used the fact that Q,({, n)
vanishes identically on the Koranyi ball centered at { of radius 1 —r
as well as the estimates found in [R] Proposition 1.4.10. It follows
therefore that for each j

| Filloo < Cll4jlloo
and therefore
(12) [F} oo < C(27)~mmtn/P (21 5)="IP

Recall that the admissible maximal region depends on the parameter
o which controls its aperture. Set M = 1000a. We will use inequality
(12) above to estimate F; on theset {¢ €5 : |1 —¢;| < M26}.

Assume then that |1 — & | > M2/d, and let r{ € T,(¢). From
properties (i) and (iii) it follows that F;(r{) vanishes unless 1 —r <
32.2/§ so we may as well assume that 1 —r < 32-2/§. Let

Uj,r((n, 7)) = Po,-1(rn, T)®;(rn, 1),
where, for each fixed r, U; , is a function of one complex variable;
notice that the definition of ®;(rn, t) makes this possible. Then by
Corollary 2
Fj(rC) = (a * Uj,r) * Qr(C)
= (a*Qr) = U; ({).
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Thus
Fi(r{) = /S ax QmU; (L, m) do(n).

Notice that, since U; ,({{, 1)) vanishes if |1 —r((, n)| > 16-2/d, and
since r{ € I',(&) with 1 —r < 32.2/4, it follows from the triangle
inequality of [R], Proposition 5.1.2 that U; .({({, n)) = 0 unless 5 €
B(&, 128a2/6) . For each such n use the cancellation properties of a
to write

as Q) = /S a(0)0:((n, 1) do(7)
- /S (D@1, 7)) - T(7; €1)]dor(2),

where for each fixed 5, T,,(t, e;) is the non-isotropic Taylor polyno-
mial for Q,((n, 7)) expanded about e; of degree m . From the for-
mula Q,((n, 7)) and the facts that 7 € B(e;;d), n € B(&; 128a2/9)
and |1 —¢&| > M2/§ it can be seen that

5m(1 — )18
10:({(, 7)) — Tm(7; €1)] < C!l ~21|n+2)—ﬂ+m :

Therefore with # as above
5m+n—n/l7(2j§)1‘ﬂ

laQr(n) < |1 — & |n+1-B+m
From this it follows that
5m+n—n/p
- <Co—pr——
ENrO < C g

and therefore, if |1 —&;| > M2/5, then
(2]5)n+m—n/p
|1 — £1|n+m .
We now specify that m > n/p — n. Then the estimates in (12) and
(13) show that

/(Fj*)p do = / (FrY do + / (Fpydo,
s Ble,; M2'6) S—B(e,; M2'5)

where the first integral on the right-hand side is dominated by
CRIS)FI%, < CIS) ()~ momren(2I)™ = C(2))mwmesn,
and the second integral is less than
C(2/)=np—mp+n / (2/0)mptnp—n
s

(13) F} (&) < C(2))~nmnio

do < C(2/)=np—mptn
—B(e, ; M2'6) |1 - éllnp+mp
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Since 0 < p <1 we may use the triangle inequality to conclude that

N
[Wsrdoe<y: [(Fpdo
s s
< CZ(zj)——np—mp+n .
=0

This completes the proof of the claim for the special case where k = 1.

The proof of the claim for the arbitrary case where 0 < 8 < k <
n — 1 proceeds in an analogous fashion; we point out some of the
minor differences. Since equation (6) will be replaced by

k
(R+ R)kP[Iﬂa](z) = ((r%) a* P,) (I1g(¢),

instead of u; as given by equation (7), we will have to consider a sum
of terms of the form

N 1 R Rk~
(=120 [ g R RV do(n).
We split each such item into two pieces J; and J, as given by equa-
tions (8) and (9) with 1 — B replaced by k —  and RV replaced by
R’R¥-JV . To handle J; we use the pointwise estimates of Lemma 3
in place of inequality (10). To handle J,, in place of equation (11)
we use Theorem 1 from [ACa] and Lemma 2 to get the fact that

_RJRk_jP[a] = Z Ql,m(L> —L_)Pl,m[a],
{|+|m|<k

where Q; ,, is a polynomial in two variables of degree no greater than
k. This lets us write J, as a sum of terms of the form

(1— BT L'ax G+ K(0),
where
(1 _ r2)n—t—s
(1 = rA)n=t(1 — rayn=s’
where j+/<n-1 and ¢t and s are non-positive integers such that

|t| + |s| £ n— 1. The remainder of the argument proceeds without
difficulty. This completes the proof of Theorem 2. O

Gy(3) =
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FANO BUNDLES AND SPLITTING THEOREMS
ON PROJECTIVE SPACES AND QUADRICS

VINCENZO ANCONA, THOMAS PETERNELL
AND JAROSLAW A. WISNIEWSKI

The aim of this paper is to describe the structure of Fano bundles
in dimension > 4.

Introduction. In this paper rank 2 vector bundles E on projective
spaces P, and quadrics Q, are investigated which enjoy the addi-
tional property that their projectized bundles P(E) are Fano mani-
folds, i.e. have negative canonical bundles. Such bundles are shortly
called Fano bundles. Up to dimension 3 Fano bundles are completely
classified by [SW], [SW'], [SW”], [SSW]. The aim of this paper is to
describe the structure of Fano bundles in dimension > 4. Namely we
prove the following

MAIN THEOREM. Let E be a rank 2 Fano bundle on P, or Qp,
n > 4. Then up to some explicit exceptions on Q4 and Qs (see ex.
(2.1), (2.2), (2.3)), E splits into a direct sum of line bundles.

A rank 2 bundle E on P, is Fano if and only if the “Q-vector
bundle” E ® (det E*)/2® Z (™) is ample, i.e.

Opp)(2)®@n* (detE* RC (n; 1)) is ample.

If we normalize E in the following sense: Ey = E ® (det E*)/2, so
that ¢;(Eg) = 0; then E is Fano iff Eq(2$!) is ample. Similarly on
quadrics. In other words, we show that bundles with Eo(l;—l) ample
must split (on P,, » > 4). In other words: ample bundles with
ci(E)<n+1 split.

We prove even more:

THEOREM (9.1). Let F be an ample 2-bundle on P, . Then F splits
if one of the following assumptions hold.:

(1) n=4, |(F) <6,

(2) n=3, CI(F)SS,

17
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(3) n=6or 7, |(F) < %2,
(4) n>8, ¢|(F)< 2L,

For testing the well-known conjecture of Hartshorne, that every 2-
bundle on P, (n > 5, or 6, or 7) should split, it would certainly be
interesting to prove better bounds than in (9.1).

It is equally interesting to prove splitting theorems assuming only
information of E on the lines in P,. The archaeopteryx of these
theorems is the uniform splitting theorem. In the last section we prove
among other things:

THEOREM (10.11). Let E be a 2-bundle on P,. Assume for every
line LCP,:
E|IL=0(ai(L)) ®F(ax(L))

with |a(L) —ay(L)| < 5 —1.
Then E splits.

1. Preliminaries. In this section we fix notations, give basic defini-
tions and some elementary propositions which will be frequently used
in the later sections.

(1.1) We will consider vector bundles only on the projective space
P, and on the n-dimensional quadric @, . If E is a vector bundle,
we let P(E) be its associated projective bundle—taking hyperplanes
in the fibers of E. We always let

¢=ca(@r(1) and n=n"(ci(@x(1))),

where n: P(E) — X is the projection and X =P, or Q,. If F isa
2-bundle on X, we denote by c;(E) its Chern classes, i = 1,2 and
consider them as numbers. Since we work only in dimension at least
4, we have

H*(X,Z)~1Z
with the possible exception of Q4 ; in this case
HY(Q4,2)~ 2%,

and we fix generators H;, H, and identify c¢;(E) = aH; + bH, with
the pair (a, b).

DEerFINITION 1.2. Let E be a vector bundle on a projective mani-
fold X.
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(1) E is said to be a Fano bundle if P(E) is a Fano manifold, i.e.
—Kp(g) is ample.
(2) E is said to be nef (“numerically effective”) if &pgy(1) is a nef
line bundle, i.e.:
c1(@pE)(1))-C 20

for all curves C C P(E).

REMARK 1.3. Let r =1k E . Since
~Kp(&) = Op(g)(r) ® n*(—Kx ® det E*),

E is Fano iff the “Q-vector bundle”

detE* —K
e X

E ®
r

is ample, i.e. the Q-Cartier divisor
Op (pgeut g =tx) (1)

is ample. We will often abbreviate E ® (det E*)/r by E,; we have
Ci (Eo) =0.

PROPOSITION 1.4. (A) Let F be a nef 2-bundle on an n-dimensional
projective manifold X with by(X) = 1, bs(X) = 1 where the square
of a generator of H*(X , Z) generates HY(X , Z). Let ¢; = ¢;(F) (as
numbers). Then:

(1) Cy 2 0,

(2) ¢2>2c, if n>3,

(3) ¢2>3c, if n>5,

4) 2>Q2+V2)e ifn>1,

(5) 23+ ifn>9,

(6) ¢2>(2+V3)e, if n>11.

If F is ample, all inequalities are strict.

(B) Let F be a nef 2-bundle on Q4. Write ¢; = ci(F), ¢ =
c(F)=(a, b). Then:

(1) a>0, b>0,

(2) ¢2>a, ¢2>b,

(3) a* +b? - 3c(a+b) + 2} > 0.

Again the inequalities are strict for F ample.

Proof. (1) in (A) or (B) is well known. The other inequalities follow
from positivity of the Segre classes for ample or nef bundles ([FL],
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[Fu]) and the following computations for the Segre classes s; = s;(F):
§1=1¢C1,
2
S2 = Cl - C2 s
2 2
S5 = (| (cl —)(cf — 3c),

s7=c1(c} = 20)(c} — (2= V2e2))(cf — 2+ V2)e),

3 V5 3 V5
5 , (5 V5
1m\27 2

(4-6+%5)o) (- (%))
si = er(ef — ea)(ef = 2e2)(cf - 3e2)(cf = (2+ V3e))
x (¢ = (2~=V3)c).
(3) is just the semi-positivity of s,.
Later we will also use s on Qg:
s6 = 2¢8 — 10cfc, + 6¢ic — 3.

An important tool will be le Potier’s vanishing theorem [SS]:

THEOREM 1.5. Let X be a projective manifold, E an ample vector
bundle of rank r. Then:

H(X,E®Kx)=0 fori>r.
We will also use

PROPOSITION 1.6. Let F be a 2-bundle on X =P, oron X = Q,
with n>5.
Assume
HYX,F)#0, HY(X,F(-1)=0,
and that ¢,(F) < 1. Then F splits.
The same holds for X = Q4, provided a <0 or b<0 ora=b=0
where cy(F) = (a, b).

Proof. Take s € HO(F), s#0,andlet Z={s=0}. If Z =2,
clearly F splits. If Z # @, then Z is of pure codimension 2, and
degZ = cy(F).

By our assumption on c¢;(F), we obtain a contradiction.
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(1.7) A rank 2-bundie E on P, or Q, (n > 3) is called (semi-)
stable if for every line bundle .¥ C E:

a(?) < ﬁ(;:_) <C1(3) < 01(2E)) _
If E is stable on P,, it is well known that
(*) ¢i(E) < 4cy(E)

([Ba]). This is also true for quadrics Q, ; observe that for n # 4, (x)
is just an inequality of numbers, for » = 4 (x) means

/ HE)ANw? <4 | cHE)Aw?
o, Q,
for every Kiahler form w on Q4.

In order to see (%) for quadrics, one can proceed as follows. If
E is semistable then E carries an “approximate” Hermite-Einstein
connection and hence

Ct(E) < 4cy(E);
see [Ko].

Now assume ¢} = 4c,. Since we may also assume c;(E) = 0, we
have c¢;(E) = 0. But it is obvious that such an E cannot be stable.
Thus a stable bundle satisfies ¢} < 4c; .

(1.8) Some further notations: 4‘(X,.#) will always be the dimen-
sion of HY(X,.%); Kx will denote canonical line bundle of the com-
plex manifold X ; [x] denotes the integral part of x.

2. Statement of the main result. Before stating our main result we
shortly review some facts on special rank 2 vector bundles on quadrics.

ExAMPLE 2.1. We denote by S’ and S” the two “spinor bundles”
on the 4-dimensional quadric Q4. These are bundles of rank 2 with
Chern classes ¢;(S’) = ¢1(8”) = =1 and ¢;(S') = (1, 0), (S") =
(0, 1). Since S’(1) and S”(1) are globally generated, they are Fano
bundles, i.e. P(S’) and P(S”) are Fano manifolds (see [Ot1]). We will
need in the sequel the following fact due to Ottaviani ([Otl, Remark
3.4]): Every stable 2-bundle on Q4 with Chern classes ¢; = —1 and
¢y =(1,0) (resp. (0, 1)) is isomorphic to S’ (resp. S”).

ExAMPLE 2.2. Applying the Serre correspondence (see e.g. [OSS])
to the union of two disjoint planes in Q4 we can construct a family
of stable rank 2-bundles F with

aq(F)y=-1, coF)=(1,1).
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Their moduli space can be identified with P;\Q¢ ([Ot2, Remark 3.4]).
By [OT2], F(2) is generated by global sections and thus F is a Fano
bundle. Moreover: every stable 2-bundle on Q4 with Chern classes
¢y =—1 and ¢, = (1, 1) is isomorphic to some F described above.

ExAMPLE 2.3. On Qs there is a family of stable 2-bundles C with
c1(C) = =1, ¢;(C) = 1. These were introduced in [Ot2], where they
are called Cayley bundles. Again C(2) is globally generated; hence
Cayley bundles are Fano. Moreover we have by [Ot2, main theorem
and Theorem 3.2]: Every stable rank 2-bundle on Qs with Chern
classes ¢; = —1, ¢ = 1 is isomorphic to a Cayley bundle. No Cayley
bundle extends to Q.

We are now able to state the main result of this paper.

MAIN THEOREM 2.4. (1) Let E be a Fano bundle of rank 2 on P,,
n>4. Then E splits as a direct sum of two line bundles.

(2) Let E be a Fano bundle of rank 2 on Q,, n> 4. Then either
E splits or:

(a) n =4 and E is—up to a twist—a spinor bundle or one of the
bundles described in (2.2);

(b) n =5 and E is—up to a twist—a Cayley bundle (Example

(2.3)).

Fano 2-bundles on P, or Q, with n < 3 are classified in [SW] and
[SSW]. Let E be a 2-bundle on X =P, or @,. Since E is Fano if
and only if E®(det E*)/2® —Kx /2 is ample, we can restate Theorem
2.4 as follows.

COROLLARY 2.5. (1) Let E be a normalized 2-bundle on P,, n >
4. If ¢;(E) = 0 assume that E(™) is ample. If ¢;(E) = —1, assume
that E("$2) is ample. Then E splits.

(2) Let E be a normalized 2-bundle on Q,, n>4. If ¢;(E) =0,
assume that E(%) is ample. If ¢(E) = —1, assume that E(™L) is
ample. Then either E splits or E is as in 2.4 (2)(a), (b).

The rest of this section is devoted to the proof of the following
important technical result.

PROPOSITION 2.6. Let E be a normalized Fano bundle of rank 2
on P,, n>4. Then:

(1) If ci(E) = —1 and n is odd, then E([5]+ 3) is generated by
global sections and E([5]+ 2) is ample.
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(2) In the other cases, E([3]1+2) is generated by global sections and
E([31+1) is ample.

In particular, in all cases E(n) is generated by global sections and
ample.

Proof. The ampleness statements are just translations of (1.3).
(1) The le Potier vanishing Theorem (1.5) gives

H'(P,, E(1)) =0
for i>2 and t>k+2-(n+1)=—-k with kz[%].
In particular:
H'®P,,Ek+3-i)=0 fori>2.
Now we claim that this holds also for i =1.
Consider on P(E) the divisor
D =3¢+ 3k+5)n.
D is clearly ample; hence by Kodaira vanishing
H'(P(E), D+ Kp(g)) =0,

ie. 0 = HY(P(E), &+ (k+2)n) = HY(P,, E(k + 2)), whence our
claim.

Now E(k + 3) is globally generated by the Castelnuovo-Mumford
lemma.

(2) We treat shortly the case n = 2k and ¢;(E) = 0 leaving the
remaining cases to the reader.

The le Potier vanishing theorem gives now

H(P,,Ek+2-i)=0, i>2,

while the Kodaira vanishing theorem applied to the ample divisor
3¢ + (3k + 2)n yields

H\(P,, E(k+1))=0.
Thus E(k + 2) is globally generated.

The corresponding result for Q, reads

ProOPOSITION 2.7. Let E be a normalized Fano bundle of rank 2
on Q,, n>4. Then:

(1) If c1(E) = 0 and n is even, E(%) is ample and E(% + 1) is
globally generated.
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(2) In the other cases, E([5]1+1) is ample and E([5]+2) is globally
generated. In particular, E(n— 1) is ample and generated in all cases.

The proof of (2.7) is just an adaptation of (2.6) and will be omitted.
The proof of Main Theorem 2.4 will be given in the subsequent
sections; several cases have to be treated separately.

3. The case P,, c}(E) > 4c(E). In this section we shall prove

ProPosSITION 3.1. Let E be a Fano 2-bundleon P,, n > 4. Assume
c}(E) > 4cy(E). Then E splits.

The proof rests on the following result due to Holme and Schneider
[HS, Theorem 4.2].

PROPOSITION 3.2. Let F be a 2-bundle on P, admitting a section
whose zero locus is of pure codimension 2. If F is not stable and if
moreover

(3.2.1) e(F) < (n—1)(c1(F) —n+2),
then F splits.

COROLLARY 3.3. Let F be a globally generated 2-bundle on P, . If
F is not stable and if (3.2.1) holds, then F splits.

Proof. Let s € HY(F) be a general section. Then Z = {s = 0} is
either empty (hence F splits) or Z is smooth of codimension 2. In
this second case now apply (3.2).

Proof of (3.1). We may assume E to be normalized. E is unstable
by [Ba], because of the inequality c?(E) > 4c(E) (which is invariant
under twists). Put F = E(n). Then by (2.6) F is globally generated.
Since ¢;(E) <0 and ¢;(F) = ¢(E) + 2n, we have

c2(F) = cy(E) + ci(E)n + n? < ¢ci(E)n + n?;

hence (3.2.1) holds as is easily verified. Thus F—as well as E—splits
by (3.3).

4. The case Q,, n > 5, and c(E) > 4cy(E). We now treat the
analogous case to §3 for quadrics Q,, n > 5. The case Q4 will be
done later.
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PROPOSITION 4.1. Let E be a Fano 2-bundle on Q,, n > 5. As-
sume c}(E) > 4cy(E). Then E splits. In order to prove (4.1) we need
the following analogy to (3.2):

PRrOPOSITION 4.2. Let F be a 2-bundle on Q,, n > 5, admitting
a section whose zero locus is of pure codimension 2. If F is unstable
and if moreover

(4.2.1) oaFY<(n-2)(a(F)—-n+2)+n-3,
then F splits.

Postponing the proof of (4.2) for a moment we have as in §3 the
immediate

COROLLARY 4.3. Let F be a globally generated 2-bundle on Q,,
n>S5. If F is unstable and if (4.2.1) holds, then F splits.

Proof of 4.1. Let E be normalized. Since c¢}(E) > 4cy(E), E is
unstable (1.7). By (2.7), F = E(n—1) is generated by global sections.
Now

o(F)=c(E)—a(E)n—1)+ (-1 <a(E)(n-1)+(n-1)%,

so (4.2.1) holds. Hence F (and FE) splits by (4.3).

Proof of 4.2. The proof of (4.2) follows the same lines as that one
of (3.2), so we give only a sketch, following [Ra] and [HS]. We may
assume that our section vanishes in codimension 2, so we have a se-
quence

OHﬁQn—*F—*J,\f(Cl)—*O,

where ¢; = ¢;(F) and X = {s =0} is a locally complete intersection
of codimension 2 in Q, and of degree d = ¢, = ¢;(F). For t € Z let

e(ty=cy —cit+ 12 = cr(F(-1)).

For a fixed point p € Q, let .S, be the set of lines / C @, with pe/,
and let

2k =%k, p=1{l€Spllength(/N X) > k}

be the set of k-secant lines through p contained in Q, .



26 VINCENZO ANCONA ET AL.

Then we have (compare [Ra]).

PROPOSITION 4.3.1. Assume k < n—3 and e(0)-e(1).----e(k) #
0. Then dimX; | >n—k —2. In particular, Zp . # @.

Proof of 4.3.1. Since Xy = S, ~ Q,_» it suffices by induction on
k to show the following. If C C X, is an irreducible curve with
CNZ;, = 2 and with min{length(/NX)|/ € C} = k, then e(k) =0.
But this is proved by easily adapting the proof of the proposition in
[Ra] to our situation.

Arguing as in [Ra] we obtain

LEMMA 4.3.2. If ¢|(F) > cy(F)/(n—=3)+n—-3 orif c;(F)<n-3,
then F splits.

Finally, the proof of Theorem (4.2) in [HS] can be copied almost
‘word for word to give a proof of (4.2) (note that the inequality (4.2.1)
is equivalent to e(n —2) <n-3).

5. The case P,, n > 6, and c}(E) < 4cy(E).

PROPOSITION 5.1. There is no Fano 2-bundle E on P,, n > 6,
with ¢3(E) < 4¢y(E).

The proof of (5.1) will be based on the following result of [HS]
(Corollary 3.4 and Proposition 6.1).

PRroPOSITION 5.2. Let F be a 2-bundle on P, admitting a sec-
tion whose zero locus is smooth and of pure codimension 2. Assume
c}(F) < 4cy(F). Then:

(1) ci(F)>2n+3 for n>6,

(2) c1(F)>3n for n>8.

Actually only (1) is used at this place but (2) will be needed later.

Proof of 5.1. Assume E to be a normalized Fano bundle of rank
2on P,, n > 6, with ¢}(E) < 4cy(E). By (2.6) E(n) is glob-
ally generated. Now take a general section of E(n) which vanishes
along a smooth 2-codimension subvariety (of course the zero locus
is non-empty). Hence ¢;(F) > 2n + 3 by 5.2(i); hence ¢;(E) > 3,
contradicting the fact that E is normalized.
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6. The case: Oy, n > 12, and c3(E) < 4cy(E).

PROPOSITION 6.1. There are no Fano 2-bundles on Q,, n > 12,
with ¢}(E) < 4cy(E).

In order to prove (6.1) we must have a substitute of (5.2) which is
given by

PROPOSITION 6.2. Let F be a 2-bundle on Q,, n > 12, admitting
a section whose zero locus is smooth and of pure codimension 2.
Assume c}(F) < 4cy(F). Then

7M. n \7?
cz(F)>z—(smn_1> .

First we show how (6.1) is derived from (6.2).

Proof of 6.1. Suppose again E to be normalized and let F = E(5+1)
if ¢|(E) =0 and n even, F = E([5]+ 2) otherwise. In any case
ci(F) < n+ 3, E being normalized. By (1.4), we have c?(F) >
3¢cy(F); thus

oF) < 5a(F) < 500+ 37,

F being globally generated (2.7), (6.2) applies to F. Hence (6.2.1)
leads to a contradiction, since for n > 12 we have an inequality

1 , (. [ m \\7?
§(n+3)<7<sm<n_l)) ,

Proof of 6.2. We mimic step by step the proof of the corresponding
Theorem 2.2 of [Sch] on P, . Note that the Segre class s;(E) can be
written as

for n>12.

si(E) = 8 (E)h¥
with §,(E) € Z and h the class of a hyperplane section of Q,. Ac-
cording to the fact that the normal bundle of a submanifold of Q, is
always globally generated, we find as in [Sch, Corollary 1.2] that

S(E)>0 fork<mn-2.

Now write
c1(E)=6+8, c(E)=|6]
with d =re’?, r>0, -n<p<m.
Then §,(E) = Y°%_ 653" .
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Repeating the proof of Proposition 2.1 of [Sch] we get

LEMMA 6.2.1.
i1

lol < =7 -

Now put F(Q,) = min{m € Njm = 4¢,(G) — ¢}(G), with G a
topological 2-bundle on Q,}, analogously F(P,).
As in [Sch] we obtain from (6.2.2)

x(F) 2 3F(@nsin® (755) -
Since n > 12, we find a linearly embedded P¢ in Q; hence
F(Qn) > F(Ps).
By [Sch]: F(Pg) > 71, hence
F(Qn) 271,

finishing the proof of (6.2).

7. The case P,, n = 4,5, and c}(E) < 4cy(E). This is the last
case to finish the main theorem for projective spaces.

ProPoSITION 7.1. There are no Fano 2-bundles on P,, n = 4,5
with c3(E) < 4cy(E).

Proof. Assume E is such a Fano 2-bundle. We may assume E to
be normalized. Let ¢; = ¢;(E) and introduce the Q-vector bundle

€1
B=E(-3)-
The fact that E is Fano can be expressed as Eo(%) (if n = 4) resp.
Ey(3) (if n =35) to be ample.
As usual let ¢ be the class of @pg)(1), 1 the class of the pull-back
of the hyperplane divisor.
(1) n=4. Applying (1.4) to Eo(3) gives (by c? > 2¢3)

25

CZ(EO) < T s

hence ¢c; =c(E) <6

(and of course we also have ¢, > 0). Moreover
5
0<s4(Ey (—2-)) = (Cll4 - 3(,’126'2 + C%)(Eo) .
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Both inequalities easily imply
a(E)<3.
By the Schwarzenberger conditions
c(c+1)=0(12) (ifc;p =0),
(e +2)=0(12) (if ey =-1),
we conclude that only the case ¢ (E) =0, c(E) =3 is left.
By Riemann-Roch we obtain
x(P4, E(-2)) =0.
The le Potier vanishing theorem applied to E(3) yields
H' (P4, E(-2)) =0, i>2.
Hence
H(Py, E(-2)) #£0,
and consequently { — 2% is an effective divisor on P(E). Thus
(¢ —2n)(20+5n)* > 0.
On the other hand one computes easily
(¢ -2m)2¢+5n)* <0,

a contradiction. Thus also the case ¢; =0, ¢; = 3 is excluded.
(2) n = 5. This case is even simpler. The ampleness of Ey(3) gives
by ¢ > 3¢, (1.4):

c(E)<3 ifc; =0,
(E)<3 ifc=-1.
The claim follows again by using the Schwarzenberger conditions on

Py.

8. The case: Q,, 4 <n < 11. We now treat the final case of low-
dimensional quadrics in order to finish the proof of the main theorem.

PROPOSITION 8.1. Let E be a Fano 2-bundle on Q4. Then either
E splits or is—up to a twist—a spinor bundle or one of the bundles of
Example (2.2).

Proof. As usual we assume E to be normalized and let ¢; = ¢;(E),
Ey= E(—-%) , { =Opg)(1) . Moreover let ¢ = c3(Ep), {o={—cin/2.
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We write ¢; = (a, b), ¢ = (ao, bo), so that (a, b) = (ap + c?/4,
by + c?/4) . We will use Riemann-Roch on Qj:

X(E(=2)) = %(a(a +1)+b(b+1)) ifc(E)=0;
x(E(-1)) = i%(a(a -1)+bb-1)) ifc(E)=-1.
The Fano condition says that Ey(2) is ample. Hence by (1.4):
2(Eo(2)) >0,  ¢f(Eo(2)) > 2¢2(Eo(2)),
and consequently we obtain the bounds

-3<a<3, -3<bh<3 (if c; = 0),
-3<a<4, -3<b<4 (if ¢, = —1).

LemMA 8.1.1. Suppose x(Qs; E) > 0 and moreover:

()ifeg=0: a+1<0o0rb+1<0o0ra=>b=-1

2)ifci=-1: a+2<0o0rb+2<0o0ra=b=-2.
Then E splits.

Proof. (1) Assume ¢; = 0. So E(2) is ample. By le Potier vanish-
ing:
H (Q4,E(t-2)=0 fori>2, t>0.

Hence
%(Qa, E) = h%(E) — h'(E).

Since x(E) > 0, we conclude h°(E) #0.

By duality: H9(E(-2)) ~ H*(E(-2)) =0.

If now H9(E(-1)) # 0, then by (1.6) E splits, since cy(E(—1)) =
(a+1,b+1). If HYE(-1)) =0, use (1.6) for E instead of E(—1).

(2) The case ¢; = —1 is done in the same way starting with the
ample bundle E(3). We omit the details.

Since the condition x(E) > 0 is always satisfied if a+ b < 0 (by
Riemann-Roch), the following cases are settled by Lemma 8.1.1:
¢t =0: a<-1,b<2and a<2, b<-1and (a,bd) =

(-1, -1).
cg=-1:a<-2,b<3,and a <3, b<-2,and (a,bd) =
(-2, -2).

(a) Suppose now ¢; =0.
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Riemann-Roch on Q3 and Q4 for the bundle E gives the following
congruences:

a+b=0(2), —23(a+b)+a*+b'=0(12).

Hence (a, b)) must be one of the following: (-1, 3), (3, -1),
(0,0, (2,2), (3, 3).
(a;) In the first two cases we have

{(lo+2n)*=—-6<0;
hence { cannot be effective, i.e.
HYE)=0.

In particular E is stable. This is a contradiction because for (a, b) =
(=1, 3) or (3, —1) the discriminant ¢ — 4c,(E) > 0.

(ap) Let now (a,b) = (0,0). Then yx(E) = 2. By le Potier
vanishing we get #%(E) # 0. On the other hand A%°(E(-1)) = 0,
since

(€ =m(Co+4n)*=-32<0.

Now apply (1.6) to obtain the splitting of E.
(az) If (a,d) = (2,2) then x(E(-2)) = 1 by Riemann-Roch;
hence le Potier vanishing gives H%(E(—2)) # 0, contradicting

(C—2m (Lo +2n)*=—-120<0.
(ag) If (a, b) = (3, 3), we have
(Lo +27)° = a2 + b} — 40(ap + bo) + 160 < 0

(observe (a, b) = (ag, bg)), which is in contradiction to the ample-
ness of E(2).
(b) We consider now the case ¢; = —1. We have a congruence

—13(a+b)+a>+b*=0(12).

Thus the only possible values for (a, b) are: (4, -3), (-3, 4),
(3,-2), (=2,3), (0,0, (1,0), (0,1), (1,1), (0,4), (4,0),
(1,4), (4,1), (3,3), (4,4). The first two cases are settled by
(8.1.1) since then x(E) = 2. In the next three ones, we have x(E) >
0, hence h°(E) by le Potier vanishing; moreover A°(E(—1)) = 0 since

(¢ -m(o+2n)*<0.
So E splits by (1.6).
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In the case (0,0), (1,0) or (0, 1), E must be stable because
HY%E)=0 by
{(Co+2m)* <0.
So E is asin (2.1) or (2.2).
The case (0, 4), (4, 0) are ruled out as in a; . The remaining cases

finally contradict
(Lo +21)° > 0.

ProrosITION 8.2. Let E be a Fano 2-bundle on Q,, 5<n <11,
with ¢}(E) < 4cy(E). Then n =15 and E is—up to a twist—a Cayley
bundle (2.3).

Proof. Again suppose E to be normalized. Let Ey = E(—c;/2). E
being Fano, Ey(%) is an ample Q-vector bundle. By positivity of the
Segre classes of Ep(5) we obtain

(50 (2)) > e (20 ()

with
3 forn=5,6,
2++2 n=17,8,
“TY3+E n=9,10,

2+4/3 n=11
(see [FL], [FU]).
Hence: n? > a(cy(Ep) + n?/4).
Since c;(Ep) > 0, we easily obtain

o(E)<L2,

with the exception n =6, ci(E)=—1.
Let us first consider this exceptional case. Then we have only
c(E) < 3. Assume ¢, = 3. Then we compute

S6 <E (%)) = (2¢8 — 10ctcy 4 6¢3c2 — c3) (E (%)) <0,

contradicting ampleness of E(}).

So we may assume ¢;(E) < 2 in all cases. The case ¢, = 2 is ruled
out as follows: if ¢;(E) = 0 (resp. c¢i(E) = —1) take a Qs C On
(resp. Q4 C Qp) and Riemann-Roch gives x(Qs, E|Qs) ¢ Z (resp.
X(Q4, E|Q4) ¢ Z).

By observing x(Q4, E|Q4) ¢ Z, also thecase ¢;(E) =0, cp(E) =1
is impossible. It remains to consider the case ¢;(E) = -1, cp(E) =1.
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If E is unstable, apply (4.2) to the bundle F = E(n — 1) which
is globally generated by (2.7) (the condition (4.2.1) is immediately
verified). So E splits.

If E is stable, the restriction E|Qs to a generic linear Qs C O, is
stable again with ¢; = —1, ¢; = 1. Hence by (2.3), E|Qs is a Cayley
bundle.

Since no Cayley extends to Qg (Ottaviani, see 2.3), we must have
n = 5. The proof of (8.2) is now complete.

Combining all results of §§3-8 gives a proof of the Main Theorem.

9. Generalizations. The Main Theorem for projective spaces can
be improved considerably (we will not consider the case of quadrics
here):

THEOREM 9.1. Let F be an ample 2-bundle on P,. Then F splits
under one of the following assumptions.
(1) n=4, (F) <6,
(2) n=5, o(F) <8,
(3) n=6 or 7, c|(F) < %42,
(4) n>8, ¢(F) <L,

REMARK. (9.1) can be reformulated as follows. Assume that F
is a Q-vector bundle with ¢;(F) = 0. Then e.g. (1) says that in
case n =4, F splits if F(3) is ample. We should also mention the
Horrocks-Mumford bundle H in this context. It has ¢;(H) = —1
and c;(H) = 4; moreover H(4) is generated by global sections. So
the statement (1) or (9.1) is almost sharp, see also (9.2) below.

Part (1) of Theorem 9.1 will follow from the more general state-
ment:

ProrosiTION 9.2. Let E be a 2-bundle on P,. Let Ey = E ®
(det E*/2). If Eo(3) is nef, then E splits.

For the proof of (9.2) we will need
LEMMA 9.3. Let E be a normalized 2-bundle on P, such that E(m)
is nef for some me Q. Let r € Z be the maximal number such that
H°(B,, E(-1)) #0.

Then either E splits or
(@) r<m-—2 (if ¢;,(E)=0) or
(b) r<m—3 (if c;(E)=-1).
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Proof. We treat only the case c;(E) = 0, the other case being simi-
lar. Let s € HY(E(-r)), s #0,andlet Z={s=0}.If Z=92, E
splits. So assume Z # @. By our assumptions, Z is locally a com-
plete intersection of codimension 2. If degZ =1, Z is a complete
intersection and E splits. So let degZ > 2. Then take a 2-secant
line L of Z with L#Z.

Then E(—r)|L has a section with at least two zeros; hence

E(-rn|L=0,2+k)® O (-2r-2-k)
for some k > 0. Hence
EmIL=012+k+r+m)edr(m—-r—-2-k)
and by nefness of E(m)|L we conclude.
Proof of 9.2. We may assume E to be normalized.

(a) First let ¢,(E) < 0. So E is unstable. Let r be the biggest
positive integer such that

HOP4, E(-r)) #£0.

Assume that E does not split. Then we deduce from (9.3): r </ in
case ¢;(E) =0; r <} if ¢;(E) = —1. In the second case r < 0; we
must have r = 1, and thus E(—1) has a section whose zero locus Z
is either empty or of codimension 2 with degZ =c;(E)+1< 1. But
then clearly E splits.

(b) Now we consider the case c;(E) > 0. Let ¢ = c3(Ep). By
nefness of Ey(3) we obtain

0 < ¢1(Eo(3))? — 2¢2(Eo(3)) = 36 — 2(c + 9);

hence ¢ < 9. On the other hand, the highest Segre class s4(Ep(3)) >
0; hence ¢ — 90c + 405 > 0, which together with ¢ > 9, proves

c<45-+1620<5.
Hence c;(E) <4 if ¢;(E) =0 and ¢(E) <5 if ¢|(E) = -1. By
the Schwarzenberger conditions we find:

(E)=0, cE)=3 or (E)=-1, c(E)=4.
In both cases a short computation shows
(Lo +3n)* < 0;
hence H%(E) =0 and E is thus stable.
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By [BE] there is no stable 2-bundle on P4 with ¢; = 0, ¢ = 3;
by [DS] the only stable 2-bundle on P4 with ¢; = -1, ¢; = 4 is the
Horrocks-Mumford bundle for which it is easy to see that Ey(3) is
not nef (restrict to jumping lines). This completes the proof of (9.2).

ReMARK. (1) In the proof of (9.2) one shows also the following
stronger statement: let £ be an unstable 2-bundle on P4, assume
Ey(3) to be nef on every line L C P4. Then E splits.

(2) It would be interesting to do the next step in (9.2): assume only
Ey(4) to be nef. This leads to some interesting problems. Let e.g. E
be a (semi-stable) 2-bundle on P, with ¢; = -1, ¢; = 6 and assume
Ey(4) even to be generated by global sections. Take a general section
with smooth zero locus X . Then

Ky =0x(2),

i.e. X is a “half-canonical” surface in P4 with degX = 18. Half-
canonical surfaces are investigated in [DPPS] and it is shown that they
cannot exist (or are complete intersections) with possible exceptions
in degree 18 and 22 (and some other restrictions). “Of course” one
expects that half-canonical surfaces are complete intersections in these
degrees, too.

Part (2) of (9.1) will be a consequence of

PROPOSITION 9.4. Let E be a 2-bundle on Ps such that Ey(4) is
nef. Then E splits.

Proof. As usual we suppose E normalized.
(a) Assume c(E) < 0; so E is not stable. Let r be the maximal
positive integer such that

HO(E(-r)) #0.

By (9.3): r<2if q(E)=0; r<3 if ¢(E) =—1. If ¢(E) = -1
we have r = 1, so by c(E(—1)) = ca(E) £ 0, E splits (1.6). This
argument settles also ¢;(E) =0 and r = 1. Finallylet ¢;(E) =0 and
r = 2. Then (1.6) settles the case ¢;(E) < —3. Take a linear P4 C Ps
and use the Schwarzenberger condition for E|P,4 to obtain c;(E) =0
or —1. But in both cases:

(C-2m)(¢+4n)° <0,

contradicting the nefness of { +47.
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(b) Assume now ¢;(E) > 0. From c?(Ey(4)) > 3cy(Eg(4)) we
deduce c;(E) < 5. Now the Schwarzenberger condition for E|Py4
implies:

(E)=0, c(E)=3, or c(E)=-1, c(E)=4.

In both cases:
(o +4n)° < 0;

hence HO(E) =0, and consequently E is stable.

Now for a general linear P, C P5, E|P4 is again stable with the
same Chern classes, so ¢;(E) =0, c;(E) = 3 is ruled out by [BE] and
the other case by [DS], since the Horrocks-Mumford bundle does not
extend to Ps.

Proof of 9.1, parts (3) and (4). Let ¢c;=c;i(F). If c; <n+1, F is
a Fano bundle and hence F splits by the Main Theorem. So assume
now c; >n+2.

First let us show that

(1) F(c;—n) is generated by global sections. In fact, H (P, F(t)) =
0 for i > 2, t > —n—1 by le Potier vanishing; moreover by Kodaira
vanishing for the divisor {g:

0= HYP(F), 3¢r + Kp(r)) =~ H' (P, F(c; —n—1)).

So (1) follows from the Castelnuovo-Mumford lemma. As a conse-
quence we obtain

(2) CX(F) 2 des(F).

In fact, if ¢3(F) < 4c,(F) we can apply—using (1)—Proposition
5.2 for F(cy — n) conflicting our assumptions.

We suppose ¢; to be even, the odd case being treated similarly. Let
E = F(—c;/2). Let r be the maximal integer such that

HO(E(-n)) #0.

Since E is unstable by (2), r must be positive.

Since H"(P,, F(—n—1)) = 0 we have by duality H(P,, E(—c;/2))
=0; hence r < ¢ /2.

Since c,(E) < 0, we have moreover ¢(E(—r)) <r? < c?/4, so our
assumption yields

c(E(-r)) < (n—1)(n+35).



FANO BUNDLES AND SPLITTING THEOREMS 37

Since any section of E(—r) vanishes nowhere or in codimension 2, E
splits by [HS, 4.7].

10. Numerical splitting of rank 2-bundles on P, . In the previous
sections we considered Fano bundles £ on P,, i.e. Eo(ﬂf—l) is ample,
E, denoting the normalization E(c;(E*)/2). Here we want only to
make an assumption on the behaviour of E on the lines and try to
get some information.

Let E always denote a vector bundle of rank 2 on P, .

10.1. DeFINITION. (1) For a line L C P, put
JL(E) = JL = —4a,
if E|L=206(a;)®&(ay) with a; < a;.
(2) For x € P, define
07 = max{dy|L a line through x} and
OMi® = min{d; |L a line through x} .
10.2. DEFINITION. For x € P, let Py be the variety of lines through
x. Write 0" =y < §; < --- < d, = 0" | where J; are the “splitting

types” realized by E on some line passing through x.

Define V5 = {L € Px|d, = J;}.

10.3._REMARK. We have clearly:

(a) KJO = PX ’

() V5 = V5 UU;i(V5 N V5).

10.4. DeriniTION. If dr > 0, the ruled surface P(E|L) has a
unique exceptional section Cy (i.e. Cf < 0). We define a map (for

fixed x € P,)
D5 : Vs — P(Ex) =Py (i>0)

by setting
®; (L) = CLNP(Ex).

It is easy to check that <I>(;’ is holomorphic.
The key to this section is

10.5. THEOREM. Assume that for some 6; the map gb,;l_ has a fiber
containing a compact curve. Then E splits numerically:

c(E)=a+b, c(E)=ab, whereE|Ls =@ (a)®O (D).

In other words E has the same Chern classes as a decomposable bundle.
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REMARK. The assumption means that there is a “compact” family
(L¢)¢er of lines through x with 7' compact, such that Cr, NP(Ey)
does not depend on ¢.

Proof. After normalizing 7 we obtain a compact curve C and
a geometrically ruled surface p: S — C with a map y: S — P(E)
such that y(p~!(c)) = (L, where ¢ is a point in C over ¢. By our
assumption the ruled surface contains a section, say Cj, such that
w(Co) = ¢5(t) forany teT.

Now consider the relative Euler sequence
0 — wpE)p (1) = 7*(E) — Opg)(1) — 0

where P(E) is the projective bundle taking hyperplanes and wpg) /P,
is the relative dualizing sheaf.

Since wp(gy/p (1) = Op(g)(—1) ® n*(F (a1 + a2)) we obtain by ten-
soring with n*(&@(—a;)):

0 — ) (-1) @ n*(@(a2)) — (" E)(~ay)
— Opg)(1) ® " (@ (—-ay)) — 0.

Now we have
(%) v ((GpE) (1) @ " (@ (-ar))) = s

this has only to be checked on Cy (obvious!) and on a fiber p~1(c).
But for this it is sufficient to see

OpE) () @n* (O (—a))|CL =0
which is clear since
p(E)(1) ® (@ (—a1))|CL = Op(& (a,~a,)00,)(1)|CL

and since Cj is the exceptional section (see [Ha, Chap. V.2}).
Since 7mo y is generically finite, (x) implies

2 (E(=a1)) = eo(y*(n*(E(-a1)))) = 0.

Hence ¢;(E) = aya;.
An obvious consequence of 6.5 is
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10.6. COROLLARY. Assume that E does not split numerically. Then
(1) dim Vyme <1 and

(2) dimV, —dim(Vs NUj5, ¥3) <2, for &; < 572

j>i
10.7. THEOREM. Assume that there is some x € P, such that
o —omin < p 2,

Then E splits numerically.

Proof. First observe that in general

1

#{V3} < 5 (00 -0 4+ 1< 3

2

by our assumption.

On the other hand (10.6) implies: 2-#{V5;} > n, if E does not
split numerically. Both inequalities being iﬁcompatible, E has to
split numerically.

For n = 3 Theorem 10.7 says that every uniform (w.r.t. lines
through x) 2-bundle E numerically splits. Of course it is well known
that E in fact splits. But already for » = 5, the assumption of 10.7
is less restrictive than uniformity.

Another immediate consequence of 10.5 is

10.8. COROLLARY. If there is some x € P, and some i such that
Vs contains a compact surface, then E splits numerically.

10.9. COROLLARY. Assume that E is a semi-stable 2-bundle on
P,, n > 4, with ¢;(E) = 0. Assume that there is some x € P,
and some a > 0 such that for all L € Py either E|L = @ & or
E|\L=C(a)®(—a).

Then E splits numerically.

Proof. Of course we may assume that E|L = & (a) ® &(-a) for
some line. Since ¢;(E) = 0, the jumping lines of E form a divisor
D in G(1, n) (=lines in P,, see e.g. [OSS]). Hence D N P,—which
is the set of jumping lines through x—is a divisor in P, . Therefore
we obtain a compact surface in V3 = 7,;1 =V,,,since n>4.

In order to prove splitting criteria rather than merely criteria for
numerically splitting we prove
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10.10. ProPOSITION. Let E be a 2-bundle on P,. Choose x € P,

generic such that 6 is minimal. If dimVgme > 5, then there is

s € HY(E((—cy + 6m3x)/2)) with s(x) # 0.

Proof. (a) We claim that ¢ := ¢gme: V 1= Vymau — P(Ey) is con-
stant. In fact, otherwise by our assﬁmption ¢ would have fibers of
dimension > 4 — 1. On the other hand we have V C Py ~P,_;; so
algebraic sets in V' of dimension > 4 — 1 must meet, contradiction.

(b) Let D=J{CL|X €P,, L€Py and 6y =dP*} CP(E). If x
is general, then D NP(E,) consists of one point by (a). Hence there
is an irreducible component Dy C D and some d € Z such that

Dy € |Op(g)(1) @ n* (@ (d))] .-
Taking a line L through our general x and observing
Donn~Y(L)=Cy,

we conclude

4= "CE) T )2+ o

10.11. THEOREM. Let E be a 2-bundle on P,. Assume d; < 5 —1
for every line L Cc P,,. Then E splits.

Proof. This follows from (the proof of ) Proposition 10.10 since our
condition implies
n
2
for every x ; hence the section constructed in the proof of 10.10 does
not vanish at any point and consequently E splits.

dim Vmax >

Again 10.11 can be viewed as a generalization of the fact that uni-
form 2-bundles on P,, n > 3, split.

10.12. REMARK. Most of the above can be applied to manifolds
containing “plenty of lines” if we only can control their cohomology.
For example, if X is a Fano manifold of index r > %dimX +1
(recall that the index r is the largest integer dividing —Ky in Pic(X)
and that for r > 1dim X + 1, we have Pic(X) = Z by [Wi]) then
through every point of X there passes a line (i.e. a rational curve
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whose intersection with the ample generator H of Pic(X) is 1). For
a 2-bundle £ on X we can define (via normalization) the splitting
type of E on any such line. Similarly we can define §max  gmin,
Then we obtain an equivalent of 10.7.

10.13. THEOREM. Let X and E be as above, let moreover by(X) =
1. If omax — gmin < r — 3 for some x € X, then E splits numerically,
ie. ci(E)=(a+b)ci(H), c3(E) = (ab)c;(H)? for some a,be .
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A TRANSVERSE STRUCTURE
FOR THE LIE-POISSON BRACKET
ON THE DUAL OF THE VIRASORO ALGEBRA

GLORIA MAR{ BEFFA

KdV equations can be described as Hamiltonian systems on the
dual of the Virasoro algebra with the canonical Lie-Poisson (also
called Berezin-Kirillov-Kostant) bracket. In this paper we give an
explicit transverse structure for this Poisson manifold along a finite
dimensional submanifold. The structure is linearizable and equivalent
to the Lie-Poisson structure on sl(2, R)*. This problem is closely
related to the classification of Hill’s equations.

1. Introduction and main definitions. It was known since Lie’s time
that if a manifold has a Poisson structure and the rank of the Poisson
tensor is constant around a point (that is, the point is regular), then
the manifold can be locally described at such a point as foliated into
leaves of maximum rank or symplectic leaves. If the Poisson manifold
is the dual of a Lie algebra with its Lie-Poisson bracket, then the sym-
plectic leaves coincide with the orbits under the coadjoint action of
the group. If the point is singular the local description can be achieved
by finding a section which is transversal to the orbit of the point and
which is endowed with a Poisson structure induced by the global Pois-
son bracket. This induced bracket, or transverse structure, was initially
introduced by A. Weinstein for finite dimensional Poisson manifolds
(see [20]) and it describes the relation between the symplectic struc-
tures on the different leaves as we cross them transversally to the orbit
of a singular point. Weinstein also proved that transverse structures
were unique in the following sense: if we have two sections transversal
to the orbit of a singular point with Poisson brackets induced on them
and with dimensions equal to the codimension of the orbit, then there
exists a Poisson isomorphism of the manifold, defined between two
neighbourhoods of the intersections with the orbit, which will clearly
preserve the two transverse structures.

The aim of this paper is to show the geometrical description of
the coadjoint orbits on the dual of the Virasoro algebra as we move
transversally through them and to use this description to find an ex-
plicit transverse structure for its Lie-Poisson bracket. Descriptions

43



44 GLORIA MARI BEFFA

and classifications of the coadjoint orbits have been given by different
authors (see [8], [9], [17], or [21]). The problem is closely related to
finding normal forms for Hill’s equations as we will see later.

In §2 we try to find a suitable transversal section in which we will
define our structure. This direction might have a role in this work. In
the case of the Virasoro algebra (a Frechét manifold) there are no re-
sults on uniqueness of transverse structures available to us, so that, in
principle, the transverse structure we get might not have been canon-
ically chosen. We will show that it is enough to describe a transverse
structure for constant potentials of the form p = 1’23, for all integers
n (these are analogous to singular points in finite dimensions). An
orbit that does not contain such a potential will automatically possess
a trivial transverse structure (potentials on these orbits are analogous
to finite dimensional regular points). A direction transversal to an

orbit which goes through a potential of the form p = ﬂzi is given by
a 3-dimensional submanifold which is isomorphic to sl(2, R). In §3
we find a transverse structure along that section and we show how,
although it is nonlinear, it can be linearized along the submanifold
and therefore it is equivalent to the standard Lie-Poisson structure on
sl(2, R)*. We also discuss how this fact does not imply a uniqueness
result. The definition of transverse structure is also revised, to make
it easier to adapt to the infinite dimensional case.

In the last section we provide an expression for the Taylor expan-
sion of the transverse structure in terms of the even moments corre-
sponding to a certain moment functional. This linear functional is
defined as follows: the symplectic structure on the intersection of the
coadjoint orbits with the transverse section can be, in some sense, rep-
resented by a Jacobi matrix. There exists a Jacobi fraction (continued
fraction) associated to such a matrix and its corresponding partial de-
nominators can be described as orthogonal polynomials with respect
to certain discrete measure. The linear functional we are looking for
is given by integrating against that measure.

Finally we show how the transverse structure can also be expressed
in terms of the Fourier coefficients of a periodic solution of a nonho-
mogeneous equation whose homogeneous part is given by the coad-
joint action of the algebra on its dual.

This paper is part of the author’s Ph.D. thesis at the University of
Minnesota. The author wishes to express her gratitude to J. F. Conn
for introducing her to Poisson Geometry and infinite dimensional Lie
algebras and for sharing with her his ideas about the subject. She
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would also like to thank D. Stanton, S. Angenent and especially Peter
Olver. This work benefited very much from her talks with them.

Central extensions: The Virasoro algebra and the Lie-Poisson struc-
ture on its dual.

Let G be a Lie group, g its associated Lie algebra and g* the dual
space of g. We define the Chevalley- Eilenberg complex associated to
a representation (V', p) for g, as the chain complex given by

)
...)V@Alg*i)V®A2g*_i.)V®A3 * ..

with the coboundaries defined as

51(a)(E1 A &) = pEDa(&) - pE)al&)) — allér, &),
B ENENE) = S plE) B NE) + 3 B, AEs, s &),

GEA, agcA,

and where &, &, & e g, [, ] is the Lie bracket in the algebra, and
A3 is the space of cyclic permutations of {1, 2, 3}.
In particular, if (V, p) = (R, 0), the conditions above become

o1(a)(&1 A &) = —a([&r, &)
02(B)E1 A& NE3) = Z B(&s, AlTa,s Ta,]) -

o€A,

We will denote by H2(g, (V, p)) = H*(g, V) the second cohomol-
ogy group associated to the Chevalley-Eilenberg complex.

Given a nontrivial 2-cocycle ¢ € H?(g, R), define the Lie algebra
go = £ ® R with Lie bracket

[(é’ t)! (,Lt, S)]O: ([és lu']’ C(f, ;u))

8o is called a central extension for g.

Let S! be the unit circle and G be the group of diffeomorphisms of
S1, diff(S!), with the composition o as the operation of the group.
We can naturally identify g with the space of vector fields of the
circle, vect(S!) (for more information about infinite dimensional Lie
algebras see [14] and [16]). The Lie bracket on g is given by the usual
commutator

9 0

ey 2
&O0) 55 1(0) 55| = &' —Em 3,

and the adjoint action of the group is carried out through a simple
change of variables in the vector field, Ad(¢)(£(0)Z) = (¢'¢)odp~ 1.
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On the other hand, g* can be identified with the space of 2-tensors
on S! acting as

b 2n
(r0)a0@d0. 2@)5; ) = [ p(O)E(6) a0,

and the coadjoint action of the group is then given by Ad(¢)(p(6) d6?)
= 3% o ¢~1d6?, which is the usual change of variable for 2-tensors.
It is known that H?(vect(S!), R) = R and a generator is given by

c 5—6‘ _?_ _/2”61 //da_/zném de
86> ag) = J, SH VT ) S HAT

¢ is the so-called Gelfand-Fuks cocycle.

In the case when g = vect(S!) and c is the Gelfand-Fuks cocycle,
the central extension g, is called the Virasoro algebra.

¢ can be integrated to a cocycle in the group

2rn
B(p, ¢)= A [In(p o y)I'd(Iny’),

called Bott’s cocycle. The group Go = diff(S!) x R with operation
(@, 8)x(w,t)=(pow,t+s+B(p, y))

is the Lie group that has g, as its corresponding Lie algebra. It is
called the Virasoro group. Finally, g5 can be viewed as

g = {(p(t‘))d@2 , §), p(0) 2m-periodic function, s e R} = g*® R,

acting on g, as

2n
(2 5), €, 1) = /0 p(O)E(6)d6 +1s,

where, for convenience, we have denoted p(6)d6 ® df and 6(0)3%-
by p and &, as we will often do from now on.

Let Z be an element of C*(g*). Define the gradient of # to
be the element of g given by J,7(0)% € g, where 6,7 (0) is a
2n-periodic function such that

2n
9 Z(p+¢eh)= h(0)6,#(6)d0,
88 8=0 0
for any 2z-periodic function 4.
This definition establishes a correspondence between elements of
C°°(g*) and elements of the Lie algebra. We can define the classical
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Lie-Poisson structure on g* as the one induced on g* by the Lie
bracket on g through the correspondence above, i.e.
0 0
. 74 = (o, 57055, 6700 55] )

forany #, # € C>*(g*), and any o € g*.

If we denote by # and & two elements of C*(gy), their gra-
dients will have two partial components (J,.# , ;2 ). By definition,
the Lie-Poisson bracket on g3 is given by

{Z, P, s)=(D,9), (67, 07), (6,7, 6:7)]0)
2n
= (6,7, 6pF1P(0) dO + 5C(6p ., 0pF),
0

forall 7, % € C*(g}). Since the expression above does not depend
on the value of #Z and Z in the central direction, we can rewrite it
in the usual way

(1.1) {#Z, Polp,s)={#Z,P}p)+sc(0#Z,0P).

The KdV equation u; = 3uu, — Uxyx can be interpreted as a Hamil-
tonian system with respect to { , }o in the following sense:

Consider the evaluation operator & defined as < (p) = p(6). That
is, & has Dirac’s delta function as gradient (Dirac’s delta function
does not give rise to a differentiable operator but it can be expressed
as a series of differential kernels, so we view it in such an approximate
way). If we consider the Hamiltonian operator /# defined as

2
()= /O p(6)do,

it is straightforward to check that the KdV equation is equal to the
Hamiltonian system u, = {#Z, Y }o(u), with central charge s = —1
(for more information see [1], [2], [6] or [7]).

2. A transverse section to the orbits: Classification of Hill’s equa-
tions. An explicit expression for the coadjoint action of the Virasoro
group on the dual of the Virasoro algebra can be found in Kirillov’s
paper [8] and it is given by

. p+sS -
@.1) K@), 5) = (FE5 P 0p7 ).
where S(¢) denotes the Schwartz derivative of ¢, S(p) =
(9"¢' — 3¢"?)/¢'>. One can obtain the coadjoint action of the Vi-
rasoro algebra on its dual by differentiating the expression (2.1)

(2.2) k)P, s) = (s¢" —2p¢' - p'¢, 0).
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The central charge s remains invariant under the action, that is, g
stratifies into a family of Poisson submanifolds with constant central
parameter. Each one of them is isomorphic to g* with Poisson struc-
ture given as in (1.1) and they are all geometrically equivalent, except
for the case s = 0. This is the usual change in the Poisson Geometry
of the dual of a Lie algebra, produced by a central extension. Let’s fix
once and for all an adequate hyperplane inside g}, namely s = —1.

Define the stabilizer of a point p to be the set of diffeomorphisms
of the circle that fix the point p under the coadjoint action, i.e.,

Stab(p) = {¢ e diff(S!) such that K*(¢)(p, —1) = (p, —-1)}.

From (2.2) we deduce that the tangent of the stabilizer of p at the
identity element is given by the vector space

(2.3) Tiq(Stab(p))

_ {583_9 € vect(S!) such that &” + 2p¢& + p'é = 0} .
A classification of the stabilizers of potentials was given in [8]. It was
shown there that the set of solutions of (2.3) has a structure of Lie
algebra which is isomorphic to sl(2, R), and that, furthermore, the
number of periodic solutions of (2.3) is either 1 or 3, i.e., Stab(p) is
either 1 or 3 dimensional. This dimension coincides with the codi-
mension of the coadjoint orbit.

Let g be a Lie algebra with Lie bracket [ , ]. If ad(&)(u) =[&, u]
is the usual adjoint action of the algebra, we define the Killing form of
g to be the bilinear form B(&, u) = tr(adé(ad u)), forany &, ue g.

PROPOSITION 2.1. In the case of codimension 3, the coadjoint orbit
. . 2 .
contains a point of the form % d6? for some integer n.

Proof. Assume that the codimension is three and let us consider
T;a(Stab(p)) with its sl(2, R)-structure. An expression for its Killing
form was given in [8] and it is equal to

B@) = - (s +pe2- 327).

We know that the Killing form of sl(2, R) takes positive, negative
and zero values; so does the Killing form of Tj3(Stab(p)). If £ is a
periodic function with simple zeros we obtain

- " 2_1/ ____1_ 2
1(&) =& +pé 262— 582 <0.
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If ¢ has double zeros then I(¢) =0, so that I(¢) > 0 implies that &
never vanishes.
For such a nonvanishing vector field & € Tj4(Stab(p)) choose ¢ to

be equal to
0= 0

A = constant chosen so that ¢(2n) = 27L’

It is immediate that Ad(p)(¢) = ((o’f) op~! = 4 (remember that we
denote by Ad(p) the coadjoint action of diff(S!)). It is straightfor-
ward to check that the constant 4 should be a solution of the equation
"+ 2K*(9)(p)i + [K*(9)(p)Y = 0, and therefore K*(9)(p) = p;
is also constant. Since the number of periodic solutions of (2.3) is
preserved along the orbit, the equation x"” + 2p;u’ = 0 must have

three independent periodic solutions. The only choice is p; = ﬂ; for
some integer n and we are done. O
This last result entitles us to restrict the problem of finding a trans-

2 . .
verse structure to the case p = 5 : if the orbit does not go through

l’; for some 7, the transverse section would be 1-dimensional and
the transverse structure trivial. In fact, the codimension of the or-
bit is constant around a point different from p = "72 , and therefore
we can refer to them as regular potentials. Furthermore, if Or(p)

goes through % for some n we can immediately obtain a transverse
structure at p translatmg from ”7 to p using the coadjoint action.

When p = %, three independent solutions for equation (2.3) are
&, = cos(nf), fz = sin(nf), &3 = constant. Consider the linear
section

(2.4) On= { <n72 + acos(n8) + bsin(nf) + c) de?,

a,b,ceR, |, lal, |b]| <5}
for some fixed integer n and some small J that we will fix later on.

PROPOSITION 2.2. Q, is transversal to the orbit of ”72 at %

Proof. Denote the orbit through p by Or(p) and define the anni-
hilator of T;4(Or(p)) as the subset of gy given by

T;4(Or(p))* = {& € go such that (¢, k*(v)(p)) =0 for all v € gy} .
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It is easy to see that T;4(Or(p))* = kernel of k*(p), since
(&, k*(v)p) = /1 _EW" + 2pV' + p'v) dO
S
= /S v(&" +2p8 +p'8)d6 = ~(k*(€)(P), v).

Besides, the pairing

n2\\ "
() <on
€,p)—{p, <)
is nondegenerate, so that @, has to necessarily be transversal to
Or(%). O

Since the Virasoro algebra is a Frechét manifold, there are no gen-
eral inverse function theorems we could apply at this point to deduce
straightforwardly that Q, intersects all nearby orbits. This is an im-
portant condition on Q, if we wish to describe the Poisson structure
around 1'23 . To avoid this problem we need a description of the in-
variants of the coadjoint orbits to later check that they are all locally
reached along Q,. The classification of the orbits has been studied
by several authors. Kirillov gave a classification of the stabilizers in
his paper [8]. Lazutkin and Pankratova provided a partial description
in [9]. Later on, Segal [17] pointed out a discrete invariant that was
missing in [9] and gave the complete set of invariants which we are
going to describe next.

First of all, we can identify gj with the space of Hill’s operators
associating to a tensor p d6? the equation

(2.5) & + %5 = 0.

If ¢ is a solution of (2.5), it is straightforward to prove that its
Liouville-Green transform, p = [(¢')1/2£]0 ¢~1, is a solution of

K *
(2.6) &+ __(_g)(_p_)é =0.
Moreover, this is the only transform which preserves Hill’s equations.
In that sense we will view our manifold as the manifold of Hill’s op-
erators and the coadjoint action as a change of variable in the corre-
sponding equation. Using this interpretation it is immediate to check



TRANSVERSE STRUCTURE 51

that, if F, is the Floquet matrix or monodromy associated to (2.5),
then RF,R~! is the monodromy associated to (2.6) where

wll /2 0 )
R=(,005 0 ) eresLe. .
That is, the SL(2, R)-conjugation class of the monodromy matrix is
preserved along the coadjoint orbit. This is one of the invariants of
the orbit, in fact the only one that changes continuously. There exists
a second invariant which we can describe in the following way:

Consider u: R — R?\{0} to be an immersion given by two inde-
pendent solutions of (2.5); we can assume that u(0) = (1, 0) and
u'(0) = (0, 1). Let #: R — S! be its radial projection and let n, be
the number of complete turns that # makes in a period. 7, is an-
other invariant of the orbit, called a discrete invariant since it does not
change continuously (again we can easily check that », is invariant
using a Liouville-Green’s transformation).

THEOREM 2.1. Let u; and uy be two orientation-preserving immer-
sions given as above by the solutions of two equations &" + ‘%Lé =0 and
&" + B& =0, respectively. If ny =n, =m and F, = RF, R~ for
some R € SL(2, R), then p, is in the same orbit as p,. That is, up to
a Liowville-Green transformation, each Hill’s equation corresponds to
a different conjugacy class of the universal covering space of SL(2, R)
under the SL(2, R)-action.

Proof. 1st case. Assume that F, = F, = F.

Then #; and &, make the same number of turns in a period and
#1;(2n) = @1,(2xn) . Divide the interval [0, 2x] into several subintervals
[0,641,...,00i, 0411, ..., [Om—1, Om], [Om , 27], such that i; cov-
ers a complete turn on S! at each subinterval, except for [0,,, 27].
Repeat the subdivision for #,. Then ¢ = ﬂ;l o #1; is smooth and
well defined if we map each one of the #;-subintervals diffeomorphi-
cally into the corresponding #,-subinterval, that is, following in the
mapping a natural order.

Because of the condition F, = F, = F, we get that ¢(0 + 27) =
@(0) + 2m, and therefore ¢ is a diffeomorphism of the circle with
122 oQp = il 1.

Finally, since #(6) is the radial projection of us(8), s =1, 2,
we obtain that u,(6) = f(0)(u; o ), for some differentiable and
real-valued function f. Both u#; and u; were given by solutions
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of Hill’s equations. Through a straight substitution in the equations
one can check that this condition imposes a unique possible choice,
f =¢'"1/2 Therefore, p; = K*(¢)p, and this case is proved.

2nd case.

Fp =RF, R7'.
We know that
(2.7) (0 +2n) = (Fpiu,-)"(t?) R i=1,2.

Therefore
(R™Muz)™(0 + 27) = (Fp R™'u3)™(6).

Denote the image of u as subset of R? by Im(u). It is not hard
to check that R can be chosen so that Im(i;) and Im(R lup)~
intersect at some point. In fact, we could use above —R instead
of R if they do not intersect (the sets Im(it;) N Im(R~'u;)~ and
Im(#;) NIm(—R~'uy)~ cannot be simultaneously void). By transla-
tion in the argument, we can make the initial values coincide. R~1u,
and any translation of it is given by solutions of the same Hill’s equa-
tion as u;. We can now obtain this case as a corollary of the previous
one. 0

ProprosITION 2.3. The space of Hill’s equations, up to Green-Liou-
ville’s transformations, is in one-to-one correspondence with the space
of SL(2, R) conjugation classes of the Universal covering space of
SL(2, R), with the point (Identity, n = 0) removed.

Proof. First of all notice that if a matrix M € SL(2, R) has two
different eigenvalues (that is, |trace(M)| > 2), then its GL(2, R) and
SL(2, R) conjugation classes coincide. If trace(M) = +2, then the
two different SL(2, R)-Jordan forms are +(}!) and *+(j~]), and
if |trace(M)| < 2, then both eigenvalues are imaginary and there
are also two different SL(2, R)-Jordan forms, namely =( _5 Z) and
+(27t), a,b>0.

Next, consider the potential

o[ 0<0<6,
p‘”’ﬂ()‘{—ﬂz if ) < 6 < 27

and consider its associated Hill’s equation " +p, & = 0. A funda-
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A(p)=trac(Fp) - &'+ p/2 =0

FIGURE 1

mental matrix of solutions for it is given by X = X,.X; where

_( cos(aby)  Lsin(afy)
K= (—a sin(aoé?o) cos(aBo(; ) ’
Xy = ( cosh(B(2n — 6y)) %sinh(b’@n ~ 6p))
2= B sinh(B(2n — 6y)) cosh(f(2n — 6p))

_ 1 27‘[—00 . _

The rotation number (in the above sense) of this equation is afy/27n
plus an angle wg with tan(wg) < % and which is, in any case, less
than %. Next, we will show that, for different values of «, # and
0y we obtain all possible SL(2, R)-Jordan forms, with all possible
rotation numbers, except for the case of no complete turns (rotation
number 0) and monodromy equals the identity.

If 6y =2n, then

_( cos(2ma)  lsin(27a)
X = (—a sin(2ra) cos(2na) )

) if 840, or

We can therefore cover the four possible Jordan forms correspond-
ing to complex conjugated eigenvalues by choosing different values of
a from the intervals [0, 1], [, 31, [5, 3] and [3, 2], respectively.
Considering values ma with m being an integer m > 1, we would
obtain the same Jordan forms but the rotation number would be m—1.
The identity matrix is reached here whenever « is a nonzero whole
number. It is never reached for rotation number equals zero, since
the solution curve is in this case periodic and it should, at least, give
a complete turn around S!.



54 GLORIA MARI BEFFA

If o =n and o = 2,4, ..., then trace(X) = e2®f 4 ¢=278 > 2,
Changing the values of f and a we will reach all possible values of
the trace and all rotation numbers. If g =7 and =1, 3,5, ...,
then trace(X) = —(e2"# + e~278) < —2 and the same result holds.

Therefore, we are left with the classes which have Jordan forms
+(§1) and £({71). If p=a, =0,2,4,... and f =0, we
obtain the classes with Jordan form (}1) (and —(} 1) for the choices
a=1,3,5,...) and all different rotation numbers.

Finally, consider 6y =% and a =3, 7, .... Then,

_ cosh(3£) % sinh(3%E) (o _é>
Bsinh(32£)  cosh(2ZE) a 0

has a double eigenvalue whenever (F — By25inh*(3%8) = 4. Its eigen-

values would be +1 = :t%(% - g) sinh(%ﬁ) depending on the sign of

(% - £)sinh(2Z£). In this case, X will have Jordan form +(}~1).
On the other hand,

lim (%—g) sinh (f’—’éﬁ) = 3”7“ > 2

(5 2)om () -

From here it is obvious that this last case is also covered.
If we approximate p, g by C* periodic functions we will imme-
diately obtain the claim of the proposition. O

and

Using this geometrical description it is easy to prove the following
theorem.

THEOREM 2.2. The transverse section Q, (see (2.4)) intersects all
orbits nearby the one going through the potential ”72 doz.

Proof. It suffices to prove that the map Q, — SL(2, R), which as-
sociates to each potential the monodromy of equation (2.5), is locally
surjective. If we expand the monodromy as a function of (a, b, ¢)
we obtain

0 -1 0 -3 -1
F, = Identit 2) ( " )b}
D entity +n{<% 0)c+<_n% 0 a+ 0 %

+ higher order terms,

which has maximal rank. ]
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FIGURE 2

Assume that p = ”72 + ¢+ acos(nf) + bsin(nf) € @,. We can also
calculate the Taylor expansion of A(p) in a, b and ¢ up to second
order (see [10]). We are required to solve two ordinary second order
differential equations for each Taylor coefficient we want to find.

After some long calculations one gets

oo 37 )

+ higher order terms in (a, b, ¢).

Let us have a closer look to the real function f(x, y, z) = x24+y?—z2.

Its level sets are given as in Figure 2. Recall that f is a nontrivial
Casimir element for the Lie-Poisson bracket of sl(2, R)*.

Recall also that A(p) is constant along each orbit, in particular along
each intersection of the orbit with Q,. If there exists a transverse
structure for (go, { , }o) on Qu,say { , }o, one expects the Kirillov
leaves of { , }, to be such an intersection. Since a function that is
constant along the symplectic leaves is a Casimir function, A(p) would
be a Casimir for { , }o. Therefore, we can make a guess and claim
that (Qn, { , }g) islocally isomorphic to sl(2, R)* with its canonical
Lie-Poisson structure. This is actually one of the main results in the
next section.

Theorem 2.2 partially proves a claim by Lazutkin and Pankratova
about normal forms of Hill’s equations. In their paper ([9]) they claim
that any Hill’s equation has normal form &”+(d+e cos(n8))¢ = 0, for
some real numbers d and e . This normal form can be achieved under
a Liouville-Green transformation. From Theorem 2.2 any potential p
can be taken to the intersection of the leaf with Q, using the coadjoint
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action, as far as it belongs to an orbit close enough to Or(l’;) , for some
integer n. Besides ¢ + acos(nf) + bsin(nf) = ¢ + pcos(nf + o) for
some «, f € R. The result follows. The methods used on ([9]) are
different from the ones in this paper.

3. A transverse structure for g;, { , }o.

3.1. Induced Poisson structures: Transverse structures and Dirac for-
malism. Transverse structures in infinite dimensions. In the finite di-
mensional case, transverse structures were introduced by A. Weinstein
[20] and they were proved to be unique. Some results have already
been proved in the infinite dimensional case, whenever the manifold
is modelled by a Hilbert or Banach space (see [11]). That is not our
case either since vect(S') is a Frechét manifold (it is not only that the
Fourier series of an element has to converge, but all the series of its
derivatives). Therefore, we now encounter one of the obstacles in this
work: it is not clear how to induce a Poisson structure in this kind of
space.

The idea we will follow is to imitate the finite dimensional proce-
dure, covering any gap we find in some appropriate way. In particular,
we will find the analogue of Dirac’s formula for transverse structures
in finite dimensions and we will check that it actually defines a Pois-
son structure on @, which is induced by the Lie-Poisson structure
of the Virasoro algebra (for more information about induced Poisson
structures see for example [12], [18], or [13], or [20]).

DerFINITION. Let L, = O, N Or(p). Assume (1) { , }o induces a
nondegenerate (symplectic) structure on L,, forall p€ Q,.

(2) There exists a smooth (resp. analytic) Poisson structure on Oy,
{, }o, that induces the same structure as { , }p on L,.

{ . }o is called a smooth (resp. analytic) transverse structure for
(g5>1{ > }o) in the direction of Q.

THEOREM 3.1 [20] (Induced Poisson structures in finite dimensions).
Let M be a finite dimensional Poisson manifold with Poisson tensor
P. Let Q be an immersed submanifold of M. Assume that, for all
xeqQ,

(a) P(x)(Tx(Q)") N Tx(Q) = {0},
(b) Ker(P(x)) N Tx(Q)* = 0.

Then Q canonically inherits a Poisson structure from M, which we
will denote by Py .
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We will make some comments on how the induced Poisson structure
is found.
Using (a) and (b) it is not hard to show that

T(M) = T(Q) ® P(x)(Tx(Q)")

which provides itself a smooth projection 7: 7 (M) — Tx(Q) when-
ever x € Q. The induced Poisson structure is then defined as

Po=moPon™: Tx(Q)" — Tx(Q).

In other words, given a Hamiltonian function a € Ty(Q)* we
can find an extension of it, 7*(a) = & € Tx(M)*. The vector field
P(x)(&) € T(M) has a component on 7x(Q). Such a component is
the value of Pp(x)(a), and it is found taking away from P(x)(a) a
linear combination of elements in P(x)(Tx(Q)%1).

In local coordinates the idea is as follows:

Let {zy, ..., 25} be independent defining functions for g near
x. Thatis, Q = {x € M: z;(x) = z3(x) = --- = zp(x) = 0}.
Denote by C(y) = (Ci;(y)) the matrix C;;(y) = {z;, z;}(y), with
i,j=1,...,2s and y € Q. This matrix has smooth (resp. analytic)

entries and it is nonsingular. Let C~1(y) = (C¥(y)) be its inverse
matrix, which also has smooth (resp. analytic) entries. Let f be a
smooth function on Q and f be any extension of f to M. Due
to the invertibility of C one can easily show that there exist unique
smooth functions {g;(y)}?S, defined on a neighbourhood of x such
that, if

2s
Po(f)») =P())») + D &(»)P(z))»)
i=1
then Py(f)(y) € Ty(Q) for all y € Q in a neighbourhood of x.
Imposing the tangency condition on Py(f) we can uniquely solve for
g; in terms of the entries of C~!.
The final expression for Py is

2s
(3.1 {f, o) =1/, 80+ Y {/, 23T/ W)z, W),

i=1
for all y € Q around x. This formula is referred as Dirac’s formula
Jor induced structures.

Py immediately induces a structure on Q whose symplectic leaves

coincide with the intersection of Q and the symplectic leaves of P.
Notice that, in order to find an expression for Py, we need not only
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nondegeneracy of the bracket along the coadjoint orbits but also to
invert it locally.

ProOPOSITION 3.1. For 6 small enough, { , }o(p) is nondegenerate
(symplectic) on T,(Q,)*, for all p € Qn, and locally invertible when
considered as a linear operator from 12 to 1> (6 as in (2.4)). Coor-
dinates can be chosen such that { , }o and its inverse are represented
by infinite matrices with analytic entries.

Proof. Consider Fourier coefficients as coordinates for the dual of
the Virasoro algebra, &,,: g§ — R defined as

2n
em(p) = %/o em%p(8)d6, for any integer m,

QO» is locally defined as the zero set of {&m}mzin,0-

In order to prove the proposition, we need to check that the lin-
ear operator C: /2 — |2, represented by the infinite matrix C(p) =
({&m s ek }0(D))m,k#xn,0, 18 invertible for any p € O, .

Assume that p = L’;— + ¢ + acos(nf) + bsin(nf) € Qp, so that
g0(p) = % +¢, &a(p) = §(a+bi), en(p) = §(a—bi) (I =-1).
Straightforwardly, one can show that

(3.2) e_ier 21)0(p) = 5z 2e0(p) — k),
{e_(n+k)> Ekto(D) = %hn@),
@k n)

{€n—k > ek to(p) = en(D),
{&m > € to(p) = 0, otherw1se.
To invert the matrix above is equivalent to solve for {7, };> in
the system

(3‘3) Z ym{am ’ 8k}0(p) = bk »

—00

for all k, and for some B = {b;} given. Let us assume that {y;} and
{b;} are elements of /2. We can rescale so that system (3.3) becomes

(3.4)  y_xk(2e0(p) — k*) + Y_(nik) (2k + n)e_n(p)
+ Y-k (2k — n)en(p) = by,

for any integer k.
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Observe that the system (3.4) can be divided into a finite number
of autonomous subsystems. Each one of them involves only the y’s
whose subindices belong either to the set {k =sn+r, s=1,2,...}
for a fixed integer r # 0, —n < r < n or to the set {k = 2n,
s =2,3,...}. There are a finite number of subsystems so that it is
enough to prove that each one can be solved in /2. The reasoning is
the same for any one of them. We will prove it here only for the system
given by the subindices {k =sn, s =2, 3, ...}. For simplicity call
Y_sn = Vs since no confusion is possible from now on.

We can rewrite the system to solve as A(p)y = b, where A(p) is
given by the infinite tridiagonal matrix (Jacobi matrix)

(s~ 1)Qey(@) — [[s - 11nD)  [25— 1le_, (@) 0

[2s — 1]e, (p) s(2¢q(p) — [sn]®) 25+ 1le_,(p)

0 25+ 11e,(p) (s +1)(2e4(p) ~ [Is + 1]n]%)

Observe that A("Tz) is a diagonal matrix with nonvanishing diago-
nal entries. Therefore, A(l’;) is an invertible matrix and its inverse

is a diagonal matrix with diagonal entries m , §=2,3,....

Although A(l’;-) does not take /2 into /2, its inverse does.
Observe also that, if we define the matrix D(p) through the relation

A(p) = A(i’;) + D(p), to solve the system A(p)y = b is equivalent to
solve for y in

n2\ ! n2\"!
A (7) b=|I+4 (7) D(p)| 7y,
where A(!'zi)‘1 is the inverse matrix of A(%i). The matrix A("Tz)'lD(p)
is given by the tridiagonal matrix

: : : \
( L (=) (p)=[Is—1]nT) [2s—1]e_,(p) 0
(1=(s—1)*)(s—1)n’ (1=(s=1)*)(s=1)n’
[2s—1)¢ (p) s(2ey(p)—[snT’) [2s+1]e_,(p)
s(1—s")n’ s(1-s%)n? s(1—s*)n?
o 0 [25+1]e,(p) [s+11Q2e, ) —[ls+1n")
\ [1=(s+1)%)(s+1)n? [1=(s+D)A(s+1)n’ }

The infinite dimensional operator A(%f)‘lD(p): I? — [? repre-
sented by this matrix is clearly bounded with norm bounded by ||
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(0 asin (2.4)). We can apply standard theorems on invertibility of
linear operators on Hilbert spaces that are perturbations of ;che iden-
tity to obtain that, for § small enough, the matrix I + A(%)~'D(p)
is invertible, for any p € Q,, .

The matrix [ + A(ﬂ;)D(p) has analytic entries in &y, &, and ¢&_, .
Therefore, A(p)~! = [I + A(%)~'D(p)]"'4(%)~! also has analytic
entries and the result of the proposition is now proved. a

Denote by (C¥(p)) = C~! the inverse matrix of C as in Proposi-
tion 3.1.

LEMMA 3-1 Let D= (a> b: C) = (80(p)> 8n(p)> £—n(p)) € Qn: and
let C=2"2"(p) be the entry in place (—2n, 2n) of C~L.
Then, 5=C~2"2" s areal analytic function of (eo(p), (en(P)e-n(D))).

That is, it depends only on ¢ and the ratio a? + b?.

Proof. This lemma is a corollary of §3.2, Theorem 3.7, in which we
give an explicit Taylor expansion for it. A shorter proof can be given
but we will avoid it. O

THEOREM 3.2. A transverse structure for the dual of the Virasoro

algebra at the point "72 d6? is given locally by an antisymmetric tensor,
{, }o. defined as

{e0, entop) = 2':”.8;1(1)),

{0, e-no(p) = 3z6-n(p).
C—2n2n(p)

1
{ens -nto(p) = 5~ | -2n0(p) + 1 = 9n’en(P)e-—n(P)——

The structure is analytic in {&y, €, €-n}, linearizable and equivalent
to the Lie-Poisson structure on sl(2, R)*.

Proof. Notice that we are actually copying the formula in coordi-
nates given by Theorem 3.1. Define { , }p as

{ei, g}o(p) = {ei, e}o@) + D {&i. &ho@)CH (0){er, £}0(D) -
k,l#+n,0

Applying commutation relations (3.2), the formula above gives the
expression in the statement of the theorem. This expression is found
following formally the finite dimensional reasoning in Theorem 3.1.
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On the other hand, since this is only a formal approach we will have
to check straightforwardly that Py defines a Poisson structure on Qy
and that the intersections of Q, with the symplectic leaves are sym-
plectic with respect to both structures. Notice also that (a) and (b) on
Theorem 3.1 are also true here due to the nondegeneracy of { , }o
along the leaves. Nevertheless, one cannot get the splitting of the tan-
gent space into a direct sum as it happened in the finite dimensional
case.

Leibniz’s rule is obvious from the definition. To check Jacobi’s
identity for { , }o reduces to prove that

(35) {80 s {gﬂ ’ S—H}Q} + {8?1 ’ {8—-71 > EO}Q}
+ {E—n ’ {80 > gn}Q}Q = Oa
on @, . Substituting we reduce (3.5) to

(3.6) {€0» (gng—n)c_znzn}Q(p) =0.

As a result of Lemma 3.1, (g,6_,)C~2"?" restricted to Q, is ac-
tually a function of the ratio (e,(p)e—,(p)). Applying Leibniz’s rule
and the definition of { , }, one gets that ¢y commutes with the ratio
along Q, and therefore (3.6) holds.

The last part is to check that P is symplectic on the intersections
of Q, with the symplectic leaves, L,. As it happened in the finite
dimensional case, that is a consequence of property (a) in Theorem
3.1, since the intersection P(p)(T,(Qn)t) N T,(Qy) is equal to the
kernel of P along L,, and in this case it vanishes.

Finally, we apply the following result by J. Conn [4] (see [5] for the
smooth case): if a Lie algebra g is semisimple (as sl(2, R) is), then
any analytic Poisson structure on g*, which is a perturbation of the
Lie-Poisson structure by a tensor of order at least 2 that vanishes at
the origin, is linearizable.

It is now obvious that Py is linearizable and equivalent to the Lie-
Poisson structure on sl(2, R)*. O

One comment on the linearization. Notice that by being linearizable
we mean linearizable as structure on Q,, not as a structure induced
by g;. That is, this result does not imply that a canonical transverse
structure for the Lie-Poisson structure on the dual of the Virasoro
algebra is the Lie-Poisson structure on sl(2, R)*, since no uniqueness
result has been proved yet. What the result really means is that we can
find coordinates (only) on Q, such that { , }o on those coordinates
is linear. In order to prove uniqueness we would need to extend that
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change of coordinates to g; obtaining in this way an automorphism
of the Lie-Poisson structure on g5. We will comment more about
uniqueness at the end of the section.

3.2. The explicit expression for { , }g. In this section we will
give an explicit expression for the Taylor expansion of the function
C—2n2n ( p) .

Recall that our function is the entry in place (—2n, 2n) of the

matrix (C*™(p)), inverse of (Cim(p)) = ({&k > &m}o(P))k, mzsn,0- If
again we set the system of equations Cy = e;,, where y = {y;} and
ey, 1s a vector that has all its components equal to zero except for 1
in place 2n, then y_,, = C~2"2"(p). Again, if for simplicity we write
v, instead of y_,;, we get the recurrence relation
(3.7)  k(2¢ — (kn)z)yk + (2k — Dényr—1 + 2k + 1)e_n¥i41 =0,
for any k > 2, and

2(2e9 — (2n)*)y2 + Se_ny3 = B,

2ni

where g = <&,

PRrRoOPOSITION 3.2. Forany k > 2,
Fi(&n&—n, €0)72 = Hi(€n&-n, €0)B — Sk Vi

where F., H; satisfy the recurrence relation

(2k — 1)2
k(k —1)((kn)2 = Y)(((k — 1)n)2 = Y)

(1) Gry1=XGg - Gi-1

with
1 2k — 1)e_, X
X=——+—, Y=2¢, 0 =- Ok —
(ené—n)} O T Tk - D(Y = (k= Dm)2) <!
and initial conditions
1
F]—O, FZ—la HZ_‘Os H3—ma
Su = — Se_,X
Ty -(2n?)”
Proof. The proof of this proposition is by induction on k. O

The solutions of the recurrence relation (1) can be interpreted as
orthogonal polynomials in X as we will show next.
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A. Jacobi fractions and orthogonal polynomials: Definitions and
some results.

DEeFINITIONS. (a) Let {a,} and {b,} be arbitrary sequences of
complex numbers and write

a
Co=bo, bo+b , Ca=1bo+ 1a2
b +
b
Cn:b0+b alaz
1+b2+.
“- (an/bn)

C, 1is called the nth approximant of the continued fraction associated
to the sequences {a,}, {b,}. We will denote C, as

ai| | a ay|
=bo+ —+ 5=+
T B
(b) A continued fraction of the form
M| Ao A4

x~ca |x—-c |x-c
is called a Jacobi type continued fraction (J-fraction).
(c) If C is a continued fraction and C, = A4,/B,, then A, and
B, are called nth partial numerator and nth partial denominator,
respectively.

Note. If A, and B, are the partial numerators and denominators
for a J-fraction
Ml Al

|x — ¢ |x —cp
it is very simple to prove that they satisfy the recurrence relations
Bn(X)=(x—cn) —1(x) — in n-2(x), n=1,2,3,
(X) =0, BO( ) 1,
An(X)=(x—cn) —1(x) — 2x),  n=1,2,...,
Ay(x) = 1, Ao( )=0.
Notice the similarities between these expressions and the recurrence
problem (1).
(d) Let {u,} be a sequence of complex numbers and let & be

a complex-valued linear function defined on the vector space of all
polynomials by the rule

ZL(x") = uy, n=0,1,2,....
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Z is called moment functional determined by the formal moment
sequence {u,}. un is called the moment of order n.

(e) A moment functional . is called positive-definite if £ (n(x)) >
0 for every polynomial 7(x) that is not identically zero and is non-
negative for all real x.

(f) Let .£ be a moment functional with moment sequence {u,} .
Define

An = det(uiyj)i j-o-

We will say that . is quasi-definite whenever A, #0 forall 0 < n.

(g) A sequence {P,(x)} is called an Orthogonal Polynomial Se-
quence (OPS) with respect to a moment functional . provided that,
for all nonnegative integers m and n

(i) Py(x) is a polynomial of degree n,
(i) L (Pu(x)Py(x)) =0 forall m#n,
(i) Z(PF(x))#0.

It is not hard to notice that OPS are uniquely determined up to the
product by a nonvanishing constant. The next theorem shows how
partial denominators for a J-fraction can be interpreted as OPS with
respect to a certain moment functional.

FAVARD’S THEOREM. Let {c,} and {A,} be arbitrary sequences of
complex numbers and let {P,(x)} be defined by the recurrence formula

(3.8) Piux)=(x—-cn)Py_1(x) = ApPyra(x), n=1,2,3,...,
P_l(x)=0, P()(X)= 1.
Then, there is a unique moment functional &£ such that
L) =h, L(Pu(x)Pu(x))=0

for m#n, m,n=0,1,2,....

< is quasi-definite and {P,(x)} are the corresponding monic OPS
if and only if 4, # 0, while £ is positive-definite if and only if c, are
real and A, >0 (n>1).

Consider the OPS {P,(x)} with recurrence formula as in Favard’s
theorem, and define P,gl)(x) to be a monic polynomial of degree »
which satisfies the recurrence

PYx)=0, PMNx)=1.

PI(x) = (x = ens ) P, () = A PVy(x),  m=1,2,3,...,
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The polynomials P,(,l)(x) are called the monic numerator polynomials
(or associated polynomials) corresponding to P,(x).

It is now clear to us that partial denominators and numerators of a
J-fraction, B and A, are respectively OPS and associated poly-
nomials with respect to a certain moment functional that is a positive-
definite if and only if the partial fractions have all real coefficients and
the numerators A, are all positive. Observe that 4, are not actually
monic unless 4; = 1. To be correct, the associated polynomials are
A4y, 0<k.

DEFINITION. A moment functional is called symmetric if all of its
moments of odd order are zero. This is equivalentto ¢, =0, n>1,
in the corresponding recurrence formula.

We can easily recognize the recurrence in problem (1) as corre-
sponding to a symmetric problem, a fact that will be crucial for our
final result.

Next we will give some definitions and quote without proof some of
the results in the theory of OPS, Jacobi fractions and representation
theory that will be more relevant in the resolution of our problem.

THEOREM 3.3. Let £ be a positive-definite moment functional and
let uyg=(1). Let y, be defined as

0 ifX < Xni,
Wn=1 Ani+-+ Ay lfxnp$x<xn,p+1 (1<p<n),
Ho ifx 2 Xnn »
where X, < Xpy < -+ < Xpn are the zeros of P,(x) (OPS correspond-
ingto L), and Ay, ..., Ann are positive numbers given by the Gauss
quadrature formula

n
LR = =" Apixyy, k=0,1,...,2n—1.
i=1
Then there is a subsequence in {y,} that converges on (—oo, +00) to
a distribution function w which has an infinite spectrum and such that

P(xk) = /m Xk du(x).

w is called a natural representative of & .

From now on we will consider .# to be positive-definite, and the
associated data {x,m}, {4um}, {Un}, U, un defined as in the The-
orem 3.3.
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THEOREM 3.4. Let P,(x) and AIP,EI)(x) be the partial denominators
and numerators of a J-fraction as above, with c, real numbers and
An>0, n>1. Let 2 be their associated moment functional. Then
we have that

AIP“ ~E _ /+°° dyn(2)
X — xnk o X1
Moreover, A, can be expressed as
/IIP 1(Xnk)
Ay = TPix)
n(xnk)

From Theorems 3.3 and 3.4 one can deduce the main result we will
use later on, namely

COROLLARY 3.1. In the conditions and notations of Theorems 5.2
and 5.3, there exists a subsequence {yn } in {yn} such that

. 111’,5:)_1(36) _/+°° dy(t)
i Py(x)  Jo x—1t’

whenever x is not in the closure of the spectrum of y .

Next we will give a result describing the spectrum of distributions
corresponding to symmetric problems. For broader information see
Chihara [3] or Szeg6 [18]. Our notation and most of the results are
stated as in Chihara’s book.

THEOREM 3.5. If a system is symmetric and lim,_, o Ay, = 0 the
set of limit points of the spectrum of w reduces to 0, and therefore
the measure associated to & is discrete with 0 as the only possible
accumulation point.

Finally, we will quote a theorem that will be useful to actually com-
pute the coefficients of a Taylor expansion for C~2"2"(¢).

THEOREM 3.6. With reference to the recurrence formula (3.9) the
Sfollowing are valid for n > 1:

(a) L(P2(x)) = A1A2 - - Ang1, Provided that we define Ay = ug

(b) L (n(x)Py(x)) =0 for any polynomial n(x) of degree m < n,
while £ (n(x)Py(x)) # 0 zfm—n

(€) L (x"Pu(x)) = Z(P(X)).



TRANSVERSE STRUCTURE 67
Now we are in condition to find a Taylor expansion for C—2"2"(g) .

B. Taylor expansion for C~2"2"(g). Recall the recurrence problem
(1)

(2k — 1)2 G
k(k = 1)((km)2=Y)(((k - Dn)2 =) ©~!

with initial conditions

G = XGy —

1
F1=0, F2=1, H2-‘=O, H3=m
We can now assert that F;,,(X), k > —1, as in Proposition 3.2,
are the set of monic orthogonal polynomials with respect to certain
measure dyy(X) and /I;IHk+2 the associated polynomials.
We also know that the associated moment functional is symmetric
(since ¢, = 0 in the recurrence). On the other hand

I (2k — 1)?
T Rk =D (k)2 = Y)((k—1)n)2—Y)
whenever k£ — +o0,

— 0

so we can apply Theorem 3.5 to deduce that the measure associated
to these orthogonal polynomials is absolutely discrete with zero as
the only limit point of the spectrum of the natural representative y .
Summarizing, one gets that, if we denote by .#(y) the spectrum of
v,

S(w)={zx, —zr, k 20|z — 0 as k — o0}

and {a,,} are the weights of the corresponding measure, then & is
defined as

[e9)
FLX™) =pm =2 z0am, m>0.
k=0
Next, notice that Favard’s theorem actually obtains a whole family
of moment functionals associated to a fixed set of polynomials, one for
each choice of A;, ({Py(x)} are independent of A; given the initial
condition P_;(x) = 0). Due to the shift in the indices that we have,

fix the value
1

2(Y - (2n)?)°
so that the pair (Hj, Fj;) can be viewed as the kth partial numerator

A3 =
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and denominator of the continued J-fraction
A3l A4l A

X X X
Therefore, /13'1Hk+2 are the associated polynomials with respect to
problem (1). Now we can easily obtain a first expression for C~2"2"(¢).
If we apply Corollary 3.1 we obtain

H(X) C2mn(g) [t dy(1)
Jm ) T T f/_oo X —t

+00
am =1
= E E X = —
X_Zm+m:0X+Zm, (8n8 n)2

Observe that a,, and z,, depend on Y = 2¢; for all m.

We do not have much information about either the weights of the
measure or the zeros of the polynomials. Even though this expression
does not seem to be easy to compute we will give another expansion
with coefficients that can be found following an easy algorithm.

MAIN THEOREM 3.7.
B 2ri
C 2n2n( g) = — ‘uzk(so)(ﬁnt‘)—n)ka
k=1

where uy, are the moments corresponding to £ . Moreover, there exists
an algorithm to obtain the moments up to any desired order.

Proof. Applying the result of Theorem 3.4 one gets

k

X Akm ka) _
X EX Xiem ZF’xk X ka)’ k—3’4’”.’

where Ay, and X, are analogous to the ones in Theorem 3.4. If
we Taylor-expand the expressions as a function of % we obtain
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On the other hand, if y; is given as in Theorem 3.3, % is the
associated functional and u}‘ is the corresponding 1-moment, then

k
ﬂ;c = “%c(xl) = Z Akmx[lcm E

m=3

H(X) 5~ A, (L)

F (X) P X+l Xp+2 )
A priori we know that the sequence converges to an analytic function
on &,, &€_,, &; therefore, we can take limits without any problem
and deduce the result of the theorem. Notice that % is symmetric
and that property implies ;. =0 for k > 0. That is the reason to
have only even powers of X = 1/(ené_,)'/? in the series above.

To finish with the proof of the theorem, we will give the algorithm
to find the moments, avoiding the inconvenience of not having infor-
mation about the explicit form of dyy .

From Theorem 3.6(a), we can deduce

and therefore

+o00
po= | FHX)dyy(X) =23 = m,
+o00 52
M2 = . F;(X)dWY(X) = 1‘3&4 = 12(Y — (2”2)2)(}’ _ (3”2)2) .

In order to find u4, notice that Fy = XF3 — A4F> = X% — A4, s0
X? = Fy+14 and therefore X* = F}?+A3+214F,. Applying Theorem
3.6(b), we get zero when integrating the last term of the sum, so that

+00

w= [ xtaw = [T RO+ [ ddurx)

—00 —00
= A3A445 + ﬂ%ﬂo .

In this way we can always obtain u,; in terms of uy, / < k,
and the integral of the square of P,(X) which value we know from
Theorem 3.6(a). Repeating this process we can give the expression
for moments up to any order we wish. This algorithm is not very fast
since it requires us to solve for the orthogonal polynomials in the first
place. For example, we obtain

le = AsAadshe + (Ag + As)Ay,
ps = A3AsAsheAs + (Aa + As + Ag) tha
— 2A46(As + As + Ae) 2 + AGA¢Ho ,



70 GLORIA MARI BEFFA

The author has a faster algorithm and a short computer program to
calculate the moments. It involves Favard’s path’s theory (see Vien-
not’s notes [19]), but we will not give further details in this paper.

Notice that, with very few adjustments, we can follow the exact
same reasoning to find a Taylor expansion for any entry of the inverse
matrix C~!. That is, this is a general technique to find entries for the
inverse of an infinite Jacobi matrix.

C. Another interpretation for a transverse structure. Let us look at the
function C~2"2"(p) from another point of view. The next theorem
will show us how to express transverse structures in terms of the solu-
tions of some nonhomogeneous ordinary differential equations. The
corresponding homogeneous equation is always given by the coadjoint
action along Q, .

THEOREM 3.8. Consider the differential equation
(3.9) " +2p&' + p'é = 2cos(2n),

with pe Q,.
There exists a periodic solution of (3.9), &, whose Taylor expansion
is given by & =312 e~ k0 with y,, = C~22"(p).

Proof. Assume ¢ = Y1 ye0 . If we make a simple sub-
stltutlon we can observe that the action of the differential operator
—(-4; A+ 5+ 92) on ¢ is equivalent to the one of the matrix C on

v, where y = {9} € [?. This is true since
élll + zpfl +p,é

= Z [ykk(280(p) - k2) + Yn+k(2k + n)a_n(p)

k=—o0
+ Vk—n(2k — n)eq(p)]e™*? .

Notice at this point that the matrix C is antisymmetric. Therefore,
we can solve the equation Cy = b, with b having entries all 0’s except
for the entry in place —2n, and obtain that y,, = C~2"2"(p).

But, on the other hand, to solve Cy = b is equivalent to solving the
differential equation (3.9), in the sense that the solution of Cy = b
would correspond to the Fourier coefficients of a solution of (3.9). We
are done with the proof. O

Notice that we can follow the same strategy in order to find any
entry of the inverse matrix for C. That is, C*! would be given by the
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Ith Fourier coefficient of a periodic solution of the equation
E" 4 2pE' + p'E = 2cos(kB).

From Proposition 3.1 we know that such a solution exists.

Finally one comment on the uniqueness problem. If we try to prove
uniqueness in the same way that it is done in the finite dimensional
case, we would have to try to connect two different transverse sections
using the flow of a time-dependent Hamiltonian vector field. This
flow would be defined on a neighbourhood of the intersection with
the symplectic leaves and would automatically preserve the induced
transverse structures. The existence of such a flow would automati-
cally imply uniqueness.

In finite dimensions such a Hamiltonian vector field can always be
found. In infinite dimensions we can connect two transverse sections
Qi and Q, with a family of transverse sections Q; with 1 <¢< 2.
We can possibly fix the variation on the time so that the equations
for the Hamiltonian operator are involutive. Nevertheless, that fact
would not imply its integrability. This kind of integrability problem
in infinite dimensions is quite complicated and not many results are
available.
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ON AMBIENTAL BORDISM

CARLOS BiasI

Let M™ be a closed and oriented submanifold of a closed or
oriented manifold N”, such that [M,i] = 0 € Q,(N), where
i: M — N is the inclusion and Q,,(N) is the mth oriented bor-
dismgroupof N. If n=m+2 or m<3 or m<4 and n#7
then M bounds in N.

Introduction. Let us consider M™ a closed submanifold of N”.
In this paper, we study the possibility that there exists submanifold
Wwm+l « N” such that W =M. If M =S™ and N = S"t2, such
that a submanifold W is called a Seifert surface knot S”. In [5],
Sato showed that every connected closed and oriented submanifold
M™ of §™+2 is a boundary of an oriented surface of S7+2.

In [4], Hirsch studies the following problem: If a compact connected
and oriented manifold M™ bounds, does there exist embedding from
M™ into R” which is a boundary in R"?

The answer is yes, if n > 2m.

The difference between the two problems is that, in our case, the
embedding from M into N is fixed.

There is an obvious necessary condition for the existence of W,
when M and N are oriented manifolds.

Let Q,,(N) be the mth oriented bordism group of N [2]. If
i: M — N is the inclusion map, we can define an element [M, i]
in Q,,(N) and see that [M, i]=0 if M boundsin N.

Generally, the converse in not true, but sometimes the vanishing of
[M, i] guarantees the existence of W, for example if the codimension
n —m is large.

We prove the following theorem.

THEOREM 5.2. Let us suppose that M™ C N", n > m+ 1, is such
that [M,i] =0 in Q,,(N). Then M bounds in N if one of the
Jollowing conditions occurs:

(a) n=m+2,

(b) m<3,

(c) m<4and n#17.
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In his Doctoral thesis [1] the author proved that, when n = 2m +
1, and M and N are closed and oriented, a submanifold M C N
bounds in N if, and only if, [M, i]=0¢€ Q,,(N).

1. A more general problem of ambiental bordism. Let

GcOn—-m-1), n>m+1,
be a closed transformation group and let y; — BG be the classifying
fiber bundle of (n — m — 1)-vector bundles which have a G-structure.

Let us consider MG the Thom space of y;. We have:

0, i<m-m-1,
ni(MG)=X% Z, i=n-m-1land GCSO(n-m-1),
Z,, i=n-m-1land GZSO(n—m—-1).

Let us consider now N" to be a closed connected manifold which
we assume to be oriented if G ¢ SO(n—m—1). (If G ¢ SO(n—m—1)
we drop the orientability hypothesis.)

Let M™ c N" be a closed submanifold and let us suppose that the
normal fiber bundle v), of M in N has a cross section s, nowhere
zero, such that vy, = {s} @&, where {s} is a subbundle generated by
s and ¢ isa (n — m — 1)-vector bundle endowed with a G-structure.

We shall say that a submanifold W C N satisfies condition (%) if
it has the properties:

(i) OW = M and s is the inward-pointing vector field on oW .

(i1) the normal fiber bundle vy has a G-structure which agrees
with the given G-structure of £ over M . (Observe that & = vy |M.)

2. Primary obstruction to the existence of /7. Let V7 be a closed

tabular neighborhood of M in N, A=0W and X =N-V. We
can think s a function s: M — 4. Then s(M) is a submanifold
of A, whose normal fiber bundle is isomorphic to &. By the Thom
construction there exists a function f: 4 — MG such that, if oo is
the point at infinity to MG, then f is differentiable on A4 — f~1(00),
f is transversal to BG and f~!(BG) = (M) [6].

We shall take =,,_,_1(MG) as the cohomology coefficient group.
Let ¢ € H" ™ 1(MG) be the fundamental class of the space MG.
We know that f*(e) = a, where a is the dual class of s.(ups) and
Uy is the fundamental class of A .

If f: 4 - MG extends to a map 7: X — MG, then we can
suppose, up to homotopy, that f is differentiable in X — £ ~!(o0)

and that [ is transversal to BG. Taking W, = f (BG) we obtain
a submanifold of X whose boundary is s(M).
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Let us observe that this submanifold can be extended to a subman-
ifold W which satisfies condition (*).

We conclude then that there exists W, satisfying (%), if and only
if f extendsto X.

The class J f*(e) is the obstruction to the extension of f to the
(n — m)-skeleton of X, where 6: H* ™ 1(4) — H"™(X, A) is the
coboundary operator.

Consider the commutative diagram:

H'=m=1(4) N H™™(X , A)

o o
Hp(4) — Hp(X)= Hpn(N - M).
We conclude that the primary obstruction to the extension of f,
up to duality, is the element s.(up) € Hn(N — M) (regarding s as

function from M into N — M).
Hence, we have:

PROPOSITION 2.1. f extended to the (n — m)-skeleton of X if, and
only if, s.(upy)=0 in Huy(N - M).

Assuming that s.(uas) = 0, let us consider two cases:

. G=0(n—-m-1).

Here, f extends up to the (n — m + 1)-skeleton of X, because
Tn-m(MG) =0 and, if n—m =2, then f extends to all of X since
MO(1) isa K(Z,, 1) space.

2. G=S0(n-m-1).

Since 7,_pmi(MG) = 0, i = 0,1,2, f extends up to the
(n — m + 3)-skeleton of X. Hence, if dimM < 3, f extends.

On the other hand, if n —m =2 or 3 then MG isa K(Z, 1) or
K(Z, 2), respectively. In any case, f extends globally.

3. Oriented ambiental bordism. From now on, all manifolds and
submanifolds will be considered to be oriented.

THEOREM 3.1. Let us suppose that.

(a) Hi(X)=0,0<j<m-3.

(b) The canonical homomorphism m,_,(MSO(n —m - 1)) 2 Q,,
is injective.

There exists W satisfying (x) if, and only if, s.(upy) =0 € Hp(X)
and M is a boundary.
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Proof. Let us use the notation n; = n;(MSO(n — m — 1)). If
s«(uar) = 0, then f extends to the (n — m)-skeleton of X .
From hypothesis (a) and Lefschetz duality, we conclude that

Hj(X,A,T[j_l)=O, n-m<j<n.

Let D be an open disk of X — 4. Since X is orientable,
H(X-D,A,mnjy) ®f H(X,A,mj1) =0, n—-m < j < n.
Hence, there exists an extension f: X —D — Y of f: A— Y, where
Y=MSO(rn-m-1).

Let us consider S =dD and k= f|dD: S — Y. We may suppose
that /4 is transversal to BSO(n — m — 1) and let

M™ =h"1(BSO(n —m-1)).

Consider W = 7_1(BSO(n —m—1)), a bordism between M; and
s(M). Since s(M) is a boundary, M; also is.

We have also that y([A]) = [M,] =0 and since y is a monomor-
phism, % is homotopic to a constant map and so /4 extends over
D.

The converse is straightforward. O

4. On the existence of normal vector fields homologous to zero in
N — M. In the next section, we show that in certain situations it is
possible to obtain a cross-section s: M — S(vys) such that s.(up) =
0 € Hu(N — M), where S(vy) — M is the normal sphere bundle of
M in N.

PROPOSITION 4.1. The Euler class of the normal bundle of M™ in
N" is zero if and only if i.(uprr) C im j,, where uys is the fundamental
classof M and i: M — N, j: N— M — N are inclusion maps.

Proof. Let us consider e € H"™(M , Z), the Euler class of the
normal bundle vy, and let D: H""™(M : Z) - Hy(N, N - M ; Z)
be the Alexander duality. We have that D 4(e) = a.(uys) where a, is
induced by the inclusion map a: (N, N - M).

Using the exact sequence of pair (N, N—M) it follows that a.(us)
= 0 if, and only if, 7.(upy) Cim j,. O

COROLLARY 4.2. If M™ C N" is homologous to zero, n — m = 2
or n>2m, then M has a normal vector field that is nowhere zero.

Proof. By Proposition 4.1 the Euler class of v, is zero. Then
there is a nowhere zero normal vector field on the (n — m)-skeleton
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of M, which can be extended to all M, because n — m > m or
ni(R*-0)=0, i>1inthecase n—m=2. 0

Let n: E — M™ be a differentiable SO(n + 1)-bundle with fiber
S" and base M™ (and oriented manifold).
If s: M — E is a cross-section, let 6; be the Poincaré dual to
S«(Uar) , where 5 = —s is the opposite cross-section to s.
Having fixed a cross-section sy: M — E, the following diagrams
are commutative:
[M, E]

Hpn(M) —2— Hyp(E) — Hyp(M)

where [M , E] is the set of homotopy classes of cross-sections, &([s]) =
§°(05) 5 o(s]) = b5, — 05, is Poincaré duality and last line is a portion
of the generalized Gysin sequence.

We define y: [M, E] — Hn(E) by w([s]) = ss, (unm) — sx(unr) and
observe that w = Doy .

If m<n+1 or n=1, then the function ¢ is onto and so the
image of y is the kernel of =, .

This fact will be applied in the proof of Proposition 4.3 below,
where the fiber bundle to be considered is S(vy) — M.

PRrROPOSITION 4.3. Let M™ C N*, n=m+2 or n > 2m, be an
oriented submanifold homologous to zero in an oriented manifold N .
Then there exists a cross-section r: M — S(vyr) such that its image is
homologous to zero in H, (N — m).

Proof. Let so: M — S(vy) be a cross-section that is nowhere zero
(Corollary 4.2) and let us consider the commutative diagrams:

o Hn(S(ar)) — Hin(M)
Hn(M) |- |

X‘Hm(N—M) e Hpu(N)

where s. = l(sp ) and [ is induced by the inclusion S(vy) —
(N-M).



78 CARLOS BIASI

Wehave jus.(upr) = ixmaSo_(1a) = 0 implying that s,(ups) belongs
to the kernel of j, which is the image of 0: Hp (N, N - M) —
Hy,(N-M).

Let us consider the following commutative diagram:

Hpi(D(wn), S(va)) —2— Hu(S(var))

lexc lj.
H, (N,N-M) —° H,(N-M).

It follows that there exists an element u € H,,(S(var)) such that
u€Kern, and j,. = s.(up) -

Since im y = kerm,, there exists a cross-section r: M — S(vys)
such that y([r]) = u.

But y([r]) = so_(#ar) — re(par) 0 juri(tnyr) =0 in Hyp(N — M).
Hence, the image of r: M — S(v),) is homologous to zeroin N —M .

S. A theorem on ambiental bordism. Let us consider Q;(N) to be
the jth bordism group of N.

If H(N) =0, 0<j< m-3,itis possible using the bordism
spectual sequence [2] to show that the function Q,,(N) — H,,(N) &
Q,, , which associates to each pair [M, f] the element u([M, f]) +
[M], is an isomorphism, where u is the canonical homomorphism.

In the proof of Theorem 5.2, we are going to use the following
lemma, which has been proved in [1] (the proof, if g > m, is due to
Thom [6]).

LEMMA 5.1. The homomorphism ¢: 1y m(MSO(q)) — Qpm, g 2
m, is an isomorphism.

THEOREM 5.2. Let us suppose M™ C N", n > m+ 1, is such that
[M,i]=0 in Q,(N). Then M bounds in N if one of the following
conditions occurs:

(a) n=m+2,
(b) m<3,
(c) m<4and n#17.

Proof. Any one of the conditions (a), (b) and (c), based on previous
results, imply that normal bundle v,, has a cross-section nowhere
zero such that, considering s as a function from M into N — M,
S«(urp) =0€ Hyy(N - M).
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If (a) or (b) occurs, the theorem follows from case 2, already dis-
cussed in §2
If n=4 and n > 8, we apply Theorem 3.1.

REMARK 1. If n=m+2 or m <3, then [M,i]=0¢€ Q,(N) if,
and only if, M is homologous to zero in N .

REMARK 2. When m =4 and n # 7, although we shall prove that
[M, i] = 0 implies the existence of a normal section nowhere zero
(Th. 5.3) we are not able to prove that there exists a normal vector
field homologous to zero in N — M, which in this case would be
sufficient to prove the conclusion of Theorem 5.2.

THEOREM 5.3. Let us suppose M* ¢ N7. If [M,i] =0 in Q4(N)
then vys has a cross-section which is nowhere zero.

Proof. There exists W Cc N x I such that OW = M x0C N x 1
[1].

Let vy and vy, be the normal fiber bundles of W in N x I and
of M in N, respectively. We can also suppose that vy |M x0 = vy, .

Let us consider W C N xR to be the double of W and let i: W —
N xR and j: NxR— W — N xR be inclusion maps.

Since i,(up7) C im j,, then W has a normal vector field which is
nowhere zero in N x R up to the 3-skeleton of W .

Hence, there exists a 2-dimensional oriented vector bundle & over
M such that vy |[MG) =¢Q &1,

Let us consider e to be the Euler class of & in H?(M®) and let
¢ € H?(M) be such that io*(€) = e, where i: M®) — M is the
inclusion map.

Let & be a 2-dimensional vector bundle over M such that its Euler
class is 2. Let us observe that E[M3) =¢.

Let f, g: M — BSO(3) be classifying maps & ® &! and vy,
respectively.

Since the Euler classes of £ ® &! and of v, are equal, then their
second Stiefel-Whitney classes are equal.

Let p; be the Pontryagin class of the classifying fiber bundle ¥ —
BSO(3) and let é be the Euler class of . Since f*(p;) = g*(p1)-
Hence, the vector bundles & @ &! and v, are equivalent [3]. O
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NONRIGID CONSTRUCTIONS IN GALOIS THEORY

P1ERRE DEBES AND MICHAEL D. FRIED

The context for this paper is the Inverse Galois Problem. First we
give an if and only if condition that a finite group is the group of a
Galois regular extension of R(X) with only real branch points. It
is that the group is generated by elements of order 2 (Theorem 1.1
(a)). We use previous work on the action of the complex conjugation
on covers of P'. We also show each finite group is the Galois group
of a Galois regular extension of Q"(X). Here Q" is the field of all
totally real algebraic numbers (Theorem 5.7). Sections 1, 2, and 3
discuss consequences, generalizations, and related questions.

The second part of the paper, §4 and §5, concerns descent of fields
of definition from R to Q. Use of Hurwitz families reduces the
problem to finding Q-rational point on a special algebraic variety.
Our first application considers realizing the symmetric group S,, as
the group of a Galois extension of Q(X), regular over Q, satisfying
two further conditions. These are that the extension has four branch
points, and it also has some totally real residue class field special-
izations. Such extensions exist for m = 4,5, 6,7, 10 (Theorem
4.11).

Suppose that m is a prime larger than 7. Theorem 5.1 shows that
the dihedral group D,, of order 2m is not the group of a Galois
regular extension of Q(X) with fewer than 6 branch points. The
proof interprets realization of certain dihedral group covers as corre-
sponding to rational peints on modular curves. We then apply Mazur’s
Theorem. New results of Kamienny and Mazur suggest that no bound
on the number of branch points will allow realization of all D,, s.

0.1. Description of Theorem 1.1. Throughout, C denotes the com-
plex number field, X an indeterminate, and C(X) a fixed algebraic
closure of C(X). Let k£ be a subfield of C. We say a finite extension
Y/k(X) with C(X) D Y is regular over k if kNY = k. Equivalently
[Y: k(X)] = [YC: C(X)]. Denote this degree by n. Regard the de-
gree n field extension YC/C(X) as the function field extension of a
degree n cover ¢: Yo — P!. Here P! is the complex projective line
and Y¢ is an irreducible non-singular curve.

The map ¢ is ramified over a finite number of points x;, ..., x,.
We call these the branch points of the cover (or of the extension
Y/k(X)). Our first result (Theorem 1.1(a)) shows exactly when a
finite group G is the group of a Galois regular extension of R(X)
with only real branch points.
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This happens if and only if G is generated by involutions.

Theorem 1.1 uses formulas for the action of complex conjugation on
the fundamental group of P\{x,, ..., x;} (cf. §2.3). Hurwitz [Hur]
knew these. Krull and Neukirch investigated them further [KN]. Still,
no one has exploited this simple statement about groups generated by
involutions.

0.2. Relations with the inverse Galois problem. Here is a weak ver-
sion of the Inverse Galois problem. Does each group occur as the Ga-
lois group of a field extension of Q? As do others, we approach this
through its geometric analog. That is, we consider it over Q(.X) rather
than Q. This is a descent problem. Suppose we are given a group G,
a suitably large integer r, and r points x|, ..., x, € P!(C). Topology
then constructs a Galois extension of C(X) with Galois group G and
branch points x;, ..., x,. One must then restrict the scalars from C
to Q. Theorem 1.1 gives a form of descent from C to R. Proposi-
tion 2.3 and Comment 3 of §3.5 refine these for specific applications
(see §0.4).

We stress the condition on the branch points. Theorem 1.1 (a)
shows that Galois groups occur over Q (or even R) using r branch
points in P!(R) only if r elements of order 2 generate G . Therefore,
1n practice, classical “rigidity” [Se3; Theorem 9.1] realizes only groups
over Q(X) that are generated by 3 elements of order 2.

Corollary 1.2 is another consequence of Theorem 1.1 (a). Each fi-
nite group has a totally nonsplit cover (cf. §1.2) that is not the Galois
group of a regular extension of R(X) with only real branch points.
Nevertheless, every finite group is the Galois group of a regular ex-
tension of R(X), with branch points consisting of complex conjugate
pairs ([Se3; Ex. p. 107] or Theorem 3.1). Theorem 5.7 notes that each
finite group is the Galois group of a regular extension of Q"(X). Here
Q' is the field of all totally real algebraic numbers.

0.3. Extension of Theorem 1.1. Theorem 1.1 (b) applies to not nec-
essarily Galois extensions. Finite group G is the monodromy group
of a cover ¢: Y — P! defined over R with only real branch points
if and only if

(%) G has an automorphism % and a system of generators
ar, ..., as suchthat A(a;) =a;! fori=1,...,s.

Of course, (x) holds if G is generated by elements of order 2. Sec-
tions 1.2-1.5 have a more complete discussion on (x) and related
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conditions. In particular, we discuss the persistence of property (x).
Given a group G satisfying (x), when does there exist a totally non-
split cover of G that does not satisfy (x) (§1.5).

Notation and basic tools appear in §2. Classical identifications in
the theory of covers appear in §2.1 and §2.2. Skip these on a first
reading. Sections 3.1-§3.4 give the proof of Theorem 1.1. The final
descent argument for the constructive part (<) uses Weil’s general
criterion. This says that the field of moduli (§2.4) K of a cover is
a field of definition if a certain cocycle condition holds. We add an
observation to a result of Coombes and Harbater [CoH] for Galois
covers (Theorem 2.4 (ii)). Thus, K is also a field of definition for the
G-cover; the cover and its automorphisms can be defined over K .

This method is natural, but perhaps intricate. Serre suggested sim-
plifying this using the algebraic fundamental group rather than the
classical topological fundamental group. Section 3.6 gives a second
proof of Theorem 1.1 (a) following Serre’s viewpoint. This is con-
structive. Assume we have a group G and generators of G with
property (). We give an explicit description, in terms of “branch
cycles,” of a cover ¢: Yo — P! that has the properties stated in Theo-
rem 1.1 (b). Furthermore, we can force this cover to have some fibers
of only real points.

0.4. Enhanced applications. The topological action of complex
conjugation ¢ induces its arithmetic action. (Section 3.7 has a precise
formulation.) We note that no naive p-adic analog of this representa-
tion of complex conjugation holds for the Frobenius F, € G(Q,/Qp)
(§3.7).

Comment 3 in §3.5 answers a question of E. Dew in his thesis [D].
In so doing it refines the technique of descending from C to R. Con-
sider the field of moduli K of a G-cover when K is a number field.
How can we effectively decide if each completion of K is a field of def-
inition of the G-cover? We give iff conditions for the field of moduli,
on one hand, and the field of definition, on the other, of a G-cover to
be (in) R. Dew has started an investigation of a local-global question
for the field of moduli being a field of definition. Knowing the answer
over each local place (including infinite places) does not answer the
global question.

Descent to Q appears in §4. We consider G = S, and specific
choices of 3 generators of order 2. Then, we investigate if certain 4
branch point covers ¢: Yo — P! derived from Theorem 1.1 can be
defined over Q. “Rigidity assumptions” from [Se3; Ch. 8, 9] do not
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apply. They rarely do when there are 4 (or more) branch points.

In §4.1 and §4.2, we recall from [Fr1] how to handle nonrigid cases.
When r = 4, Hurwitz family ideas reduce the problem to finding a
rational point on a certain curve C(C). Section 4.3 gives a formula
for the genus of C(C). We can answer our original question about
Sm when the curve C(C) has genus 0. Our computation shows this
happens exactly when m = 4,5, 6,7, 10. So, for these values of
m, we realize the symmetric group S), as the Galois group of a reg-
ular extension of Q(X) with 4 branch points and with some totally
real residue class specializations (Theorem 4.11). Serre noted, with 3
branch points instead of 4, only one centerless group, G = S5, had
the same property [Se2].

We do not know how to improve on our sporadic 3 generator cases
to draw the conclusion of Theorem 4.11 for an infinite number of
groups. Descent from R to Q is the difficulty because we must find
rational points on low dimensional Hurwitz spaces. Even with easy
groups this is a difficult obstruction. For example, the dihedral group
D,, of order 2m is generated by 2 elements of order 2.

Consider a prime m > 7. Theorem 5.1 shows that D, requires
covers with at least 6 branch points to be realized as the Galois group
of a regular extension of Q(X). Mazur has formulated conjectures
that imply that realization of all D,, s will require an unbounded num-
ber of branch points [KM]. We borrow some of his formulation from
an e-mail discussion with him.

0.5. Acknowledgments. David Harbater made expositional simpli-
fications in our proof on Comment 3—Dew’s question—in §3. In
addition, much of the proof of Theorem 2.4 (§2.4) is implicit in the
result in [CH]. Our concern is with Property (ii) which was not stated
there.

1. First results and consequences. Let Y/K(X) be a regular exten-
sion of degree n and ¢: Yc — P! the associated cover. That is, Y¢
is the set of places of the field YC and ¢ is the natural restriction of
places—points of P!—to C(X). Branch points x;, ..., x, are the
places ramified in the extension YC/C(X).

1.1. Statement of Theorem 1.1. Let xo be a point in P!(R)\
{x1, ..., xr}. Denote the fundamental group
n - I(Pl\{xls cees -xr}, xO)

for short by n;. There is a natural action 7' of m; called the mon-
odromy action on the points of the fiber ¢~!(x). For its description,
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start with [y], the homotopy class of a closed path based at x;. Then
T([y]) permutes ¢~!(xo); it maps y € ¢~ !(x0) to T([y])(¥), the
terminal point of the unique lift of y through ¢ with initial point y.

The permutation 7'([y]) is independent of the representative of [y].
Fix a labeling y;, ..., y» of the points of the fiber ¢~1(x;). Regard
T as an action 7: m; — S, of m; on the integers 1,...,n. Up
to conjugation by an element of S, , this action does not depend on
labeling the y;s or on the base point xy. Call the group 7T'(m;) the
monodromy group of the cover. This defines a subgroup of S, up to
conjugation by elements of S, .

THEOREM 1.1. (a) Consider a finite group G. It is the group of a
regular Galois extension of R(X) with only real branch points exactly
when

(1.1) G is generated involutions.

(b) Furthermore, G is the monodromy group of a cover ¢: Yc — P!
defined over R with only real branch points if and only if

(1.2)  3heAu(G),3ay, ..., 0 €G
(aj,...,a5) =G, h(a,-)=ai_1, i=1,...,s.

Addition to Theorem 1.1 (a). We can take the number of generating
involutions of G equal to the number of branch points of the regular
Galois extension of R(X) in the statement.

Addition to Theorem 1.1 (b). The cover ¢: Yo — P! defined over
R produced in §3.3 for the only if part of (b) has branch cycles

-1 -1 -1
(a1, 0] a2, ooy g 05, )

(cf. §2.3). It is Galois over C. Indeed, it is Galois over R if 4 is
induced by conjugation by 4’ € G with A’ of order 2.

1.2. Group theoretical conditions. As noted, (1.1) = (1.2). The
converse is false: abelian groups distinct from (Z/2)™ satisfy (1.2)
but not (1.1). For example, the cyclic group Z/m is the monodromy
group of the Galois cover ¢: P! — P! given by ¢(y) = y™. For
m # 2, it is defined over R with only real branch points. Yet, the
corresponding function field extension R(y)/R(y™) is not Galois.

Consider two further conditions.

(1.3) G is a subgroup of G’ with [G': G] =2, and G’ is generated
by involutions in G'\G.
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Further: If A’ € G of order 2 induces 4, then G is generated by
involutions.

(1.4) G=12Z/2 or Aut(G) is of even order.

We now show (1.1) = (1.2) & (1.3) = (1.4).

(1.2) = (1.3). Define G’ to be G’ = G x 5(h) the semi-direct
product of G and the group generated by the automorphism /4. The
elements (co;, ), i=1,...,5,and h generate G’ and they are of
order 2:

(o, B)(ai, h) = (h(ei), h*) = (ao;t, 1) = 1.
Also, (a;, h) € G'\G. Suppose h is represented by inner automor-
phism by an element 4’ € G with A’ of order 2. Then G is generated
by involutions; include A’ with o;i’, i=1,...,s.

(1.2) <= (1.3). Consider the situation where gy, g1, ..., & are in-
volutions in G'\G that generate G'. Then, f; = gogi, i=1,...,r,
arein G. Clearly, gy conjugates them to their inverses: go(gogi)80 =
gig = (gogi)~!. We have only to check if they generate G.

Take H to be the subgroup that the S;s generate. We show G is
the union of the cosets of H and gyoH to conclude the proof. Do
an induction on elements of G presented as words g; ---g; in the
gi s. Assume words of length at most 7 —1 are in one of the cosets H
or gH . Now do cases for g; ---g =0 in Hor ggH. If 6 e H,
then gpg; o is also in H. Multiply by g to see g; 0 € goH. On
the other hand, if ¢ € goH, then multiply by (g; )80 to get gi o
in H. We’re done.

(1.3) = (1.4) Suppose G’ contains 7 of order 2 not in the central-
izer Ceng (G) in G'. Then, conjugation by 7 is an automorphism of
G of order 2. Thus, |[Aut(G)| is even. Assume all elements of G’ of
order 2 are in Ceng(G). Pick an element a of order 2 from G'\G.
Then a € Ceng (G). Therefore, G’ is the direct product G x (a) and
involutions—au with u# running over involutions of G'\G—generate
G . Since those generators of G are also in Ceng (G), the group G
is abelian. Conclude: |Aut(G)| is even unless G =7Z/2. O

So, groups distinct from Z/2, with odd order automorphism group,
are not monodromy groups of a cover over R with only real branch
points. Here is how to get such a group. Consider a p-group P with p
odd. Then, Aut(P) acts on the frattini quotient module P/[P, P]PP
with kernel a p-group [Hu; Satz 3.17, p. 274]. There exists P with
any desired nontrivial representation occurs in the frattini quotient
[BK; Th. 1]. In particular, choose P so that its automorphism group
is odd.
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1.3. A corollary of Theorem 1.1. Recall that a cover of a group G
is a surjective homomorphism y: F — G. The cover is finite if F
is a finite group. It is fotally nonsplit if F has no proper subgroup
that maps surjectively to G. This is equivalent to the condition for
a frattini cover as after Lemma 1.3 below. The frattini subgroup of a
group H is the intersection of all the maximal proper open subgroups
of H.

COROLLARY 1.2. Let G be any finite group. Then there is a totally
nonsplit finite cover w: F — G of G where F is not the group of a
regular Galois extension of R(X) with only real branch points.

Corollary 1.2 follows from Theorem 1.1 (a) and this lemma.

LEMMA 1.3. Let G be a finite group. There is a totally nonsplit
finite cover w: F — G of G where F is not generated by elements of
order 2.

Consider a homomorphism yw: H — K of profinite groups: pro-
jective limits of finite groups. Call it a frattini cover if the equivalent
conditions (i) or (ii) hold.

(i) w is surjective and ker(y) is contained in the frattini group
of H.
(i) Subset S of H generates H if and only if y(S) generates K .

The main result for frattini covers is the existence of a universal frat-
tini cover for any profinite group. This is the cover G in the following
statement.

ProrosiTION 1.4 ([FrJ; Proposition 20.33]). Each profinite group
G has a cover . G — G, unique up to isomorphism, satisfying this
condition. If y: H — G is any frattini cover of G, there exists a
cover y: G — H such that w oy = . Furthermore, g is a profinite
projective group.

1.4. Proof of Lemma 1.3. We may assume G # {1}. Consider
the universal frattini cover, : G — G, of G. Let # = {N;li e I}
be the collection of all normal subgroups of finite index of G. Let
F; = G/N;, i €I, and for 2 indices i, j € I such that N; D N;, let
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m;j: F; — F; be the natural homomorphism. The system (F;, m;;) is
projective. From compactness of C~?, 1_151 F;, = G. Take n = |G| .
For each i € I, let gen,(F;) be the subset of F" consisting of all
n-tuples « = (ay, ..., a,) such that {(@;,...,a,)=F; and o? =1,
i=1,...,n. For i, jeI with N; O N;, denote the restriction to
gen,(F;) of the natural map induced by #;; on F by n;;: geny(F;) —

geny (Fj) .

The system {gen,(F;), m;;} is projective and an element of
Lig gen,(F;) is an n-tuple & = (&;, ..., &,) such that (&, ..., &)
= G and d% =1fori=1,...,n. Yet, such an n-tuple cannot

exist. Indeed, from Proposition 1.4, G is projective. Therefore, it
has no nontrivial element of finite order [FrJ; Cor. 20.14]. Conclude
that lim gen,(F;) is empty. For all i € I, gen,(F;) is finite, hence
compact. Thus, gen,(F;) is empty for some i € I. That is, elements
of order 2 in F; do not generate F;.

Next, set F = G/(ker ¥ N N;). We easily see that the natural map
w: F — G is a frattini cover. From Axiom (ii) for frattini covers,
the elements of order 2 in F do not generate F. The finite cover
w: F — G is the required cover. O

1.5. Persistence of condition (1.2) to frattini covers. The collection
of finite groups has no practical topology on it. Therefore, a state-
ment about a property being general for finite groups has traditionally
been applied by restricting consideration to natural sequences of finite
groups. For example, a statement that indexes the subscript » among
the alternating groups A, is typical.

On the other hand, suppose a property P can be interpreted for
all finite groups. Assume that G has property P. As above, consider
those frattini covers of G that also have property P . For one, Propo-
sition 1.4 shows these groups—as a collection—intrinsically attach to
G . Therefore, persistence of property P to hold for frattini covers
is intrinsic to the immediate seed group G. In addition, the kernel
of the universal frattini cover G of G is pro-nilpotent. Thus, there
are measures of the persistence of property P. The following question
introduces an analog of Lemma 1.3 that fits the above discussion.

Question 1.5. Consider a group G that satisfies condition (1.2).
Does its universal frattini cover satisfy (1.2)?

If “Yes” is the answer to Question 1.5, then a cofinal family of finite
frattini covers of G satisfies (1.2).
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If G isa p-group, then the universal frattini cover G of G isa free
pro-p-group . In addition, in all cases, G has the same rank—minimal
number of generators—as G [FrJ; §20.8].

Observation 1.6. Question 1.5 has a positive answer when G is a
p-group satisfying (1.2).

_Proof. A characteristic subgroup of G gives the quotient G . Since
G 1is a free group, there is an automorphism of G satisfying (1.2) that
extends condition (1.2) for G. O

Let & be a nontrivial family of finite groups. We say % is full
[FrJ; p. 189] if # is closed under taking subgroups, quotients, and
middle terms of short exact sequences with end terms in . If &
is full, there is a unique free pro- #-group of any given rank [FrJ;
Prop. 15.17]. For the case of rank s, denote this by ﬁs(% ). In fact,
the free pro- % -group on s generators clearly has an automorphism #
that satisfies (1.2).

If G is nota p-group, then we do not know the answer to Question
1.5. We conclude this section by showing that the universal frattini
cover G of G is not of the form ﬁ’s(%). Here % can be any full
family of finite groups. In particular, this suggests a negative answer
1o Question 1.5 for sucha G. _

Suppose, on the contrary that E(%) = G. Let p’ and p” be
distinct primes that divide |G|. Then, the kernel of G — G 1is pro-
nilpotent with at least two sylow subgroups, Py and P correspond-
ing to these primes. These are nontrivial free pro- p-groups of finite
rank. Since ker(G — () is a subgroup of finite index of F;(%), it is
of the form fsz(%) for some finite number s’ > s [FrJ; Prop. 15.27].
The next result gives a contradiction by showing that Ii:(%) has a
non-nilpotent quotient. For this, denote the primes p’ and p” as p
and ¢g. Let Z/p acton 4 = (Z/q)? as cyclic permutations of the co-
ordinates. Consider the semi-direct product B = 4 x Z/p generated
by this action.

ProrosiTION 1.7. The group B is a non-nilpotent group 0[ rank 2.
Assume that pq divides |G|. Then, G is not of the form F(%) for
some full family € .

Proof. Assume we have shown B to have the properties of the
proposition. From above, we are done if the non-nilpotent group B
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is a quotient of ﬁ:(%). We know that # is full family, containing
groups whose orders are divisible by p aBd q. Thus, % contains B.
Since s’ > 2, there is a surjection of Fy(%) on B. It remains to
show the properties of B.

Here are two generators of B:a = (1,0,...,0) € a and 7 =
1 € Z/p. Indeed, the Z/p orbit of a gives a basis for 4. Fi-
nally, Z/p is a p-sylow for B. It is not, however, normal: ata~! is
(1,-1,0,...,0) x 7. Thus, B is not nilpotent. m}

2. Basic tools.

2.1. Identification of Galois and monodromy actions. Let y; be
a primitive element of the regular extension Y/K(X). Take P €
K[X, Y] to be an irreducible polynomial such that P(X, y;) =0 and
degy P = n. Identify the curve Y with projective normalization of
the affine plane curve P(x,y) = 0. Here ¢: Yc — P! is projection:
(x,y) — x. Take xp to be distinct from the branch points of the
cover.

Let YC be the Galois closure of YC/C(X). The Galois group
G()/’E/ C(X)) is the geometric Galois group of the extension Y/K(X).
Embed it in S, through its action on the n conjugates y;, ..., y, of
¥1. Since we assume Y/K(X) is regular, it is a transitive action.

Identify the points p;,...,p, in the fiber ¢~ !(x;) and the
conjugates y;,...,yn of y; as follows. Each embedding YC —
C((X —xgp)) in the Laurent series around X, determines a point p; € Y
above x;. Since x; is not a branch point, there are » such embed-
dings. Each corresponds to one of thg\y,-s.

From now on, fix an embedding YC — C((X — xp)). That is, re-

gard YC as a subfield of C((X —xp)) and label the points p;, ..., pp
so that p; corresponds to the power series y; in C((X — xp)), i =
1,...,n. From classical analytic continuation theory, for this la-

beling, the images in S, of both 7T(m;) and the geometric Galois
group G(}/’E/ C(X)) are the same. Denote this common group by I'y
(or simply I'). Furthermore, denote the image in I" of an element
s € T(m;) by 5, and the image in I" of an element ¢ € G(}/’(\Z/C(X))
by @. Even in the case where Yc — P! is Galois, automorphisms of
this cover do not naturally identify with automorphisms of YC /C(X).
In particular, restriction of the former automo/r;\)hisms to the fiber over
Xo do not correspond to automorphisms of YC/C(X).

We make an assumption a little stronger than saying that x, is not
a branch point. We ask that a—af(P(xo , Y)) has no repeated zeros.
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Then, the first term y;(xp) determines each of the power series y;.
Thus, for the labeling above, identify p; with the geometric point
(X0, yi(xp)) on the affine plane curve P(x, y)=0.

2.2. The arithmetic Galois group. From here on, assume the base
point xg is in P!(Q). Consider the automorphism group Aut(C).
An automorphism 7 € Aut(C) acts coordinatewise on the geometric
points of any affine variety defined over C. This action transforms
the affine curve with equation P(x,y) = 0 into the affine curve of
equation P*(x, y) = 0. Denote the projective normalization of the
curve P%(x, y) =0 by YZ and the associated cover by ¢&: Y& — P!L.

On the other hand, there is a natural extension of 7 to C((X —xp)).
Apply 7 to the coeflicients of a power series y to get y*. Indicate the
transform of a subfield F of C((X—Xxy)) by F*. This action maps the
power series yy, ..., ¥, onto the n roots y7, ..., y; in C((X —xp))
of the polynomial P*. Also, the field extension (YC)*/C(X) is the
function field extension of the cover pg&: Y& — PL.

Points on Y{ above x; correspond to the power series y{, ..., yj .
Label these, respectively, pf, ..., p;. Asin §2.1, pf corresponds to
the point (xg, ¥;(xg)®) on the affine curve of equation P*(x, y) =10
Conclude that the effect of 7 on p;, ..., p, agrees with the action
on the power series and with coordinatewise action on the geometric
points.

Denote the subgroup of Aut(C) consisting of all automorphisms
that fix K by Autg(C). Assume, in addition, that v € Autg(C).
Then P = P7, YC = YC and 7 permutes the points p;, ..., Pn
in the fiber ¢~!(xg). Thus, t induces a permutation T € S,. Now
consider Y , the Galois closure over K(X) of the extension Y/K(X).
Call the Galois group G(Y/K )) the arithmetic Galois group of the
extension. Label the image of y € Y under the automorphism ¢ €
G(Y/K (X)) by a(y). Also, denote the permutation of {1,...,n}
induced by ¢ on {y,..., yn} by . Use T for the group {a|a €

G(Y/K(X))}. Note that T € [, forall e Autg (C).

__ ProposITION 2.1. The group T is normal in T'. The quotient group
I'/T" consists of the cosets modulo T of the elements T, with t© €
Autg(C).

Proof. Let K be the constant field of the extension f’/K (X): K=
Y NnK. Clearly, YC = YC; restriction G(YC/C(X)) — G(Y/K (X))
is an isomorphism. In particular, I' is the image of G(Y/K(X)) in
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Sy, . It is a normal subgroup of T because K /K 1is Galois. The map
Autg(C) to G(I? /K) is onto. Therefore, 7, with 7 € Autg(C), form
a full set of representatives (perhaps not distinct) for the quotient
f‘/ I'. The result follows. O

2.3. Complex conjugation and monodromy. Retain §2.1-§2.2
notation. We know generators for the fundamental group 7 =
n (P'\{x1, ..., %/}, xo). These are homotopy classes [y;] of suit-
ably chosen loops starting from x; around the branch points x;, i =
1, ..., r. These freely generate except for one relation, [y]1[72] - [7r]
=1.Fori=1,...,r,set s; = T([y;]); the s;s generate the mon-
odromy group of the cover and satisfy s;5,---s, = 1.

Call the 7-tuple (s;,...,S,) the branch cycle description of the
cover associated with the data (or bouquet) (yy, ..., yr). It is an ele-
ment of S, when we label the points py, ..., p, in the fiber ¢p~1(xp).
Another labeling of the fiber ¢~!(x() defines an element of S’ that
is coordinatewise conjugate by an element of S, to the first branch
cycle description of the cover coming from the bouquet (y;, ..., 7).
This produces a one-one correspondence between the following sets:

o degree n covers ¢: Yc — P! (up to equivalence of covers)

ramified over the points x;, ..., x,; and

e r-tuples (s;,...,S) € S, (modulo coordinatewise conjuga-
tion by S,) with s15,---s, =1 and (sy, ..., s,) transitive on
1,...,n.

Unless otherwise specified, assume from here the following.

(2.1) Branch points x1, ..., Xr, r > 3,
are in P!(R) and x; < X3 < --- < X, < 00.

Fix the base point x, € P1(Q)\{oo} on the arc between x; and x, not
containing x, on the real projective line. Denote complex conjugation
on C by c. It maps the homotopy class [y] € m; of a closed path
y based at x; to the homotopy class [y¢] of the conjugate path y¢.
With suitable loops around the x;s, we write this action explicitly.
For the rest of §2 and §3 use the specific bouquet (y;,..., y,) from
[FrD; §2.1]. For this we have the following.

PROPOSITION 2.2. The paths ¥$, ..., y; are respectively homotopic
to

2 ) 0 ve)s (3 v T (s ),
cees (Yr)_lyr__ll)’r: y;-l-
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Hurwitz knew these formulas [Hur; p. 357]. Krull and Neukirch
[KN] investigated them further. We consider them deriving from the
action of a general operator. Suppose we have a group U and an

integer r > 0. Define %,: U" — U" to send u = (uy, ..., u,) € U’
to %,(u) déf(ulg, .., u%) with u? = u;! and
(2.2)  uf = (wipr - w) " T Ny o), i=1,...,r—1.
We also have
(2.3) u? o =(upu)”t,  di=1,...,r—1.

Consider a cover ¢: Yc — P! and its conjugate ¢¢: Y — P!. The
fiber (p¢)~!(xp) consists of the points p¢, ..., pS. Let T¢ denote

the monodromy action on the fiber (¢¢)~!(xg). For any closed path
y based at xo, we have T°([y])(pf) = [T([7])(p;)]°. Replace y by
¥¢ and apply ¢ to both sides. This gives the equivalent expression:

(2.4) T([yDwi)* = T([r*D(@s)-

From (2.4):

(2.5) the r-tuple (T([y$1), ..., T([7f])) is the branch cycle
description of the cover ¢¢: Y¢ — P! associated with
the bouquet (i, ..., 7).

The (a) part of the next proposition rephrases (2.4) and (2.5). The (b)
part follows because the assumptions imply Y£< = Y.

ProrosiTION 2.3. (a) Suppose s = (sy, ..., Sy) is the branch cy-
cle description of the cover ¢: Yo — P! associated with the bouquet
(15 .--5 ¥r). Then, E(s) = (s?, ..., 8%) is the branch cycle descrip-
tion of the cover ¢¢: Y¢ — P! associated with the bouquet (y;, ..., yr).

(b) If RD K then %,(5)=c¢5¢. Thatis 53¢ =¢5¢, i=1,...,r.

2.4. Descending the base field—Weil’s method. We now descend
the base field in the second part of the proof of Theorem 1.1. Without
condition (ii) below, it results from Prop. 2.5 of [CoH]. Here is the
framework. Let ¥: E — P! be a Galois cover, and let H be the
subgroup of Aut(C) given as

{r € Aut(C/Q)|¥: E — P' and ¥*: E* — P! are equivalent covers}.

Take K = CH, the fixed field of H in C. Then, K is the field
of moduli of the cover. Choose Xx;, a point in Q distinct from the
branch points of the cover.
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THEOREM 2.4. Assume the conditions of the paragraph above. There
exists an extension Y/K(X), regular over K, such that
(i) the cover ¢: Yc — P! is equivalent to the cover ¥: E — P!,
and
(ii) K((x —xp)) contains Y .

Condition (ii) is equivalent to the following.
(ii') Permutations T acting on the Galois closure of Y/K(X) have
a common fixed point for all T € H (notation as in §2.2).

Danger: Y/K(X) need not be Galois. It is Galois if and only if
T =1, for all 7 € H. That is, one point of the cover over X, is
defined over K. Thus, if the cover is Galois, all points over x; must
be defined over K. In the other direction, let K be the constants
of the Galois closure of the extension Y/K(X). Then K =K if and
only if Y/K(X) is Galois. We know the field generated by coordinates
of the collection of points above xo contains K . Therefore, if these
points are defined over K, then K=K.

Proof. By definition, for each t € H, there is an isomorphism
0:: E — E* such that ¥* o, = ¥. The automorphism J; sends the
fiber ¥~1(xp) ={ey, ..., en} tothe fiber (¥7)~!(xp) ={e}, ..., e}.
The cover ¥*: E* — P! is Galois. Thus, there exists an automor-
phism x.;: E* — E7 such that y,oJ; sends e; to ef. Denote the
isomorphism x;od,; by c¢;. The collection {c;}.cy satisfies the co-
cycle condition: czf 0Cr, = ¢, forall 71,7, € H. Indeed:

c:lz ° crz(el) = C;'rlz(ei[z) = c‘tl(el)“:2 = e;;": = c‘tl‘tz(el)‘

Weil’s cocycle criterion now reduces the field of definition [We].

There exists a cover gg: E; — P!, defined over K with the following

properties. There is an isomorphism ©: Ex — E (defined over C)
such that
(2.6) (a) Yo® =gk, and

(b) 0O l=¢,, forallteH.
Define Y to be the function field over K of Ex. The extension
Y/K(X) is regular and satisfies condition (i). In fact, ¢: Yo — P! is
the cover pg: Ex — PL.

Finally, consider the point p; = ©~1(e;) on Eg. From (2.6) (b),
p} =p1,forall 7€ H. Thatis, p; € Ex is K-rational. As before, let
¥1 be the power series corresponding to p; . Then y; € K((X — xp)) -
Since ¥ =K(X,y1), K((X—xp))D7Y. O
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3. Proof of Theorem 1.1.

3.1. Proof of Theorem 1.1 (b) =. Let Y/R(X) be a degree n
regular extension whose associated cover ¢ : Yc — P! has monodromy
group I'y = G. Let s = (s, ..., s,) be the branch cycle description
of p: Yc — P! associated to the bouquet (y;, ..., y,) of Proposition

2.2. From Proposition 2.3 (b), we have s¥ =57, i=1,...,7.
Apply (2.3). Then, (5;---5,)"! = ¢@;---5)¢, i = 1,...,r. Set
a,-=§,~+1---§r, = 1, vee, F— 1. Thus

(3.1) Caic=a;!, i=1,...,r-1

Conjugating G by ¢ € S, gives the h that Theorem 1.1 (b)
requires. |

3.2. Proof of Theorem 1.1 (a) =. Here, Y/R(X) is a degree n
Galois regular extension with group I'y = G. So (3.1) of §3.1 still
holds. In addition, since fy =Ty, we have ¢ € G (statement prior
to Proposition 2.1). Thus, ¢, cqay, ..., ca, are of order < 2 and
they generate G. O

3.3. Proof of Theorem 1.1 (b) <. Let G be a group with prop-
erty (1.2). Let r = s+ 1 and n = |G|. Regard G as a subgroup
of S, through its regular representation. Consider the r-tuple s =
(815 ..., 8) €Sy defined by

(32) S = (al ’ al_laZ ’ a2_1a3a LRI ar_jzar—l ’ ar__ll)'

The s;s generate G. They also satisfy s;---s, = 1. Fix r+ 1 points
X0, X1, ..., Xr in PI(R) and a bouquet (;, ..., 7,) asin §2.3. From
Riemann’s Existence Theorem (§2.3), there exists a cover ¥: E — P!,
unique up to equivalence of covers, with the following properties. Its
branch points are x;,...,x,, and s = (§;,..., S,) is the branch
cycle description of the cover associated to the bouquet (y;, ..., 7).
Furthermore, since G — S, is the regular representation, ¥: E — P!
is a Galois cover with automorphism group G.

From Proposition 2.3 (a), %(s) = (s%, ..., s?) is the branch cy-
cle description of the cover ¥¢: E¢ — P! associated to the bouquet
(»15 ..., 7). From the definition of %, and (1.2) check easily that
s€ =h(s;), i=1,...,r. Suppose that conjugation by x € S, coin-
cides with the automorphism 4 on G. Thus:

-1

(3.3) s?:xs,-x fori=1,...,r
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From Riemann’s Existence Theorem (§2.3), the covers ¥: E — P!
and ¥¢: E¢ — P! are equivalent covers. Apply Theorem 2.4 to con-
clude there exists a regular extension Y/R(X) with these properties.
(i) ¢: Yc — P! is equivalent to the cover ¥¢: E¢ — P!,
(i1)) R((X — xp)) contains Y .
The cover ¢: Yc — P! is defined over R. It is the desired cover. O

3.4. Proof of Theorem 1.1 (a) <=. Let G be a group generated
by involutions «i, ..., ag. In particular, G has property (1.2) with
h = 1. Thus, the construction around (3.3) holds, with A =1, k¥ =
1. Consider the regular extension Y/R(X) produced in §3.3. It is
Galois over C(x) with (geometric) Galois group G. Also, R((X —xg))

contains Y. The branch cycle description s = (s1,...,s,) of the
cover ¢: Yo — P! associated with the bouquet (y;, ..., 7,) has this
property:
(3.4) s?:si fori=1,...,r

From Proposition 2.3 (b), we also have s¥ =¢s;c, i=1,...,r.

Therefore, ¢ € Ceng (G). Since R((X — xp)) contains Y, ¢ has a
Qxed point. Conclude that ¢ = 1. Therefore, from Proposition 2.1,
I'y = T'y: Y/R(X) is a Galois regular extension with Galois group
I'y=¢G. O

REMARK. In the above argument, ¢ = 1. Thatis, ¢~!(xg) has only
real points. Equivalently, R contains the residue class algebra Y .0

3.5. Comments. This section consists of elaborate comments. Each
uses the proof of Theorem 1.1 for further exploration. These are the
topics.

¢ Branch points need not be real.
e The cover need not be Galois.
e You can decide when the field of moduli of a cover is R.

Comment 1. Dropping the assumption “the branch points are real.”
The “real branch point situation” of Theorem 1.1 allowed special
generators [y1], ..., [y-] of the fundamental group #; from §2.3.
Explicit formulas gave [y{], ..., [yf] as words in [y], ..., [y,] (cf.
Proposition 2.2). We can work with the general cover defined over R
similarly.

Here, the branch points consist of r; real points and r, complex
conjugate pairs, where r = r; + 2r,. Use the paths of [FrD; §2.2]
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for which we know the complex conjugation action explicitly. Slight
adjustments to the proof above lead to this more general result.

THEOREM 3.1. Finite group G is the group of a regular extension
Y/R(X) with r branch points, r\ of these real, exactly when G has
special generators. Specifically, (r +r;)/2 elements generate G with
at least r; of them involutions.

More precisely, the following statements are equivalent.
(a) There exists a Galois regular extension Y/R(X) of group G,

with r branch points ¢,..., 4 ,Zs, ..., 21, 21, ..., Zr,, Where
tieR,i=1,...,rn,and z;¢R, i=1,..., 1.
(b) There exists (g1, ..., &) € G" which satisfy these conditions:
() & g=1,
(i) (g],.... &) =G,
(ili) 3g) € G suchthat (g{---g)?=1,i=0,...,n—-1,
&= g(’)(g;l+1+i)_lg(l)a i=0,...,n-1

The special case r = r; corresponds to Theorem 1.1 (a). For r; =0,
we get a result from the introduction. Namely, every finite group G
is the Galois group of a Galois regular extension of R(X).

Comment 2. Nonregular representations. Here, suppose G has an
embedding in S, (not necessarily the regular representation). As-
sume «;, ..., ag are generators for which (1.2) holds. Denote the r-
tuple of (3.2) by s(a). Let xp, X;, ..., Xr be r+1 points in P!(R).
Take (y;,...,yr) to be a bouquet as in §2.3 with s(a) the associ-
ated branch cycle description of the cover with x;, ..., X, as branch
points. Denote the degree n (not necessarily Galois) cover from §3.3
by Ws(),x: E — P!. We ask if we can define this cover over R.

We showed the answer to be positive in the Galois case, thanks to
Theorem 2.4. In greater generality, the answer is yes whenever you can
construct a collection {¢;};cGc/r) as in Theorem 2.4. It must satisfy
the cocycle condition ¢;* o ¢; = ¢rr,, for all 71, 7, € G(C/R). For
example, you can do this when the cover ¥: E — P! has no nontrivial
automorphism. This is the same as the condition Ceng (G) = {1}.

Comment 3—from E. Dew [D]. When the field of moduli is R.
Suppose y: E — P! is a Galois cover and complex conjugation gives
an equivalent cover W¢: E¢ — P!. We say R contains the field of
moduli. Suppose also that the covers have real branch points. Let
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y = (y1,..., yr) be abouquet as in §2.3 and let (s;, ..., s,) be the
branch cycle description associated to the bouquet y. With «a; =
sy---8;, i=1,...,r—1, Proposition 2.3 gives this:

(%) The set Ny={x € Sy: ka;x~'=0a; !, i=1,...,r-1}
is nonempty.
Thus, (*) is a necessary condition. We want to know what to add
to this for an if and only if condition for the following:

(#%) There is a cover equivalent to y: E — P! defined and
Galois over R.

It is tempting to answer: N, N G is nonempty. Here G denotes

the monodromy group of the cover. Yet, this condition may not be

sufficient in general. The correct answer is this:

(%% ) 3k € N,NG with k% = 1.

Note. In the addition following Theorem 1.1 (b) we selected the s;s
so k = 1 liesin N,. Also, (x*#) is equivalent to asking that x?
be the square of an element of the center Z(G); divide x by this
element.

Proof of the equivalence of (¥*) and (x*x*). Assume that the cover
w: E — P! is defined and Galois over R. Then the element ¢ (see
§2.2 for the definition of ¢) is in N, NG and it satisfies > = 1.

In the other direction, assume (***). Following the proof of Theo-
rem 2.4 we use Weil’s criterion. Here, however, we choose a different
cocycle. Let H = {1, ¢} denote the Galois group of C/R. Recall
the dictionary between covers and branch cycle descriptions (for the
bouquet y). Anisomorphism J: E — E°¢ such that y°od = ¥ comes
from an element k¥ in N, .

To use (x#*x), label points p on E above the base point xy. Apply
¢ to p; then permute the naming of the image points p¢ by x. The
new points x(p°) give us points above xy in E¢. These produce
exactly the same branch cycle description (relative to y) for E¢ as
do the points p for E. Thus, these respective namings of the points
give a unique isomorphism J.: E — E°¢ that sends points p to the
respective points x(p¢). In addition to y“od = y, I, satisfies these
two conditions:

(f) 0fod.=1; and
(t1) J. commutes with the action of ¢ that takes automorphisms
of E — P! to automorphisms of E¢ — P!,
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Indeed, (1) follows because the effect of the left side of (+) on p
is given by k2. As for (t1), automorphisms of the covers commute
with a renaming of the points of p.

For convenience take d; to be the identity. Condition (1) guaran-
tees that the collection {d.} satisfies the cocycle condition

T
2 p—
;2 007, = Or 1,

Therefore, one can descend the field of definition of the cover to R.
Condition (1) assures the automorphisms are also defined over R.

Section 3.6 gives a more algebraic approach to the above. In par-
ticular, the equivalence of () and (xx*) follows immediately from
Lemma 3.3.

3.6. Serre’s approach. Serre suggested that the algebraic funda-
mental group, rather than the topological fundamental group, would
be more convenient for proving Theorem 1.1 (a). We follow Serre’s
exposition [Se3; cf. Ch. 7, 8, 9].

Assume K has characteristic 0. Let x;, ..., x, be r distinct points
in P1(K). Denote the maximal algebraic extension of K(X) unram-
ified outside x;,...,x, by Q. The extension Q/K(X) is Galois.
Its group is the algebraic fundamental group of PY(K)\{x{, ..., x/}.
Denote this profinite group by #2e.

When K = C, n2® is the profinite completion # of the topological
fundamental group 7 [Se3; Theorem 7.5, p. 69]. By analogy with the
complex case, denote the free group on r generators I'y, ..., I', with
the single relation I'y---T, = 1 by n. There is a map i: 7 — n?®
with the following properties.

(1) i(Iy) def I'; is a generator of an inertia group of the extension
Q/K(X) above x;, i=1,...,r.
(ii) The map i extends to an isomorphism 7: & — 7%
If the divisor (x;) + (x3) + --- + (x,) of P! is K-rational, the ex-
tension Q/K(X) is Galois. Let mx denote the Galois group of this
extension. We have this exact sequence:

(35) 1 —%nalg—>7CK——>AK——> 1.

Here Ag denotes the Galois group of the extension K/K. Note:
the map nx — Ag has many sections. Indeed, for each xy €
PY{K)\{x1, ..., x}, we can embed Q in K((X — x)) where the
elements of Ax act naturally (cf. §2.2).

Given a finite group G, a surjective homomorphism y €
Hom(z%8, G) produces a Galois extension E/K(X) with group G.
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We say E descends to K if there exists a Galois regular extension
Ex/K(X) with CEx = E . This happens if and only if the homomor-
phism y extends to ng.

In our context, K = R and the branch points x;, ..., X, are real.
Section 2.3 gives generators I';, ..., I', of 72 so that complex con-
jugation ¢ € Ar acts on them by the formulas (2.2). Recall from §2.3
the operator % in our next result.

ProrosITION 3.2. Assume the branch points xi, ..., X, are real.
Then, ng is isomorphic to the semi-direct product n®® x SZ/2 where
c=1€Z/2 maps T € n? to T as follows:

(3.6) rs=r%, i=1,...,r

The group theoretical observation that supports Theorem 1.1 (a)
now appears clearly.

LeEmMA 3.3. Let w €¢ Hom(n¥2, G) and g; = w(I')---w(I}), i =
1,...,r. Then, y extendsto y € Hom(n®8x5Z/2, G) if and only if
there exists an involution k € G with all of kg1, ..., kg involutions.

Proof. Assume 7 € Hom(n?8 x 5Z/2, G) extends y. Set k =
¥(c); |kl=2 and

(3.7) y(I*) =ry K

for each T € #n?¢. Substitute I'; for I' and use (2.3) to get g~ I =
Kgrx,i=1,...,r.

For the converse, define ¥ € Hom(n?® x 5Z/2, G) by @(T, &) =
w(D)x? for each T' € n#8 and & = 0, 1. Use (3.6) to check that
(3.7) holds for '=T;, i=1,...,r, and so for all I" € n28. This
guarantees that 7 is a homomorphism of groups. o

3.7. p-adic analogs. Proposition 3.2 gives the effect of complex
conjugation c:

(3.8) I¢ is conjugate in = to I'7!, i=1,...,r.

The exponent —1 comes from the “branch cycle argument” ([Frl;
p. 62] or [DFr; §1.4 Proposition 1.9]). We explain. Consider the
cyclotomic character x: Ax — [[y G(K(un)/K), i=1, ..., r. Here
un denotes the group of Nth roots of 1. The action of each 7 € Ay
on the group 728 looks like this:

(3.9) T7 is conjugate in 7% to T*® where x; = x7.
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Now take K = Q. It is natural to ask if the Frobenius F, € Aq
satisfies an analog of (3.8). One cannot just replace the exponent —1
in (3.8) by the exponent p. Indeed, if this were true, conjugates of
I‘f , i=1, , r would generate 7. This, however, would imply
that a group generated by elements of order p would be trivial, a
contradiction.

We are not tempted to use the exponent p when we recognize a
simple property of the Frobenius F,. It acts on uy as pth powers
only when p does not divide N . Question 3.4 below is subtler. Say
that a finite extension L/Q,(X) is p’-ramified if p does not divide
any of the orders e; of the inertia groups above Xx;, i = 1,...,r.
For such extensions, p is relatively prime to N = Icm(e;, ..., e).
In this case, the value in G(K(uy)/K) of the cyclotomic character
at F, is p. Define nzlg to be the projective limit lim nd8/D . Here
D ranges over normal subgroups of 7 of finite index where the field
extension corresponding to D is p’-ramified.

Question 3.4. Is the action of the Frobenius F, on # = 73¢ induced

by an action on 7 such that I‘fr” 1S conjugate in 7 to I“? where

F .
Xj=x;",i=1,...,1?

We believe the answer is still “No!” Here is an outline in this direc-
tion in the case of covers with branch points in Q, . Such a “frobenius”
action would give a formula like this:

(3.10) Fp0,F; ! = wi(o)ef 07! (o), i=1,...,r

Here w;(e) is a word in the entries of ¢. To regard the formula as
similar to that over R requires some conditions on the words w(s).
At the minimum, they should be independent of considerable data
describing the cover.

Suppose we ask that w(e) be independent of the branch points and
the choice of elements in the conjugacy classes given by the entries of
o . Then, such a formula implies the existence of a correspondence—
much like a Hecke correspondence—on the naturally attached Hurwitz
space. We conclude by showing how this gives a contradiction.

When r = 4, consider the observation of [Fr, 2; §4.2]. This relates
all Hurwitz spaces to curves defined by the action of a subgroup of
finite index in SL,(Z) on the upper half plane. Our assumptions on
(o) would imply the existence of an actual nontrivial Hecke theory
on these curves. Some of these curves are modular curves, and they
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have a well known Hecke theory. Still, most are not. For these, this
contradicts a result of Atkin [A]: noncongruence subgroup curves have
only trivial Hecke correspondences.

ReEMARK. The existence of a Galois regular extension of Q,(X)
with group any given group G was proved by Harbater [H]. In this
subsection we wanted more. An analog of Lemma 3.3 would be a
practical criterion for defining a given cover over Q,. o

4. Hurwitz spaces and rationality over Q.

4.1. Reduction of the problem. Suppose G is a group with an em-
bedding G — S,. This need not be the regular representation. Let
ay, ..., as be generators for which condition (1.2) holds. Denote a
specific cover produced by Comment 2 of §3.5 by W) x: E — PL.
Finally, we assume either

(4.1) G — S, is the regular representation or Ceng (G) = {1}.
From Comment 2 of §3.5, we can define Wy, x: £ — P! over R. In
this section, we try to descend to Q.

Question 4.1. Is there some choice of branch points x;, ..., X4 In
P!(R) that gives a cover Y0),x: E — P! produced by Comment 2
of §3.5 and defined over the rational number field Q.

We use Nielsen classes and Hurwitz families to investigate this.
Branch cycle descriptions provide much information (cf. §2.3 and
[DFr] §1.1). Still, they depend on many choices: a base point x;, a
labeling of the points in the fiber ®~!(xg), an ordering of the branch
points xi, ..., X, and a sample bouquet y;, ..., y». There is an
intrinsic notion.

Consider the data attached to any branch cycle description (sy, ...,
s;) of a cover. Most importantly, there is the group (s) generated by
the s;5. Up to conjugation by S, , this is the monodromy group of
the cover. Secondly, there is the collection {Cy, ..., C,} of conjugacy
classes of sy, ..., s, in the group (s). From Lemma 1 of [Frl], up
to conjugation by S, , this data is an invariant of the cover. This
observation gives the definition of the Nielsen class of a cover.

Let G be a subgroup of S, andlet C=(C,, ..., C;) be an r-tuple
of nontrivial (not necessarily distinct) conjugacy classes of G.

DEFINITION 4.2. To the data (G, C) we associate its Nielsen class:

ni(C)={seG|(s) =G, s;---s,=1
and there exists w € S;, 540 €Ci, i=1,...,r}
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Suppose a cover ¥: E — P! has any branch cycle description s,
up to conjugation by elements of S,, in ni(C). We say the cover
is in ni(C). Alternatively, ni(C) is the Nielsen class of the cover.
The order in which we list the conjugacy classes does not matter. The
straight Nielsen class of (C, G) is

sni(C) = {s€ni(C)|s; € C;, i=1,...,r}.

We speak of a cover ¥: E — P! with an ordering of its branch
points being in sni(C). This means, up to conjugation by elements of
Sy , that any branch cycle description of the cover with this ordering
is in sni(C). The normalizer (resp., the straight normalizer) of the
Nielsen class is

N(C) = {k € S,|conjugation by ¥ permutes C;, ..., C,},
SN(C) = {x € S,|conjugation by « fixes Cy, ..., C,}.

Note that N(C) acts on the Nielsen class ni(C) by conjugation: x &
N(C) maps s € ni(C) to xsk~! € ni(C). Similarly, SN(C) acts
on the straight Nielsen class sni(C). Denote the quotients of these
actions by ni(C)2, sni(C)2®, the absolute Nielsen classes.

Under certain assumptions, there is a space representing a solution
to a natural moduli problem. This is the problem of parametrizing
equivalence classes of covers in a given Nielsen class. Hurwitz mon-
odromy action interprets properties of this moduli space. We explain
the monodromy action.

Consider the free group on r generators, Q;, i =1,...,r—1,
with these relations:

(4.2) (@) QiQi+10i=Qi+10QiQiv1, i=1,...,r=2;
(b) Q:Q;=0Q;0;i, |i—j|>1; and
() C1Q2---0r10,—1-- 01 =L

This group, a quotient of the Artin braid group [Bo], is called the
Hurwitz monodromy group of degree r. We denote it by H,. The
Q;s act on ni(C)3® by this formula: for s € ni(C)?®

(4.3) (S)Qi=(S1s - s Sim1s SiSis1S7 ", Sty Six2s - 5r)

i=1,...,r—1.
Thus they induce a permutation representation of H, on ni(C)? :
the Hurwitz monodromy action on the Nielsen class ni(C)2 .
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Denote the kernel of the natural permutation representation H, —
S, sending Q; to the 2-cycle (ii+1) by SH,. This is the straight Hur-
witz monodromy group. The group SH, acts on the straight Nielsen
class sni(C)2 . The next statement summarizes the basic moduli space
properties in the special case that all of the conjugacy classes are ra-
tional ([Fr1; §4 and 5] or [DFr; §1]). (A conjugacy class is rational if
it is closed under putting elements to powers relatively prime to the
order of elements in the class.)

THEOREM 4.3. Assume that (4.1) holds, that G has no center, that
SH, acts transitively on sni(C)®, and that Cy, ..., C, are rational
conjugacy classes. Then there is an algebraic family & (C) of covers
of P! (a priori over C)

F(C): T(C) - #Z(C) x P'.
This universal Hurwitz family associated to ni(C) satisfies (4.4)-(4.7).

(4.4) Z (C) is a finite morphism of quasiprojective varieties,
Z (C) is irreducible and the generic fiber of pr;o# (C):
I (C) — #Z(C) is irreducible.

(4.5) The family # (C) is defined over Q.

(4.6) Each cover W: E — P! in the Nielsen class ni(C)2 is
equivalent to a unique fiber cover F (C)y: 7 (C)p — P!
(with h € Z(C)) of the family % (C). Also, & (C)y:
T (C)y — P! is defined over Q(h), the field of defini-
tion of the point h on the algebraic variety /#(C) ; Q(h)
is the smallest field of definition for a cover that is
equivalent to the cover ¥: E — P!,

(4.7) Denote the subvariety of (P!)” consisting of r-tuples
with distinct coordinates by U”. Then, consider the al-
gebraic variety U”/S, = U, given by the quotient action
of S,. The “branch point reference map” ¥(C): Z(C)
— U, sends each h € #Z(C) to the branch point set of
the fiber cover F (C)y: 7 (C)p — P!. This is an étale
morphism of degree |ni(C)?®| defined over Q.

The original conjugacy classes, C;, ..., C,, are the conjugacy classes
in G of the entries of the r-tuple s(«). Theorem 4.3 has this conse-
quence.
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PRrOPOSITION 4.4. Assume the hypotheses of Theorem 4.3. The an-
swer to Question 4.1 is yes if and only if there are branch points,
X1, ..., Xr € PY(Q), so that the point h € ZZ(C) that corresponds to
the cover Wy, x: E — Plis a Q-rational point on #(C).

4.2. Description of Z(C) for r = 4. See [BFr; §1, Lemma 1.6)],
[Fr2; §4.1]. Both our examples will be 4 branch point situations. In
this case, #(C) has a more explicit description. Consider natural
map U" — U,. Let Z(C)’ be an irreducible component of the fiber
product Z(C) xy U’ and p: Z(C) — U" the natural projection.
Theorem 4.5 uses the permutations of sni(c)?® induced by these el-
ements of SH,: Q}; 07'030:; 07'05'030,0; . Denote these by
a2, a1z, a4, respectively. These act on sni(C)%. The transitivity
hypothesis of Theorem 4.3 implies that the a;;s are transitive on
sni(C)2°

THEOREM 4.5. For each (x, x3, x3) € U3, denote the inverse im-
age p~L (P! x (x5, x3, x4)) by #Z(C)(xy, x3, X4). Composition of p
with projection U™ — P! on the first factor gives an unramified cover

F(C)(x2, x3, Xa) = P\{x2, x3, x4}

Complete this to a (ramified) cover C(C) — P! of projective nonsingu-
lar curves. This will have the following properties.

(4.8) X2, X3, X4 are the 3 branch points of the cover.

(4.9) (a12, a13, ai4) (acting on sni(C)2®) is a branch cycle
description of the cover.

(4.10) The cover is defined over Q.

COROLLARY 4.6. The variety #(C) is birational to C(C) x P! x
Pl x PL.

Proof. For (x;, x3, x4) take the generic point of U3 in the above.
The birational equivalence #(C)'(x;, x3, x4) = C(C) induces a bi-
rational map #(C) — C(C) x P! x P! x P!, o

Section 4.3 has examples where C(C) is P! (over Q). Conse-
quently, the space #Z(C)’ is a Q-rational variety. In particular, the
Q-rational points on Z(C) form a dense subset of #(C)'(R) (for
the complex topology) and Question 4.1 has an affirmative answer.
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4.3. A formula for the genus of the curve C(C). The Riemann-
Hurwitz formula gives the genus g(C) of the curve C(C) (cf. Theo-
rem 4.5):

(4.11) ind(ay3) +ind(a;3) + ind(ay4) = 2(N + g(C) - 1)

with N = |sni(C)®)|.
Here is how we compute ind(a;;). Denote the length of the orbit of
s € sni(C)?® under a;; by iyj(s), j=1,2, 3. Then

1
(4.12) ind(a;;)= > %)—
sesmi(C)®

Check easily that

(4.13) (s)a1z = ((s152)s1(5182) ", 182571, 83, 54)
= (51, 52, (5152)7'53(5182) , (5182) " 's4(5152))
(in sni(C)?).
Thus, a;, acts by conjugation by 5,5, on the third and fourth com-
ponents and leaves the others unchanged. It follows that (s)(a;;)? =s
in sni(C)® if and only if
(4.14) (S15 52, (5152)783(5152)7 , (5152) " Us4(5152)7)
=K(s1, $2, 53, S4)K ™!
for some x € SN(C). For any subset 4 of G = (s), denote the cen-

tralizer of 4 in SN(C) by Z(A). Then, condition (4.14) is equiva-
lent to this:

(4.15)  There exists y € Z(sy, 53) such that y(s;5,)77 € Z(s3).

Hence, ij5(s) is the smallest integer ¢ > 0 with (s15)7 7 €
Z(s1,52)Z(s3). Therefore, the factor group (s15,)/(s152)NZ (51, 52)Z(53)
has order i,(s). Similarly, check that
(8)a12 = ((5254) " '51(5284) » 82, (5452)"'53(5452), 54), and
(s)ais = (51, (5451) 7 52(5481) , (5451) 7 53(5481), 84) (in sni(C)™).
Thus, the integer i13(s) (resp. ij4(s)) is the smallest integer ¢ > 0
such that (s457)7 € Z(sy, $4)Z(s3) (resp., (s451)? € Z(s1, 54)Z(s3)) .
Finally, we get
(4.16) i12(s) = |(s152)/{s152) N Z (515 $2)Z(53)],
i13(8) = |(s452)/(5452) N Z (84, 52)Z(s3)] 5
i14(8) = [(s451)/(s451) N Z (34, 51)Z(s3)|.
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THEOREM 4.7. Assume the hypotheses of Theorem 4.3 and Theorem
4.5. Then, (4.11) gives the genus g(C), where (4.12) and (4.16) give
ind(a;;), ind(ay3) and ind(ay4).

4.4, Symmetric groups. In this section, » = 2p+1 is an odd prime
and the group G is the symmetric group S, embedded in itself. Con-
dition (4.1) holds. Consider the following involutions of S, :

a;=02n-1)3n-2)---(p-1p+3)(pp+2);
a=>01n2n-1)Bn-2)---(p-1p+3)(pp+2);
az3=(1n-1)2n-2)3n=3)---(p—1p+2)(pp+1).

Since these generate a transitive subgroup of S, it is easy to see that
they generate all of S,,. Indeed, as n is a prime, the representation is
primitive. It is well known that a primitive subgroup of S, containing
a 2-cycle is all of S,,. As ajay is a 2-cycle, we are done. Therefore,
condition (1.2) is satisfied.

Here is the 4-tuple s(a) = (s, $2, 53, S4) of (3.2):

si=a;r=02n-1)3n-2)---(p—1p+3)pp+2);

sy = ajay = (1n);

s3s=maz=(nn—-1---21);
ss=a3=(1n—-1)2n-2)3n-3)---(p—1p+2)(pp+1).

Order C;, Cy, C3, C4 so they respectively denote the conjugacy
classes of 4, 51, 52, 53. Thus (51, 52, 53, 54) € ni(c)2® and (s4, §;,
$», 53) € sni(C)2 . Specifically, we have: C; = {products of p dis-
joint 2-cycles}; C, = {products of p — 1 disjoint 2-cycles}; C; =
{2-cycles}; C4 = {n-cycles}. Any conjugacy class in S, is rational.
In particular, these are.

We now investigate the Hurwitz monodromy action on sni(C)2b.
First, a lemma helps us list the elements in sni(C)2° . In the following,
for s, w € §,, we let s? denote the conjugate of s under w (i.e.,
59 =w lsw). For i €{l,...,n}, i® is the integer (i)w.

LEMMA 4.8. Let a,b € S, be involutions. Let O be a disjoint
cycle in ab that contains an integer po fixed by b. There are two
possibilities.

(1) O = (popi-- pipl---pb) with t > 0 and none of the integers
pi, i>0, fixedby b; p; is then fixed by a and O is a cycle
of odd length.
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(ii) O = (pop1---pipEp?--- pb) with t > 0 and none of the integers
pi, i >0, fixed by b; p§ is then fixed by b and O is a cycle
of even length.

Conversely, we have these partial products from Ob.

(") (popy--- PPl PY(P1PY) - - (pup?) is a product of t disjoint
2-cycles.

(i")  (pop1--- pepEp? - P2)(p1PY) - - (pup?) is a product of t+1 dis-
joint 2-cycles.

Proof. Conjugation by b turns ab into (ab)~!. Therefore, (0?)~!
is a disjoint cycle in ab. Since O and (O®?)~! have an integer in
common, namely py, we obtain O = (0?)~!. The only cycles with
that property are those described in statement (i) and (ii) of Lemma
4.8. The converse statements (i’) and (ii’) are immediate. O

We now show there is a one-to-one correspondence between the
elements of sni(C)2® and the subset S of N3 of triples [u, 8, 7]
satisfying

1<u<p; 1<pL2u—-1; p+u+1<y<n

Start with this observation. Every element of the absolute straight
Nielsen class sni(C)2 has a unique representative & = (dy, 03,03, 04)
with o4 =(nn—1---1) and o3 =(12u), pe{l, ..., p}. Existence
is easy. Lemma 4.9 below (and Cen(S,) = {1}) gives uniqueness.

LEMMA 4.9. The group Sy is generated by gy and o4.

Proof. Consider a partition 7 of {1,..., n}. We say that I is a set
of imprimitivity for a subgroup H of S, ,if H permutes the elements
of I. Sets of imprimitivity of the n-cycle (nn—1---1) are the cosets
modulo a nontrivial divisor of n. Since n is prime, (03, g4) is a
primitive subgroup of S, , which contains a 2-cycle. Therefore, it is
all of §,,. a

For the representative o = (01, 05, 03, 04) above, we obtain
010 = (0304) ' =(12--- 20— D)(2Qu2u+1---n).

Both g; and o, are of order 2 and g, fixes 3 integers. Lemma 4.8
shows that only one of these integers, say f, occurs in the odd length
cycle (12---2u — 1) of g10o. The two other integers fixed by o,
appear in the even length cycle (2u2u + 1---n). Denote the integer
fixed by o, that is in the second half of {2u,2u+1,..., n} by 7.
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That is, p is in the set {p + u + 1,..., n}. This defines a triple
[u, B, y] which lies in the set S. The next proposition gives us the
genus of covers with branch cycles coming from our previous lemmas.
In §4.5 we draw conclusions from this about Question 4.1. Since the
result is not terribly positive, §4.6 makes further comment on what we
can expect from variations of this technique.

PROPOSITION 4.10. The map sni(C)2® — S that assigns to each el-
ement of sni(C)2® the triple [, B, y] defined above is one-one and
onto. In particular,

|sni(C)ab| = Z (2,u - 1)(p —u+ 1) — p(p + 1)6(2p + l)

1<p<p

Proof. Let [u, B, y] beatriplein S. Set g4 =(nn—1---1) and
o3 = (12u). We need to show that there is a unique pair (ogy, 03)
with these properties:

(4.16) e = (01, 02, 03, 04) € sni(C) and o, fixes # and y.

Existence. One has (g304)~ ! = (12---2u—1)(2u2u+1---n). Using
Lemma 4.8 (') and (ii’), write (12---2u — 1) = a’b’ with &' and
b’ products of (u — 1) 2-cycles with support in {1,2,...,2u— 1}
and p fixed by b'. Also, Qu2u+1---n) = a”"b” with a” and b”
products of respectively (n—2u+1)/2 and (n—2u—1)/2 2-cycles with
support in {2u,2u+1,...,n} and y fixed by b”. Take g, = a’a”
and o = b'b”. The 4-tuple ¢ = (0,, 02, 03, 64) has the required
properties (4.16).

Unigueness. o; and o, satisfy
010, =(12---2u— 1)Qu2u+1---n).

From Lemma 4.8 (i) and (ii), (12---2u4 — 1) is of the form
(Popl"'ptpfzn-pfz) with po = f,and (2u2u+1---n) is of the form

(ToT1 -+ T,ThT*-+-732) with 79 = y. This determines g, on
{1,2,...,2u — 1} and on {2u,2u +1,...,n} (i.e., on all of
{,...,n. o

In the rest of this section identify each element of sni(C)2® with its
image in S. The next step consists in computing indices of a,,, a;3,
a4 acting on sni(C)2°,

Index of aj».Let s = [u, B, 7] € sni(C)? ; the centralizer Z(sy, 5»)
is the subgroup of S, generated by (2u2u+1---n)?~#+1 Indeed, let
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teZ(sy,s,). Then t commutes with
515 =(12---2u - 1)2u2u+1---n).

Therefore, ¢ is of the form (12---2u — 1)*(2u2u + 1---n)*. Since
t fixes B and permutes the 2 other fixed points of s,, 2 = 0 and
k=A—u+1), for some integer A. Recall from §4.3, the integer
i12(s) is the smallest integer g > 0 such that, for some integer A,

(12--2u— 1)92u2u+1---n)7~4e+sa=1)

commutes with s3 = (12u) (i.e., fixes the pair {1, 2u}).

The two disjoint cycles (12---2u—1) and (2u2u+1---n) of 515,
are of relatively prime order. Thus, ij3(s) = Qu—-1)(p —u+1).
Formulas (4.16) gives this:

1
ind(a;2) = 1<ﬂz<p(2ﬂ —-Dlp—-p+1) (1 S Qu-D-2u+ 1))

=N_p=p(p—1)6(2p+5).

Index of aj3. Let s =[u, B, y] € sni(C)®®. We easily see the cen-
tralizer Z(s,, s4) is trivial. The integer i;3(s) is the smallest integer
g > 0 such that (s45,)? fixes the pair {1, 2u}. Let a and b in
{1, ..., n}. These observations are helpful:

(4.17)
() ifa=be{2u,...,n}and b # 2u, then a(sss,)? = a%;
(i) ifa%=be{l,...,2u—1}and b2 # 1, then a(sss;)? = a%.

We prove (i)-(ii) is similar. From Lemma 4.8, s, fixes the set
{2u,...,n}. Thus, b2 € {2u,...,n} and b% # 2u. Therefore,
(b%2)s3 = b*%: and

(a)(5452)* = (b%)s352515, = (b)s152 = (a)s352515152 = (a)s3

Let a=1. Wehave 1% =ne{2u,...,n} and n% # 2u. Indeed,
from Lemma 4.8 (ii), no two consecutive integers in the even length
orbit of 515, can be images of one another by s,. The even length
orbit of 5155 is (2u2u + 1---n). From (4.17)(i), (1)(s452)® = 2u.
Let a =2u. We have 2u) =2u—-1€{l,...,2u—-1}. Lemma
4.8 (i) implies (2u —1)%: =1 if and only if 2u — 1 = p,. Distinguish
two cases.

o If 2u—1+# p;, (4.17)(ii) gives (2u)(s452)% =1 and i3(s) = 2.
(Note: i13(s) # 1 because (1)(s4s;) =n% # 1, 2u.)
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oo If 2u—1 = p,, weobtain (2u)(s45,)% = 2u and (1)(s452)3 = 1.
Hence iy3(s) = 3.
The number of occurrences of ee is

Z(p L+ 1) P(Pz"‘l)

1<u<p

p — u+ 1 for each value of u. Therefore, ind(a;3) = p(p + 1)2/6.

Index of a14. Let s = [u, B, ] € sni(C)®. Again, the centralizer
Z(s1, 84) is trivial. The integer ij4(s) is the smallest integer g > 0
such that (s451)? = (s,53)7¢ fixes the pair {1, 2u}. The calculation
depends on the intersection set {1, 2u} N {1%, (2u)%}. Note: By
construction of [u, 8, y], 1<1%2<2u—1 and 2u<(2u)2<n. So
we only have 4 cases to consider.

1st case. 1% =1 and (2u)% =2u. Thatis, s=[u, 1, u+p+1].
Here, ij4(s)=1.

2st case. 1% # 1 and (2u)%: =2u. Thatis, s={[u, f, u+p+1]
with B # 1. Here, (2u)(s2s3)3 = 21 and therefore, (1)(sy53)3 = 1.
Thus ij4(s) = 3. (Note that ij4(s) # 1 since 1% # 1, 2u.)

3rd case. 1% =1 and (2u)% # 2u. Thatis, s = [u, 1, ] with
y # u+p+ 1. This is exactly as in the 2nd case.

4th case. 1% # 1 and (2u)%: # 2u. Here, (1)(s253)> = 2u and
thus, (24)(s253)2 = 1. Therefore, ij4(s) =2

We have only to count the possibilities for s in each case: p for
the first case, (2u — 2) for each u of the second case, (p — u) for
each u for the third case, and the rest for the fourth case. The result:

. 2 1
ind(ag) = Y, Fw+p-2+5|N-p= D (u+p-2)
1<u<p 1<u<p
Finally, ind(a;4) = 2@=0@+4)
Now (4.11) gives the genus g(C) of C(C) (cf. Theorem 4.5):

g(C) — (p —z)ép _ 3)

Thus, Question 4.1 has a positive answer for p = 2,3 (i.e., n =
5, 7). There is one condition, however, in Theorem 4.3 we have not
checked yet: transitivity of SH, on sni(C)® . We use two steps.

From (4.13), a;; = Q% conjugates by s;s, on the first two com-
ponents of the 4-tuple s and leaves the others unchanged. So for
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s=[u, B, v], we obtain:

[, B, vlaa =i, (B)(s182)", (»)(s182)7'1.

Still, the two disjoint cycles (12---2u — 1) and 2u2u+1---n) of
5185, are of relatively prime order. Therefore, the group generated by
§18> acts transitively on the ordered pairs (f, y) with 1 < g <2u-1
and p+u+1 <y < n. Conclude that the orbits of a;, are the p
subsets of sni(C)2 corresponding to each value of u.

Now consider a;3. We are done if we show that for any u =
1,...,p, a3 sends some element [1, 1, y] to some element [u, £,
y']. For s =[1,1, y], a3 leaves s, and s4 unchanged and turns
s3=(12) into

(5452) 7" 53(8482) = (15225%2) = (n%2 1).

That is, a;3 sends some element [1, 1, ] on some element [u, £, ']
with (12u) = (1 n%), up to conjugation by a power of s4.

We have 515, = (1)(23---n). Lemma 4.8 (ii) implies the cycle
(23---n) hasform (popy - pep§pl -+ p?) with po = y. Check: when
y ranges over {p+2,...,n}, n% takes on all valuesin {3, 5, ...,n}.
That is, 2u takes on all valuesin {2,4,...,n—1}. O

4.5. Conclusions from §4.4 Example.

THEOREM 4.11. For n=5,7, S, is the Galois group of a regular
extension E|Q(T) with these properties:

(i) E/Q(T) is ramified over 4 rational points; and
(ii) for all t in a nonempty interval of the real line, the residue class
extension E;/Q is a totally real extension.

End of proof. For n = 5,7, (4.18) yields g(C) = 0. Hence, the
curve C(C) is P! if it has a Q-rational point. The disjoint cycles
in the permutation a;, of sni(C)2* are in 1-1 correspondence with
the points over the branch point x, € P! in the cover C(C) — P!
of Theorem 4.5. The previous study of a;, shows, for n =5 (resp.,
n = 7), there are 2 ramified points (resp., 3 ramified points) over
x, of ramification indices 1, 3 (resp., 3, 5, 6). Each of these points
has a unique ramification index. Thus, these points are rational over
Q(x2, X3, Xa) .

Consider (y, x;, x3, x4) on C(C) x P! x P! x P! with y not lying
over one of x;, X3, xX4. From Proposition 4.4 and Corollary 4.6, each
such Q-rational point corresponds to a cover w: Yo — P! defined
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over Q. Equivalently, such a point corresponds to a regular extension
Y/Q(T), with 4 rational branch points and monodromy group S;
(resp., S7).

Pick a Q-rational point (y, x;, X3, X4) that corresponds to a cover
having the 4-tuple (o, ajay, azas, a3) asabranch cycle description.
(This is with respect to a bouquet as in §2.3.) The Q-points are dense
in the space #(C)(R). Thus, such a choice of point is possible.
Choose x; between x; and x; on the real projective line. The remark
in §3.4 shows that the action of complex conjugation is trivial on the
fiber y~1(xg). That is, in the notation of §3.4, ¢ = 1. Let E/Q(T) be
the Galois closure of the extension Y/Q(7'). It is a regular extension
with properties (i) and (ii). O

4.6. Additions to Theorem 4.11.

Comment (1). The §4.4 method applies to any 3-tuple (a;, oy, a3)
of generators of S, of order 2. For example, we have computed with
n = 2p where p is an odd prime and

aq =(1n)a
ay=02n)B3n-1)4n-2)---(p—1p+3)(pp +2),
a3=(1n)2n-1)3n-2)---(p-1p+2)pp+1).

The associated curve C(C) has genus g(C) = L(p—3)(p—5). That
is, the conclusion of Theorem 4.11 holds for » = 6 and n = 10.
It also holds for the special case » = 4. Here, take o; = (23),
ay; =(14)(23), and a3 =(13).

Comment (2). There is only one centerless group G for which The-
orem 4.11 is true with 3 branch points instead of 4 branch points:
G = S35 ([Se2], [FrD}]). If we allow a center, there are other candi-
dates: the groups Z/m x°Z/2, for m =2, 4, 6. Moreover, the group
Z/2 x Z/2 does satisfy the conclusions of Theorem 4.11 for 3 branch
points.

5. Two further applications. The dihedral group D,, is the easiest
non-abelian finite group. The reader must be surprised to hear that
there are serious questions about realizing it as a Galois group of a
regular extension L/Q(x). The problem is not realizing the group, it
is realizing it with extensions having few branch points. The problem
is similar to that of §4: finding rational points on variants of Hurwitz
spaces defined over Q as in §4.5. There we could only proceed when
we knew that a certain curve C(C) was of genus 0.
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Suppose, however, that the curve is of genus greater than 0. It could
still have rational points on it. One rational point was all we needed
to conclude realization of the groups with the properties of §4.5. With
dihedral groups we can interpret existence of rational points even when
the number of branch points is large. We owe this to identifications
of the particular Hurwitz spaces with variants on classical modular
curves. Section 5.1 gives a definitive result when the number of branch
points is less than 6. Section 5.2 considers larger values of r based
on generalizations of Mazur’s theorem.

Finally, we illustrate a new large field over which we know that all
groups are Galois groups of regular extensions. For each prime p,
there is a field Q'P, the totally p-adic algebraic numbers. An algebraic
number o is in Q' if each conjugate of « is in Q,, the p-adic
numbers. Section 5.3 considers the case of the real valuation.

5.1. Dihedral groups with r small. In this section, m is an odd
prime. Consider the dihedral group D,, = Z/m x SZ/2 in its regu-
lar representation. The order of D,, is n = 2m. Two involutions
generate it.

THEOREM 5.1. For m > 7 a prime, Dy, is not the Galois group of
a regular extension of Q(X) with 5 or fewer branch points.

Proof. Assume that G = D,, is the Galois group of a regular ex-
tension Y/Q(X). Let ®: Yo — P! be the associated cover. Take
X1, ..., Xr to be an ordering of the branch points. Identify G with
the monodromy group of the cover. For i =1,...,r, let C; be the
conjugacy class of the branch cycles associated with x;. That is, the
cover is in sni(C;, ..., C,). We divide the proof into 2 cases. Let C
be the conjugacy class of all involutions in G: C = {(a, 1)|la € Z/m}.

st case. One of Cy,...,C,, say C;, is different from C. Let
(a, 0) € C;. This is an element of order m and its nontrivial pow-
ers lie in (m — 1)/2 distinct conjugacy classes of G. We show that
r>(m-1)/2 > 5. Indeed, this follows from the rationality proper-
ties that the inertia groups inherit from the rationality of the cover.
Specifically, apply the branch cycle argument §3.7, expression (3.9) in
the following form. The order of C; is the order of the elements in
C;.

(5.1) Foreach i € {1, ..., r}, for all o relatively prime to
the order of C;, ¢ =C; forsome je{l,...,r}.
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To complete the first case we show r # 5. For r =5, G = Dy,

and C;, ..., Cs are conjugacy classes of 11-cycles. These classes,
however, do not generate D;;, a contradiction.
2nd case. C; =---=C, =C. Observe that r # 2 when g is not

a cyclic group. Also, that r # 3, 5; the relation s,---s, = 1 implies
that 7 is even. Assume r = 4. The Riemann-Hurwitz formula yields
the genus g of the cover ®: Yo — P!:

m+m+m+m=2n+g-—1).

That is, g = 1. In addition, the elliptic curve Y¢c has an automor-
phism x of order m, for example (1, 0).

Assume first that Yc(Q) # @: Yc¢ is an elliptic curve over Q.
Translation by a point p of order m on Y gives x. Since Y/Q(X)
is regular, y is defined over Q and p is a rational point in Y.

Thus, we have produced an elliptic curve Y and a point p of order
m . Both are defined over Q. It is classical that the data (Yc, p)
corresponds to a rational point on the modular curve X;(m)\{cusps}.
As m > 7, this contradicts Mazur’s theorem [Sel; Theorem 3] (or
[M], [MS]).

If Yc(Q) = @, the same argument works on the Jacobian PicO(YC)
of Yc. Recall: Pic®(Y¢) consists of divisor classes of degree 0 on Y.
The automorphism group of Y naturally embeds as automorphisms
of Pico(Yc). Thus, this is an elliptic curve over Q. And, it has an
automorphism of order m defined over Q. Therefore, r # 4. O

5.2. Bounding r with dihedral groups. This subsection discusses
Conjecture 5.2.

Conjecture 5.2. Let m run over odd primes. There is no finite r,
such that each D,, is the group of a regular Galois extension L/Q(x)
with at most ry branch points.

Kamienny and Mazur have recent results that approach what we
need to show this conjecture [M]. Suppose that such a bound 7y as in
the conjecture exists. The proof of Theorem 5.1 shows we can realize
only a finite number of the D,,s under the following conditions. At
least one inertia group generator is an m-cycle and there are no more
than ry branch points. We restate the conjecture as follows.

Conjecture 5.2'. Realization of L/Q(x) with group D, and all
inertia group generators involutions requires more than ry branch
points if m is suitably large.
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We call a Galois realization of D,, over Q satisfying the condition
that all inertia group generators are involutions an involution realiza-
tion of D,,. Consider such an involution realization.

The fixed field 7 of an automorphism of order m is a degree 2
extension of Q(x) ramified over r (even) points. Also, L/T is a
cyclic unramified extension of degree m . That is, 7 is the function
field of a hyperelliptic curve of genus 52.

We want ¢: X — P! of degree 2m with a description of the branch
cycles of form (oy, ..., 0,). Here, each o; is in the conjugacy class
C (85.1) of involutions. A complete combinatorial count of these
is easy. At least two of these are not equal (to generate D,,). Write
o; = (a;, 1). Then, the product of the ogs is 1 reduces to a;—az+---—
a, = 0. Calculations are sufficiently easy to compute elements q;,
Jj=2,...,r that generalize those in §4.2. Their action on sni(C) is
transitive. Formula (4.11), with r replacing 4, gives the genus of the
analog of C(C). The computation shows this grows quadratically with
r when m is fixed. The 1st complex cohomology group of a projective
algebraic variety is a birational invariant. Consider the analog for
general r of Theorem 4.5. Conclude that the variety /#(C)’ for this
Nielsen class cannot be unirational if r is large. (See Problem 5.6.)

The variety #(C)’ covers the actual variety # (C) = #(r, m) that
parametrizes the equivalence classes of covers that we want. Consider
#(C) as the parameter space for these covers with some ordering
on the branch points of the covers. From [FrV2] there is a variety
Z(C)™ = Z(r, m), defined over Q, whose rational points give us
the desired extensions. Rational points exactly correspond to regular
extensions L/Q(x) that give involution realizations of D,,. Below
we use cover notation. These field extensions correspond to Galois
covers ¢: X — P! defined over Q with group D,,. Our problem is
to decide if #(r, m)™ has Q points. We relate #(r, m)™ to more
classical looking objects.

Take a € D,, of order m. Form X /{a) = Y, the quotient of X
by the group generated by a. The degree 2 cover ¥ — P! presents
Y as a hyperelliptic curve of genus % Also, X is a cyclic degree
m unramified cover of Y. Lemma 5.3 interprets existence of X as
a property of Pico(Y) , the Picard group of divisor classes of degree 0
on Y. Denote the points of order m on PicO(Y) by Ty = Tp(Y).
Then, G(Q/Q) = Gg acts on T,,. If p € T,,\{0} is a point defined
over Q, then G(Q/Q) has trivial action (p). When a point has this
property, denote the group it generates by Z/m. This says Gg has
trivial action on it.
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Similarly, Gg acts on the mth roots of 1. This is another copy
of Z/m, but to show Gg has a particular nontrivial action on it,
denote it by u,,. Consider the set Gm(d), d = 52, of involution
realizations of D,,, as above with r branch points, defined over Q.
Let Pic!(Y) be the Picard space of divisor classes of degree 1 on Y .

LeEmMMA 5.3. Continue the notation above. The set of involution re-
alizations of D,, associated to a fixed Y as above naturally inject into
the set of Gg equivariant injections from Wm into T,,(Y). The image
of this map includes all Gy equivariant injections pm — Tm(Y) when
Pic'(Y) has a Q point.

Proof. Consider multiplication by m on Pic’(Y). Denote this en-
domorphism by v, . The kernel is exactly 7}, . Since Y consists of
positive divisors of degree 1, Y naturally embeds in Pic!(Y) (assum-
ing g(Y) > 0—thatis, r > 4). Suppose we have an involution realiza-
tion of D,, attached to Y as above. Universal properties of PicO(Y)
produce a natural surjective Gg equivariant map 7,,(Y) — Z/m.
Here Z/m represents the Galois group of the cover X — Y as above.
Below we show how this gives an injection from u,, into 7,,(Y).

Suppose q € Picl(Y) is defined over Q. Define translation Aq:
Pic!(Y) — Pic%(¥) as the map that takes a divisor class [D] of degree
1 to [D —q]. Denote the image of Y under A4 by Y,. This curve in
Pic®(Y) is isomorphic to ¥ over Q. The preimage Yl (Y) = Y q
is the maximal exponent 1 abelian unramified geometric cover of Y .
At least that is correct over Q. We cannot expect the automorphisms
to be defined over Q.

We want a Gq invariant hyperplane V' in T}, such that the quo-
tient T,,/V is a copy of Z/m. That is, Gg acts trivially on the
quotient. In more homological terms, we want a surjective element

Be HomGQ(Tm, Z/m) & a1, Then, V' is the kernel of S.

Conclusion. The quotient Yy, o/V — Ypm /Tm = Y4 is the cyclic
unramified cover we seek. We have identified its automorphism group
with Z/m with trivial Gg action. That is, the automorphisms are
defined over Q. The lemma is complete—from the first paragraph
of proof—when we have shown how to go from an injective map
B:um— T, toa B above.

The abelian variety PicO(Y) is principally polarized. That means it
is isomorphic to its dual abelian variety. This is the abelian variety of
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linear equivalence classes of divisors on Pic’(Y) that are algebraically
equivalent to 0. In particular, the Weil pairing produces a nondegen-
erate symplectic form w: Ty, X Ty, — um [L]. Thus, Homgq(Tm s Um)
is isomorphic to T,, as a Gg module.

Apply HomGQ(-, Um) to the map B: um — Tp,. This gives

B: HomGQ(Tm s lm) — HomGQ(.um s lm).

The first term identifies to 7,,. Check easily that the second term is
just Z/m acting as multiplications. O

REMARK 5.4. When Pic!(¥)(Q) is empty. The proof of Lemma 5.3
used a Q point in Pic!(Y) to construct the cover Y,, — Y canoni-
cally. We have not shown that a x, point on Pic’(Y) produces the
Galois sequence of an involution realization of D,,. This is a subtler
problem.

We can interpret this as a question on the fibers of a map of the
Hurwitz space #(C)" = #Z(r, m)™ to the space of cyclic order m
subgroups of m division points on hyperelliptic jacobians. These
fibers are homogeneous spaces for the action of PGL(2). If the image
of a fiber is a u,, point, when does the fiber have a rational point?

We list some boundedness assertions. Then, we comment on how
these effect Conjecture 5.2.

(1) Let S(d) be primes that are orders of rational points on the
elliptic curve defined over some number field K with [K: Q] <d.

(2) Let T(d) be primes that are orders of rational points on some
abelian variety of dimension d over Q.

(3) Let V(d) be primes m that are orders of Gg modules isomor-
phic to u, in abelian varieties over Q of dimension 4.

(4) Let W (d) be elements of V' (d) from jacobians of hyperelliptic
curves of genus d .

The results of [M] include this: S(d) is finite for d < 9. In ad-
dition, S(d) is of density zero for all d. According to Lemma 5.3,
a density 0 result for V' (d) would be a satisfactory contribution to
Conjecture 5.2. Mazur communicated the following observations.

PROPOSITION 5.5. We have S(d) C T(d). Also, if m € V(d), then
meT((m-1)d).

Proof. Suppose E is an elliptic curve over K with [K: Q] < d.
Denote the Galois closure of K/Q by K. It is common to call the
following formalism, “taking the Weil trace” of the elliptic curve over
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the number field down to Q. Choose a primitive element o = a; for
K/Q. Let a;, ..., a; be the complete list of conjugates of «; .

Each conjugate «; gives a conjugate elliptic curve E;, defined over
Q(a;). Let G = G(I?/Q) acton A = E;xEyx---xE; by permutation
of the coordinates. For ¢ € G indicate this action by 7(g)(A4). In
addition, regard o as giving a conjugate of 4 by its action on the
coefficients of the equations for 4. Call the conjugate 4?. Thus, for
each o € G, the sets T(c7')(4%) and A are identical. Now apply
Weil’s cocycle condition to assert that we can define 4 over Q. To
draw the strongest conclusions, we note this construction is universal
in the following sense [FrJ; Proposition 9.34].

Consider A" defined over K . There is a linear map L: A" — A"
defined over K with the following general property. For any subvari-
ety ¥V C A" defined K, there is a subvariety W c A" defined over
Q such that (L;, Ly, ..., Ly): A" — (A")4 maps W isomorphi-
cally to ¥y x --- x V;. Here the L;s are the conjugates of L and the
Vis are the conjugates of V. This means that we also can apply this
to the K subvarieties in V. This produces a Q rational subvariety
of W from the product of their conjugates. Thus, conjugates of a K
point p € E of order m produce a Q point of order m on the Q
form of 4. From this conclude S(d) C T(d).

Now suppose m € V(d). Apply the Weil trace to K = Q({,,) as
above to conclude that m e T((m — 1)d). O

Problem 5.6. For each prime m consider the spaces #(r, m)i®
at the beginning of this subsection. Is there a value ry such that
# (r, m)™ is unirational over C for r > ry?

A variety W is unirational if there is a map ¢: P! — W defined on
an open subset of P’ with image a zariski open subset of W . If W
and ¢ are defined over Q, we say W is unirational over Q. Since
P* has so many rational points, this would imply W has a dense set
of rational points. Thus, if Problem 5.6 has an affirmative answer for
a given prime m, there are many involution realizations of D,, for
an arbitrary prime m. (Although it is not hard to realize D,, as a
Galois group of a regular extension of Q(X).)

5.3. Descent to the totally real algebraic number field. Denote the
field of all totally real algebraic numbers by Q. These are the al-
gebraic numbers whose complete set of conjugates are real. In this
section we prove the following result.
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THEOREM 5.7. Each finite group G is the Galois group of a regular
extension of Q¥(X).

Section 4.1 recalls the theory of Hurwitz spaces of covers. [Frv2]
develops a similar theory, but for G-covers—Galois covers given with
their automorphisms. Consider a centerless group G and an r-tuple
of conjugacy classes of G. The Hurwitz space #*(G, C) is a (re-
ducible) algebraic variety defined over an explicitly computable field
K(C). Here is the key property of this space. Let K be a field con-
taining K(C). Then, G-covers in the Nielsen class ni(C), defined
over K, correspond to K-rational points on #*(G, C).

Proof of Theorem 5.7. Consider a finite group G. Lemma 2 of
[Frv2] constructs a cover G' — G with these properties.

(5.2) The center of G’ is trivial and commutators generate
the Schur multiplier of G'.

We do not explain the commutator statement in (5.2). It appears as
a condition in the main theorem of [FrV2] which carefully explains
it. Suppose we realize G’ as a Galois group of a regular extension
of Q(X). Then we automatically realize the quotient G as such a
Galois group. Therefore, without loss, assume G satisfies (5.2).

Let b be an integer. Let C;, ..., C; be an ordering of nontrivial
conjugacy classes of G. Assume each conjugacy class of G appears
in this list with the same multiplicity, say m . It is automatic that if
we pick g; out of the conjugacy class C;, then

(5.3) g=1(8,-.., &) generate G.
With r = 2sb, consider the r-tuple C
(C;',...,Cl‘l,...,C;‘,...,C;‘,Cl,...,Cs,...,Cl,... , Cs).

Here, the first sb components are the conjugacy classes C; !, ..., Cl‘1
repeated in this order b times. The last sb components are the conju-
gacy classes C;, ..., Cs repeated in this order b times. The Nielsen
class ni(C) is not empty. With g from (5.3), the r-tuple

(gs_l’“-agl—la“-’g;l’-“agi_l,gl9---’gS’“°’gls-“:gs)

lies in the Nielsen class ni(C). Observe that all conjugacy classes
appear the same number of times, namely 2bm, in the r-tuple C.
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The main theorem of [FrV2; Appendix] shows that, if b is suitably
large, then # = #(G, C) is defined over Q and irreducible over
Q. This uses (5.2) to apply a theorem of Conway and Parker [Frv2;
Appendix].

We are left with finding QY-points on the absolutely irreducible
variety #Z . Pop [P] proved that every absolutely irreducible variety
defined over Q' has QY-points provided it has R-points. This reduces
the problem to finding R-points on #(G, C). And their existence
follows from Theorem 3.1. Indeed, take gy =1 and r; =1 in (iii) of
condition (b) of Theorem 3.1. This shows that (g, ..., g ) satisfies
the hypotheses of that theorem. O

REMARK. [FrV] consists of applications of [FrvV2]. In particular,
this observes that each finite complex extension L of Q' is

P(seudo)A(lgebraically)C(losed)

and Hilbertian. A field P has the PAC property if each absolutely
irreducible variety over P has a P-point. The main theorem of [FrV]
applies to show that the absolute Galois group G(Q/L) is a free profi-
nite group.

On the other hand, QY is not even Hilbertian. In fact, involutions—
conjugates of complex conjugation—generate the absolute Galois
group of Q. Thus, Galois extensions of Q' have only groups that
are generated by involutions. O
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INTERPOLATED FREE GROUP FACTORS

KEN DYKEMA

The interpolated free group factors L(F,) for 1 < r < oo (also
defined by F. Riadulescu) are given another (but equivalent) definition
as well as proofs of their properties with respect to compression by
projections and free products. In order to prove the addition formula
for free products, algebraic techniques are developed which allow us
to show R x R = L(F,) where R is the hyperfinite II,-factor.

Introduction. The free group factors L(F,) for n =2,3,..., o
(introduced in [4]) have recently been extensively studied [11, 2, 5,
6, 7] using Voiculescu’s theory of freeness in noncommutative prob-
ability spaces (see [8, 9, 10, 11, 12, 13], especially the latter for an
overview). One hopes to eventually be able to solve the isomorphism
question, first raised by R. V. Kadison of whether L(F,) = L(F,,) for
n # m. In [7], F. Radulescu introduced II;-factors L(F,) for 1 <
r < oo, equalling the free group factor L(F,) when r = n € N\{0, 1}
and satisfying

(1) L(Fy)+ L(F;) = L(F,,,) (1<r, 7 <o)

and

2) L(F,)yzL(F(1+ry_21)) (1<r<oo, 0<y<o0),

where for a II-factor .#, .#, means the algebra [4] defined as fol-
lows: for 0 <y <1, #, =p#p, where p e .# is a selfadjoint pro-
jection of trace y;for y=n=2,3,... one has /4, =.# @ M,(C);
for 0 < y;, Y2 < oo one has

//mz = (%I)y

We had independently found the interpolated free group factors
L(F,) (I <r < oo0) and the formulas (1) and (2), defining them
differently and using different techniques. In this paper we give our
definition and proofs. This picture of L(F,) is sometimes more con-
venient, e.g. §4 of [3]. It is a natural extension of the result [2] that

(3) L(Z)* R=L(Fy),

5

123
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where R is the hyperfinite II;-factor. We also introduce some ele-
mentary algebraic techniques for freeness which have further appli-
cation in [3]. One consequence of them that we prove here is that
RxR=L1(F,).

This paper has four sections. In §1 we state a random matrix result
(from [2], [7]) and some consequences; in §2 we define the interpo-
lated free group factors and prove the formula (2); in §3 we develop
the algebraic techniques; in §4 we prove the addition formula (1) and
also make an observation from (1) and (2) (also observed in [7]) that,
as regards the isomorphism question, we must have one of two ex-
tremes. Our original proof of the addition formula (1) was a fairly
messy application of the algebraic techniques developed in §3. The
proof of Theorem 4.1 that appears here, while still using the algebraic
techniques in an essential way, benefits significantly from ideas found
in the proof of F. Radulescu [7].

1. The matrix model. Voiculescu, as well as developing the whole
notion of freeness in noncommutative probability spaces, had the fun-
damental idea of using Gaussian random matrices to model freeness,
which he developed in [12]. In [2], we extended this matrix model
to the non-Gaussian case and also to be able to handle semicircular
families together with a free finite dimensional algebra. As Radulescu
observed in [7], the matrix model necessary to be able to handle the
free finite dimensional algebra can be easily proved in the Gaussian
case directly using Voiculescu’s methods (cf. the appendix of [2]). In
any case, we shall use this matrix model in this paper, and quote it
here, as well as some results of it. Our notation for random matrices
will be as in [2]. A trivial reformulation of Theorem 2.1 of [2] gives

THEOREM 1.1. Let Y(s, n) € M, (L) for s € S be selfadjoint inde-
pendently distributed n x n random matrices as in Theorem 2.1 of [2].

For
11 ... CIN
C=( oo, )GMN(C)
¢N1 ... CNN

and for n a multiple of N let

cidyny - NIy
C(n)z . .

cntInn oo eNNIgN
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be a constant matrix in M,(L). Then

{{Y (s, n)})ses, {c(n)lc € Mn(C)}}
is an asymptotically free family as n — oo, and each Y (s, n) has for
limit distribution a semicircle law.

An immediate result of the above is (3.2 of [2]):

THEOREM 1.2. In a noncommutative probability space (A , ¢) with
¢ a trace, let vi = {X5|s € S} be a semicircular family and let v, =
{eij|ll < i, j < n} be a system of matrix units such that {v,, v,} is
free. Then in (e # ey, n¢’e“/[e“), w, = {e; X%ei|l <i<n, s€
S} is a semicircular family and w; = {e;;X%¢;1)|1 <i<j<n, s€S}
is a circular family such that {w;, w,} is free.

The following is analogous to Theorem 2.4 of [11].

THEOREM 1.3. In a noncommutative probability space (A , $) with
¢ atrace, let v = {X*|s € S} be a semicircular family and let R be a
copy of the hyperfinite 11;-factor such that {v, R} is free. Let p € R
be a nonzero selfadjoint projection. Then in (p#p, ¢(D) ' dlrup).
w = {pX°p|s € S} is a semicircular family and {pRp, w} is free.
(Note from [4] that pRp is also a copy of the hyperfinite 11,-factor.)

Proof. Suppose first that ¢(p) = m/2* | a dyadic rational number.
Since for U € R a unitary, {R, UvU*} is free, we may let p be
any projection in R of the given trace. Writing R = M, ® M; ®

M, ® ---, we use Theorem 1.1 in order to model v as the limit of
selfadjoint independently distributed random matrices of size n =
2k 2kt 2k+2  and model a dense subalgebra of R (equal to

the tensor product of matrix algebras) by constant random matrices.
Choosing p to correspond to a diagonal element of M., we may
apply Theorem 1.1 again to see that w is a semicircular family, pRp =
M,3M,M,®---,and {pRp, w} is free.

Now for general p, let (p;)52, be a decreasing sequence of projec-
tions in R which converge to p and such that each ¢(p;) is a dyadic
rational number. Then

{piRp; = {p1ypily € R}, {p1X°p|s € S}}

has limit distribution equal to {pRp, w} as [ — oo. For each [/ we
have freeness and semicircularity, hence also in the limit. O

In addition, modeling R and a semicircular family as in the above
proof, we can easily prove
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THEOREM 1.4. In a noncommutative probability space (M , ¢) with
¢ a trace, let v = {X%|s € S} be a semicircular family, and let R be
a hyperfinite 11;-factor containing a system of matrix units {e;;j|1 <
i,j < ny}, such that {v, R} is free. Then in (e, # e, n¢|e“/e”),
w; = {e;;X%;1|1 < i < n, s € S} is a semicircular family and
wy = {e; X%j1|l < i< j<n, seS} isa circular family such
that {w;, wy, e;;Rej} is =free.

2. Definition and compressions of L(F,).

DEeFINITION 2.1. In a W*-probability space (/Z, t), where 7 is
a faithful trace, let R be a copy of the hyperfinite II;-factor and
w = {X!|t € T} be a semicircular family such that R and w are
free. Then L(F,) for 1 < r < oo will denote any factor isomorphic to
(RU{p:X'p,|t € T})", where p, € R are selfadjoint projections and

r=14+3,crtm)?.

ProrposITION 2.2. L(F,) is well-defined, i.e. if

& =RU{pX'pteT}) and % =(RU{gX'qteT})",
where 1+ 1(p)? =r =1+ 1(q)?, then & = F .

Proof. We show that ./ (and thus also %) is isomorphic to an
algebra of a certain “standard form.” Let (f;)2, be an orthogonal
family of projections in R such that 7(f;) = 27%, and let f = 1.
If r < oo let N; (I > 0) be nonnegative integers corresponding to
the base 4 expansion for r, ie. r = Y2, Ni4™!, Ny <3 if [ > 1
and Y. N4l < 4"Vl > 0. If r = co we let Ny = oo and
N=0VI>1. Let SCT, ks e N={0,1,2,...} for s €S be
such that [{s € S|k; =[}| = N; V[ > 0. The algebra of standard form
is then & = (RU{f, X°f, |s € S})”. Showing &/ = & will prove the
proposition. ' '

Proving .&/ = & is an exercise in cutting and pasting. Note that if
U, are unitaries in R (¢t € T), then {R, ({UX'U}})er} is free in
(A , ). Moreover, each projection p € R is conjugate by a unitary
in R to a projection that is a (possibly infinite) sum of projections
in {fi|k > 1}. Hence letting 7" = {t € T|p; # 0}, we may assume
without loss of generality that each p, for ¢t € T’ is equal to such a
sum, and we write p; = Y ;¢ fx, for K; C N\{O} whenever ¢t € T’
and p; # 1, and we set K; = {’O} if p, =1. Then

& =RU{f X' frlk, K ek, K<k, teT'})".
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Now we may appeal to the matrix model (§1) to see that (enlarging T
if necessary),

o =RU{fix®&KDpk keK,, K<k, teT}),

where o is a 1-1 map from {k,k’ € K;, k' <k, t € T’} onto
a subset 7" of T. (The truth of the above assertion is most easily
demonstrated when 7’ and each K, are finite; the general case then
follows by taking inductive limits.)

Consider for a moment f, X'f,: for k' <k, t € T. Note that f;.
is the sum of 2¥=%" orthogonal projections, each of which is equivalent
in R to f; . Using the matrix model shows that

4) (RU{fiX'fir})"
= (RU{AXYfill <7 <25FYU{fXUfilL < j< 2Ky,
where t;,...,t,», t,,...,t . are distinct elements of 7", and
2 1 2k—k

the isomorphism in (4) maps R identically into itself. Using inductive
limits, one obtains

(5) F ZF =(RU{fi X°fils €S},

for S’ some subsetof T, k; € N for each s € §'. Moreover, checking
the arithmetic of the above moves shows that 1+ 3 o 7( fks)2 =r.
Now for the pasting. Note that by the matrix model,

(6) RU{fAX" Sl £i<4})" = (RU{frma X fror})”
by an isomorphism mapping R identically to itself, whenever k >
1, t1,...,t4 are distinct elements of 7 and ¢ € T. Suppose r <

oo. If r is not a dyadic rational then for each / > 0 let #(/) =
(RU{f X° fks |s €S, ks <[})" C%. There is an increasing sequence
S'({) of finite subsets of S’ such that Y. o475 = Yocpe Nid™*
and U5, S'(/) = §'. Let

(7) Z()=(RU{AX i |seS' ()" CZ.

Using (6) repeatedly we can find a compatible family of isomorphisms
¢ : Z (l) — #(l), and taking inductive limits yields T =% If
r equals a dyadic rational and §' is finite then a finite number of
applications of (6) yields @ = #. If S’ is infinite, let / be largest
such that N; # 0, let ¢ € S be such that k, =/ and let f; > g, >
8142 > --- be projections in R where 7(g,) = 27™. For m > [ let
E(m) = (RU{fi X°fi |s € S\{a}} U{fi X fr, — gmX°gm})" C ¥ .
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Then as before we can use the matrix model to find an increasing
family & (m) of subalgebras of & whose union generates % and
compatible isomorphisms %(m) % (m). Taking inductive limits
yields 7.

If r = oo, then considering $’ from (5) and letting S; = {s €
S'|ks = k}, we have that Y32 |S;|4~% = co. Now by repeated ap-
plication of (6), we can transform the situation (by isomorphisms
mapping R identically to itself) so that first some |S;| = oo, then
all |S;| = oo, then |Sjl = oo and |S;| = O for all k¥ > 1. Thus
& = L(Fs,) by (3). O

REMARK 2.3. Formula (2), together with the fact that L(F,) for r €
N is the free group factor on r generators, shows that Definition 2.1
is equivalent to Radulescu’s definitions 4.1 and 5.3 of [7]. However,
for r > 2 (i.e. Réddulescu’s 4.1), this equivalence can be seen directly
using the “standard form” of L(F,) as defined in Proposition 1.3, and

by noting that the isomorphism

(8) R+ L(Z) > L(Z) x L(Z)

in [2] sends the set of projections {f;|k > 1} C R into one of the
copies of L(Z) on the right-hand side of (8).

The formula in the following theorem for the compression of an in-
terpolated free group factor L(F,) by a projection of trace y was
first proved by Voiculescu [11] for the cases r = 2,3,..., vy =
3%, %,..: and r = oo, y € Q4. It was then extended by F.
Radulescu in [5] for r =00 and y € R, ,and in [6] for r=2, 3, ...
and y = \/E , % , ... . Of course, Radulescu also proved this theorem
in the generality stated here in [7].

THEOREM 2.4.

o wmes(e(5)

Jor 1<r<oo and 0 <y <oo.

Proof. It suffices to show the case 0 < y < 1. Let L(F,) = & =
(RU{p:X'p:|t € T})" be as in Definition 2.1,s0 1+ Y .7 T(p:)? =T.
Let p € R be a projection having trace y. Without loss of generality,
we may assume that each p;, < p. Then

p&p = (pPRpU{pX'p|t € T})",

which by Theorem 1.3 is an interpolation free group factor. Counting
gives the formula (9). O
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3. Algebraic techniques. A crucial ingredient of our proof of the
addition formula for free products (1) will be showing that R * R =
R x L(Z), with the isomorphism being the identity map on the first
copy of R. In order to show this, we will introduce some elementary
techniques (Definition 3.4, proof of Theorem 3.5) that are algebraic in
nature. These techniques have extensive further applications to free
products, as will be seen in [3].

REMARK 3.1. In this section, all von Neumann algebras will be fi-
nite and have fixed normalized faithful traces associated to them, and
all isomorphisms and inclusions of von Neumann algebras will be as-
sumed to be trace preserving. Von Neumann algebras that we obtain
from others by certain operations will have associated traces given by
the following conventions:

(1) group von Neumann algebras L(G) for G a discrete group will
have their canonical traces (equal to the vector-state for the vector
b, € I2(G));

(2) factors, such as matrix algebras M, = M,(C) or the hyperfinite
II,-factor R, will have (of course) their unique normalized traces;

(3) a tensor product A ® B of algebras will have the tensor product
trace 74 ® tp of the given traces on A and B;

(4) a free product 4B of algebras will have the free product trace
T4 * Tp of the given traceson 4 and B;

(5) if A& is a von Neumann algebra with faithful trace 7, and p
is a projection in ./ , then p.#p will have trace r(p)“lrip Mp -

Also, if A is an algebra with specific trace, ;1 will denote the ensemble
of elements of A whose trace is zero.

First we examine L(Z,) * L(Z;) (where Z, is the two element
group). The fact that .# = L(Z, x Z,) = L(Z) ® M, is well known,
but we will need the following picture of ./Z .

ProvrosiTiON 3.2. Consider # = L(Z,)xL(Z,) with trace t, and let
p and q be projections of trace % generating the first and respectively
the second copy of L(Z,). Then

(10) %ELOO([O,%],V)®M2,
where v is a probability measure on [0, 5] without atoms and t is

given by integration with respect to v tensored with the normalized
trace on M, = M,(C). Moreover, in the setup of (10), we have that
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5 .
(11) p:((l) g) and q:( cos? § CosOsmH)’

cos @ sin 6 sin® 6
where 6 € [0, Z].

Proof. It is well known that the universal unital C*-algebra gener-
ated by two projections p and g is 4 = {f: [0, §] — M>(C)| f(0)
and f(%) diagonal}, with p and ¢ asin (11). .Z thus has a dense
subalgebra equal to a quotient of A4, and 7 gives a trace on A. One
can easily see that a trace on A must be of the following form. Let
Sf(t)1 and f(t), be the diagonal values of f(¢) for t=0 or 5. Then

/2
°(f) = a1 £(0); + arf(0)s + /O L (1) dv (1)
T T
s (3), s (),

where 7, is the normalized trace on M,(C), v is a positive measure
on [0, -725], a,a,, by,b, >0 and V| + a; +a;+b+b, =1. By
Example 2.8 of [9], the distribution of pgp in p.#p has no atoms,
which implies that |v| =1 and v has no atoms. ]

REMARK 3.3. In the right-hand side of (10), let
00
x= (1 0) = pol((1 - p)qp),

where “pol” means “polar part of.” Then x is a partial isometry
from p to 1 —p and .Z is generated by pgp together with x. Let
y = pol((1 — g)pq). Then y is a partial isometry from g to 1 —g.

Let )
w = cos —sinf
“ \sinf cosf )’
Then w 1is unitary and wpw* =¢q, wxw* =y.

DEerFINITION 3.4. Let (S;),c; be subsets of a unital algebra 4> 1.
A nontrivial traveling product in (S,),c; is a product a;a,---a, such
that q; € S,j (1<j<n)and 1y #1p #1353 # --- # 1,. The trivial
traveling product is the identity element 1. A((S,),c;) denotes the
set of all traveling products in (S)),cr, including the trivial one. If
|I| = 2, we will often call traveling products alternating products.

THEOREM 3.5. Let A and B be finite von Neumann algebras (with
specified faithful traces—see Remark 3.1). Then
(i) (A®L(Zy))* (B L(Zy)) = (A*xA*B* B x L(Z)) ® M,,
(i) (A® M) * (B®L(Zy) = (A*B*Bx*L(Fy)®M,,
(i) (A M)« (BRM,)=(AxBxL(F3)®M,.
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Proof. Let .# be the von Neumann algebra on the left-hand side of
(i) with trace 7. It will be notationally convenient to identify 4 with
A®1 C . # and B with B 1 C .#. Let p and g be projections
of trace % contained in the copy of 1 ® L(Z;) that commute with
A and respectively B. Let A4, = {p, q}' = L(Z,) * L(Z,), and let
X,y,w €S beasin Remark 3.3. Then

pAp = ({pqp} UpAU x*Ax Uw*qBw Uw*y*Byw)” .

We claim moreover that {{pgp}, pA4, x*Ax, w*qBw , w*y*Byw} is
a free family in p.#p, which then clearly implies (i).

Let us first show that {{pgp}, p4, x*Ax} is free in p.#p. Let
& = (pqp)k — 2t((pgp)*)p (k > 1). To show freeness means to

show that a nontrivial traveling product in {g; |k > 1}, pA and
o
x*Ax has trace zero. Regrouping gives a traveling product in Qg =

{x,x*}U{gr,xgk, gxX*, xgx*|k > 1} and 4. Let a=p - 5,
b=gq—-4%. Then A = {a, b}", and spanA({a}, {b}) is a dense
x-subalgebra of .#;. Note that Q, C .#;, so that by the Kaplansky
Density Theorem, any z € Qg is the s.o.-limit of a bounded sequence
in spanA({a}, {b}). Note also that since @ and b are free and each
has trace zero, the trace of an element of span A({a}, {b}) is equal to
the coefficient of 1. Since 7(z) = 0, we may choose that approximat-
ing sequence in span A({a}, {b}) so that each coefficient of 1 equals
zero. Moreover, since also 7(pz) = 0, we may also insist that each co-
efficient of a be zero, i.e. we have a bounded approximating sequence
for z of elements of span(A({a}, {b})\{l, a}). We must now only
show that a nontrivial alternating product in A({a}, {b})\{1, a} and

[0}
A has trace zero. Regrouping gives a nontrivial alternating product in

{a}uAu a.jl and {b}, which by freeness has trace zero.
Let A4 = (AU %), and let us show that {qw.#jw*, qB, y*By}
is free in q.#q, which will complete the proof of (1). We show

that a nontrivial traveling product in w./jw*, qB and y*By has
trace Zero. Regroupmg glves a traveling product in Ql ={y,y*}u

qw/lflw Uy'w./Vlw Uw/Vlw y* Uyw/lflw y* and B Now Q; C

A, spanA({a} U AU ad , {b}) is a dense =*-subalgebra of .#{ and
17(z) = 1(qz) = 0 Vz € Qq, so that as above, each z € Q,; is the
s.0.-limit of a bounded sequence in

span(A({a} UAUad, (b\{1, b}).
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So it suffices to show that a nontrivial alternating product in
span(A({a}uAduad, {b})\{1, b}) and B has trace zero. Regrouping

gives a nontrivial alternating product in {a}U;IUajl and {b}UéUbé ,
which by freeness has trace zero.

Now we prove (ii). Let .#Z be the von Neumann algebra on the
left-hand side of (ii), and let 7 be its trace. We will identify 4 with
A®1 and B with B®1 as in the proof of (i). Let p be a projection
in 1 ® M, (commuting with 4) of trace % and ¢ a projection in
1 ® L(Z;) (commuting with B) of trace 2 Let 4 = {p, q}’ and
let x,y,w, z, b €4 be as in the proof of (i). Let u € 1 ® M, be
a partial isometry from p to 1 —p. Then

p#p = ({pgp, x*u} UpAUw*qBw Uw*y*Byw)",

and we shall show that x*u is a Haar unitary (i.e. a unitary such that
(x*u)" has trace zero Vn € Z\{0}) and that {{pgp}, {x*u}, p4,
w*qBw , w*y*Byw} is *-free in p.#p. This will in turn prove
(i)). For n > 0, r = (x*u)" is a nontrivial alternating product in
{x*} and {u}, and x* is the s.o.-limit of a bounded sequence in
span(A({a}, {b})\{1, a}), so to show 7(r) = O it suffices to show that
a nontrivial alternating product in span(A({a}, {b})\{1, a}) and {u}
has trace zero. Regrouping gives a nontrivial alternating product in
{a, u} and {b}, which by freeness has trace zero. Hence we have
shown that x*u is a Haar unitary in p.#p.

Now we show that x*u and pgp are x-free in p#p. Let g
(k > 1) be as in the proof of (i). It suffices to show that a non-
trivial alternating product in {(x*u)"|n € Z\{0}} and {gilk > 1}
has trace zero. Regrouping gives an alternating product in € and
{u, u*}, where Qg is as in the proof of (i), which, proceeding as we
did above, we see has trace zero. Similarly, we can show that let-
tmg /1/0 ={pgp, x u}" {/I/ pA} is free in p.#p, and that letting

(/16 ud), {w*/I/w gqB, y*By} is free in q.# q, thus proving
(ii).

To prove (iii), let p and u in 1 ® M, commuting with 4 be
as above, let ¢ € 1 ® M, commuting with B be a projection of
trace % and v € 1 ® M, commuting with B a partial isometry
from g to 1 —q. Let x,y,w € 4 = {p, q}" be as above. Then
we similarly show that x*u and y*v are Haar unitaries and that
{{pqp}, {x*u}, pA4, {w*y*vw}, w*qBw}, is *-free in p.#p (and
notice that these taken together generate p.#p), which proves
(iii). 0
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COROLLARY 3.6. Let R and R be copies of the hyperfinite 11,-
factor. Then

R+R=Rx*L(Z),

with an isomorphism which when restricted is the identity map from R
to R.

Proof. Write R = (pRp)® M, and R= (ﬁﬁﬁ) ®M,, where p and
p are projections of trace % in R and respectively R. Then by (iti)

and the proof of (iii),
P(R* R)p = (DRp) + (FRP) * L(F3),

and the isomorphism when restricted to pRp C p(R I~{)p is the
identity map from pRp to pRp. Similarly, writing also L(Z) =
L(Z) ® L(Z,), we have from (ii) and the proof of (ii) that

pP(R*L(Z))p = (pRp) x L(F4),

and the isomorphism, when restricted to pRp C p(R x L(Z))p, is the
identity map from pRp to pRp. Considering the isomorphism (3),
we get an isomorphism from p(R ﬁ)p to p(R#* L(Z))p which when
restricted is the identity map on pRp. Now tensor with M. o

4. The addition formula for free products.
THEOREM 4.1. L(F,)* L(F,)=L(F,, ) for 1<r, I < 0.

Proof. (Please see the comments at the end of the introduction.)
In a W*-probability space (/, ) where 7 is a trace, let R and R
be copies of the hyperfinite II;-factor and let v = {X'|t € T} be a

semicircular family such that {R, R, v} is free. Let
L(F,) =& = (RU{psX°ps|s € S})",
L(F,) =% = (RU{g: X gls € S'})",

where S and S’ are disjoint subsets of T, p; € R, ¢ € R are
projections and where 1+ Y oT(ps)? =r, 1+ Y g 1(g)? = 1.
Then & and & are free in (£, 1), sO

L(F,)+«L(F,)=A4 =(R URU {p; X°ps)s € S} U {gs X*gs)s € S'})".

By Corollary 3.6, there exists a semicircular element Y € 4 =
(RUR)"” such that R and {Y} are free and together they generate
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9. Moreover, for s € S’ let Uy € 4 be a unitary such that
UstUS* = f:y S R. Then

A = (RU{Y}U{ps X°psls € S} U {{(UsX°US) fils € S'1)".

To prove the theorem, it suffices to observe that {R, {Y}, ({X*})ses >
({UsX5U{})ses t is free in A . o

Let us recall [4] that the fundamental group of a II;-factor ./Z is
defined to be the set of positive real numbers y such that .Z, = .# .
Murray and von Neumann [4] showed that the fundamental group of
the hyperfinite II;-factor is R, , and recently Radulescu [5] has shown
that the fundamental group of L(F.) is also R;. A. Connes [1] has
shown that the fundamental group of L(G) where G is a group with
property T of Kazhdan must be countable, but no other examples are
known for fundamental groups of II,-factors.

Equation (2) shows that the isomorphism question for (interpo-
lated) free group factors is equivalent to the fundamental group ques-
tion. Combined with the addition formula for free prdoucts, we now
see that we must have one of two extremes.

COROLLARY 4.2. We must have either

(I) L(F,) = L(F,) forall 1 < r,r < oo and the fundamental
group of L(F,) is Ry forall 1 <r < oo, or

(II) L(F,) % L(F,) forall 1 <r <r' < oo and the fundamental
group of L(F,) is {1} forall 1 <r< .

Proof. Using formulas (1) and (2) we can show that if L(F,) =
L(F,) for some r # r', then we have L(F,) = L(F,) for r” in some
open interval, hence that the fundamental group of L(F,) contains
an open interval, thus is all of R, . O

Acknowledgments. I would like to thank Dan Voiculescu, my advi-
sor, for helpful discussions and for suggesting I look at free products
such as M;(C) x M»(C).
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TWO-POINT DISTORTION THEOREMS
FOR UNIVALENT FUNCTIONS

SEONG-A KiM AND DAVID MINDA

We establish a one-parameter family of symmetric, linearly in-
variant two-point distortion theorems for univalent functions defined
on the unit disk. The weakest theorem in the family is a symmet-
ric, linearly invariant form of a classical distortion theorem of Koebe,
while another special case is a distortion theorem of Blatter. All of
these distortion theorems are necessary and sufficient for univalence.
Each of these distortion theorems can be expressed as a two-point
comparison theorem between euclidean and hyperbolic geometry on a
simply connected region; however, none of these comparison theorems
characterize simply connected regions. We obtain analogous results
for convex univalent functions and convex regions, except that in this
context the two-point comparison theorems do characterize convex
regions.

1. Introduction. We begin by recalling some basic information about
the hyperbolic metric and related material. The hyperbolic metric on
the unit disk D = {z: |z| < 1} is given by

|dz|
-z

It is normalized to have constant Gaussian curvature —4. A region
Q in the complex plane C is called hyperbolic if C\Q contains at
least two points. The density of the hyperbolic metric on a hyperbolic
region € is obtained from

Aa(f(2)If(2)] = 4p(2),

where f :D — Q is any holomorphic universal covering projection of
D onto Q. The density is independent of the choice of the covering
projection of D onto . The hyperbolic metric on Q induces the
hyperbolic distance function dg as follows:

do(a, b) = inf / Aa(w)|dwl,
Y

Ap(z)|dz| =

where the infimum is taken over all paths y in Q joining a and b.
The infimum is actually a minimum,; there always exists a path J in
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Q connecting a and b such that
daa. b) = [ Ja(w)idul.

Any such path J is called a hyperbolic geodesic joining a and b.
There may be more than one hyperbolic geodesic joining a and b
when  is not simply connected. Recall that

b-a
1-ab
Both the hyperbolic metric and the hyperbolic distance are confor-
mally invariant.

Blatter [1] commented that a classical distortion theorem of Koebe

for normalized univalent functions g(z) = z + az2 + a3z3 + ---,
namely,

dp(a, b) = artanh

lzl e
'g( )l— (1 IZI)Z’ >

was necessary, but not sufficient, for univalence. Recall that equality
holds at z # 0 if and only if g is a rotation of the Koebe function
k(z) = z/(1 — z)? [3, p. 33]. Koebe’s distortion theorem is a con-
sequence of the coefficient bound |a;| < 2 for normalized univalent
functions. Blatter inquired whether there were distortion theorems
for univalent functions that were also sufficient for univalence. He
established the following two-point distortion theorem which is both
necessary and sufficient for univalence [1]. There is no normalization
on the univalent function.

BLATTER’S DISTORTION THEOREM. Suppose f is univalent in D and
a,beD. Then
sinh?(2dp(a, b))
8 cosh(4dp(a, b))

([(1 = laP)If @I

+[(1 =B OIP).

Equality holds for distinct points a, b€ D ifandonly if f =SokoT,
where S is a conformal automorphism of C, k is the Koebe function
and T is a conformal automorphism of D, and a and b lie on the axis
of symmetry of f. Conversely, if a nonconstant holomorphic function
[ satisfies this inequality, then f is univalent on D.

[f(@) = f) 2

The square on the term sinh?(2dp(a, b)) is missing in the state-
ment, but not in the proof, of this result in Blatter’s paper. The proof
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of Blatter’s distortion theorem is more sophisticated than the proof
of Koebe’s distortion theorem; it requires three coefficient inequal-
ities for normalized univalent functions: |a;| < 2, |a3] < 3, and
las — a3| < 1. Blatter’s distortion theorem is symmetric in @ and b
and linearly invariant. In this context, linear invariance means that if
f is replaced in the inequality by f = So foT, where S is a confor-
mal automorphism of C and T is a conformal automorphism of D,
then the new inequality has exactly the same form, except that f is re-
placed by f. This is closely related to the notion of linear invariance
introduced by Pommerenke [13]. We shall establish a one-parameter
family of symmetric, linearly invariant two-point distortion theorems
for univalent functions; each of these distortion theorems character-
izes univalence. The method of proof is an extension of Blatter’s
technique. The weakest two-point distortion theorem in the family is
a symmetric, linearly invariant version of Koebe’s distortion theorem.
Blatter’s distortion theorem is stronger than the symmetric, linearly in-
variant version of Koebe’s distortion theorem, but is not the strongest
one in the family.

Blatter’s distortion theorem can easily be formulated as a two-point
comparison theorem between euclidean and hyperbolic geometry on a
simply connected region. It relates the euclidean distance between two
points to their hyperbolic distance and the density of the hyperbolic
metric at the points. This formulation asserts that if Q is a simply
connected hyperbolic region in C and A4, B € Q, then

A_BP> 8sinh2(2dQ(A, B)) ( 21 N 21 ) .

cosh(4dq(4, B)) \ A4(4)  A4(B)
Equality holds if and only if Q is a slit plane and 4 and B lie on
the extension of the slit into Q. This two-point comparison theo-
rem can be viewed as an extension of the inequality Aqg > 1/(4dq)
for simply connected regions [6, p. 45], where dq(z) is the euclidean
distance from z to 02, since this inequality is a limiting case. Be-
cause Blatter’s distortion theorem characterizes univalence, it is nat-
ural to inquire whether this comparison inequality characterizes sim-
ply connected regions. The answer is negative. In fact, there is a
one-parameter family of similar two-point comparison theorems and
not even the strongest comparison theorem in the family character-
izes simple connectivity. Narrow annuli also satisfy these comparison
inequalities.

Finally, we consider analogs of these results for both convex uni-
valent functions and convex regions. The case of convex univalent
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functions parallels the univalent function situation. There is a one-
parameter family of two-point distortion theorems for convex uni-
valent functions, the weakest of which is the symmetric, linearly in-
variant version of a classical distortion theorem. These distortion
theorems all characterize convex univalent functions. There is an as-
sociated one-parameter family of two-point comparison theorems for
euclidean and hyperbolic geometry on convex regions. These compar-
ison theorems characterize convex regions and are refinements of the
inequality Ag > 1/(2dq) [10] for convex regions.

We would like to thank Wancang Ma for several helpful conversa-
tions regarding univalent functions and the referee for useful com-
ments, including the idea which led to Theorem 1.

2. Preliminaries. We first recall some results from Blatter’s paper
[1]. Some of these are reformulated in invariant terms here, while
others are stated in more generality. We do not prove these general-
izations if the proofs given in [1] immediately extend.

Minimum Principle. Suppose that a function u:[-L, L] — R sat-
isfies the following two conditions:

i) lWl<q,

(il) " <p(g*— )%,
where p and ¢ are positive constants. If v is the solution of the
inequality |y’| < g and the differential equation y” = p(g? — ()?)
which satisfies the boundary conditions v(L) = u(L) and v(-L) =
u(—L), then u(s) > v(s) for all s € [-L, L]. Moreover, if strict
inequality holds in both (i) and (ii), then u(s) > wv(s) for all s €
(-L, L).

The solution v can be expressed in elementary form:
v(s) = %log [cosh(pgs) + T sinh(pgs)] + log C,

where the constants 7 € [-1, 1] and C > 0 are determined by the
boundary conditions. In fact,

_ (exp(pu(L)) + exp(pu(~L))\'/*
C—( 2 cosh(pgL) ) .

LEMMA 1. For p>1,9>0 and t€[-1, 1] let

B(7) = /_LL(cosh(pqs) + 7sinh(pgs))'/? ds.
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Then for t€(~-1,1)
B(t) > B(£1) = %sinh(qL).
Proof. Now,
B'(1) = % /_I; sinh(pgs)(cosh(pgs) + T sinh(pgs))1~P)/P ds
and

_ o L
B'(1) = lpzp / sinh?(pgs) (cosh(pgs) + 7 sinh(pgs)) =P/ ds.
-L

Thus, B”(t) < 0 since p > 1, so B(t) is strictly concave on [-1, 1].
This implies that the minimum value of B(t) is either B(l) or
B(-1). Because

B(1)=B(-1) = %sinh(qL),
the proof is complete.

REMARKS. (i) When p = 1 the function B(r) is the constant
2 sinh(qL).

(i1) If # and v are as in the statement of the minimum principle,
then

L L 2
/~L exp(u(s))ds > / exp(v(s))ds = CB(t) > CZI- sinh(qL),

with equality if and only if expu(s) = C exp(+gs).

Next, we want to recall some differential geometric formulas re-
lating to locally schlicht holomorphic functions. Before stating these
formulas, it is convenient to introduce several invariant differential
operators which were also considered in [3] and [8]. For a holomor-
phic function f defined on D, let

Dif(2)=(1-1z)f(2),
Dyf(z) = (1 = |z|)2f"(z) — 2z(1 — |z]*) f(2),
D3f(z) = (1—|z|*)*f"(2) — 62(1 — 2|2 f"(2)
+62%(1 — |z1°) f'(2).
If T(z) = (z+a)/(1 +az), then D;f(a) = (foT)V(0) for j =
1,2, 3. In particular, D;f(0) is just the ordinary jth derivative at
the origin. These differential operators are invariant in the sense that

|Dj(SofoT)|=|Di(N)leT (j=1,2,3),
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where 7 is any conformal automorphism of D and § is any euclidean
motion of C [8]. Observe that for a locally schlicht function f

D3f(z) 3 (Dyf(z) 2\2
Dif(2) (Dlﬂz)) = (1= 1258,(2),
where N
) 3 (1)
515 =Ty~ (f’(Z))

denotes the Schwarzian derivative of f. For a locally schlicht holo-
morphic function f defined on the unit disk it is useful to introduce
the abbreviation

0/(2) = 28 — -z L8 -2z

Now, we establish some notation that will be in force for the re-
mainder of the paper. Suppose f is a locally schlicht holomorphic
function defined on the unit disk D. We assume that there is a Jordan
arc y in D with finite hyperbolic length 2L joining a and b such
that f maps y injectively onto the euclidean segment [f(a), f(b)] =
[4, B]. Suppose the arc y is parametrized by hyperbolic arc length,
say y: z = z(s), s € [-L, L]. This implies z'(s) = (1 —|z(s)|?)e??®),
where 0(s) = argz’(s). The hyperbolic curvature of y is

ka(2(5), 7) = (1 = |2(s)P)ke(2(5) , ) +Im {%ﬂ}

= (1= |2(s)P)xe(2(s), ¥) + Im{2z(s5)e"}.

Here x.(z(s), y) is the euclidean curvature of y at z(s); explicitly,

//(S)
Ke(2(5), 7) = |z'(s>| m{T}

The formula which relates the euclidean curvature of foy to the
hyperbolic curvature of y is

Ke(£(2(9)), £ o)IDy f(2()) = K(2(s), ”*Im{Qf(Z(SNz'E ;l}

When foy is a euclidean line segment, this simplifies to

Ky(2(s), 7) = —Im{Qf(Z(S) |z:(j;|}
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The rate of change of the euclidean curvature of foy is related to
the rate of change of the hyperbolic curvature of y by

dKe(f(Z(S)) f°y)|D f(z(s))]

_ dmz( ), 7) 22 ( Z(s) )2
When foy is a euclidean line segment, this becomes

' 2
é%w = —Im {(1 — [2(s)?)2S 1 (2(s)) (éé&) } '

Set

u(s) =log|Dy f(z(s))|.

Then
W' (s) = Re{Qy(z(s))e’")},
so that
W/ (s)] < 1Q(z(s))]
and {
(W) (s) = %Re{(Qf(Z(S)))zezie(s)} + EIQf(Z(S)HZ-
Also,

u'(s) = Re{(1 — |z(s)[*)2S(2(5))e**®)} + %IQf(Z(S))IZ - 2.
By making use of some of these formulas, we obtain the identity
u"(s) + p(u')*(s)
= Re {[(1 - 12()P)2S/(2(5)) + 5(Qs(z(s))?] €2}

p+1
+ 222102051 -
and so the differential inequality

u'(s) +pW)s) < |(1 = |2(5)2S(2(5) + 5 (@r(2())’]

+ 22 0,z -

3. Univalent functions and s1mply connected regions. We establish
symmetric, linearly invariant, two-point distortion theorems for uni-
valent functions and consider the associated two-point comparison
theorems between euclidean and hyperbolic geometry on simply con-
nected regions.
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INVARIANT KOEBE DISTORTION THEOREM. Suppose f is univalent
on D. Then forall a, beD,

sinh(2dp(a, b))
lf(a) - f(b)| 2 2exp(2dn)(a, b))

Equality holds for distinct points a, b €D ifandonlyif f =SokoT,
where S is a conformal automorphism of C, k is the Koebe function
and T is a conformal automorphism of D, and a and b lie on the axis
of symmetry of f. Conversely, if a nonconstant holomorhpic function
[ satisfies this inequality, then f is univalent on D.

max{|Dyf(a)|, |D1f ()|}

Proof. First, note that Koebe’s classical distortion theorem can be
written in the form
|z| sinh(2dp(0, z))
> = .
82 2 G707 = Zexp(2dn(0, 2)

Here g is a normalized univalent function.

Now, assume f is univalent (not necessarily normalized) in D and
a,beD. Set T(z) =(z+a)/(1 +az); T is a conformal automor-
phism of D which sends 0 to a. Then

8(z) =[foT(z) = foT(0)]/(fT)(0)

is a normalized univalent function. If we apply the classical Koebe
distortion theorem to g and use the fact that hyperbolic distance is
conformally invariant, then we obtain

sinh (2dp(a, b))
(@)= [B)] 2 gt o? 2D (@),

We obtain a similar inequality when we interchange the roles of a
and b. The final formula is obtained by taking the maximum value of
these two lower bounds on |f(a) — f(b)|. The necessary and sufficient
conditions for equality follow from the conditions for equality in the
classical Koebe distortion theorem.

The fact that the condition is sufficient for univalence is elementary,
but we give the details here and then omit them in subsequent related
theorems. Suppose f is a nonconstant holomorphic function defined
on D which satisfies the inequality. Assume f(a) = f(b) for distinct
points a, b € D. The inequality implies that f’(a) = f(b) = 0. Then
S is not univalent in any neighborhood of a (or b), so there exist two
sequences {a,} and {b,} of distinct points such that a, — a, b, —a
and f(a,) = f(b,) for all n. This gives f’(a,) = 0 for all n which
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contradicts the fact that f is nonconstant since this implies f’ must
have an isolated zero at a. Hence, f is univalent on D.

Thus, the invariant form of Koebe’s distortion theorem is sufficient
for univalence, so it provides an elementary answer to the question
raised by Blatter. Theorem 2 will provide a connection between the
invariant form of Koebe’s distortion theorem and Blatter’s distortion
theorem. But first we need to establish a result for normalized univa-
lent functions.

THEOREM 1. If g(z) = z+ayz%+a3z3+ -+ is a normalized univalent
function on D, then

3_
az — <__.3_£) a? +%|a2|2
1+2exp(2p_3), 0<P<§,
< p 2
- 8p—-3 3
i A Z<p.
3 b 2_p

This inequality is sharp for all p > 0. For p > 3/2, equality holds if
and only if g is a rotation of the Koebe function.

Proof. 1t suffices to obtain the sharp upper bound on the functional

L(g) = Re{as - (252) a3} + Slaol
= Re{a;} — (3 "32” ) (Re ay)? + (Im ay)?

over the family of normalized univalent functions. Because replacing
g(z) by —g(—z) does not change the value of L,(g), we may assume
that Re{a,} > 0 without loss of generality. Since 0 < Re{a,} < 2,
there is a unique 4 € [0, 2] with Re{a,} = (1 +1log$).

Jenkins [5] obtained the sharp relationship between the second and
third coefficients of a normalized univalent function. We shall use the
version of this result from [14, p. 120]; specifically, we need inequality
(12) of this reference which states

Re{a;} < (Reay)? — (Ima,)* — 2ARea; + 42 log% + %Az + 1.
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From this inequality we obtain

L,(g) < —(Rea2 )2 — 2A(Reay) + izlog% + %lz +1

- (552) (52
pzi’-( —) +1=H(Q).
(2)

Note that H(0) = =(8p —3)/3 and

H'(A) = 2—;log (%) [Zp -3+ 2plog (%)] .

For p > 3/2, H'(4) has no roots in (0, 2), so H(4) is strictly increas-
ing in this case with maximum value (8p — 3)/3 attained uniquely
at 4 = 2. This produces the sharp upper bound on L,(g) when
p > 3/2, and implies that equality holds only if g is a rotation
of the Koebe function. It is trivial that equality holds for a rota-
tion of the Koebe function. When 0 < p < 3/2, H'(A) has a root
at 4o = 2exp((2p —3)/(2p)) € (0,2) and H(A) is increasing on
(0, A49) and decreasing on (4g, 1). Thus, H(A) has maximum value
H(Ap) =1+2exp((2p — 3)/p) when 0 < p < 3/2. The sharpness of
the inequality in this case follows from the work of Jenkins; note that
the Koebe function is not extremal.

COROLLARY. If g(z) = z + ayz* + azz3 + - is a normalized uni-
valent function on D, then

13
as —

@]+ 2l <
39|+ glaz
with equality if and only if f is a rotation of the Koebe function.

Proof. By making use of the theorem with p = 3/2 and |a2| <2,
we get

4 13
2 2 - e
2'(12' 3|a2l <3+3 3

1
as - =as| +

) a

NI'—‘

—|a2]2

as —

THEOREM 2. Suppose f is univalent in D. There is a constant
P e (1, 3/2] such that forany p> P andall a,beD,

N sinh (2dp(a, b))
|f(a) f(b)l 2 2[2 cosh (2pdn(a, b))]l/P

(ID1f(@)]? + D1 f(B)P)'17.
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Equality holds for distinct points a, b €D ifandonly if f=SokoT,
where S is a conformal automorphism of C, k is the Koebe function
and T is a conformal automorphism of D, and a and b lie on the axis
of symmetry of f. Conversely, if a nonconstant holomorphic function
[ satisfies this inequality, then f is univalent on D.

Proof. The sufficiency for univalence follows exactly as in '%he proof
of the invariant form of the Koebe distortion theorem.

For the necessity, we make use of the notation established in §2.
Because f is univalent, we know that |u/(s)| < 4; this is the invariant
version of the sharp classical coefficient bound |a;| < 2 for normalized
univalent functions [2, p. 32]. We will make use of some of the results
from §2 with ¢ = 4. Suppose p > 1 is any number such that

(1) [a-12P28,2) + £ (02| + EE R iosa)p - 2 < 169

for every univalent function f defined on D and all z € D. Then
the results of §2 with ¢ = 4 give

u'(s) +p(u')*(s) < 16p.

Therefore, we get

L
|f(a) - f(b)] = /_L 1f'(z(s)l dz(s)]

) sy JEEOL
-/ ROEO RGO

L L .
= / expu(s)ds > / expv(s)ds > g%(“‘) ,
-L -L

with equality if and only if exp u(s) = C exp(+4s), where
- (LAl Do "

2cosh(4pL)
Thus,
sinh(4L) /
(@) = SO0 2 55 ap s (P @F + D1 B)F).

Since the function A(f) = sinh(¢)/[2 cosh(p?)]!/? is increasing and
2dp(a, b) < 4L, we obtain

f(a) — £(B) sinh(2dp(a, b))

1/
2 2[2 cosh(2pdp(a, b))]i/P (IDLf(@F + D fD)P) 7P .
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This establishes the lower bound when [f(a), f(b)] is contained in
f(D). If equality holds, then dp(a, b) = 2L and so y must be a
hyperbolic geodesic.

We require a limiting form of this inequality. Set Q = f(D).
Suppose a € 9Q and [f(a),a) C Q. Then for any b € D with
f(b) €[f(a), a), the preceding inequality gives

sinh(2dp(a, b))
(@) =~ FO) 2 5z e sy DL (@)

When f(b) — 0Q along the segment [f(a), a), then b — 9D and
so dp(a, b) — co. Since h(o0) =1/2, we get

/(@) ~al 2 3ID1 /(@)

This is just an invariant form of the Koebe 1/4-theorem.

Now, suppose [f(a), f(b)] does not lie in Q. Then there ex-
ist points a, # € 9Q such that the half-open intervals [f(a), a)
and (B, f(b)] are disjoint, lie in Q and their union is contained
in [f(a), f(b)]. The preceding inequality implies that

(@) ~al 2 ZIDif(@)] and |f(B)~ ] > ZIDLSB).

Hence,
|f(a) = f(B)] = |f(a) =l +|f(b) - Bl 2 ;} (ID1f(a)l + D1 f(B)])

> 2 (D1 f@P + D1 f(B)P)"”

Since A(oo0) = 1/2 and A is strictly increasing, we obtain

sinh (2dp(a, b)) ? o\ 1/p
|f(a) - f(b)| > 2 2 cosh (2pd(a, b1 (ID1f(a)F + D1 f(B)IP) "
This establishes the lower bound in all cases.

Next, we determine necessary and sufficient conditions for equality.
If equality holds, then y must be a hyperbolic geodesic in D. By
performing a conformal automorphism of D if necessary, we may
assume that y C (—1, 1) and is symmetric about the origin. There
is no harm in assuming [f(a), f(b)] C R and is symmetric about
the origin with f(a) < 0 and f(b) = —f(a); if this were not true
just compose f with a conformal automorphism of C. Then the
hyperbolic arc length parametrization of y is z(s) = tanh(s) and
f'(z(s)) >0 for s € [-L, L]. Symmetry implies f(0) = 0. Equality
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forces exp(u) = Cexp(+4s). We consider the plus sign; the case of
the minus sign is similar. We have

(1= 2(5)%)f"(2(5)) = C exp(4s).

Since

1 14z
s—artanhz—ilogl_z

holds on y, we obtain

(l—zz)f’(Z)=C(1+Z>2

1—-2z

or 1+
. _ z
@) =C 5

for z on y. The identity theorem implies that this holds for all z
in D. Since f(0) = 0, we get f(z) = Ck(z). This demonstrates
that if equality holds then f = SokoT, where S is a conformal
automorphism of C, k is the Koebe function and 7T is a conformal
automorphism of D, and a and b lie on the axis of symmetry of
f. Conversely, if f has this form, then it is straightforward to show
that equality holds for all points on the axis of symmetry of f, or
equivalently, equality holds for all pairs of points on (-1, 1) for the
Koebe function itself.

Finally, we show that inequality (1) holds for all p > P, where P is
some constant in (1, 3/2]. It is elementary to verify that if inequal-
ity (1) holds for one value of p > 1, then it also holds for all larger
values of p. Let P be the minimum of all p > 1 such that inequal-
ity (1) holds for all univalent functions f defined on D. Since the
class of univalent functions is linearly invariant, it suffices to establish
inequality (1) for z = 0 and normalized univalent functions. Thus,
we want to find the smallest value of p such that
- (52) ]+ (55 -3 <2
The corollary to Theorem 1 shows that this inequality is valid for
p = 3/2. It might seem plausible that P = 1; this is equivalent to the
coeflicient inequality

2
<3- §|‘12|2

2
as — §a§

for a normalized univalent function. However, Ruscheweyh [15], with
the use of a computer, has shown that this inequality is false for the
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full class S of normalized univalent functions and that the best result
for the class S is about

2
a3 — za?

35|+ §|a2|2 < 3.0031896592.

Thus, P> 1.

REMARKS. (1) What is the best value of P in Theorem 2?

(i1) The right-hand side of the inequality in Theorem 2 is a decreas-
ing function of p for p > 1. Consequently, the weakest necessary
condition for univalence that Theorem 2 yields is the case p = oo,
or more precisely, p — oo. This is the invariant version of Koebe’s
distortion theorem. The case p = 2 is Blatter’s distortion theorem,
but it is not the strongest two-point distortion theorem contained in
Theorem 2.

COROLLARY. Let Q be a simply connected hyperbolic region in C.
Then forany p> P and all A, Be Q,

. 1/p
A-B sinh (2dg(A4, B)) 1 1 '
| 2 2[2cosh (2pdq(A4, B))]'? \ 44(A) i Ao (B)

Equality holds if and only if Q is a slit plane A and B lie on the
extension of the slit into Q.

Proof'. Apply the theorem to a conformal map f of D onto Q and
make use of the facts that f is an isometry from the hyperbolic metric
on D to the hyperbolic metric on Q and |D;f(z)| = 1/Aq(f(2)).

REMARK. Suppose €2 is any region which satisfies the inequality
in the corollary for some p > P. Fix A € Q. Select a € 9Q so
that |4 — a| = dg(4). Let B € Q tend to a along the half-open
segment [4, o). Then do(A4, B) — oo since the hyperbolic distance
is complete and Ag(B) — oo [12] so the inequality in the corollary
yields Aq > 1/(4dq). For simply connected regions this inequality
is equivalent to the Koebe 1/4-theorem for univalent functions [6, p.
45].

EXAMPLE. Let Q = Q(d) = {z: exp(—7md/2) < |z| < exp(nd/2)}
for 6 > 0. We shall show that if § > 0 is sufficiently small, then for
A, BeQ

1 1 1
|4~ B| > 7 tanh[2do(4, B)] (AQ(A) + zQ(B))‘
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This inequality corresponds to the case p = 1; it is the strongest
possible lower bound in the corollary and shows that no comparison
theorem in the corollary can characterize simply connected regions.

A holomorphic universal covering projection of D onto Q is f(z)
=[(1+2z)/(1 — 2)}. Then [13, p. 128]

sup{|Q/(z)|: z€D} =2V1+62
and [11]
sup{(1 — |z|?)?S/(2)|: z € D} = 2(1 + ?).

We shall show that
[u'(s)| < 4

and
u'(s) + (u)*(s) < 16

for ¢ sufficiently small. This is the case p =1 and ¢ = 4 in §2. Note
that
[ ()] <1Qr(z(s))] < 2V1 + 62,

so the desired bound on [i/(s)| will hold when § < v/3. The other
differential inequality will hold if

(1= |21228(2) + 5 (@)% +] /() < 18,
which is weaker than
(1 - |z215/(2)| + S1Qs(2) < 18,

The preceding bounds show that this inequality will hold if 8(1+d2) <
18, that is, provided & < v/5/2. Thus, both needed inequalities hold
when 6 </5/2.

The proof of Theorem 2 shows that if [f(a), f(b)] C Q, then

|f(a) - f(B)] = %(tanh(%)) (ID1f(@)] + D1 £(B)]) -

Since tanh(¢) is an increasing function and dq(f(a), f(b)) < 2L,
this gives

|f(a) - f(b)] 2 %(tanh@dg(f(a), SO (ID1f(a)] + DL (B)])

or equivalently,

1 1 :
(@) - £(B)| 2 5 (tanh(2da(f(a) £(5)))) (gg( O ig(f(b))) '
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This is the desired result when [4, B] = [f(a), f(b)] C Q. Then, just
as in the proof of Theorem 2, this inequality holds even if [f(a), f(b)]
does not lie entirely in Q. In fact, strict inequality holds in this case.

REMARK. If g(z) = z +ayz? +a3z3 +--- is a normalized close-to-
convex function on D, then Wancang Ma [7] has shown

2
<3- §|a2|2

az — —i—a%
with equality if and only if f is a rotation of the Koebe function.
Thus, if f is a close-to-convex univalent function, then the inequality
in Theorem 2 holds for all p > 1. Does the inequality in Theorem 2
for p = 1 characterize close-to-convex univalent functions? Similarly,
the inequality in the corollary to Theorem 2 holds for p > 1 if the
region Q is close-to-convex.

4. Convex univalent functions and convex regions. We now turn our
attention to convex hyperbolic regions and convex univalent functions.

THEOREM 3. Suppose Q is a convex hyperbolic region. Then for any
p>1andall A, BeQ,

. 1/p
B sinh (dg(4, B)) 1 1
4= B2 [2cosh (pdqo(A, B))]'/? (i’g’,(A) +l‘g’,(B)> '

Equality holds if and only if Q is a half-plane and A and B lie on
a line perpendicular to the edge of the half-plane. Conversely, if Q is
a hyperbolic region in C and the preceding inequality holds for some
p>1andall A, BeQ, then Q is convex.

Proof. We first show that a hyperbolic region which satisfies the
inequality must be convex. Fix 4 € Q. As in the remark after the
corollary to Theorem 2, select @ € 9Q so that |4 — a| = dg(4).
Let B € Q tend to a along the half-open segment [A4, a). Then
dq(A, B) — oo and Ag(B) — oo, so the inequality in the theorem
yields A > 1/(2dq). This inequality characterizes convex regions
([4], [9D).

Now, we turn to the proof of the inequality when  is convex.
The proof is very similar to that of Theorem 2. If f is a conformal
mapping of D onto Q, then [u/(s)| < 2 is the invariant form of the
coefficient bound |a;| < 1 for a normalized convex univalent function
[2, p. 45]. Therefore, we want to use the results from §2 with ¢ = 2,
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so we wish to determine all p > 1 such that
+ 1
(1= 12P)28/(2) + 5 (01(2))°| + B~ Q)P —2 < 4p

for any convex univalent function f deﬁned on D and all z € D.
It is easy to verify that if this inequality holds for some value of p,
then it also holds for all larger values of p. We shall establish it when
p=1:

@ (1= 122570+ 5 (@2 + I <6

Trimble [16] established the following inequality for convex functions
when z = 0; this was rediscovered and established in invariant form
by Harmelin [3]:

(- 1222 [Sp(2)] + 5 [Qs(=)F < 2

It is now clear that (2) holds.
Then from §2 with ¢ = 2, we have
u'(s) + p(W')*(s) < 4p.
Given A, B € Q, select a, b € D with f(a) = A and f(b) =
Since Q is convex, the straight line segment [f(a), f(b)] always lies
in Q. Then we get

L L
[f(a)— f(b)|= / expu(s)ds > / expv(s)ds > Csinh(2L),
-L

where

c= (L@l DY

2cosh(2pL)
Thus,
inh(2L
@)~ J0) 2 2 (D@ + D)
or
A B > Sinh(2L) ( 1, 1 )””
[2cosh(2pL)]'/? \25(4) = #5(B))

Recall that 2L denotes the hyperbolic length (relative to Q) of the
segment [4, B]. Since the function A(¢) = sinh(¢)/[2 cosh(pt)]\/? is
increasing and do(A4, B) < 2L, we obtain

. 1/p

4A—B|> sinh(dg (4, B)) 1 + 1 .
~ [2cosh(pda(A4, B)]'P \A(4)  A(B)

This establishes the lower bound.




154 SEONG-A KIM AND DAVID MINDA

Finally, we determine when equality holds. First, suppose p > 1.
If equality holds, then [4, B] must be a hyperbolic geodesic. There
is no harm in assuming [4, B] C R and is symmetric about the origin
with 4 < 0 and B = —A; if this were not true, apply a conformal
automorphism of C to Q. Now, y is a hyperbolic geodesic in D;
by performing a conformal automorphism of D if necessary, we may
assume that y C (-1, 1) and is symmetric about the origin. The
hyperbolic arclength parametrization of the path y is z(s) = tanh(s)
and f’(z(s)) > 0 for s € [-L, L]. Symmetry implies f(0) = 0.
Equality forces exp(u) = C exp(+2s). We consider the plus sign; the
case of the minus sign is similar. As in the proof of Theorem 2, we

obtain

o C
&)=

Since f(0) =0, f(z) = CK(z), where K(z) = z/(1 — z). In this
situation Q = f(D) is a half-plane and the segment [4, B] is orthog-
onal to the edge of the half-plane. Conversely, if Q is a half-plane,
it is straightforward to show that equality holds whenever [4, B] is
orthogonal to the edge of the half-plane. It is sufficient to verify this
for the special case of the upper half-plane H = {z: Imz > 0}. In
this case,

_ 1
" 2Im(z)°

du(A, B) = artanh j

%' and An(2)

We omit the details.

It remains to consider the case of equality when p = 1. In this
situation Lemma 1 does not apply, so we use a different method. If
Q is not a half-plane, then |/(s)| < 2 and u"(s) + (W)*(s) < 4.
These strict inequalities imply that equality cannot hold in this case.
Thus, we need only determine necessary and sufficient conditions for
equality when Q is a half-plane. Because of the invariance of the
inequality under conformal automorphisms of C, we may assume €
is the upper half-plane H = {z: Imz > 0}. We need to determine
when equality holds in

1 1 1
(3) |A—B| > Etanh(dH(A, B)) (AH(A) + 11}11(3)) .

Inequality (3) is equivalent to

|4 - B| > Im(4) + Im(B).
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But trivially
|A - §| > Im(4 — B) = Im(A4) + Im(B)

with equality if and only if Re(4 — B) = 0, thatis, Re4 = Re B =
Re B. In geometric terms this necessary and sufficient condition for
equality is that [4, B] be orthogonal to the real axis, the edge of H.

COROLLARY. Suppose f is univalent in D and f(D) is a convex
region. Then for p > 1 and all a, beD,

(4)

fla@) - 1) > —Smbldbla, D),

[2cosh (pdp(a, b))}’

Equality holds for distinct a,b € D if and only if f = SoKoT,
where S is a conformal automorphism of C, K(z) = z/(1 — z) and
T is a conformal automorphism of D, and a and b lie on any axis
of symmetry of f. Conversely, if a nonconstant holomorphic function
[ defined on D satisfies this inequality for some p > 1, then f is
univalent on D and f(D) is a convex region.

f@F + D f(B)P)"”.

Proof. Suppose f is convex univalent in D. Set Q = f(D). Then
the inequality and the necessary and sufficient conditions for equality
follow from applying Theorem 3 to Q and the points 4 = f(a) and
B = f(b).

Conversely, suppose f is a nonconstant holomorphic function de-
fined on D which satisfies the inequality. As in the proof of the
invariant form of the Koebe distortion theorem, we conclude that f
is univalent on D. Set Q = f(D). Since f is a conformal map of D
onto  and hyperbolic distance is preserved, inequality (4) implies
that the inequality in the theorem holds. Hence, Q is convex, so f
is convex univalent.

REMARK. The right-hand side of the inequality in the corollary is
a decreasing function of p for p > 1. Therefore, the strongest nec-
essary condition for a convex univalent function that the corollary
produces is the case p = 1:

|f(a) - f(b )I>—tanh(dma b)) (ID1f(a) [+| D1f(D))) -

The weakest sufficient condition for convex univalence that the corol-
lary yields is p = oo (or more precisely, the limit as p — 00):

sinh (dp(a, b))
/(@) ~ o)l 2 S max (1D f(a) , 1D /(D))
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This is the symmetric, linearly invariant form of the classical distor-
tion theorem

, zeD,

1g(z)| >

for a normalized convex univalent function g [2, p. 70].

5. Comments. The method of Blatter that we have employed in
this paper uses certain differential geometric ideas in conjunction with
coefficient bounds for univalent functions to produce symmetric, lin-
early invariant two-point distortion theorems for (convex) univalent
functions which characterize (convex) univalence. Can these results
be established in a purely differential geometric fashion without us-
ing coefficient bounds? In the convex case our results characterize
convex regions so it is plausible that, at least in this setting, a purely
differential geometric proof might be available.
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VALUE DISTRIBUTION OF THE GAUSS MAP
AND THE TOTAL CURVATURE
OF COMPLETE MINIMAL SURFACE IN R™

XIAOKANG Mo

The aim of this paper is to prove the following

THEOREM. Let S be a complete non-degenerate minimal surface
in R™ such that its generalized Gauss map [ intersects only a finite
number of times the hyperplanes A, , ..., A; in CP™ ! in general
position. If q > m(m+1)/2, then S must have finite total curvature.

1. Introduction. The study of the value distribution property of
Gauss map of minimal surface began with a series of papers by
Osserman [ 9], [11] and the results can be summarized in the following

THEOREM (R. Osserman). Let S be a complete minimal surface in
R3. Then

S has infinite total curvature < the Gauss map of S takes on
all directions infinitely often with the exception of at most a set of
logarithmic capacity zero;

S has finite non-zero total curvature < the Gauss map of S takes on
all directions a finite number of times, omitting at most three directions,

S has zero total curvature < S is a plane.

For a long time, the above theorem had been the best result on this
direction. But all the known examples indicated that the exceptional
set of logarithmic capacity should be a finite set. In 1981, Xavier
made a surprising breakthrough by proving the following result, using
a result of Yau about a differential equation on complete Riemannian
manifold.

THEOREM (F. Xavier [13]). Let S be a complete minimal surface in
R3. Then its Gauss map can omit at most six directions unless it is a
plane.

In 1988, Fujimoto finally found a way to arrive at the best possible
number 4.

159
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THEOREM (H. Fujimoto [4]). Let S be a complete minimal surface
in R3. Then its Gauss map can omit at most 4 directions unless it is
a plane.

A combination of Osserman’s early study and Fujimoto’s above
work gives the following

THEOREM (X. Mo and R. Osserman [8)). Let S be a complete min-
imal surface in R3 with infinite total curvature. Then its Gauss map
must take every direction infinitely often except at most 4 directions.

For a surface in R™ there is the following

THEOREM (H. Fujimoto [5]). Let S be a complete minimal surface
in R™ with nondegenerate Gauss map. Then the image of S under the
Gauss map cannot fail to intersect more than m(m+1)/2 hyperplanes
in general position in CP™~1.

And the result of this paper mentioned at the beginning of this
section is the infinite covering property corresponding to the above
theorem.

An oriented minimal surface S in R™ may be described by a con-
formal immersion

X:M—->R", X=(X1,...,%Xm),

where M is a Riemann surface and each x; is a harmonic function
on M.

By definition, the generalized Gauss map of S is the map that as-
signs to each point of S the tangent plane of S at that point. Because
the tangent space of R™ at every point is naturally identified with R™
itself, the range of the Gauss map is the Grassmannian manifold con-
sisting of all the oriented 2-subspaces of R . We can further identify
the 2-plane spanned by the orthonormal basis X, Y with the line in
C™ generated by (X —iY)/2. So the range of the Gauss map can be
thought of as P"~1(C).

Let z = u + iv be a holomorphic local coordinate of M . Denote

ox 1 (8x1 .0X1 OXm .axm>

5z~ 2\au v Bu o

by F=(fo,....,fn),where n=m—1; f=U:fi:-:f)
is the point in CP" represented by (fy, ..., fy) in C™. Then the
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holomorphic map f represents the Gauss map, and the metric on M
as a minimal surface is

ds* =2|F(z)]*|dz|?,
where |F|2=|fol>+ -+ |fu]*.

In this way, we turn the problem of the Gauss map partly into a
problem on holomorphic curves. The value distribution property of
the holomorphic curve may lead to corresponding results about the
Gauss map.

In §2 we will summarize some of the basic ideas and notation of
holomorphic curves. We will also introduce an important construction
of Cowen and Griffiths [2] on holomorphic curves in CP" which was
the basis of their remarkable proof of Ahlfors’ defect relation. In §3
we will present the proof of Fujimoto’s inequality in such a way that
will clarify the relation between Cowen and Griffiths’ construction and
Fujimoto’s. Fujimoto’s inequality is the key to both the proof of his
theorem mentioned above and the proof of our result. In §4, we will
give the proof of our result.

2. Some properties of holomorphic curves. Value distribution prop-
erties of holomorphic curves have been studied since the end of the
19th century. The central problem was to generalize the Picard the-
orem and the Nevanlinna defect relation for entire functions to the
case of holomorphic curves. This was finally achieved in 1941 by L.
Ahlfors, overcoming great technical difficulties.

In 1976, M. Cowen and P. Griffiths [2] gave a much simpler proof of
Ahlfors’ result using what they called a “negatively curved collection
of metrics”. Using their result, H. Fujimoto [5] was able to construct
a single metric of negative curvature under certain conditions. Then
by the Schwarz-Pick lemma, he derived an inequality which is the key
to the study of the value distribution property of the Gauss map of
minimal surface. In this section, we will give an outline of Cowen and
Griffiths’ result.

Let Agp = {z||z| < R} be a disk in the complex plane, f: Ag —
P"(C) be a holomorphic curve derived from a holomorphic map
F: Ag — C™*! through homogeneous coordinates. F(z) = (fo(2),...,
(2), fo, ..., fn are holomorphic functions on Ag. We write f =
(fo: - : fu) and define |F| = (37, |f;|*)'/?; for our purposes, we
assume that [F| #0.

Take the /-th derivative:

FO(z)=(fP(2), ..., FP2).
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Define Fy = FOAFOA-..AF®): Ag — \¥*1 C*+1 c G(n, k), where
G(n, k) is the Grassmannian manifold. By the Pliicker embedding
G(n, k) c PN(C), N = (}*]) — 1, Fy induces a map fi: Ag —
PN(C), called the kth derived curve of f.

We can define |F;| in a natural way. Let ¢, ..., e, be the standard
basis of C"t1,

F(z)=FOnp.. /\F(k)(z Z Fi<.<i€iN---Nej,

l<1k

and we define

1/2
IFk(Z)|=( > IEO---ik(Z)l2> -

Iy <<,

Now the Fubini-Study metrics on P" and PV naturally induce met-
rics on Ar by pulling back:

Qo = dd°log|Fy|'/? = dd¢log|F|?,
Q. = ddlog|F|?, k=1,...,n,

where d¢ = (v/=1/4m)(@ — 0). Because F, is just a holomorphic
function, Q, = 0. We also set |F_;| =1 for convenience, so Q_; =
0.

The metrics Q; will be used later to construct the negatively curved

collection of metrics.
Let a=(ag, ..., an) € C™1, |a| = (1 ]a:|*)!/? = 1. Then

awo+ -+ apw, =0
defines a hyperplane, 4 in both C"t! and P,-, and
F(A)=aofo+ -+ anfn
measures the distance from F(z) to A4; in a similar way

(A Z' Y a

[<ee<iy, AL,

measures how far Fj is from 4. Here Fj = sign(o)Fj..; , 0 is
iy

the permutation
o= (! k)
Jo Ji1-Jk
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In fact |Fi(A4)(z9)| = 0 means F(zq), FV(zp), ..., F®)(zq) all lie
in the hyperplane

apwo + - -+ + agwy, = 0.
The corresponding quantities for the holomorphic curve f in P" are

_[F)P _ |Ei(4))?
¢O(A)" IFk|2 ’ ¢k( )_Wa

and if ¢ (A4)(zp) = 0, the curve f is said to have contact of order
k+1 with 4 at z;.

Now if the holomorphic curve f: Agx — P” omits a certain number
of hyperplanes 4;, 4, ..., A;, we want to construct a metric or a
collection of metrics that is negatively curved.

If n=1, A4;,..., A; are points on P! we can just pull back the
Poincaré metric of P! — {4, ..., 4;}. To be more explicit, let us
take a local coordinate { of P! around a neighborhood of A4; (or
any other 4;, i=1,...,q), with { =0 at A!. Then the Poincaré
metric is asymptotically

d¢ndl
1C121og?(1/1¢]2)
around the point 4; . Cowen and Griffiths [2] found a way to general-
ize this construction to the case when »n > 2. In that case, it becomes
necessary to consider not only f but all of its derived curves f; . The
quantity |{|> for 4; will be replaced by ¢x(4;) as defined above.

Let w = (vV—1/2n)h(z)dz AdZ be a metric. Then the Ricci form
is defined by Ricw = ddlogh(z), and Ricw > w is equivalent to
the fact that the curvature of w is less than —1.

Let 4,, ..., A; be hyperplanes in general position in P"” and g >
n+2.For i=0,...,n-1, following the indication of the Poincaré
metric, define

T bia1(4) )”‘”‘”Ql
“ C’H(qsi(AV)logz(u/«zs,-(A,,)) :

v=1

Cowen and Griffiths [2] proved the following

PROPOSITION. Given ¢ > 0, for a suitable choice of constants c;,
and u, we have

n—1

n—1 n—1
Z(n —i)Ricw; > (g — (n+1))Q + Zw,- —¢ (Z Qi> .

=0 i=0 i=0



164 XIAOKANG MO

Aside from the term with the &, this inequality illustrates what
is meant by saying that the collection of metrics {w;} is negatively
curved. Based on this, Fujimoto constructed a single metric with neg-
ative curvature under some additional assumptions. The next section
will give a detailed presentation of Fujimoto’s construction.

3. Fujimoto’s inequality. This section will be centered around cur-
vature computations. For this purpose, a few lemmas from [2] are
collected here for convenience.

We have defined Q; = dd°log|F,|?,

LEMMA 1. 5 X
V=1 |Fi_|*|Fi11] -
ka o7 ]Fk|4 dzNdZ.
LEMMA 2. Define
e = P
|Fil* 7

then
RicQy =ddlogh; = Q1+ Qp_1 — 2Q;.

In the process of computation, we will use these two lemmas when-
ever necessary without referring to them explicitly.

To help understanding, we give here an outline of the idea of the
proof of this section. The motivation is to construct a single metric
of negative curvature out of a collection of negatively curved metrics.

Let w; = (vV—1/2n)h;(z)dz AdzZ, and suppose

ZRica)i > Z ;.

Then
Za’dcloghi > Zhidz ANdZ,
i

dd°1og ([T 1) = (L k) dzndz 2 n ([[h) " dz ndz,
da<tog ([T #)" > (TT ) " dz naz,

so @ = ([Th;)/"dz A dZ satisfies Ricw > w and o is the desired
metric. In our situation, there are two other factors that complicate
the proof. One is that in the proposition of the last section, the collec-
tion of metrics is not strictly negatively curved; the term with ¢ will
cause some complications. The other factor is that there are many
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computations and cancellations due to the special form of metrics
that we have. Let us start with the inequality

n—1 n—1 n—1
d (n—iRicw; > (- (n+1)Q+ Y ;- (Z Q,-) ,
i=0 =0 i=0
where

LT Bis1(4) )””'”Q.
“ C’E(@(Ay)logz(u/m(m» -

We want to compute each term of the inequality explicitly.

Step 1.
n—1
> (n - Ricw;
i=0
n-l q 1/(n-1)
; ¢i+1(Au)
= —0)dd°1
g(n ! Ogg (¢,.(Ay)1og2(u/¢,.(A,,)))
n—1
+ Y (n-i)RicQ;
i=0
n—1 q
Piy1(Ay)
= dd°l
i=0 % ,,131 ¢i(Ay)log®(u/di(4y))
n—1
+ ) Qs +Qiny —2Q)
i=0
4 fI $n(4y)

- 1)Qp;
=1 o(Av) Hz'lng(ﬂ/¢i(A,,)) (n+1)Qo
but ¢o(4,) =1, do(dy) = |F(4,)]2/|F|?, so
5 i |F?
$"(n - DRice; = dd°log [ | ( )

par |F (4,)2 TT; log*(1/$i(4.))
— (n+ 1)dd‘log|F|?

v=1

=dd log ( Ll 5 )
T _1(|1F(4y)I12 TI; log™(1/$i(A4v)))
— dd°log |F|*"+D)

2(g—(n+1))
=dd‘log ( Ll ) .

11 (1F(4))12 T1; 108 (1/ $i(4v)))
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Step 2.
_ n—1 q I(n-1)
— ¢l+1( ) Q.
Z; o I_Il (¢,~<Au)log2(u/¢,-(Ay)>) ’
n-1 g biv1(Ay) . 1/(n-1)
=Y o]l ( - h,"-') dznd‘z,
i=0  v=1 of (AV)IOg (u/9i(A4y))

where Q; = h;dz A d°z . Using the inequality

aixy+ -+ apxy, > (al + -4 an)(xill .. 'x:,,)l/(al+...+an)

with a;=n—1, ;’;0’ ai=n(n+1)/2, we have

n—1 c n-1/4q &; I(A ) , .2/n(n+1) ond
i > AV ?—l c
Z;w Hl (I_I (@ u)logz(u/rbi(Au))) ) Zhaz
: on(4y) )
=C
(1;[1 <¢0(Ay) [0 log?(u/¢i(4.))

rﬁ (|Fi—1|2|Fi+l|2>n—l Hmrel)
| Fi|4

i=0

< roweieamees
o1 \IF(A)2 T/ log? (u/ bi(Ay))

-1 |E 2 2/n(n+1)
H (IFO|2(n+1))) )

but |Fy| = |F], so

Z >C ( IF|2(q—(n+1))|F P )2/,,(,,+1)
w; 2
=0 P (F(A)PITS "og?(u/¢i(4,)))

Step 3.

n—1 n—1
: (Z Q,-) =&Y dd°log|Fi|* = dd“log|Fo[™ - |F, [,

i=1
(@ —(n+1)Q = (g — (n+ 1))dd°log|Fy|* = dd°log|F|?a~(n+1),
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Step 4. Combining the results of Steps 1, 2, 3, we have

2% .. 2
ddclog |F0| ¢ IF —l| ¢
_(IF (A4)2 T Yog?(u/ ¢i(Ay)))
P2 (n+ )IE 2/n(n+1)
>C ( ) dzNdCz.
V(IF (A) P TT log?(u/¢i(Ay)))

Setting G = [17_,(|F(4,)|? TI"=, log?(u/¢:(4,))) , we have

dd€log|Fy|% - - - |Fp_|* + dd‘log(1/G?)

>C <|F|2<q-<"+1>>|Fn|2)2/”“’*”

e? dzNdz.

Step 5. Notice that F, is a holomorphic function, so dd¢log|F| =
0; also log|F|*> is subharmonic, so dd¢log|F|?, the —4¢ in the ex-
ponent is necessary and we will see the reason in the arguments later.
With n = (|F|?4-(+1)|F,|12)/G?, we have

> Cy "t dz Adez.

odd* 0g |Fof* | Pyt + dd og oy >

Step 6. Let P,=n(n+1)/2, Qn =Y ;_; Px. Then

Pnddc 10g|F0|2 e an—llz
Fua*|Fn)?

|Fy |2 |Fol?| B2 1
> (P A 4 P
(”|Fo|4 ST L

P P
> 0, (|F1|2> " <|F0|2|F2l2) "
- | Fol* |Fy|4

2 2\~ 1/e,
. ('Fr;;}] I|I:n| ) ) dzNd¢z
n—1

1/Q,
:Q |Fl|2"'|Fn—l|2|Fn|2 dzNdz
n |F0|n2+3n ’

)dz/\dcz

SO

2 2\ /@,
eddcloglF0|2~--]F,,_1|2Zs—Q—” (M) dzNd¢z.
Pn |F0‘ n+1
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Step 7. Add up the results of Steps 5 and 6, replace the ¢ (which is
arbitrary) with &/2 and notice that dd°¢ log |Fn)?> = 0, we have

eddlog|Fy|* - - |Fp|* + dd€ log ——5—

|F|2e ("
2, F |2 1/Q,
o (e 20n (IRl ‘
_(C’? +2Pn FoPPor dzNdCz,

using a;x;+axx; > (a1 +a)(x]'x;2)1/(@+%) with a; = P, ay = ¢Qy,
we have

1 P
ddetog PO Bl o o (1Rl [Fafon\ V000
g |I?|28 n+1 - IF|28 n+1 )
Set
B |F0|26 | Fu|2en 1/(P,+¢Q,) .
- IF|28 n+1 g
then

dd‘h > Cohdz ANd°z,
so hdz A d°¢ < is the desired metric.

Step 8. By the Schwarz-Pick lemma, we have a constant C; such

that
2R

|z|2”
where Wd zAd°z is the Poincaré metric of the disk {z||z| < R}.
Writing out everything explicitly, we have
[FIom Do Byl - | Foy 2R \Pre
<Ci(mrra
o1 ITi=1 log(u/¢i(4y)) —|z|

h(2) < Cygr—r=s

Step 9. We would like to get rid of the log terms. Knowing that

u

K = sup x"/quog <+o00 foru>1,

0<x<1
we have
1 1 |F(A4 )|8/‘1
- - A4, = el
TR 2 KA = R

substituting this into the result of Step 8, we have

PROPOSITION (Fujimoto’s inequality [5]). Let Ar = {z||z| < R} be
a disk in the complex plane, f: Agx — CP" be a holomorphic curve
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derived from a holomorphic map F: Ag — C"*!, using the notations
introduced in the previous section, we have the following statement. For
any € >0, thereisa C > 0, such that

e [ Il A DU (2R )wne
T (AL =T\R-Tp

4. Minimal surfaces in R™. We assume that all surfaces are ori-
entable, since analogous theorems for non-orientable surfaces are eas-
ily formulated by taking the two sheeted orientable covering surface
and applying the theorem to it. Following the notation of the previous
section, we will prove the following

THEOREM. Let S be a complete non-degenerate minimal surface
in R™ such that the Gauss map f = (fo: -+ : fn) (here n=m = 1)
intersects only a finite number of times the hyperplanes A, , ..., A4 (in
CP™") in general position. If g >m(m+1)/2=(n+1)+n(n+1)/2,
then S must have finite total curvature.

REMARK. If § is a generalized minimal surface with a finite num-
ber of branch points, all the arguments of our proof will not be af-
fected. So the theorem is also true for the somewhat more general
class of surfaces. This also applies to the similar theorem for surfaces
in R3 by Mo and Osserman [8].

It was already observed by Osserman (see R. Osserman, A survey of
minimal surfaces, second edition, 1986, p. 73) that his classic results
on the value distribution of Gauss map is true for simply connected
surfaces with a finite number of branch points. An observation of
Ahlfors implies that they are still true if a certain condition on the
distribution of the branching points is satisfied. But there exist com-
plete generalized minimal surfaces in R3, not lying in a plane, whose
Gauss map lies in an arbitrarily small neighborhood on the sphere.
So the results are not true for arbitrary generalized minimal surfaces.
The method of our proof is similar to the method of [8].

Proof. Step 1. Since f is non-degenerate, none of the F;(A4,) van-
ishes identically, where v =1, ...,q, k=0, ..., n. Let A be given
by the equations

ay,zo+ - +ay zp = 0,

F, = Z Fio...,'ke,'o N--Nej,

<<
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L io - Iy o

Fj ..j = sign (jo 3 'jk) Fi ..,
then for each pair (v, k), there is i;, ..., iy such that
Wk = Z aulFl,lmlk
I, iy

does not vanish identically. Apparently Wy, = F(A4)), Wwn = F,.
Every w,, is holomorphic, so they have only isolated zeros.

Step 2. The hypothesis of the theorem implies that outside of a
compact set D in S, f does not intersect any of the A4;, ..., 4,;
therefore F(A4,)# 0. Let

S'={peS\D: y,, #0 forany (v, k)}.

On S’ we define a new metric

d§2= z=1F(Al/) » |dZ|2
|Fal"*e T1, kWl
where
. 1
b= (@—(n+1) = Pyyi€) = (Py+ Qne)’
4=t )-Py__g—(nt1) -0y
Ppi1 +Qn P+ Qn+1/q°

the last inequality is equivalent to ep*/q > 1.

Here the definition of d§? would be valid if S’ has a global coor-
dinate z. Take a hyperplane 4 (out of A4y, ..., A;). Then on S,
f does not intersect 4, namely

0x 0Xp .
ao-a—z—+~--+an 9z 750,
this means that if & = agx;(z)+ -+ amXxm(z) is a global coordinate
on S, call it z, then d§? is well defined.

Step 3. Since F(A,), F, and y,;, are all holomorphic, the metric
d§? is flat, and it can be smoothly extended over D. We thus obtain
a metric, still call it d§%, on

S"=S"uD

that is flat outside the compact set D . The key to our proof is showing
that S” is complete in that metric.
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Step 4. We proceed by contradiction. If S” is not complete, then
there is a divergent curve y(¢) on S” with finite length. By removing
an initial segment, if necessary, we may assume that there is a posi-
tive distance d between the curve y and the compact set D. Thus
y: [0, 1) — 8, and since y is divergent on S”, with finite length, it
follows that from the point of view of .S, either y(¢) tends to a point
zy where

|Fal " T Il = 0,
v,k
or else y(¢) tends to the boundary of S as ¢t — 1. But the former
case cannot occur, because if

|Fu(zo))™*e T Ivui(z0) ¥4 = 0,
v,k

then by the fact that ep*/q > 1 (here g is the number of hyperplanes)

we have c

|z = zo|%
around zy where ¢ >0, Jdy > 1. Thus

1
/d§=oo,
0

contradicting the finite length of y.

|d§| ~ dz

Step 5. We conclude that y(z) must tend to the boundary of .S when
t — 1. Choose t; such that

1
/ d§<—d—;
tO

that is, the length of y([zy, 1)) is less than d/3. Consider a small disk
A with center y(ty). Since d§? is flat, A is isometric to an ordinary
disk in the plane. Let G be an isometry of |w| < n onto A with
G(0) = y(tp). Extend G, as a local isometry into S’, to the largest
disk possible, say |w| < R. (Note that G may be viewed simply as
the exponential map to S” at y(zy).) In view of ft; ds < %, and the
fact that y is a divergent curve on S, we have R < d/3. Hence the
image under G must be bounded away from D by a distance of at
least 2d/3. Thus, the reason that the map G cannot be extended to a
larger disk must be that the image goes to the boundary of S”. Since
the zeros of |F,|!* I « |w,k|¢/9 have been shown to be infinitely
far away in the metric, the image must actually go to the boundary
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of §. More specifically, there must be a point wy with |wg| = r,
such that the image under G of the line segment from 0 to wy is a
divergent curve I" on §. Our goal is to show that I" has finite length
in the original metric ds* on S, contradicting the completeness of
the original surface.

Step 6. We know that
1 F4,) |
dw| = |d§| = v=l 7
ldw] =] I|Fn|l+s I, Vi
Instead of z, we change to the coordinate w for the right-hand side

of the above expression. Precisely speaking, we let
F(w)=(fo(w), ..., fuw)=(fo(z(w)), ..., fu(z(w)))=F(z(w)),

and let ¥, (w) be defined from F(z) in the same way the v, was
defined from F(z). Then a little computation shows that

|dz|.

— P
@ _ Z=1F(Au)
dz lfn(%)PN|l+8 Hu,klw—uk(%)Pkle/q
_ L F4) !
[Fnl'*e 1, 4 Wile/e| |G| (F+eQ,)”
dw 1+p* (P, +¢Q,) q_IF(Au) p’
dz C|IFR T,k [Tkl
by
p*= 1 ;
(g—(n+1)—Pyy18) — (Pn+ One)’
we have
dw ~ z=1 F(A,,) 1/(g—(n+1)-P,, &)
dz |F 1|74 1,k 19,15/

Step 7. We now denote by C the line segment from 0 to wg, and
by I', the image of C on S. Then for the length L of I', we have

L=2 /C IF(z(w))]| |dz(w)
=2 [ [Fw) a4z

—g— _ - — 1/(g—(n+1
o | L fla-tred
7P|

ldw|

—eP

n+l)
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By the definition of ¥, , |¥, x| < |Fx(4,)|, and using the proposition
of the previous section, the Fujimoto inequality, we have

SR\ B0/ (a—(nt =P, ,0)

Because 0 < (P, + Qn¢)/(g —(n+ 1) —Q,,18) < 1, L is finite.

Step 8. To sum up, we have shown that if the surface S” were
not complete, then we could find a divergent curve on S with finite
length in the original metric, so that S would not be complete. We
therefore conclude that S” is complete. Since the metric on S” is
flat outside of a compact set, we are in a familiar situation (see [11] p.
3564, or Osserman, 4 survey..., p.81). By a theorem of Huber [7],
the fact that S” has finite total curvature implies that S” is finitely
connected. We conclude first that |F,|'** ], , |W,k|¢79 can have only
a finite number of zeros, and second, that the original surface S is
finitely connected. Further, by [10, Theorem 2.1] (or the argument
in [11, pp. 354]) each annular end of S”, hence of S, is confor-
mally equivalent to a punctured disk. Thus, the Riemann surface M
on which S is based must be conformally equivalent to a compact
Riemann surface M with a finite number of points removed. In a
neighborhood of each of those points the Gauss map f does not in-
tersect ¢ > n(n —1)/2+ 1 > n + 2 hyperplanes. By a generalized
Picard theorem (see [2, p. 136]), the Gauss map f can be extended to
a holomorphic map from M to P"(C). If the homology class repre-
sented by the image of f: M — P"(C) is m times the fundamental
homology class of P"(C), then we have

/ KdA=-2nm
as the total curvature of S. This proves the theorem.
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ON COMPLETE RIEMANNIAN MANIFOLDS
WITH COLLAPSED ENDS

ZHONGMIN SHEN

We show that if a complete open manifold with bounded curvature
and sufficiently small ends, then each end is an infranilend. Con-
versely, an open manifold with finitely many infranilends admits a
complete metric with bounded curvature and arbitrarily small ends.

1. Introduction. It is well known that if a complete open manifold
M of finite volume has bounded negative sectional curvature, i.e.

—A; <sec(M) < —Ay,
where A; are positive constants, then A has finite topological type

(see [G1]). In particular, M has finitely many ends. Moreover, each
end collapses, i.e., for any end E and any point p e M,

rlLrEO diam(ENnS(p,r)) =0,

where S(p,r) = {x € M;d(p, x) = r} denotes the geodesic sphere
of radius r around p. Further, each end is topologically of the form
N x(0, o) for some infranilmanifold N . See [E] and [Sc] for details.
See also [K] in the case Ay/A; < 4.

An open manifold M is said to have N ends, if there is a compact
subset K such that for any compact subset K ¢ K' ¢ M, M\K’
contains exactly N unbounded components. Simply we call any such
component an end of M .

In [Sh] we studied complete open Riemannian manifolds A with
sectional curvature bounded from below and small ends. In order to
state the result, we need to introduce some notations. For r > 0, the
connected components, X, of 9(M\B(p, r)), are called the boundary
components, where B(p, r) denotes the open geodesic ball of radius
r around p. Following [C] (compare [AG]), we define the essential
diameter < (p, r) at distance r from p by

(p, r) =supdiam(X),
>

where the supremum is taken over all boundary components X of
M\B(p,r) with ZNR(p, r) # @, where R(p, r) = {y(r);y isaray
fromp} C S(p, r). Notice that in the definition of Z (p, r) we do not
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assume that M has finitely many ends. In [Sh] we prove the following

THEOREM 1 ([Sh]). Let M be complete with sec(M) > —1. Suppose
that
(1) lim Z(p,r) <In2.
r—oo

Then M is homeomorphic to the interior of a compact manifold with
boundary. In particular, M has finitely many ends.

We do not know what is the best constant on the right side of (1).
This theorem is proved by applying the Morse theory to the distance
function dp(x) = d(p, x). Of course, d, is not of C! in general.
But we still have a notion of critical points of d,. We say a point ¢ is
a critical point in the sense of Grove-Shiohama [GS] if for any vector
v € TyM, there is a minimal geodesic ¢ from ¢ to p, making an
angle Z(v, (0)) < 5. For the further discussion in §2, we would like
to outline the proof of Theorem 1 here (see [Sh] and [G] for details).
Suppose M is as in Theorem 1. Let ¢, denote the excess function on
M , which is defined by ep(x) = lim,_, 400 dp(x) +d(x, S(p, 1)) — 7.
It follows from Toponogov’s comparison theorem that if g € S(p, r)
is a critical point of d,, then

r

> .
¢(@) 2 In coshr
Let £ be any boundary component of M\B(p, r) with ZNR(p, r) #
@ . An elementary argument shows that for any x € X,

ep(x) < diam(Z) < D (p, r).

Notice that In(e”/coshr) — In2 as r — +oo. Thus there is a large
Ry such that if r > Ry, X contains no critical points of d,. Let E be
an unbounded component of M\B(p, Ry), and let y be a ray from p
such that y(Rg, oo) C E. Denote by X, the boundary component of
M\B(p, r) with y(r)€Z,,r > Ry. Since all Z,, r > Ry, contain no
critical points of d, , one can show that all X, are homeomorphic, and
E is homeomorphic to Zg X (Ro, 00). Notice that M\B(p, Ro) has
finitely many unbounded components. Thus A has finite topological

type in the sense of Theorem 1. In this case, it is also easy to see

(2) Dp,r) = mEaxdiam(EnS(p, r), r>Ry,
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where the maximum is taken over all unbounded components of
M\B(p, Ry). Readers can also refer to [C] for further discussion.

In this paper we will study the structure of small ends for com-
plete open manifolds with bounded sectional curvature. Riemannian
manifolds under consideration may have infinite volume and are not

required to be negatively curved.

THEOREM 2. Let M be a complete open n-manifold with p € M
fixed. Suppose that |sec(M)| < 1. There is a small &(n) > 0, such
that if

im Z(p, r) < &(n),

r—0o0
then there is a compact subset K C M, such that each unbounded
component of M\K is diffeomorphic to N x (0, oo) for some infranil-
manifold N .

A manifold N is called an infranilmanifold if it is diffeomorphic
to a compact space G/I", where G is a nilpotent Lie groupand I isa
discrete group of affine transformations of G satisfying [I': GNTI'] <
oo . Here we have put the left invariant connection D on G for which
left invariant vector fields are parallel and G is regarded as a group
of affine transformations on G by left translations (see [R]). An end
of an open manifold, which is diffeomorphic to N x (r, oco) for some
infranilmanifold, is called an infranilend.
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