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We consider the study of the tent spaces over general (possibly tan-
gential) approach regions and their atomic decomposition. As a con-
sequence, we obtain some pointwise estimates for a class of operators,
using the duality properties of a certain type of Carleson measures.
In particular, we can get the boundedness of a family of bilinear oper-
ators defined on the product of L? and some space of measures, into
a Lipschitz space; we give yet another proof of the pointwise bounded-
ness for the Fourier transform of distributions in A” and we improve
and generalize the Féjer-Riesz inequality for harmonic extensions of
H? functions.

Several authors have studied the boundedness of maximal oper-
ators defined by means of general subsets. For example, in [8], a
Hardy-Littlewood type operator is associated with a collection of sub-
sets Q, C R¥!  x € R". The natural way to define the balls for
these sets is to take the subset of Q, at level ¢, that is, the set of
points z € R" so that (z, t) € Q,. Our idea is to also replace the
cone I'(x) = {(y, ) e R™! : |x —y| < £} in the definition of the tent
spaces (see [2]), by a more general family of subsets of R%!. As an
application, we look at a family of integral operators (e.g. the Fourier
transform) as the action of continuous linear forms, and using the
duality established between certain spaces, we obtain pointwise esti-
mates that will allow us to give another proof of well-known bounds
for the Fourier transform of H? functions (see [4], [12]). We can
also improve the Féjer-Riesz inequality for harmonic extensions (see
[5]) and we find a generalization considering Hardy spaces defined in
terms of arbitrary kernels (see [14]). Our main tool will be given by
the properties that the tent spaces satisfy (see [2], [1], [10]), and in
particular their relation with a class of Carleson measures, for which
we find a suitable atomic decomposition. We begin by giving some
basic definitions.

DEFINITION 1. Let Q = {Q}, g be a collection of measurable
subsets, where Q, C R%+!. For a measurable function f in R%"! we
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define the maximal function of f with respect to € as

A (f)x)= sup |f(y, 1)l

(v, 0eQ,

We will always assume that Q is chosen so that AF(f) is a measur-
able function. We also define

TE=T. o={f:43(f) e L’ (R")},

with ||/ |7z = 45 (/- @) -

REMARK 2. It is clear that if Q, = I'(x) then Tg is precisely the
tent space T2 of [2]. If Q, = {(x, ) : £ > 0} then AY(f) is the
radial maximal function of f .

DEFINITION 3. Suppose Q = {Q} g is as above and F is any
subset of R". We define the tent over F, with respect to 2, as

Fo=R¥"\ |J Q..

x¢F
We alsoset Q,(¢) ={y €R": (y, 1) € Q}.
For a measure # in R%*! we say that u is an (Q, B)-Carleson
measure (f > 1) and write y € Vg if

1|(Qq
Iy = sup L) < o,

where the supremum is taken over all cubes Q C R".

REMARK 4. If Q, =T(x) then 1/75 = F, the usual tent over F. If
we choose Q, = {(x, t):¢> 0} then Fo = F x R" and it is denoted
by C(F).

LEMMA 5. Suppose F C R™ and Q = {Qx} g+ are as above. Then
(1) A°°(XFAQ)(x) < xr(x) forall x e R".
) Aw(xﬁ;)(x) = xr(x) ifand only if QxNFq # @ forall x € F .
(111) If Q is a symmetric family (that is, if x € Qy(t) then y €
Q. (1)), we have that

Fo={(v, ) eR¥':Q(t) c F}.

(i1

In particular if Q, = x + Q, for a fixed Q C R, the symmetric
condition holds if and only if Q(t) = —Q(¢), for all t > 0.
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Proof. (i) Observe that
1, if(y,t)¢Q;, forallz¢ F,

1 ~(y,t) = X
(1) XFn(y ) { 0, otherwise.

Suppose x ¢ F. Then if (y, t) € Q, we have that X5 y,t)=0

Q

(by (1)), and this shows (i).

(ii) Ag’(xf)(x) = xr(x) if and only if for all x € F, AZ(xz )(x)

Q Q

= 1 if and only if there exists (y, t) € Q. such that (y, t) € Fq if
and only if Q, N Fn #O.

(ii1) That (y, t) € Fq meansthat y ¢ Q,(?), forall x ¢ F, which,
by symmetry, is equivalent to saying that forall x ¢ F, x ¢ Qy(¢);
that is, Q,(¢) C F. O

A simple example of a symmetric family of sets of the form x + Q
can be found in the comments previous to Lemma 11. Another
example, for a general family of sets {,}, is given by defining
Qut) =(—n,-n+1),if ne€Z,and Qu(t) = (-n-1,-n+1),
ifn<x<n+1.

DEFINITION 6. We say that a measurable function a: R*! — C is
an (Q, p)-atom if there exists a cube Q C R® such that suppa C Qq,
and |lall. < |QI71/7.

We now give the proof of the atomic decomposition for the tent

space sz . We restrict ourselves to the case » = 1, but a similar
proof also works in any other dimension. A related result is given in

[6).

THEOREM 7. If Q = {Qy}xcr is a symmetric family of sets (as in
Lemma 5-(iii)), such that Q. (t) is an interval, for all (x,t) € R2,
then, for 0<p <1, fe T} ifand only if

(2) =Y 4a,
J

where aj is an (Q, p)-atom and 3 ;|A;|P < co. Moreover,

I/p
1S llzz ~ inf (Z M,-V’) ,

J

where the infimum is taken over all sequences satisfying (2).

Proof. We first show the easy part, for which we will not make use
of the extra hypotheses on 2. The only thing to observe is that || - ||z
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is always a p-norm, for 0 < p <1 and hence, if f = 3}>;4;a;, then
1/ 1% < 3, 14;Pllajli5 - But, by (i) of the previous lemma:
Q Q

”aj”%:; = /R(A?f(aj)(x))l’ dx

< [ o g P dx <Nl [ xo,dx <1,

and hence, Hfll‘}s <Y AP

For the converse we need the following observation: if f € T}
and 4 > 0 then {x € R: A¥(f)(x) > A} is an open set. In fact,
if AZX(f)(x) > A, then there exists a point (z,?) € Q. so that
|f(z, t)] > A. By hypotheses, we conclude that x € Q,(¢) and there
exists an & > 0 such that if |[x — y| < & then y € Q,(¢). Again, by
symmetry, (z, t) € 2, and so AY(f)(y) > A if |x —y| < é&. Set now
My = {x eR: AX(f)(x) > 2¥}, and write M} = UjEZIJ’.‘, where I¥
is an open interval and I¥ nI}’F =@ if j#j'. Since feTh, IF is
bounded forall j, ke Z. Set

_ 51
aj,k=/1j,kf( = X;k:l),

e gy fie
where A; j = 2k+1|I%|1/p | Tt is clear that suppa; , c I¥ , and
jak J ¢ .]sk j,Q

D14 klP =Y 22 DIM| < CI S Ny < oo,
j.k k

and so it remains to show that f = 3°; ; 4; xa; x and [la; ifle <

[I¥|71/P . Let (x,1) € I?\Q and suppose |f(x, t)] > 2kt Let y
Qx(t). Then (x,t) € Q, and hence y € M. Therefore Q,(t) C
M., and there exists a unique / € Z so that Q,(t) C I,"+1 . Since
Qu(t) c I¥ then If*' < I¥. Butif If*' c I¥ and I # I’ then
IFa NIt # o Infact, if (z,5) € Iff) NIf7h then Q.(s) C
IFing l",‘“ , which is a contradiction. Thus,

X~ (x, 1) = > Xza(x, ) =0.
1,9

',‘]
Iherefore, for all (X 5 t) c I"Q )

jaj,k(x, )] < 27EFD|IF| PR = 1k~
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Finally, if (x, ) € RZ and 2! < |f(x, t)] < 2/*1 then Q,(¢) C M;.
Let K € Z be the greatest integer satisfying Q,(¢) C Mg (it is clear
that we can find such a number since 4A¥(f)(x) < oo, a.e. x € R).
Let s € Z so that Q(¢) c IX. We want to show that if

gj,k(xat)le/k\(xat)— Z Xl/k:l(x>t)a
7,9

K+l — gk T.R
I CI}.

then 3°; 4 g; x(x, 1) = 1. If Qx(?) C I¥ then k < K. Suppose that
k < K and (x,t) € I¥ , then IX c If*! c I¥ for some r € Z

and hence g; x(x,t) =0. If (x,?) € I?\Q then clearly j = s and
gK,s(-x,t)zl. O

We observe that in the previous proof, we obtained the atomic de-
composition for all 0 < p < co. An immediate application of this
theorem is given by the following duality result. We first recall that
for the case when Q, is the cone I'(x), it was proved in [2] and [1]
that the space of Carleson measures of order 1/p (0 <p <1) could
be identified as the dual of the tent space 72 (see Theorem 16). For
the general case we are considering, we restrict our study only to the
inclusion needed in order to obtain the estimates we mention below.

THEOREM 8. Suppose Q is a family of sets satisfying the hypotheses
of the previous theorem and 0 < p < 1. Then, for all f € T} and

1/
:uEVQp’

[, £ nducx, 0
R+

< I gl -
That is, V3" — (TB)*.

Proof. Let f € T and u € V(;/p, and write f = Zj/ljaj, as in
Theorem 7. Then,

[ £x, Ddutx, 9
R+

<l [ laytx, DldlulGx, 0
J e

< Y sllajlloolal(;,0) < D I 2l ully o217
j j

1/p
< (Z w) iy 0
J
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REMARK 9. (i) In the proof of the previous theorem, if p =1, we
can give a direct argument without using the atomic decomposition. In
fact, if f € T} and if we consider the set F*={yeR: A () >
A}, then

3) {(x, ) €R2: |f(x, 1) > A} € FA.

In fact, if |f(x, ?)] > 4, A3(f)(z) < A, implies that (x,?) ¢ Q,
and, hence,

(x,1) eRﬁ\ ( U Qz) =F$.
z ¢ F*
As we saw before, F* is an open set and hence F* = |J ; I; . Moreover,

by symmetry, Fé cy j IT\Q , and hence, for u € Vgi , we have

[ 1xs nduce, 0
R+

< [T Imde e s i 01> di by (3)

< /0 Wl(FdA<y /0 (05 o) dA
J

<lulyy [ |U2
J

(i) If Q satisfies that for every compact K C R2, the set {x €R:
Q. NK # 2} has finite measure, then using the ideas of [2], it is easy
to show that in fact equality holds; namely Vé/ 7= (TS)* . We do not
know what happens in the general case.

As was proved in [4] the non-tangential maximal function and the
radial maximal function of Poisson integrals of functions (distribu-
tions) in the Hardy space H?(R"™) have an equivalent L”-“norm”,
p > 0. This leads us to consider how this result could be extended for
all functions in the tent spaces 72 relative to both cones I'(x) and
lines {(x, t):¢t > 0}. From the point of view of the dual spaces we
see that the latter is a much bigger space than the former. We give the
details in what follows.

EXAMPLE 10. If Q, = {(x, t): ¢ >0} then Og = C(0) = O x R*.

Let us denote V2, = Vg, where Q. is the vertical line above x.

di =l llf N
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First suppose that 0 < a <1, f e LY/(1-2)(R") and o is a positive
finite measure in R*. Then

du(x,t)= f(x)dxda(t) € Vgy.

In fact, if O C R" then
[ aux, 0| < ( [ i, t)ldx) ( / da(t))

Cc(0) (0] 0
< llol I Il owlOF°.

An example of a measure that isin V* but not in V$; is the Dirac
mass at the point (xg, tp) € R™!. This follows by considering a
collection of cubes converging to xg .

However, for the case o > 1 we get that

V;gd = {0}.

To show this fix a cube Q@ C R" and N € Z+. Decompose Q in
2"V subcubes Q; such that Q;NQ; =@, i # j, Q = J;Q; and
|Qi] = 1Q]/2"N . Now, if u € V2, we have

rad

KI(C(Q)) < lui (U C(Qi)) < S IH(C(QD) < Cu 2 104"

2nN o
=Cu) %ngN = C,|Q|*2"M1=2) 0 as N — 0.
i=1

Hence u=0.

Our first application of the duality result, deals with pointwise es-
timates for the Fourier transform of functions satisfying an H?-type
condition. Consider an increasing function ¥: Rt — R*, y a C!
change of variables. Define the sets Q, = {(y, ) € R2 : |[x —y| <
w(t)}. It is clear that Q) satisfies the hypotheses of Theorem 7. Ob-
serve that

4) Io={(,eR::dy,R\I) > y()}.

We say that a function f belongs to H} if PI(f)(x, t) = P * f(x)
belongs to the space T2, where P is the Poisson kernel in R.

LEMMA 11. Let w and Q be as before, and suppose 0 < p < 1.
Consider the function ¢(t) = w/P=2(t)y'(t). Then, if g € L® and
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du(yv,t) = g)e(t)dydt, we have that u € Vl/p and ||,u||VQI/p <
Collglloo -

Proof. Let I = (a, b) Then, by (4):
R\I))
ul(Ta) < / / T oty

(a+b)/2 py~'(y-a) /p2 /
< gl A w2y (1) dtdy
a

b vy~ (b-y)
+ / / w“ﬂ-zu)w'(z)dzdy) .
(a+b)/2 Jo

y(n)
[ virev@an = 2o,
0 1—-p

But,

and hence,

e (a+b)/2 ) .
u(Io) € Goligllso (/ (y —a)t/r-ldy
a

b
+/ (b—y)‘/"“dy>
(a+b)/2

< Gpligloo(b —a)'?. 0

ProrosITION 12. Suppose v, Q, ¢ and 0 < p <1 are as in the
previous lemma. Then, for f € HY,

00 -1
7601 Gl ([ e oty ae)
Proof. Fix 0 <& <1 and set 9¢(t) = ¢()X(e,1/6)(f) . If we define

dus(y, t) = e ™gy(t)dydt, by Lemma 11, we have that |u,» <
Cp. Now, if f € Hf then P, * f € T}, and by Theorem 8,

< Gollf s -

[ P s aur. 0
R

+

But,

. 1/¢e
[ P fmau, o =17 [ e ip@dr. o
R’ e
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ExampLE 13. (i) If w(¢f) = ¢t in the previous result, we get the
classical estimate for the Fourier transform of functions in H? :

LfGoOl < Cylx| P

We will give more details about this result in Corollary 20.

(i1) If for example w(t) = e! — 1, so that Q, is a domain con-
taining the cone I'(x), then ¢(¢) = (e — 1)!/P=2¢?, and the integral
Jo© e~ *ltp (1) dt converges if and only if |x| > (1-p)/(27p) . Hence,
flx) =0 if |x| < (1 -p)/(2ap) and f € HY. Therefore, since
fr(x) = f(rx) € HS, if f € HE, one finds that f(x) = 0, for all
xe€R,and so H5 =0.

(iii) The above calculations show that, in fact, a necessary condition
for HY, to be nontrivial is that the Laplace transform of ¢,

Zo(x) = /Oo e o(t)dt < 00,
0

for all x # 0, which, for example, happens if for all s > 0, there
exists a constant Cs > 0 such that y(¢) < Cse’?, forall t>0.

We give now a characterization of the class of Carleson measures
in terms of the boundedness of the mean operator. Some related
questions can be found in [7] and [9]. Given a symmetric family
Q such that Q,(¢) is an open interval and for all intervals I C R
there exists (x, £) € R2 with Q,(¢) = I (these conditions hold if, for
example, Q is given by a function y as in Lemma 11), we define the
following mean operator:

1
Tof(x,t) = = fy)dy.
(e ) 1€2x(0)] Ja_q) )
We extend the notion of Carleson measure to consider the case of
weights simply by saying that the pair (u, u) € V§ if

(5) lu(Ig) < C(u(I))®,

where u is a positive and locally integrable function in R and u(/) =
Jyu(x)dx. Thus, in our previous notation, x € V§ means that
(u, 1) € V§. Recall that 4, denotes the class of Muckenhoupt’s
weights (see [5]).

THEOREM 14. () Ifa>1, p >0 and Tg: LP(R, u)— L*(R%, du)
is a bounded operator, then (u,u) € V§, and ||u| < ||Tql|*?, where
ll|| is the best constant in (5).
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(i) Ifue Ay, p>1 and (u,u) €VE, a>1, then Tq: L’(R, u)
— L*?(R2, dy) is a bounded operator, and ||Tg|| < C||u||Y/(@P).

(iii) Fix 1 <p < oo. Then, p € Vs if and only if Tq: LP(R) —
Lo?(R2 , dy) is a bounded operator.

(iv) Let d(x 1) denote the Dirac delta at (xo, to) € R2 . Then the
operator Tg: LP(R, u) — LP(R2, O(x,,1,)) IS bounded, for all (xy, ty)
€R2, and | Tall < Cp(u(Qx, ()))~"/7 . if and only if u € 4,.

Proof. (i) Evaluate Tqf, if f = x;, to get

Q(t)ynI
Tou(x, 0= SO LI > e ),

and hence,

1I)" @ < || Taxrll e < 1Tall 21l ) = | Tallw@)'/?.

(ii) As we saw in Remark 9, if F! = {y e R: A (Tof)(y) > t},
then —~
{(x,s) eRL: Tof(x,s) >t} C F§.

If M denotes the Hardy-Littlewood maximal function, it is clear that
by symmetry, A% f(y) < M f(y), and hence,

u({(x, 5) €Y : Taf(x,5) > 1) < u(F)
< lull((F))* < lul(w{Mf > 3))*.
Using now that LP(u) C LP-*?(u), the classical Lorentz space,

N T fllze (@

00 /(p)
<C (/O P lu({(x,s) eR2 : T f(x, s) > t})dt)1 ’

00 1/(ap)
< e ([~ e s > ) de) ’

= CllullPNMS Iz < Clal P, N2 -
(iii) It is a trivial consequence of (i) and (ii).
(iv) We first observe that forall u€ L. , (6, u) € Vg, and ||d]| <
(u(Qx (20)))~* . Hence, if u € 4,, we get the boundedness of Tgq, by
(ii). Conversely, if f € L?(u),

1o/ 20 = [ fo o, O COMR)

< C((Qx, (t)) ™21 Nry -
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Taking the supremum when ||f |7, < 1,

) 1/p’' -1/p
S — w P+ (x)dx < / u(x)dx )
|Qx, (t0)] </QX0(t0) &) ) (on(to) 9 )

Hence,
1 1 p-
— u(x)dx ————/ © w P (x)dx <C,
(|9x0(10)| o ) <|9x0<to>| ot
and by the hypotheses on Q, this implies u € 4, . O

We consider now the usual case when Q. is a cone, to obtain some
results in the classical theory of Hardy spaces.

DEFINITION 15. Suppose ¢ is a Borel measure in R*. We say that
o is a measure of order B, with f > 0, if there exists a constant
C > 0 such that

t
(6) / dio] < Ct#, foralli>0.
0

In this case, we write 0 € M# and also ||o||,» = inf{C: C satisfies
(6)}-

The following result corresponds to Theorem 8.

THEOREM 16 (see [2], [1]). For 0 < p < 1, the pairing (f, du) —
Joeo f(x, )du(x, t), with fe€TE and p e VP | realizes the duality

of T2, with V1/»,
For our next result, we need to introduce a densely defined bilinear
functional. We will restrict the action of this operator, when consid-

ering distributions in the Hardy space H?(R"), to the dense subspace
# of those functions in the class . with mean zero.

DEeFINITION 17. Fix 1 < g < 00. Suppose F: R* xR" - C is a
measurable function such that if we set F,(x) = F(z, x), z, x € R";
then F, € LI(R"). Let o > 0. For g €. 5, set

Rr(e)(x,2) = [ g0)F(z,y+x)dy.
We define, for ¢ € M2,
Tr(g, 0)(z) = /0 T (Re(8)(+, 2)* P)(0) do (1),
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where P(x) = cy(1 + |x|2)~(**+1D/2 is the Poisson kernel in R", and
Pi(x)=t""P(x/t).

EXAMPLE 18. Suppose ¢ = co and F(z, x) = e~**?. Then |F||c
=1 and if g € % we have that

Rr(e)(x, 2) = [ g()e ™7 dy = en24(2).
Hence,
(Re(@)(- 2+ P)O) = [ e 2(2) ) dx = 2(2)Pi(2).

If 0 < p <1 and we consider the measure do(t) = "(1/P-D-14¢,
then we have that ¢ € M"(1/P=1 since

tn(l/p 1)
/ aIol() = 7=

T [P —
M"(I/P-"U - n(l/p — 1) .

and so,

Therefore,

Tr(g. 0)(z) = /0 " 8(2)B(2) V=01 dy

=cn&(2) /oo p—2ntlzl n(1/p-1)~1 4;
0
and the integral is finite since n(1/p —1) > 0.

THEOREM 19. Suppose 1 < g <oo, a>n/q and 1/p =a/n+1/q,
sothat 0 <p<1. Then

|Tr (8, 0)(2)| < cnllollael1Fzll oy 1 8 | 27 ey »
forall 6 € M* and g € .%4.
Proof. The proof is a consequence of the nontangential maximal

characterization of HP(R") (see [4]): ||glprre) =~ |PI(&)|lr> , Where
PI(g)(x,t)= (P *g)(x). To estimate this quantity we use Theorem
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16, (T2)*=V'/P, 0<p<1:

Te(g. o)) = [ ([ PGRe()w. 2)du) dat)
= [ o0 ([ pF . y+wdu) dydoty

+

= /R..H g (/R P(v—-y)F(z, v)dv> dyda(t)
= [ PI@@, 0F(z, v)dvdo().
R:_H
For a fixed z, consider the measure

du(v,t)=F,(v)dvdo(t).

Then, we claim that g € V12 and |jull,v» < |lof|pel|Fz]lze . Thus,

Te(e, )< [ IPI@©, Dldlulw. 1

< NPI()z el < callollare | Fzllzall gl g -

To prove the claim, it suffices to show that if f € LI(R"), 1 < g <
o0, 0 € M*, with 8 = 1/¢’ +a/n > 1 and we set du(x,t) =
f(x)dxda(t), then € V# and |ull,s < |6l f ]Iz . Now, for a
cube Q CR",

@ < ( /Q 7ol dx) ( / “ d|a|<z>>

<If el @1V llollage| Q1™ = I el sl QI

and so, ||ullys < fllzellollare - H

i/n

COROLLARY 20. If 0<p <1 and g € S(R"), then
18(2)| £ Cu,plz|" P8 e,
Jorall zeR®.

Proof. It suffices to consider the case 0 < p <1 and z #0. We
recall that by Example 18 we have

o0
Tr(g,o0)(z)= c,,g(z)/o e~ 2ntlzln(l/p=1)~1 g¢
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But,
0o
/ e—27zt|z|tn(l/p—1)—1 dt
0

— C|Zl—n(l/p—-1) /°° e_znuun(l/p—l)—l du = Cn,plzl_n(l/p_l) .
0

Hence, by the theorem,

1 Tr (8, 0)(2)] < cnllollae 1 Fzllooll 81| o rey 5

that is,

n(fp-1) < __Sn )
Co pl(2)] |21 e lele

which gives the result. O

REMARK 21. Corollary 20 was first proved in [4], using a differ-
ent approach. Later in [12], it was also proved using the atomic
characterization of H?. We want to give yet another simple proof
using now the duality of the H” spaces. In [3] it is shown that
(HP(R™))* = BX1/P=D: g « b < 1, where the norm on this Besov
space coincides with the Lipschitz norm of order n(1/p—1) (see [11]);

namely,
(A% £)(x)|
Wlsgro= 90 G
heR"\{0}
where, ke N, k> n(1/p—1) and
k £ (k
WHw=3 (§)-vrsecmm,

is the kth order difference operator. Now, we have the following
LEMMA 22. Fix yeR" and a > 0. Then
le™%3 g ~ Iy[°

Proof. Let k € N, k > a and suppose y € R"\{0}. Then, for
heR"

k
(A’,fe—iy- )(x) = Z (’:) (—1) e~ ¥o+rh)

r=0

k
= e 3 (B)cayemn = ee(a by,

r=0



TENT SPACES AND APPROACH REGIONS 231

Hence,
|(Ake™")(x)|? = (2 — 2 cos(yh))*.
Thus,
Ako—iv: - h))k/2
sup I( 1€ _ )(x)] = sup 2k/2(1 COS(: )
X€R" |A| heR™\ {0} Al
heR™\{0}
1 — cosu)k/2
< Culype sup L= 0080
ueR*
_ af2
< Ck sup w_(l — Cosu)(k_a)/zlyla
ueR” u
< Ck ,alyla ’

since k > a. Conversely, we want to show that for any y € R*\{0},
there exists an 4 € R™\{0} such that |y| = |#|~! and 1 - cos(yh) =
1 —cos(1) > 0. In fact, if # = y/|y|* then trivially |y| = |h|~! and
y-h=1. Hence

le™ " || go.c= > 2%/2(1 — cos 1)*/2|y|®. O

Thus, by the duality between H” and Brl/P=D. g . p <1, and
using this lemma, we find that if g € %

12001 = | [, stwre x| < el g
< Ca oI Dligl .

As a curiosity, and from the proof of Corollary 20, we see that

0o -1
e g~ ([T Bt ar) L a0,
& 0

One can also get very easily that, for s > 0, 1 < g < oo we have for
the Besov space B9, |le=”" ||z« ~ |y|*. Hence (see [13]), since

b

(By9)* = B;Hn(l/p-l),q'
O0<p<l1, 0<g<oo, O<s<n(l/p-1),

and

(F;,q)* — Bo—os+n(1/p—l),oo

b

O<p<l, 0<g<oo, O0<s<n(l/p-1),
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where ¢’ = 00 if 0 < g <1, and Fps’q is a Triebel-Lizorkin space
(see [13]), then, by a similar argument as above, we obtain

0] < Clyl=+ 2D £ e,
O0<p<l1,0<g<o0, O<s<n(l/p-1),

and

FON < CIYsH D) £ e,
O<p<l,0<g<o0, O<s<n(l/p-1).

The following result gives the regularity of a harmonic extension in
the x-variable, when integrated against an A/® measure on ¢.

COROLLARY 23. Suppose 1 < qg< oo, a>n/q and 1/p = a/n+
1/q'. For a function f € Li1(R") and o € M* define

K(f, o)y / (Pox £) ) do(2).

(i) If 0<p <1 then,
K: LI(R") x M® — B/P=1)-

and
IK(S 5 o)l grum—.0 < Cullollage |l Ml omey -

(i) If p=1, then
K: Li(R") x M* — BMO,
and

IK(f, o)llBmo < Cullollarellf Nl Lowr) -

Proof. We will only show (i), because the proof of (ii) follows sim-
ilarly. Since (HP(R"))* = BX!/P=D: then to show that K(f, o) €
BI/P=1).% e only need to see that

| e0K( . )0 ] < Calllel sl
forall ge . Set F(z, x) = f(x), for all ze€ R". Then,

/g(y)K(f o)(y)dy = / / (P, + F,)(y) do(t)dy
= Tr(g. 0)(2),
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for all z € R". Hence, by Theorem 19,

| €07, )0 dy| < Calolar S sl o

We now give another application of our duality techniques to es-
timate harmonic extensions to R%*! of functions in H?. The next
theorem gives, as a particular case, a generalization to higher dimen-
sions of the Féjer-Riesz inequality (see [S] Theorems I-4.5 and I11-7.57,
for the case p = 1), and shows that it can also be proved in all cases
0 < p <€ 1. Moreover, in the previous theorems, the authors work
with the atomic characterization of H! and some extra conditions on
the kernel are required, that will not be needed in our proof. This
inequality gives the behaviour in the vertical z-direction for the ex-
tension ¢, * f(x), relative to a kernel ¢, with f € %, instead of
the well-known growth on the x-direction for the harmonic extension
u = PI(f); namely,

sup [ |u(x, t)Pdx < C||f |3 -
>0 JR"

The proof is based in finding the right pairing for an appropriate Car-
leson measure.

THEOREM 24. If 0<p <1, F € T? and o € M"?, then

sup [~ \F(x, 0] dlol(0) < 10l 1Pl
xeR"JO

Proof. Fix x € R* and set du(y, t) = dx(y)da(t), where Jy is
the Dirac mass in R® at the point x. Then x € V/? and |jul,w <
llo ||y . In fact, since p <1, then if Q is a cube in R® we have that

i@ < ( /Q ) ( / ©

Therefore, since (T2)* = V'1/7 we get that

[T iE oldiolo < [ Fo, ol 0
0 R

1/n

dIO'I(t)) < 1QI"7 o || pgrs -

+1

S WFllzz llallyve < llallygrell Fll7z, - 0

For the next result we introduce the following notation (see [14]):
if fe S, 0<p<1 and we choose p € L' NL>®, [ap(x)dx #0
then we say that f€ Hy if ||fllpe = lo:* fllr <oo.
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COROLLARY 25. Let ¢ be as above, 0 <p <1.

(i) (Féjer-Riesz inequality, if ¢ is the Poisson kernel.) If f € H} ,
then -
sup [~ (@ NP dt < o plf .
x€eR"JO ’
(i) With more generality, if p < q <1, then for f € Hy we have

sup [ (g NP i < Co I Iy -

x€R"JO

Proof. (i) Consider the function F(x, t) = (¢; * f)(x) and the
measure do(t) = t"/?~1dt. Then F € T2, and ¢ € M"/? . Hence, by
the previous theorem,

sup /O " \pex 1))l dt

x€eR"

= sup [ 1F(x, 0ldlal) < Gl -

xeR" JO
(ii) Let p < ¢ <1 and consider now the function

F(x, t)=|(g:* f)(x))4.
Then F € TZ? with ||F|we = |f%, . Also, if we set do(t) =
tan/P=1 4t then o € M"/P and hence, since p/q <1,

(o o]
sup /0 (@ )P dt < Co pIFllgwe = Capll f 1%, T
xe n o0 [4
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