A TRANSVERSE STRUCTURE FOR THE LIE-POISSON
BRACKET ON THE DUAL OF THE VIRASORO ALGEBRA

GLORIA MARI BEFFA

Volume 163 No. 1 March 1994



PACIFIC JOURNAL OF MATHEMATICS
Vol. 163, No. 1, 1994
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ON THE DUAL OF THE VIRASORO ALGEBRA

GLORIA MAR{ BEFFA

KdV equations can be described as Hamiltonian systems on the
dual of the Virasoro algebra with the canonical Lie-Poisson (also
called Berezin-Kirillov-Kostant) bracket. In this paper we give an
explicit transverse structure for this Poisson manifold along a finite
dimensional submanifold. The structure is linearizable and equivalent
to the Lie-Poisson structure on sl(2, R)*. This problem is closely
related to the classification of Hill’s equations.

1. Introduction and main definitions. It was known since Lie’s time
that if a manifold has a Poisson structure and the rank of the Poisson
tensor is constant around a point (that is, the point is regular), then
the manifold can be locally described at such a point as foliated into
leaves of maximum rank or symplectic leaves. If the Poisson manifold
is the dual of a Lie algebra with its Lie-Poisson bracket, then the sym-
plectic leaves coincide with the orbits under the coadjoint action of
the group. If the point is singular the local description can be achieved
by finding a section which is transversal to the orbit of the point and
which is endowed with a Poisson structure induced by the global Pois-
son bracket. This induced bracket, or transverse structure, was initially
introduced by A. Weinstein for finite dimensional Poisson manifolds
(see [20]) and it describes the relation between the symplectic struc-
tures on the different leaves as we cross them transversally to the orbit
of a singular point. Weinstein also proved that transverse structures
were unique in the following sense: if we have two sections transversal
to the orbit of a singular point with Poisson brackets induced on them
and with dimensions equal to the codimension of the orbit, then there
exists a Poisson isomorphism of the manifold, defined between two
neighbourhoods of the intersections with the orbit, which will clearly
preserve the two transverse structures.

The aim of this paper is to show the geometrical description of
the coadjoint orbits on the dual of the Virasoro algebra as we move
transversally through them and to use this description to find an ex-
plicit transverse structure for its Lie-Poisson bracket. Descriptions
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and classifications of the coadjoint orbits have been given by different
authors (see [8], [9], [17], or [21]). The problem is closely related to
finding normal forms for Hill’s equations as we will see later.

In §2 we try to find a suitable transversal section in which we will
define our structure. This direction might have a role in this work. In
the case of the Virasoro algebra (a Frechét manifold) there are no re-
sults on uniqueness of transverse structures available to us, so that, in
principle, the transverse structure we get might not have been canon-
ically chosen. We will show that it is enough to describe a transverse
structure for constant potentials of the form p = 1’23, for all integers
n (these are analogous to singular points in finite dimensions). An
orbit that does not contain such a potential will automatically possess
a trivial transverse structure (potentials on these orbits are analogous
to finite dimensional regular points). A direction transversal to an

orbit which goes through a potential of the form p = ﬂzi is given by
a 3-dimensional submanifold which is isomorphic to sl(2, R). In §3
we find a transverse structure along that section and we show how,
although it is nonlinear, it can be linearized along the submanifold
and therefore it is equivalent to the standard Lie-Poisson structure on
sl(2, R)*. We also discuss how this fact does not imply a uniqueness
result. The definition of transverse structure is also revised, to make
it easier to adapt to the infinite dimensional case.

In the last section we provide an expression for the Taylor expan-
sion of the transverse structure in terms of the even moments corre-
sponding to a certain moment functional. This linear functional is
defined as follows: the symplectic structure on the intersection of the
coadjoint orbits with the transverse section can be, in some sense, rep-
resented by a Jacobi matrix. There exists a Jacobi fraction (continued
fraction) associated to such a matrix and its corresponding partial de-
nominators can be described as orthogonal polynomials with respect
to certain discrete measure. The linear functional we are looking for
is given by integrating against that measure.

Finally we show how the transverse structure can also be expressed
in terms of the Fourier coefficients of a periodic solution of a nonho-
mogeneous equation whose homogeneous part is given by the coad-
joint action of the algebra on its dual.

This paper is part of the author’s Ph.D. thesis at the University of
Minnesota. The author wishes to express her gratitude to J. F. Conn
for introducing her to Poisson Geometry and infinite dimensional Lie
algebras and for sharing with her his ideas about the subject. She
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would also like to thank D. Stanton, S. Angenent and especially Peter
Olver. This work benefited very much from her talks with them.

Central extensions: The Virasoro algebra and the Lie-Poisson struc-
ture on its dual.

Let G be a Lie group, g its associated Lie algebra and g* the dual
space of g. We define the Chevalley- Eilenberg complex associated to
a representation (V', p) for g, as the chain complex given by

)
...)V@Alg*i)V®A2g*_i.)V®A3 * ..

with the coboundaries defined as

51(a)(E1 A &) = pEDa(&) - pE)al&)) — allér, &),
B ENENE) = S plE) B NE) + 3 B, AEs, s &),

GEA, agcA,

and where &, &, & e g, [, ] is the Lie bracket in the algebra, and
A3 is the space of cyclic permutations of {1, 2, 3}.
In particular, if (V, p) = (R, 0), the conditions above become

o1(a)(&1 A &) = —a([&r, &)
02(B)E1 A& NE3) = Z B(&s, AlTa,s Ta,]) -

o€A,

We will denote by H2(g, (V, p)) = H*(g, V) the second cohomol-
ogy group associated to the Chevalley-Eilenberg complex.

Given a nontrivial 2-cocycle ¢ € H?(g, R), define the Lie algebra
go = £ ® R with Lie bracket

[(é’ t)! (,Lt, S)]O: ([és lu']’ C(f, ;u))

8o is called a central extension for g.

Let S! be the unit circle and G be the group of diffeomorphisms of
S1, diff(S!), with the composition o as the operation of the group.
We can naturally identify g with the space of vector fields of the
circle, vect(S!) (for more information about infinite dimensional Lie
algebras see [14] and [16]). The Lie bracket on g is given by the usual
commutator

9 0

ey 2
&O0) 55 1(0) 55| = &' —Em 3,

and the adjoint action of the group is carried out through a simple
change of variables in the vector field, Ad(¢)(£(0)Z) = (¢'¢)odp~ 1.
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On the other hand, g* can be identified with the space of 2-tensors
on S! acting as

b 2n
(r0)a0@d0. 2@)5; ) = [ p(O)E(6) a0,

and the coadjoint action of the group is then given by Ad(¢)(p(6) d6?)
= 3% o ¢~1d6?, which is the usual change of variable for 2-tensors.
It is known that H?(vect(S!), R) = R and a generator is given by

c 5—6‘ _?_ _/2”61 //da_/zném de
86> ag) = J, SH VT ) S HAT

¢ is the so-called Gelfand-Fuks cocycle.

In the case when g = vect(S!) and c is the Gelfand-Fuks cocycle,
the central extension g, is called the Virasoro algebra.

¢ can be integrated to a cocycle in the group

2rn
B(p, ¢)= A [In(p o y)I'd(Iny’),

called Bott’s cocycle. The group Go = diff(S!) x R with operation
(@, 8)x(w,t)=(pow,t+s+B(p, y))

is the Lie group that has g, as its corresponding Lie algebra. It is
called the Virasoro group. Finally, g5 can be viewed as

g = {(p(t‘))d@2 , §), p(0) 2m-periodic function, s e R} = g*® R,

acting on g, as

2n
(2 5), €, 1) = /0 p(O)E(6)d6 +1s,

where, for convenience, we have denoted p(6)d6 ® df and 6(0)3%-
by p and &, as we will often do from now on.

Let Z be an element of C*(g*). Define the gradient of # to
be the element of g given by J,7(0)% € g, where 6,7 (0) is a
2n-periodic function such that

2n
9 Z(p+¢eh)= h(0)6,#(6)d0,
88 8=0 0
for any 2z-periodic function 4.
This definition establishes a correspondence between elements of
C°°(g*) and elements of the Lie algebra. We can define the classical
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Lie-Poisson structure on g* as the one induced on g* by the Lie
bracket on g through the correspondence above, i.e.
0 0
. 74 = (o, 57055, 6700 55] )

forany #, # € C>*(g*), and any o € g*.

If we denote by # and & two elements of C*(gy), their gra-
dients will have two partial components (J,.# , ;2 ). By definition,
the Lie-Poisson bracket on g3 is given by

{Z, P, s)=(D,9), (67, 07), (6,7, 6:7)]0)
2n
= (6,7, 6pF1P(0) dO + 5C(6p ., 0pF),
0

forall 7, % € C*(g}). Since the expression above does not depend
on the value of #Z and Z in the central direction, we can rewrite it
in the usual way

(1.1) {#Z, Polp,s)={#Z,P}p)+sc(0#Z,0P).

The KdV equation u; = 3uu, — Uxyx can be interpreted as a Hamil-
tonian system with respect to { , }o in the following sense:

Consider the evaluation operator & defined as < (p) = p(6). That
is, & has Dirac’s delta function as gradient (Dirac’s delta function
does not give rise to a differentiable operator but it can be expressed
as a series of differential kernels, so we view it in such an approximate
way). If we consider the Hamiltonian operator /# defined as

2
()= /O p(6)do,

it is straightforward to check that the KdV equation is equal to the
Hamiltonian system u, = {#Z, Y }o(u), with central charge s = —1
(for more information see [1], [2], [6] or [7]).

2. A transverse section to the orbits: Classification of Hill’s equa-
tions. An explicit expression for the coadjoint action of the Virasoro
group on the dual of the Virasoro algebra can be found in Kirillov’s
paper [8] and it is given by

. p+sS -
@.1) K@), 5) = (FE5 P 0p7 ).
where S(¢) denotes the Schwartz derivative of ¢, S(p) =
(9"¢' — 3¢"?)/¢'>. One can obtain the coadjoint action of the Vi-
rasoro algebra on its dual by differentiating the expression (2.1)

(2.2) k)P, s) = (s¢" —2p¢' - p'¢, 0).
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The central charge s remains invariant under the action, that is, g
stratifies into a family of Poisson submanifolds with constant central
parameter. Each one of them is isomorphic to g* with Poisson struc-
ture given as in (1.1) and they are all geometrically equivalent, except
for the case s = 0. This is the usual change in the Poisson Geometry
of the dual of a Lie algebra, produced by a central extension. Let’s fix
once and for all an adequate hyperplane inside g}, namely s = —1.

Define the stabilizer of a point p to be the set of diffeomorphisms
of the circle that fix the point p under the coadjoint action, i.e.,

Stab(p) = {¢ e diff(S!) such that K*(¢)(p, —1) = (p, —-1)}.

From (2.2) we deduce that the tangent of the stabilizer of p at the
identity element is given by the vector space

(2.3) Tiq(Stab(p))

_ {583_9 € vect(S!) such that &” + 2p¢& + p'é = 0} .
A classification of the stabilizers of potentials was given in [8]. It was
shown there that the set of solutions of (2.3) has a structure of Lie
algebra which is isomorphic to sl(2, R), and that, furthermore, the
number of periodic solutions of (2.3) is either 1 or 3, i.e., Stab(p) is
either 1 or 3 dimensional. This dimension coincides with the codi-
mension of the coadjoint orbit.

Let g be a Lie algebra with Lie bracket [ , ]. If ad(&)(u) =[&, u]
is the usual adjoint action of the algebra, we define the Killing form of
g to be the bilinear form B(&, u) = tr(adé(ad u)), forany &, ue g.

PROPOSITION 2.1. In the case of codimension 3, the coadjoint orbit
. . 2 .
contains a point of the form % d6? for some integer n.

Proof. Assume that the codimension is three and let us consider
T;a(Stab(p)) with its sl(2, R)-structure. An expression for its Killing
form was given in [8] and it is equal to

B@) = - (s +pe2- 327).

We know that the Killing form of sl(2, R) takes positive, negative
and zero values; so does the Killing form of Tj3(Stab(p)). If £ is a
periodic function with simple zeros we obtain

- " 2_1/ ____1_ 2
1(&) =& +pé 262— 582 <0.
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If ¢ has double zeros then I(¢) =0, so that I(¢) > 0 implies that &
never vanishes.
For such a nonvanishing vector field & € Tj4(Stab(p)) choose ¢ to

be equal to
0= 0

A = constant chosen so that ¢(2n) = 27L’

It is immediate that Ad(p)(¢) = ((o’f) op~! = 4 (remember that we
denote by Ad(p) the coadjoint action of diff(S!)). It is straightfor-
ward to check that the constant 4 should be a solution of the equation
"+ 2K*(9)(p)i + [K*(9)(p)Y = 0, and therefore K*(9)(p) = p;
is also constant. Since the number of periodic solutions of (2.3) is
preserved along the orbit, the equation x"” + 2p;u’ = 0 must have

three independent periodic solutions. The only choice is p; = ﬂ; for
some integer n and we are done. O
This last result entitles us to restrict the problem of finding a trans-

2 . .
verse structure to the case p = 5 : if the orbit does not go through

l’; for some 7, the transverse section would be 1-dimensional and
the transverse structure trivial. In fact, the codimension of the or-
bit is constant around a point different from p = "72 , and therefore
we can refer to them as regular potentials. Furthermore, if Or(p)

goes through % for some n we can immediately obtain a transverse
structure at p translatmg from ”7 to p using the coadjoint action.

When p = %, three independent solutions for equation (2.3) are
&, = cos(nf), fz = sin(nf), &3 = constant. Consider the linear
section

(2.4) On= { <n72 + acos(n8) + bsin(nf) + c) de?,

a,b,ceR, |, lal, |b]| <5}
for some fixed integer n and some small J that we will fix later on.

PROPOSITION 2.2. Q, is transversal to the orbit of ”72 at %

Proof. Denote the orbit through p by Or(p) and define the anni-
hilator of T;4(Or(p)) as the subset of gy given by

T;4(Or(p))* = {& € go such that (¢, k*(v)(p)) =0 for all v € gy} .
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It is easy to see that T;4(Or(p))* = kernel of k*(p), since
(&, k*(v)p) = /1 _EW" + 2pV' + p'v) dO
S
= /S v(&" +2p8 +p'8)d6 = ~(k*(€)(P), v).

Besides, the pairing

n2\\ "
() <on
€,p)—{p, <)
is nondegenerate, so that @, has to necessarily be transversal to
Or(%). O

Since the Virasoro algebra is a Frechét manifold, there are no gen-
eral inverse function theorems we could apply at this point to deduce
straightforwardly that Q, intersects all nearby orbits. This is an im-
portant condition on Q, if we wish to describe the Poisson structure
around 1'23 . To avoid this problem we need a description of the in-
variants of the coadjoint orbits to later check that they are all locally
reached along Q,. The classification of the orbits has been studied
by several authors. Kirillov gave a classification of the stabilizers in
his paper [8]. Lazutkin and Pankratova provided a partial description
in [9]. Later on, Segal [17] pointed out a discrete invariant that was
missing in [9] and gave the complete set of invariants which we are
going to describe next.

First of all, we can identify gj with the space of Hill’s operators
associating to a tensor p d6? the equation

(2.5) & + %5 = 0.

If ¢ is a solution of (2.5), it is straightforward to prove that its
Liouville-Green transform, p = [(¢')1/2£]0 ¢~1, is a solution of

K *
(2.6) &+ __(_g)(_p_)é =0.
Moreover, this is the only transform which preserves Hill’s equations.
In that sense we will view our manifold as the manifold of Hill’s op-
erators and the coadjoint action as a change of variable in the corre-
sponding equation. Using this interpretation it is immediate to check
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that, if F, is the Floquet matrix or monodromy associated to (2.5),
then RF,R~! is the monodromy associated to (2.6) where

wll /2 0 )
R=(,005 0 ) eresLe. .
That is, the SL(2, R)-conjugation class of the monodromy matrix is
preserved along the coadjoint orbit. This is one of the invariants of
the orbit, in fact the only one that changes continuously. There exists
a second invariant which we can describe in the following way:

Consider u: R — R?\{0} to be an immersion given by two inde-
pendent solutions of (2.5); we can assume that u(0) = (1, 0) and
u'(0) = (0, 1). Let #: R — S! be its radial projection and let n, be
the number of complete turns that # makes in a period. 7, is an-
other invariant of the orbit, called a discrete invariant since it does not
change continuously (again we can easily check that », is invariant
using a Liouville-Green’s transformation).

THEOREM 2.1. Let u; and uy be two orientation-preserving immer-
sions given as above by the solutions of two equations &" + ‘%Lé =0 and
&" + B& =0, respectively. If ny =n, =m and F, = RF, R~ for
some R € SL(2, R), then p, is in the same orbit as p,. That is, up to
a Liowville-Green transformation, each Hill’s equation corresponds to
a different conjugacy class of the universal covering space of SL(2, R)
under the SL(2, R)-action.

Proof. 1st case. Assume that F, = F, = F.

Then #; and &, make the same number of turns in a period and
#1;(2n) = @1,(2xn) . Divide the interval [0, 2x] into several subintervals
[0,641,...,00i, 0411, ..., [Om—1, Om], [Om , 27], such that i; cov-
ers a complete turn on S! at each subinterval, except for [0,,, 27].
Repeat the subdivision for #,. Then ¢ = ﬂ;l o #1; is smooth and
well defined if we map each one of the #;-subintervals diffeomorphi-
cally into the corresponding #,-subinterval, that is, following in the
mapping a natural order.

Because of the condition F, = F, = F, we get that ¢(0 + 27) =
@(0) + 2m, and therefore ¢ is a diffeomorphism of the circle with
122 oQp = il 1.

Finally, since #(6) is the radial projection of us(8), s =1, 2,
we obtain that u,(6) = f(0)(u; o ), for some differentiable and
real-valued function f. Both u#; and u; were given by solutions
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of Hill’s equations. Through a straight substitution in the equations
one can check that this condition imposes a unique possible choice,
f =¢'"1/2 Therefore, p; = K*(¢)p, and this case is proved.

2nd case.

Fp =RF, R7'.
We know that
(2.7) (0 +2n) = (Fpiu,-)"(t?) R i=1,2.

Therefore
(R™Muz)™(0 + 27) = (Fp R™'u3)™(6).

Denote the image of u as subset of R? by Im(u). It is not hard
to check that R can be chosen so that Im(i;) and Im(R lup)~
intersect at some point. In fact, we could use above —R instead
of R if they do not intersect (the sets Im(it;) N Im(R~'u;)~ and
Im(#;) NIm(—R~'uy)~ cannot be simultaneously void). By transla-
tion in the argument, we can make the initial values coincide. R~1u,
and any translation of it is given by solutions of the same Hill’s equa-
tion as u;. We can now obtain this case as a corollary of the previous
one. 0

ProprosITION 2.3. The space of Hill’s equations, up to Green-Liou-
ville’s transformations, is in one-to-one correspondence with the space
of SL(2, R) conjugation classes of the Universal covering space of
SL(2, R), with the point (Identity, n = 0) removed.

Proof. First of all notice that if a matrix M € SL(2, R) has two
different eigenvalues (that is, |trace(M)| > 2), then its GL(2, R) and
SL(2, R) conjugation classes coincide. If trace(M) = +2, then the
two different SL(2, R)-Jordan forms are +(}!) and *+(j~]), and
if |trace(M)| < 2, then both eigenvalues are imaginary and there
are also two different SL(2, R)-Jordan forms, namely =( _5 Z) and
+(27t), a,b>0.

Next, consider the potential

o[ 0<0<6,
p‘”’ﬂ()‘{—ﬂz if ) < 6 < 27

and consider its associated Hill’s equation " +p, & = 0. A funda-
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A(p)=trac(Fp) - &'+ p/2 =0

FIGURE 1

mental matrix of solutions for it is given by X = X,.X; where

_( cos(aby)  Lsin(afy)
K= (—a sin(aoé?o) cos(aBo(; ) ’
Xy = ( cosh(B(2n — 6y)) %sinh(b’@n ~ 6p))
2= B sinh(B(2n — 6y)) cosh(f(2n — 6p))

_ 1 27‘[—00 . _

The rotation number (in the above sense) of this equation is afy/27n
plus an angle wg with tan(wg) < % and which is, in any case, less
than %. Next, we will show that, for different values of «, # and
0y we obtain all possible SL(2, R)-Jordan forms, with all possible
rotation numbers, except for the case of no complete turns (rotation
number 0) and monodromy equals the identity.

If 6y =2n, then

_( cos(2ma)  lsin(27a)
X = (—a sin(2ra) cos(2na) )

) if 840, or

We can therefore cover the four possible Jordan forms correspond-
ing to complex conjugated eigenvalues by choosing different values of
a from the intervals [0, 1], [, 31, [5, 3] and [3, 2], respectively.
Considering values ma with m being an integer m > 1, we would
obtain the same Jordan forms but the rotation number would be m—1.
The identity matrix is reached here whenever « is a nonzero whole
number. It is never reached for rotation number equals zero, since
the solution curve is in this case periodic and it should, at least, give
a complete turn around S!.
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If o =n and o = 2,4, ..., then trace(X) = e2®f 4 ¢=278 > 2,
Changing the values of f and a we will reach all possible values of
the trace and all rotation numbers. If g =7 and =1, 3,5, ...,
then trace(X) = —(e2"# + e~278) < —2 and the same result holds.

Therefore, we are left with the classes which have Jordan forms
+(§1) and £({71). If p=a, =0,2,4,... and f =0, we
obtain the classes with Jordan form (}1) (and —(} 1) for the choices
a=1,3,5,...) and all different rotation numbers.

Finally, consider 6y =% and a =3, 7, .... Then,

_ cosh(3£) % sinh(3%E) (o _é>
Bsinh(32£)  cosh(2ZE) a 0

has a double eigenvalue whenever (F — By25inh*(3%8) = 4. Its eigen-

values would be +1 = :t%(% - g) sinh(%ﬁ) depending on the sign of

(% - £)sinh(2Z£). In this case, X will have Jordan form +(}~1).
On the other hand,

lim (%—g) sinh (f’—’éﬁ) = 3”7“ > 2

(5 2)om () -

From here it is obvious that this last case is also covered.
If we approximate p, g by C* periodic functions we will imme-
diately obtain the claim of the proposition. O

and

Using this geometrical description it is easy to prove the following
theorem.

THEOREM 2.2. The transverse section Q, (see (2.4)) intersects all
orbits nearby the one going through the potential ”72 doz.

Proof. It suffices to prove that the map Q, — SL(2, R), which as-
sociates to each potential the monodromy of equation (2.5), is locally
surjective. If we expand the monodromy as a function of (a, b, ¢)
we obtain

0 -1 0 -3 -1
F, = Identit 2) ( " )b}
D entity +n{<% 0)c+<_n% 0 a+ 0 %

+ higher order terms,

which has maximal rank. ]
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FIGURE 2

Assume that p = ”72 + ¢+ acos(nf) + bsin(nf) € @,. We can also
calculate the Taylor expansion of A(p) in a, b and ¢ up to second
order (see [10]). We are required to solve two ordinary second order
differential equations for each Taylor coefficient we want to find.

After some long calculations one gets

oo 37 )

+ higher order terms in (a, b, ¢).

Let us have a closer look to the real function f(x, y, z) = x24+y?—z2.

Its level sets are given as in Figure 2. Recall that f is a nontrivial
Casimir element for the Lie-Poisson bracket of sl(2, R)*.

Recall also that A(p) is constant along each orbit, in particular along
each intersection of the orbit with Q,. If there exists a transverse
structure for (go, { , }o) on Qu,say { , }o, one expects the Kirillov
leaves of { , }, to be such an intersection. Since a function that is
constant along the symplectic leaves is a Casimir function, A(p) would
be a Casimir for { , }o. Therefore, we can make a guess and claim
that (Qn, { , }g) islocally isomorphic to sl(2, R)* with its canonical
Lie-Poisson structure. This is actually one of the main results in the
next section.

Theorem 2.2 partially proves a claim by Lazutkin and Pankratova
about normal forms of Hill’s equations. In their paper ([9]) they claim
that any Hill’s equation has normal form &”+(d+e cos(n8))¢ = 0, for
some real numbers d and e . This normal form can be achieved under
a Liouville-Green transformation. From Theorem 2.2 any potential p
can be taken to the intersection of the leaf with Q, using the coadjoint
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action, as far as it belongs to an orbit close enough to Or(l’;) , for some
integer n. Besides ¢ + acos(nf) + bsin(nf) = ¢ + pcos(nf + o) for
some «, f € R. The result follows. The methods used on ([9]) are
different from the ones in this paper.

3. A transverse structure for g;, { , }o.

3.1. Induced Poisson structures: Transverse structures and Dirac for-
malism. Transverse structures in infinite dimensions. In the finite di-
mensional case, transverse structures were introduced by A. Weinstein
[20] and they were proved to be unique. Some results have already
been proved in the infinite dimensional case, whenever the manifold
is modelled by a Hilbert or Banach space (see [11]). That is not our
case either since vect(S') is a Frechét manifold (it is not only that the
Fourier series of an element has to converge, but all the series of its
derivatives). Therefore, we now encounter one of the obstacles in this
work: it is not clear how to induce a Poisson structure in this kind of
space.

The idea we will follow is to imitate the finite dimensional proce-
dure, covering any gap we find in some appropriate way. In particular,
we will find the analogue of Dirac’s formula for transverse structures
in finite dimensions and we will check that it actually defines a Pois-
son structure on @, which is induced by the Lie-Poisson structure
of the Virasoro algebra (for more information about induced Poisson
structures see for example [12], [18], or [13], or [20]).

DerFINITION. Let L, = O, N Or(p). Assume (1) { , }o induces a
nondegenerate (symplectic) structure on L,, forall p€ Q,.

(2) There exists a smooth (resp. analytic) Poisson structure on Oy,
{, }o, that induces the same structure as { , }p on L,.

{ . }o is called a smooth (resp. analytic) transverse structure for
(g5>1{ > }o) in the direction of Q.

THEOREM 3.1 [20] (Induced Poisson structures in finite dimensions).
Let M be a finite dimensional Poisson manifold with Poisson tensor
P. Let Q be an immersed submanifold of M. Assume that, for all
xeqQ,

(a) P(x)(Tx(Q)") N Tx(Q) = {0},
(b) Ker(P(x)) N Tx(Q)* = 0.

Then Q canonically inherits a Poisson structure from M, which we
will denote by Py .
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We will make some comments on how the induced Poisson structure
is found.
Using (a) and (b) it is not hard to show that

T(M) = T(Q) ® P(x)(Tx(Q)")

which provides itself a smooth projection 7: 7 (M) — Tx(Q) when-
ever x € Q. The induced Poisson structure is then defined as

Po=moPon™: Tx(Q)" — Tx(Q).

In other words, given a Hamiltonian function a € Ty(Q)* we
can find an extension of it, 7*(a) = & € Tx(M)*. The vector field
P(x)(&) € T(M) has a component on 7x(Q). Such a component is
the value of Pp(x)(a), and it is found taking away from P(x)(a) a
linear combination of elements in P(x)(Tx(Q)%1).

In local coordinates the idea is as follows:

Let {zy, ..., 25} be independent defining functions for g near
x. Thatis, Q = {x € M: z;(x) = z3(x) = --- = zp(x) = 0}.
Denote by C(y) = (Ci;(y)) the matrix C;;(y) = {z;, z;}(y), with
i,j=1,...,2s and y € Q. This matrix has smooth (resp. analytic)

entries and it is nonsingular. Let C~1(y) = (C¥(y)) be its inverse
matrix, which also has smooth (resp. analytic) entries. Let f be a
smooth function on Q and f be any extension of f to M. Due
to the invertibility of C one can easily show that there exist unique
smooth functions {g;(y)}?S, defined on a neighbourhood of x such
that, if

2s
Po(f)») =P())») + D &(»)P(z))»)
i=1
then Py(f)(y) € Ty(Q) for all y € Q in a neighbourhood of x.
Imposing the tangency condition on Py(f) we can uniquely solve for
g; in terms of the entries of C~!.
The final expression for Py is

2s
(3.1 {f, o) =1/, 80+ Y {/, 23T/ W)z, W),

i=1
for all y € Q around x. This formula is referred as Dirac’s formula
Jor induced structures.

Py immediately induces a structure on Q whose symplectic leaves

coincide with the intersection of Q and the symplectic leaves of P.
Notice that, in order to find an expression for Py, we need not only
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nondegeneracy of the bracket along the coadjoint orbits but also to
invert it locally.

ProOPOSITION 3.1. For 6 small enough, { , }o(p) is nondegenerate
(symplectic) on T,(Q,)*, for all p € Qn, and locally invertible when
considered as a linear operator from 12 to 1> (6 as in (2.4)). Coor-
dinates can be chosen such that { , }o and its inverse are represented
by infinite matrices with analytic entries.

Proof. Consider Fourier coefficients as coordinates for the dual of
the Virasoro algebra, &,,: g§ — R defined as

2n
em(p) = %/o em%p(8)d6, for any integer m,

QO» is locally defined as the zero set of {&m}mzin,0-

In order to prove the proposition, we need to check that the lin-
ear operator C: /2 — |2, represented by the infinite matrix C(p) =
({&m s ek }0(D))m,k#xn,0, 18 invertible for any p € O, .

Assume that p = L’;— + ¢ + acos(nf) + bsin(nf) € Qp, so that
g0(p) = % +¢, &a(p) = §(a+bi), en(p) = §(a—bi) (I =-1).
Straightforwardly, one can show that

(3.2) e_ier 21)0(p) = 5z 2e0(p) — k),
{e_(n+k)> Ekto(D) = %hn@),
@k n)

{€n—k > ek to(p) = en(D),
{&m > € to(p) = 0, otherw1se.
To invert the matrix above is equivalent to solve for {7, };> in
the system

(3‘3) Z ym{am ’ 8k}0(p) = bk »

—00

for all k, and for some B = {b;} given. Let us assume that {y;} and
{b;} are elements of /2. We can rescale so that system (3.3) becomes

(3.4)  y_xk(2e0(p) — k*) + Y_(nik) (2k + n)e_n(p)
+ Y-k (2k — n)en(p) = by,

for any integer k.
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Observe that the system (3.4) can be divided into a finite number
of autonomous subsystems. Each one of them involves only the y’s
whose subindices belong either to the set {k =sn+r, s=1,2,...}
for a fixed integer r # 0, —n < r < n or to the set {k = 2n,
s =2,3,...}. There are a finite number of subsystems so that it is
enough to prove that each one can be solved in /2. The reasoning is
the same for any one of them. We will prove it here only for the system
given by the subindices {k =sn, s =2, 3, ...}. For simplicity call
Y_sn = Vs since no confusion is possible from now on.

We can rewrite the system to solve as A(p)y = b, where A(p) is
given by the infinite tridiagonal matrix (Jacobi matrix)

(s~ 1)Qey(@) — [[s - 11nD)  [25— 1le_, (@) 0

[2s — 1]e, (p) s(2¢q(p) — [sn]®) 25+ 1le_,(p)

0 25+ 11e,(p) (s +1)(2e4(p) ~ [Is + 1]n]%)

Observe that A("Tz) is a diagonal matrix with nonvanishing diago-
nal entries. Therefore, A(l’;) is an invertible matrix and its inverse

is a diagonal matrix with diagonal entries m , §=2,3,....

Although A(l’;-) does not take /2 into /2, its inverse does.
Observe also that, if we define the matrix D(p) through the relation

A(p) = A(i’;) + D(p), to solve the system A(p)y = b is equivalent to
solve for y in

n2\ ! n2\"!
A (7) b=|I+4 (7) D(p)| 7y,
where A(!'zi)‘1 is the inverse matrix of A(%i). The matrix A("Tz)'lD(p)
is given by the tridiagonal matrix

: : : \
( L (=) (p)=[Is—1]nT) [2s—1]e_,(p) 0
(1=(s—1)*)(s—1)n’ (1=(s=1)*)(s=1)n’
[2s—1)¢ (p) s(2ey(p)—[snT’) [2s+1]e_,(p)
s(1—s")n’ s(1-s%)n? s(1—s*)n?
o 0 [25+1]e,(p) [s+11Q2e, ) —[ls+1n")
\ [1=(s+1)%)(s+1)n? [1=(s+D)A(s+1)n’ }

The infinite dimensional operator A(%f)‘lD(p): I? — [? repre-
sented by this matrix is clearly bounded with norm bounded by ||
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(0 asin (2.4)). We can apply standard theorems on invertibility of
linear operators on Hilbert spaces that are perturbations of ;che iden-
tity to obtain that, for § small enough, the matrix I + A(%)~'D(p)
is invertible, for any p € Q,, .

The matrix [ + A(ﬂ;)D(p) has analytic entries in &y, &, and ¢&_, .
Therefore, A(p)~! = [I + A(%)~'D(p)]"'4(%)~! also has analytic
entries and the result of the proposition is now proved. a

Denote by (C¥(p)) = C~! the inverse matrix of C as in Proposi-
tion 3.1.

LEMMA 3-1 Let D= (a> b: C) = (80(p)> 8n(p)> £—n(p)) € Qn: and
let C=2"2"(p) be the entry in place (—2n, 2n) of C~L.
Then, 5=C~2"2" s areal analytic function of (eo(p), (en(P)e-n(D))).

That is, it depends only on ¢ and the ratio a? + b?.

Proof. This lemma is a corollary of §3.2, Theorem 3.7, in which we
give an explicit Taylor expansion for it. A shorter proof can be given
but we will avoid it. O

THEOREM 3.2. A transverse structure for the dual of the Virasoro

algebra at the point "72 d6? is given locally by an antisymmetric tensor,
{, }o. defined as

{e0, entop) = 2':”.8;1(1)),

{0, e-no(p) = 3z6-n(p).
C—2n2n(p)

1
{ens -nto(p) = 5~ | -2n0(p) + 1 = 9n’en(P)e-—n(P)——

The structure is analytic in {&y, €, €-n}, linearizable and equivalent
to the Lie-Poisson structure on sl(2, R)*.

Proof. Notice that we are actually copying the formula in coordi-
nates given by Theorem 3.1. Define { , }p as

{ei, g}o(p) = {ei, e}o@) + D {&i. &ho@)CH (0){er, £}0(D) -
k,l#+n,0

Applying commutation relations (3.2), the formula above gives the
expression in the statement of the theorem. This expression is found
following formally the finite dimensional reasoning in Theorem 3.1.
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On the other hand, since this is only a formal approach we will have
to check straightforwardly that Py defines a Poisson structure on Qy
and that the intersections of Q, with the symplectic leaves are sym-
plectic with respect to both structures. Notice also that (a) and (b) on
Theorem 3.1 are also true here due to the nondegeneracy of { , }o
along the leaves. Nevertheless, one cannot get the splitting of the tan-
gent space into a direct sum as it happened in the finite dimensional
case.

Leibniz’s rule is obvious from the definition. To check Jacobi’s
identity for { , }o reduces to prove that

(35) {80 s {gﬂ ’ S—H}Q} + {8?1 ’ {8—-71 > EO}Q}
+ {E—n ’ {80 > gn}Q}Q = Oa
on @, . Substituting we reduce (3.5) to

(3.6) {€0» (gng—n)c_znzn}Q(p) =0.

As a result of Lemma 3.1, (g,6_,)C~2"?" restricted to Q, is ac-
tually a function of the ratio (e,(p)e—,(p)). Applying Leibniz’s rule
and the definition of { , }, one gets that ¢y commutes with the ratio
along Q, and therefore (3.6) holds.

The last part is to check that P is symplectic on the intersections
of Q, with the symplectic leaves, L,. As it happened in the finite
dimensional case, that is a consequence of property (a) in Theorem
3.1, since the intersection P(p)(T,(Qn)t) N T,(Qy) is equal to the
kernel of P along L,, and in this case it vanishes.

Finally, we apply the following result by J. Conn [4] (see [5] for the
smooth case): if a Lie algebra g is semisimple (as sl(2, R) is), then
any analytic Poisson structure on g*, which is a perturbation of the
Lie-Poisson structure by a tensor of order at least 2 that vanishes at
the origin, is linearizable.

It is now obvious that Py is linearizable and equivalent to the Lie-
Poisson structure on sl(2, R)*. O

One comment on the linearization. Notice that by being linearizable
we mean linearizable as structure on Q,, not as a structure induced
by g;. That is, this result does not imply that a canonical transverse
structure for the Lie-Poisson structure on the dual of the Virasoro
algebra is the Lie-Poisson structure on sl(2, R)*, since no uniqueness
result has been proved yet. What the result really means is that we can
find coordinates (only) on Q, such that { , }o on those coordinates
is linear. In order to prove uniqueness we would need to extend that
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change of coordinates to g; obtaining in this way an automorphism
of the Lie-Poisson structure on g5. We will comment more about
uniqueness at the end of the section.

3.2. The explicit expression for { , }g. In this section we will
give an explicit expression for the Taylor expansion of the function
C—2n2n ( p) .

Recall that our function is the entry in place (—2n, 2n) of the

matrix (C*™(p)), inverse of (Cim(p)) = ({&k > &m}o(P))k, mzsn,0- If
again we set the system of equations Cy = e;,, where y = {y;} and
ey, 1s a vector that has all its components equal to zero except for 1
in place 2n, then y_,, = C~2"2"(p). Again, if for simplicity we write
v, instead of y_,;, we get the recurrence relation
(3.7)  k(2¢ — (kn)z)yk + (2k — Dényr—1 + 2k + 1)e_n¥i41 =0,
for any k > 2, and

2(2e9 — (2n)*)y2 + Se_ny3 = B,

2ni

where g = <&,

PRrRoOPOSITION 3.2. Forany k > 2,
Fi(&n&—n, €0)72 = Hi(€n&-n, €0)B — Sk Vi

where F., H; satisfy the recurrence relation

(2k — 1)2
k(k —1)((kn)2 = Y)(((k — 1)n)2 = Y)

(1) Gry1=XGg - Gi-1

with
1 2k — 1)e_, X
X=——+—, Y=2¢, 0 =- Ok —
(ené—n)} O T Tk - D(Y = (k= Dm)2) <!
and initial conditions
1
F]—O, FZ—la HZ_‘Os H3—ma
Su = — Se_,X
Ty -(2n?)”
Proof. The proof of this proposition is by induction on k. O

The solutions of the recurrence relation (1) can be interpreted as
orthogonal polynomials in X as we will show next.
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A. Jacobi fractions and orthogonal polynomials: Definitions and
some results.

DEeFINITIONS. (a) Let {a,} and {b,} be arbitrary sequences of
complex numbers and write

a
Co=bo, bo+b , Ca=1bo+ 1a2
b +
b
Cn:b0+b alaz
1+b2+.
“- (an/bn)

C, 1is called the nth approximant of the continued fraction associated
to the sequences {a,}, {b,}. We will denote C, as

ai| | a ay|
=bo+ —+ 5=+
T B
(b) A continued fraction of the form
M| Ao A4

x~ca |x—-c |x-c
is called a Jacobi type continued fraction (J-fraction).
(c) If C is a continued fraction and C, = A4,/B,, then A, and
B, are called nth partial numerator and nth partial denominator,
respectively.

Note. If A, and B, are the partial numerators and denominators
for a J-fraction
Ml Al

|x — ¢ |x —cp
it is very simple to prove that they satisfy the recurrence relations
Bn(X)=(x—cn) —1(x) — in n-2(x), n=1,2,3,
(X) =0, BO( ) 1,
An(X)=(x—cn) —1(x) — 2x),  n=1,2,...,
Ay(x) = 1, Ao( )=0.
Notice the similarities between these expressions and the recurrence
problem (1).
(d) Let {u,} be a sequence of complex numbers and let & be

a complex-valued linear function defined on the vector space of all
polynomials by the rule

ZL(x") = uy, n=0,1,2,....
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Z is called moment functional determined by the formal moment
sequence {u,}. un is called the moment of order n.

(e) A moment functional . is called positive-definite if £ (n(x)) >
0 for every polynomial 7(x) that is not identically zero and is non-
negative for all real x.

(f) Let .£ be a moment functional with moment sequence {u,} .
Define

An = det(uiyj)i j-o-

We will say that . is quasi-definite whenever A, #0 forall 0 < n.

(g) A sequence {P,(x)} is called an Orthogonal Polynomial Se-
quence (OPS) with respect to a moment functional . provided that,
for all nonnegative integers m and n

(i) Py(x) is a polynomial of degree n,
(i) L (Pu(x)Py(x)) =0 forall m#n,
(i) Z(PF(x))#0.

It is not hard to notice that OPS are uniquely determined up to the
product by a nonvanishing constant. The next theorem shows how
partial denominators for a J-fraction can be interpreted as OPS with
respect to a certain moment functional.

FAVARD’S THEOREM. Let {c,} and {A,} be arbitrary sequences of
complex numbers and let {P,(x)} be defined by the recurrence formula

(3.8) Piux)=(x—-cn)Py_1(x) = ApPyra(x), n=1,2,3,...,
P_l(x)=0, P()(X)= 1.
Then, there is a unique moment functional &£ such that
L) =h, L(Pu(x)Pu(x))=0

for m#n, m,n=0,1,2,....

< is quasi-definite and {P,(x)} are the corresponding monic OPS
if and only if 4, # 0, while £ is positive-definite if and only if c, are
real and A, >0 (n>1).

Consider the OPS {P,(x)} with recurrence formula as in Favard’s
theorem, and define P,gl)(x) to be a monic polynomial of degree »
which satisfies the recurrence

PYx)=0, PMNx)=1.

PI(x) = (x = ens ) P, () = A PVy(x),  m=1,2,3,...,
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The polynomials P,(,l)(x) are called the monic numerator polynomials
(or associated polynomials) corresponding to P,(x).

It is now clear to us that partial denominators and numerators of a
J-fraction, B and A, are respectively OPS and associated poly-
nomials with respect to a certain moment functional that is a positive-
definite if and only if the partial fractions have all real coefficients and
the numerators A, are all positive. Observe that 4, are not actually
monic unless 4; = 1. To be correct, the associated polynomials are
A4y, 0<k.

DEFINITION. A moment functional is called symmetric if all of its
moments of odd order are zero. This is equivalentto ¢, =0, n>1,
in the corresponding recurrence formula.

We can easily recognize the recurrence in problem (1) as corre-
sponding to a symmetric problem, a fact that will be crucial for our
final result.

Next we will give some definitions and quote without proof some of
the results in the theory of OPS, Jacobi fractions and representation
theory that will be more relevant in the resolution of our problem.

THEOREM 3.3. Let £ be a positive-definite moment functional and
let uyg=(1). Let y, be defined as

0 ifX < Xni,
Wn=1 Ani+-+ Ay lfxnp$x<xn,p+1 (1<p<n),
Ho ifx 2 Xnn »
where X, < Xpy < -+ < Xpn are the zeros of P,(x) (OPS correspond-
ingto L), and Ay, ..., Ann are positive numbers given by the Gauss
quadrature formula

n
LR = =" Apixyy, k=0,1,...,2n—1.
i=1
Then there is a subsequence in {y,} that converges on (—oo, +00) to
a distribution function w which has an infinite spectrum and such that

P(xk) = /m Xk du(x).

w is called a natural representative of & .

From now on we will consider .# to be positive-definite, and the
associated data {x,m}, {4um}, {Un}, U, un defined as in the The-
orem 3.3.
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THEOREM 3.4. Let P,(x) and AIP,EI)(x) be the partial denominators
and numerators of a J-fraction as above, with c, real numbers and
An>0, n>1. Let 2 be their associated moment functional. Then
we have that

AIP“ ~E _ /+°° dyn(2)
X — xnk o X1
Moreover, A, can be expressed as
/IIP 1(Xnk)
Ay = TPix)
n(xnk)

From Theorems 3.3 and 3.4 one can deduce the main result we will
use later on, namely

COROLLARY 3.1. In the conditions and notations of Theorems 5.2
and 5.3, there exists a subsequence {yn } in {yn} such that

. 111’,5:)_1(36) _/+°° dy(t)
i Py(x)  Jo x—1t’

whenever x is not in the closure of the spectrum of y .

Next we will give a result describing the spectrum of distributions
corresponding to symmetric problems. For broader information see
Chihara [3] or Szeg6 [18]. Our notation and most of the results are
stated as in Chihara’s book.

THEOREM 3.5. If a system is symmetric and lim,_, o Ay, = 0 the
set of limit points of the spectrum of w reduces to 0, and therefore
the measure associated to & is discrete with 0 as the only possible
accumulation point.

Finally, we will quote a theorem that will be useful to actually com-
pute the coefficients of a Taylor expansion for C~2"2"(¢).

THEOREM 3.6. With reference to the recurrence formula (3.9) the
Sfollowing are valid for n > 1:

(a) L(P2(x)) = A1A2 - - Ang1, Provided that we define Ay = ug

(b) L (n(x)Py(x)) =0 for any polynomial n(x) of degree m < n,
while £ (n(x)Py(x)) # 0 zfm—n

(€) L (x"Pu(x)) = Z(P(X)).
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Now we are in condition to find a Taylor expansion for C—2"2"(g) .

B. Taylor expansion for C~2"2"(g). Recall the recurrence problem
(1)

(2k — 1)2 G
k(k = 1)((km)2=Y)(((k - Dn)2 =) ©~!

with initial conditions

G = XGy —

1
F1=0, F2=1, H2-‘=O, H3=m
We can now assert that F;,,(X), k > —1, as in Proposition 3.2,
are the set of monic orthogonal polynomials with respect to certain
measure dyy(X) and /I;IHk+2 the associated polynomials.
We also know that the associated moment functional is symmetric
(since ¢, = 0 in the recurrence). On the other hand

I (2k — 1)?
T Rk =D (k)2 = Y)((k—1)n)2—Y)
whenever k£ — +o0,

— 0

so we can apply Theorem 3.5 to deduce that the measure associated
to these orthogonal polynomials is absolutely discrete with zero as
the only limit point of the spectrum of the natural representative y .
Summarizing, one gets that, if we denote by .#(y) the spectrum of
v,

S(w)={zx, —zr, k 20|z — 0 as k — o0}

and {a,,} are the weights of the corresponding measure, then & is
defined as

[e9)
FLX™) =pm =2 z0am, m>0.
k=0
Next, notice that Favard’s theorem actually obtains a whole family
of moment functionals associated to a fixed set of polynomials, one for
each choice of A;, ({Py(x)} are independent of A; given the initial
condition P_;(x) = 0). Due to the shift in the indices that we have,

fix the value
1

2(Y - (2n)?)°
so that the pair (Hj, Fj;) can be viewed as the kth partial numerator

A3 =
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and denominator of the continued J-fraction
A3l A4l A

X X X
Therefore, /13'1Hk+2 are the associated polynomials with respect to
problem (1). Now we can easily obtain a first expression for C~2"2"(¢).
If we apply Corollary 3.1 we obtain

H(X) C2mn(g) [t dy(1)
Jm ) T T f/_oo X —t

+00
am =1
= E E X = —
X_Zm+m:0X+Zm, (8n8 n)2

Observe that a,, and z,, depend on Y = 2¢; for all m.

We do not have much information about either the weights of the
measure or the zeros of the polynomials. Even though this expression
does not seem to be easy to compute we will give another expansion
with coefficients that can be found following an easy algorithm.

MAIN THEOREM 3.7.
B 2ri
C 2n2n( g) = — ‘uzk(so)(ﬁnt‘)—n)ka
k=1

where uy, are the moments corresponding to £ . Moreover, there exists
an algorithm to obtain the moments up to any desired order.

Proof. Applying the result of Theorem 3.4 one gets

k

X Akm ka) _
X EX Xiem ZF’xk X ka)’ k—3’4’”.’

where Ay, and X, are analogous to the ones in Theorem 3.4. If
we Taylor-expand the expressions as a function of % we obtain
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On the other hand, if y; is given as in Theorem 3.3, % is the
associated functional and u}‘ is the corresponding 1-moment, then

k
ﬂ;c = “%c(xl) = Z Akmx[lcm E

m=3

H(X) 5~ A, (L)

F (X) P X+l Xp+2 )
A priori we know that the sequence converges to an analytic function
on &,, &€_,, &; therefore, we can take limits without any problem
and deduce the result of the theorem. Notice that % is symmetric
and that property implies ;. =0 for k > 0. That is the reason to
have only even powers of X = 1/(ené_,)'/? in the series above.

To finish with the proof of the theorem, we will give the algorithm
to find the moments, avoiding the inconvenience of not having infor-
mation about the explicit form of dyy .

From Theorem 3.6(a), we can deduce

and therefore

+o00
po= | FHX)dyy(X) =23 = m,
+o00 52
M2 = . F;(X)dWY(X) = 1‘3&4 = 12(Y — (2”2)2)(}’ _ (3”2)2) .

In order to find u4, notice that Fy = XF3 — A4F> = X% — A4, s0
X? = Fy+14 and therefore X* = F}?+A3+214F,. Applying Theorem
3.6(b), we get zero when integrating the last term of the sum, so that

+00

w= [ xtaw = [T RO+ [ ddurx)

—00 —00
= A3A445 + ﬂ%ﬂo .

In this way we can always obtain u,; in terms of uy, / < k,
and the integral of the square of P,(X) which value we know from
Theorem 3.6(a). Repeating this process we can give the expression
for moments up to any order we wish. This algorithm is not very fast
since it requires us to solve for the orthogonal polynomials in the first
place. For example, we obtain

le = AsAadshe + (Ag + As)Ay,
ps = A3AsAsheAs + (Aa + As + Ag) tha
— 2A46(As + As + Ae) 2 + AGA¢Ho ,
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The author has a faster algorithm and a short computer program to
calculate the moments. It involves Favard’s path’s theory (see Vien-
not’s notes [19]), but we will not give further details in this paper.

Notice that, with very few adjustments, we can follow the exact
same reasoning to find a Taylor expansion for any entry of the inverse
matrix C~!. That is, this is a general technique to find entries for the
inverse of an infinite Jacobi matrix.

C. Another interpretation for a transverse structure. Let us look at the
function C~2"2"(p) from another point of view. The next theorem
will show us how to express transverse structures in terms of the solu-
tions of some nonhomogeneous ordinary differential equations. The
corresponding homogeneous equation is always given by the coadjoint
action along Q, .

THEOREM 3.8. Consider the differential equation
(3.9) " +2p&' + p'é = 2cos(2n),

with pe Q,.
There exists a periodic solution of (3.9), &, whose Taylor expansion
is given by & =312 e~ k0 with y,, = C~22"(p).

Proof. Assume ¢ = Y1 ye0 . If we make a simple sub-
stltutlon we can observe that the action of the differential operator
—(-4; A+ 5+ 92) on ¢ is equivalent to the one of the matrix C on

v, where y = {9} € [?. This is true since
élll + zpfl +p,é

= Z [ykk(280(p) - k2) + Yn+k(2k + n)a_n(p)

k=—o0
+ Vk—n(2k — n)eq(p)]e™*? .

Notice at this point that the matrix C is antisymmetric. Therefore,
we can solve the equation Cy = b, with b having entries all 0’s except
for the entry in place —2n, and obtain that y,, = C~2"2"(p).

But, on the other hand, to solve Cy = b is equivalent to solving the
differential equation (3.9), in the sense that the solution of Cy = b
would correspond to the Fourier coefficients of a solution of (3.9). We
are done with the proof. O

Notice that we can follow the same strategy in order to find any
entry of the inverse matrix for C. That is, C*! would be given by the
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Ith Fourier coefficient of a periodic solution of the equation
E" 4 2pE' + p'E = 2cos(kB).

From Proposition 3.1 we know that such a solution exists.

Finally one comment on the uniqueness problem. If we try to prove
uniqueness in the same way that it is done in the finite dimensional
case, we would have to try to connect two different transverse sections
using the flow of a time-dependent Hamiltonian vector field. This
flow would be defined on a neighbourhood of the intersection with
the symplectic leaves and would automatically preserve the induced
transverse structures. The existence of such a flow would automati-
cally imply uniqueness.

In finite dimensions such a Hamiltonian vector field can always be
found. In infinite dimensions we can connect two transverse sections
Qi and Q, with a family of transverse sections Q; with 1 <¢< 2.
We can possibly fix the variation on the time so that the equations
for the Hamiltonian operator are involutive. Nevertheless, that fact
would not imply its integrability. This kind of integrability problem
in infinite dimensions is quite complicated and not many results are
available.
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