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Deformation theory is the appropriate tool for describing the irre-
ducible components of the scheme Alg, which parametrizes the struc-
tures of #n-dimensional associative algebras with unit. Each compo-
nent is “dominated” by one generic or quasi-generic algebra or family
of algebras (genericity means that the algebra or the family has only
trivial infinitesimal deformations, and quasi-genericity means that the
algebra or the family has non trivial infinitesimal deformations, but
no algebraic deformation). The components dominated by a generic
algebra (or family) are reduced, while the components dominated by a
quasi-generic family are non reduced. The invariants we use for that
classification are the basis-graph, both weighted and unweighted, of
an associative algebra. In this paper, we classify the 8-dimensional
algebras with mixed basis-graph and give lower bounds for the num-
bers of irreducible components of the scheme Alg, , reduced and non
reduced.

I. Introduction. This paper is a new contribution to the question
treated in previous works ([Ha], [Ma], [DP1], [DP2]), namely the
study of the irreducible components of the scheme Alg, which param-
etrizes the structures of n-dimensional associative algebras with unit.
The importance of this question was put forward by Gabriel (see [Gal]).
In {DP2], the author proved some general lemmas, which enable us to
construct deformations of n-dimensional algebras from deformations
in dimension less than n. As already known from [Ha] and [DP2], the
main tool is M. Gerstenhaber’s theory of deformations of algebras, us-
ing Hochschild cohomology (cf. [Ge]) and the appropriate invariants
for the classification work are the basis-graph and the weighted basis-
graph, as defined in [Scl] by M. Schaps. In dimension equal to or
greater than 6, the task of writing down a complete deformation chart
is unilluminating, as the number of different isomorphism classes of
algebras increases very fast, but it is still possible to determine good
lower bounds for the number p(n) of reduced irreducible compo-
nents and the total number g(n) of irreducible components of Alg,, ,
including the non reduced ones.

In §II, we recall the main definitions and theorems, without proof,
from the theory of deformations of associative unitary algebras; the
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proofs are to be found in [Ge], [Scl], [DP1], [DP2].

In §III, we give a complete list of candidates for genericity with
mixed 8-dimensional basis-graph and explain for each one either why
it is generic (resp. quasi-generic) or how it deforms.

As in [DP1], [DP2], we used the computer program described in
[DP-Sc4], which computes, among other things, Z2(4, A), H%(4, A)
and dim(Aut 4), for a given algebra 4. For 5-dimensional algebras,
we still use Happel’s notation in [Ha].

I1. Basis-graphs and deformations. Denote by Alg, the structure
constant scheme for associative unitary algebras of dimension n over
an algebraically closed field K of characteristic 0 or > 0. Since the
defining equations of the scheme are defined over Z, there are only
a finite number of primes for which the number and nature of irre-
ducible components in Alg,(K) will be different from the character-
istic O case. Thus any characteristic which is sufficiently large relative
to n will give the same classification.

The linear group GL(n, K) operators on Alg, by “basis change”
(cf. [Kr]): the orbits of Alg, under the action of GL(V') correspond
to the isomorphism classes and the stabilizer of an algebra A4 is its
automorphism group AutA (of course automorphisms as an algebra).

DEeFINITION. If an algebra or an algebraic family of algebras A lies
in the closure of the orbit of a different algebra or family A4’, we will
say that A4 is a specialization of A’ or that A’ is a deformation of
A. The fact that A’ is a deformation of 4 will be represented by
A — A.

There is another definition of deformations, that we will use as well:

DEeFINITION. Let (C, ¢y) be any pointed scheme, with C = Spec(R)
for R a commutative affine ring over K and 7y a closed point cor-
responding to a maximal ideal my of R. A flat deformation B of
By over (C, ty) is a flat R-algebra B together with an isomorphism
of By with B ®g R/my. When the fibers over general closed points
of C are all isomorphic to an algebra A4, then A is also called a
deformation of Bj.

If C is an irreducible algebraic scheme of dimension at least one,
the deformation is called algebraic; if R = K[e]/(¢2), the deformation
is a first order deformation. In general, if dim C = 0, the deformation
is called infinitesimal.

DEFINITION. (1) An algebra is rigid if its orbit under the action of
GL(n) is dense in an irreducible component of Alg,. (2) A family of
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algebras is semi-rigid if the union of the orbits of the algebras in this
family, under the action of base changes, is dense in an irreducible
component of Alg, .

In both of these cases, we will say that the algebra (or the family
of algebras) is generic. An algebra or family giving the reduced part
of a non reduced component will be called quasi-generic. (A family
is quasi-generic if it has a non trivial first order deformation, but no
algebraic deformation.)

It is important to note that this definition of genericity and quasi-
genericity is not in conflict with the traditional definition of genericity:
as the field K is algebraically closed, a single algebra over an extension
of K is the same as a parametrized family of algebras over K, and a
variety is defined by its algebraic points.

The basis-graph of a finite dimensional algebra A4 is the diagram
constructed as follows:

(i) Take a number of vertices equal to the number of idempotents
in a complete set of primitive orthogonal idempotents {e;} and label
each vertex by an idempotent.

(ii) For i not equal to j, the number of arrows from e; to e; is
equal to dim(e;Ae;).

(iii) The number of loops from e; to itself is equal to dim(e;Ae;) —
1.

We get the weighted basis-graph of A by adding weightings on the
arrows in the following way:

(iv) The number of arrows from e; to e; with weight k is n{‘l =
dime;(J*/J**1)e;, where J is the radical of 4;a k-weighted arrow
is an arrow with k barbs.

(v) Matrix units are weighted by oo and marked by a solid trian-
gular barb.

Let e be a primitive idempotent in the algebra 4. A loop x € eAde
is trivial if its products with all basis elements of A, different from
e, are zero. A trivial loop will be denoted by (¥ and has weight 1.

ExaMPLES. The weighted basis-graphs in Figure 1 represent the fol-
lowing algebras:

(a) the 4-dimensional Kronecker algebra;

(b) M>(K);

(c) the algebra of 3 x 3 upper triangular matrices;

(d) Kix]/(x%);

(e) F*=K(x,y)/(x?,y?, yx —oxy), with d # -1,0, 1;

(f) Klx, y1/(x, »)*.
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FIGURE 1

NotAaTIONS. In what follows, we will generally give results in tabular
forms, namely “idempotents—filtered radical basis—relations”, where
J denotes the radical of the algebra. As an example, let us translate
some of the basis-graphs in Figure 1:

(a) ey, e1; x1, X2 €Eeple;.

(c) ep, €1,€; x1€epder, xor€e1Jey, x1, Xy €Eeple;.

(e) ep; x,y,xy€eley; yx =oxy (o different from —1,0, 1).

On these weightings, we define a partial ordering: suppose ® and
@’ are two weightings on the same basis-graph Q. Then ® < @’ if
for each pair i, j and for each natural number k, the number of
arrows from i to j of weight greater than or equal to k in ® is less
than or equal to the corresponding number in @’.

ExAMPLES. (1) The weightings of the basis-graphs in Figure 2 can-
not be compared, despite the fact that the basis-graphs are identical:

FIGURE 2

(2) The local algebra K[x, y]/(x, y)? deforms to K[z]/(z2), the
deformation being given by: x = #(z + z2), y = t(z — z%). The
corresponding basis-graphs are (f) and (d) in Figure 1.

These graphs are the appropriate invariants for the classification
work. In fact, if A’ is a deformation of A4, then the basis-graph of
A either equals the basis-graph of A4’, or is obtained by coalescing
vertices, replacing each vanishing vertex by a loop. This preserves the
dimensions in the Peirce decomposition of 4.
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These graphs have the suitable semi-continuity properties as re-
quested by M. Gerstenhaber in [Ge]; in particular, on the weightings
of a given basis-graph a partial ordering compatible with specializa-
tion can be defined. For studying genericity we will need to consider
only maximal weightings. (cf. [DP], [DP-Sc1]).

In [Sc1], M. Schaps defined the basis-graph as an extension of the
quiver. Here, as in [DP2], in order that the composition of arrows
should appear in a natural order corresponding to the multiplication
in the algebra, we dualize the definition. As far as the classification is
concerned, this dualization is irrelevant, since an algebra is generic if,
and only if, its dual is generic.

LeEMMA [DP-Scl). 4 set of n vertices in a basis-graph algebra Ag
can be deformed to a matrix block if and only if they are connected,
they are completely symmetric with regard to all permutations, and the
number of loops at each vertex is one less than the number of arrows
from each point to another. In particular, a matrix block configuration
must contain a two-arrow cycle.

In order to find the candidates for genericity and to check their
actual genericity, we act as follows: we determine the type-generic
algebras or families, i.e. the “most generic” algebras with a given basis-
graph, and then, generally by a computer calculation, we determine
H2(A, A). If it is zero for an algebra A, then the orbit of A4 is dense
in the component containing A and A is rigid (cf. [Ge]). For a family
of algebras, in order to prove semi-genericity or to show that a first
order deformation is associative, it suffices to look at special values
of the parameters; if for an algebra 4 in the family the dimension of
H?(A, A) is equal to the number of parameters in the family, then
the family is semi-rigid (cf. [DP-Sc2]).

The problem of proving that a type-generic component is 1ot generic
is more difficult. If W contains an open dense orbit, and for some
algebra A in this orbit, H2(4, A) is not zero, then the algebra is
not rigid. It may, however, represent a generic closed point in a non-
reduced component of Alg,. When W does not have a single orbit,
but must be given by a family, the situation is yet more difficult, for
in order to demonstrate that this family is not semi-rigid, it is neces-
sary to construct an infinitesimal deformation which is valid for all
values of the parameters in an open dense set. This situation already
appeared in dimension 6 with one family with mixed basis-graph and
permitted us to show that Alg, has non reduced components for all
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n > 6 (cf. [DP2], [DP-Sc3]), but since the family has a single param-
eter the deformation was not difficult to construct.

II1. Construction of deformations in higher dimensions. In low di-
mension, it is possible to write down lists of algebras and to check
them for genericity. As the dimension increases, it is necessary to get
some general results in order to eliminate most cases as quickly as
possible.

It is obvious that adding a trivial loop on one idempotent of the
basis-graph of the algebra A4 (with radical J) determines a new alge-
bra A[z]/(z%, zJ, Jz), which is trivially deformable.

If 4| and A are respective deformations of 4; and A4, then
A} x A, is clearly a deformation of A; x A4, ; therefore we will be
mainly interested in “connected” algebras.

An algebra A is called basic if it contains no total matric subalgebra.
An idempotent of an algebra A is called basic if it does not belong to
a total matric subalgebra of 4.

Let A be an algebra and S a complete primitive decomposition set
which spans 4/Rad(A4); recall that 4/Rad(4) is a direct sum of ma-
trix blocks. Let S’ = {f;, ..., f,} be asubset of S formed by choos-
ing one idempotent in each matrix block and set f = fi+---+f,. The
algebra A = fAf is called the skeleton of A (up to isomorphism, the
skeleton of A is independent of the choice of S’). Algebras with the
same skeleton are called Morita equivalent. 1t is well known that two
Morita equivalent algebras have the same representation theory; there-
fore representation theory can be done with basic algebras. M. Schaps
proved in [Scl] that the same holds for deformation theory, namely
that the algebras appearing in deformations of an algebra B; are in
one-to-one correspondence with those appearing in deformations of
the skeleton B,. As a consequence, if the respective dimensions of
By and B are n and p, one may naturally identify the components
of Alg, containing By with those of Alg, containing By.

The following lemmas and propositions are proven in [DP2]:

Let A; and A4, be two algebras, and e; € 4, e, € A, be primitive
basic idempotents. Let N;, N, be ideals of 4;, A, respectively, such
that 4;/N; = K has the residue of e; as identity. The fiber product
Ay x Ay of A; with A, along (e, e;) is the set of all elements in
Ay x A, such that both components have the same residue modulo
Nl X N2 .

We denote by T the algebra of 2 x 2 upper triangular matrices. As
its basis-graph is e;. — .ey, we’ll call T the arrow-algebra.
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LEMMA 1. Let A be an algebra with primitive basic idempotent e,
and B the algebra which is the fiber product of the arrow-algebra T
with A along (eg, e). The deformations of B are completely deter-
mined by those of A, i.e. if B~ is a deformation of B, then B~ is the
fiber product of T with A~ along (ey, €~), where A~ is a deformation
of A and e~ is a basic primitive idempotent of A~ .

REMARKsS. (1) By duality, the corresponding result is evidently true
for the fiber product 7 x A along (e;, €).

(2) This lemma is a major component of the proof that Alg, is non
reduced for n > 6 (cf. [DP-Sc3]).

Let S = {e;,..., e} be a complete set of orthogonal idempo-
tents of an algebra 4. Following M. Schaps, we say that a basis
B = {x1,...,x,} of A respects S if for every i € {1,...,r},

x; = e;, and if every x; lies in a component e;4e; of the Peirce
decomposition, 4 = Pe;Ae;.

LEMMA 2. Let A be a basic algebra with a complete orthogonal
idempotent set ey , ..., e, A~ be adeformationof A and xi, ..., X
be a basis for A~ which respects the idempotent set e, ..., ey . Let
{fij,1<i<r,1<j<r} bea complete orthogonal idempotent set
for A~ such that > fij is alifting of e;. If f;; is basic in A~ and if
Xq Is a basis element contained in e;" A~ e, then the coefficient of f;;
in x4 lies in mg (where my is the distinguished maximal ideal of the
parameter ring R).

PROPOSITION 1. Let A~ be a deformation of the algebra A, f;;
be a primitive idempotent which is defined at the general fiber of A~ .
Let B~ be an algebra which contains A~ as a subalgebra, in such
a way that a basis for B~ is obtained by adding to a basis of A~
containing f;; exactly one idempotent f for which dim f;;B~f =p,
dim fB~f = 1 and every other Peirce component either starting or
ending at f is equal to 0. Then B~ is a deformation of the algebra
B, the fiber product of the algebra Kr, with A along (e, e;) where
e is the right idempotent of the Kronecker algebra Kr,. Note that
reversing the arrows of Kr,, we get the dual result.

e T pT A (e p——e4A)
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PROPOSITION 2. Let A be a local algebra having a deformation A~
whose fibers are local algebras. Let J be the radical of A, and let
I be an ideal of codimension < 1 in J. Let B be an algebra with
two idempotents e and f, two arrows z and w from e to f and
fBf = A. Suppose that w-J = 0, that z-J is contained in (w)
and that I is the annihilator of z in J. Then B has a non trivial
deformation B~ with two idempotents e~ , f~, two arrows z~ and
w~, and f~B~f~ =A".

 Je— Y| (€} mm——Y')

The deformations given here are not idempotent-splitting; in the
case codim;/ = 1, they require that 4 has a non trivial local de-
formation. We will see further that we get a non trivial idempotent-
splitting deformation in the case where A4 has a trivial loop.

As a consequence, given an algebra B as in Proposition 2, we need
only consider it a candidate for genericity if 4 has no local deforma-
tion preserving the socle dimension and no trivial loop.

DEFINITION. An idempotent e in an algebra A4 is called loopless if
dimeAe = 1, i.e. there is no loop on the basis-graph at that point.

LEMMA 3. Let Ay and A, be connected algebras consisting of more
than one point, e; € A; and ey, € Ay primitive basic loopless idem-
potents. Then the deformations of the fiber product B of A, and
A along (e, e;) correspond to pairs of deformations (A7, e’) and
(A5 ,e3) of (Ay,e) and (A, e;) such that ey and e are still
basic.

COROLLARY (one-way bridge). Let A be an algebra whose basis-
graph can be represented by A *——P__3*A, | where the points repre-
sent loopless idempotents and ——P——3 means that there are p arrows
in the same direction. Then every deformation of A has a basis-graph
of the form  Aje——p——=eA; , where A7 is a deformation of A, .

LEMMA 4. Let Ay, Ay be two connected algebras and e; € A; (i =
1, 2) two basic primitive idempotents, possibly looped. If A, and/or
A, have basic deformations, then the fiber product A; x A, along
(e, ey) is deformable.

COROLLARY. Let Q be a basis-graph, let f; be an idempotent. Sup-
pose that f; is loopless and is connected to all other idempotents by
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at most one arrow. Then the local ring at f; for any algebra with
basis-graph Q deforms independently of the remainder of the algebra.
In particular, if there are exactly one or two loops at f;, then every
algebra with that basis-graph has idempotent-splitting deformations.

DEFINITION. A connected basis-graph with two idempotents ey, e,
has 2-type (a,b,c,d) when a = dimeydey — 1, b = dimeyde;,
¢ =dime;Aey and d = dimejde; — 1.

LEMMA 5. Let A be an algebra with a basis-graph containing exactly
two idempotents and of 2-type (1,0,c¢,0) or (1,c,0,0), where c
is a non zero integer. Then A has an idempotent-splitting deformation.

LEMMA 6. (i) If A is a local algebra and B is a mixed algebra with
two idempotents ey, e; such that eyBey — A and dim(e;Bej) =1 for
i, j not both zero, then the product of the two arrows in B must lie in
the socle of A.

(ii) Let A be a local algebra having a local deformation A~ such
that the dimension of the socle is fixed. We define an algebra B with
mixed basis-graph as in (1); then B has a deformation.

. __—)E.A

LEMMA 7. Let A be a local algebra whose socle is not contained
in (Rad 4)? and let B be an algebra having a basis containing two
idempotents ey, e; such that the local ring at e, is isomorphic to A,
dime,Be; = 2, dime;Be, = 0 and dime,Be, = 1. Then B has an
idempotent-splitting deformation.

 —C Y\

PRrOPOSITION 3. Let A’ be an algebra with mixed basis-graph con-
taining exactly two idempotents ey, e; such that dime;A’e; = 1. Sup-
pose A’ contains an arrow x of e;A'ey such that x ¢ (Rad 4')? and
x lies in the socle, so that A'(x)A’ is an ideal of dimension 1. Let
A=A/(x). Then if A has a basic deformation, so does A'.

IV. The classification in dimension 8.

NortATION. In the case by case study, we denote the given algebra
by By and the deformed algebra by B.
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We give now the list of 8-dimensional mixed basis-graphs which are
candidates for genericity, organized according to the number of idem-
potents, and when there are two idempotents, according to the 2-type.
Since the list of all possible mixed basis-graphs is considerably longer
in dimension 8 than in every lower dimension, we eliminate those
basis-graphs with trivial deformations before writing the list. The al-
gebras listed as candidates for generic algebras have no trivial loops
and are locally maximally weighted (see [DP2]); in general, we will
not give the proof of local maximal weighting when it follows from
lemmas already proven. Furthermore, we will freely use the trivial
automorphisms multiplying basis elements by constants, in order to
eliminate superfluous parameters from the defining equations of alge-
bras with mixed basis-graph.

We indicate by (x) the algebras or families which will be shown
to be generic and by () the families which will be shown to be
quasi-generic.

The 8-dimensional generic (resp. quasi-generic) algebras and fami-
lies of algebras By with mixed basis-graph can be classified into three
classes:

(1) Bo =K x A, where A’ is a 7-dimensional generic (resp. quasi-
generic) algebra or family of algebras. There are 10 (resp. 5) such
algebras or families (cf. [DP1]); note that this class contains the al-
gebras of the form K? x 4”, where A” is 6-dimensional and generic
(resp. quasi-generic) with mixed basis-graph.

As there is neither a connected loop-only nor a connected mixed
algebra of dimension 5 which is generic (resp. quasi-generic), there is
no need to consider products 4; x A, where A; is 5-dimensional and
A, is either the arrow-algebra T or K3. For similar reasons, the case
where A; is 3-dimensional looped and A, is 5-dimensional loopless
contains no generic algebra.

(2) By = A; x Ay, where A; is the 4-dimensional semi-rigid fam-
ily and A, is either M,(K) or the 4-dimensional Kronecker algebra.
These two cases are generic.

(3) What remains to consider are the “connected” algebras. Let us
list the connected basis-graphs with their maximal weightings:

(a) Let By be an algebra with basis-graph of 2-type (1,1, 0, 4)
(resp. (2,1,0,3)). By Lemma 5, By, has an idempotent-splitting
deformation.

(b) Let By be an algebra with basis-graph as in Figure 3a, where
the line represents an arrow in any direction and 4 a mixed or local
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6-dimensional algebra. The algebra By is generic or quasi-generic
whenever A is generic or quasi-generic, by Lemma 1 (such an algebra
can be quasi-generic when A is generic).

(c) Let By be an algebra with basis-graph as in Figure 3b, where A4
is mixed 5-dimensional, 4 and its attaching idempotent not looped;
as there is no 5-dimensional mixed generic algebra, by Proposition 1
every algebra with such a basis-graph is non generic.

(d) If By is an algebra with basis-graph as in Figure 3b, where A
is local 5-dimensional, we distinguish two cases: the first one when
both arrows are in the same direction, the second one when they are
reversed.

e A ° A

(@ (b)

FIGURE 3

In the first case, by Proposition 1, every algebra B, has an idem-
potent-splitting deformation (recall that every type-generic local alge-
bra of dimension 5 has an idempotent-splitting deformation; cf. [Ha]).
The second case will be treated in detail below.

(e) Two idempotent algebras not included in (a), (b), (c), (d).

(f) Three idempotent algebras not included in (b).

The algebras requiring detailed study are thus the algebras in the
second case of (d), which we will call “reversed arrow algebras”, the
two idempotent algebras in (¢) and the three idempotent algebras in
(f). We dedicate a separate section to each reversed arrow algebra.

Denote the orthogonal primitive idempotents by e, e; and the ar-
rows by x € egJe;, y € e;Jey, e; being the idempotent of 4. If
yx =0, as A deforms, the two arrows don’t interfere in the defor-
mation, as the algebra can be considered as the fiber product of the
4-dimensional 2-arrow cycle algebra with a deformable 5-dimensional
local algebra, and B clearly deforms (in a way similar to what hap-
pens in the previous case). Let’s study the case where yx is not
zero. We have the following subcases; by Lemma 6, we know that
these are all the weightings which occur (recall that a Scorza (c, d)-
algebra is a local algebra with radical J such that dimJ/J? = ¢ and
dimJ =c+d).
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(i) 4 is a Scorza (3, 1)-algebra. Every Scorza (3, 1)-algebra de-
forms into Happel’s B family, i.e. B] is the Scorza (3, 1) type-
generic family. Therefore, by Lemma 7, it suffices to consider only
the case where 4 = B . As a help to the reader in translating, we will
write down the deformation both in graphic (Figure 4) and tabular
form:

B B,
u v w Xy Z;
Q L 2 .
e e ezoz e¢ ge- & e,
Guv M2 Myd n
(uv=w w,; vu=suv) (yx=s5xY; zz=xy=z[zz)
FIGURE 4

By:ey,e; x,y,z,xy € egJey; z1 € egJey; zp € eyJey; yx =
oxy (o distinct from —1,0, 1), z2=xy = z;2;.

B:ey,e1,e; u,v,uv € eaJe,, wy €erJey, wy € ggley; wiw;
=UV, VU= OUU.

Here e = e, +e, x =u, y =v, z = tleg —e) + (1/2)uv,
Z1 =Wy, Z =Wy,

For explicit deformations in the subsequent cases, see [DP1].

Let now 4 =B% or A=B8 or 4=B1" or 4=Bl.

(1) Suppose that u,u; = z. In the above four cases, the resulting
algebra is a fiber product of two deformable algebras, hence is itself
deformable.

(2) Suppose that u;u; # z. By Lemma 6, it suffices to study the
case where A = B8, as the other algebras are specializations of it (cf.
[Ha]). Therefore we consider the algebra B, with basis-graph given
by ey, e1; x,y,z,xy € etJer, z € epJey, z1 € eyJey, where
yx = sxy and z,z; = az + Bxy. It has the first order deformation
defined by the following multiplication table, with &2 = 0:

X2 X3 X4 X5 X6 X7
X2 Xs
X3 | §X5
X4 ‘ exs+ e(f/a)xs £Xg
Xs
Xe axs + fxs
X7 EX7 aéXy
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It can easily be checked that this multiplication is associative and
that, for an algebra 4 with weighted basis-graph as above, there exists
an element of H2(A, A) for which the deformation part of the tensor
has non zero inner product with the deformation part of the tensor
given by the previous table. Therefore A is not generic, but we do
not know whether it has an algebraic deformation or not.

(ii) 4 is a Scorza (2, 2)-algebra. For every A € Scorza (2, 2),
there are two loops, say u; and u,, of weight 2; we have to consider
each time three cases (cf. Lemma 6): (1) z;zp = u;; (2) 2122 = uy;
(3) zyzp = auy + Buy, where a and B are arbitrary parameters;
indeed, by a trivial automorphism, we can reduce the study of the
case where one of them is equal to 1, the second one being non zero;
note that one of the two first cases is automatically included in this
“general” one.

By Lemma 6, the only type-generic family we have to consider here
is when 4 = C;.

(1) We consider the family By whose weighted basis-graph is gen-
erated by two idempotents ey, e; and x,y, xy, yx € eyJe;, z; €
e1Jey, zo € egJe; such that x2 =yx, z;z, =y2 = sxy.

Now let B~ be the algebra with basis Xy, X1, X2, X3, X4, X5, Xg
and x; and following multiplication table (cf. [Ha], pp. 473-474):

Xop X1 X2 X3 X4 X5 Xg X7
Xo | Xo
X1 X1 X3 X4 Xj5
X2 X2
X3 X3
X4 X4
X5 X3 X5
X6 X6
X7 X6 X7

all missing entries being equal to 0. The weighted basis-graph of B~
is generated by the idempotents x;, X;, X;, X7 and the radical basis
x3 € x1J7x1, X4 € x1J7%2, x5 € x1J7x7, and x¢ € x7J~x; with
X3 = X5X¢. We now define a base change by the following formulae:
Vi =X +8Xx3, Y2 =HX1 +X2) + X3+ X4, Y3 =1X3, Ya= X3+ Xyq),
Ys =1tXs, Y6 = X¢ and y; = x7. With y =y, and x =y,, we get a
basis of a family B which is a deformation of the family By.
(2) Consider the following family:
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By:eg,er; x,y,x2,y2ceydey, z1 €eple, zo €EeyJey; xy =
sy?, yx = x? and z1z5 = x2 + oy2.

As in (1), we show that By has non trivial first order deformation,
hence is not generic.

(iii) A is a local non Scorza algebra. In dimension 5, there are
exactly 5 isomorphism classes of such algebras. All but E(4) have
normal pattern 1xyx2x3, therefore deform via an interleaving of K
with a Scorza (2, 1)-algebra (cf. [DP1]). We will study all the basis-
graphs which occur; note that for every local non Scorza algebra of
dimension 5, we build generally only one new algebra or family of the
desired form which is not a fiber product (cf. Lemma 6).

Let A= D*.

By:ey,e1; x,y,xt, x3eeyJey; z1 €eyJer, zo € eyJey; ¥ =
yx =x3.

B: fo, fi, HLiu,v,uve fiyJ fo;, wi e fod' fo; wa€ L fy.

The deformation is described as follows: by [DP1] 1V.3.14 and
IV.3.15, we normalize D* so that xy = —yx = x3 and y? = —x3.
By [DP1] IV.3.17, we get a deformation of D* to K x F* (where
F* is the generic Scorza (2, 1) family, whose radical is generated by
u and w). Add to the equations determining the deformation the
following ones: w; = y;, W, = y,, wwy = u?; we get thus the
desired deformation of the 8-dimensional algebra with mixed basis-
graph given here.

Let 4=D;.

By:ej,e; x,y,y2,y3 € ede, z; € eJe;, z, € egJe; x* =
ZyZy = y3 .

B: fba.flafZ: Uu,v,uv € .flJ,fl9 w, € fiJ’.fba wy € f(')J,.fla
VU =WWy =UV.

The deformation is given by: e = fi + o, x = t(fi — fo) + uv,
y=tfi-H)+u+v, zi=wy, z=w;.

If A= D5, as D’ deformsto D*, by Lemma 6 we get a non generic
case.

Let A = D®. (1) As the loop y is trivial, an algebra with weighted
basis-graph By: ey, e1; x,y,x%,x3 € ejJe;, z;1 € ejJey, z5 €
epJe; z1z2 = x3 is deformable.

(2) The algebra with weighted basis-graph

By: ey, e1; x, v, x%, x3ceiJe, z1 €ejJey, zo€eyJer; z1za=y
is the fiber product of the 6-dimensional algebra with mixed basis-
graph (M5)"” (see [DP1]) with the local 4-dimensional algebra E(3)
(= K[x]/(x*)), which are both deformable; thus, our algebra is not
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generic. In these cases we recommend warmly that the reader draw
the basis-graphs.
Let A=E(4).
By:ep,e;; x,x2,x3, x*eeydey, y €cegley, z€eyJey; yz =

x4,
B:el,e|,el; u,u*,ud € elJ'e), w, € eyJ'e], wy € ejJe};
wiwy = u3.

The deformation is given by: ey = ¢;, e; = €] +¢f, y = wy,
z=w, and x = u+t{e; —ef),

The other candidates for generic algebras have basis-graph among
those with either 2 idempotents or 3 idempotents. We now study
them.

With two idempotents. We order the basis-graphs by the 2-type, al-
ways without mentioning the opposite one, as passing to the opposite
2-type corresponds to dualizing algebras, and we already said that an
algebra is generic (resp. quasi-generic) if and only if its dual is so.
These dual algebras and families will appear directly in the final re-
sults (cf. Appendices). The missing 2-types in this list are those for
which we already used general methods in the previous pages. In the
“status” column, we’ll write (¥) for a generic algebra or family and
(#x) for a quasi-generic one.

2-type n° status candidates By for genericity
(0,3,0,3) (1) e, e;x,x2, x3ecele;
y,yx,yxt€eyle.

(2) (=) ep,er;x,y,xy€ele,
z,zXx,zy€epJer; yx =sxy.

There are other algebras in Scorza (2, 1), but by Lemma 6, Propo-
sitions 1 and 2, or using trivial automorphisms, we eliminate all the
remaining cases.

The weighted basis-graph (1) determines an algebra which deforms
to an algebra B with the following basis-graph:

B:ey, e, e, v, vieey e, u, uv, uv? ceyte,.

where e =e, + e, x =(t/2)(e; —e;)+u and y = u.

(2) determines a nongeneric family; a computer calculation indi-
cates that for an algebra A4 with this weighted basis-graph, the second
cohomology group contains two first order deformations, one of them
given by the following multiplication table:
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Xy X3 X4 Xs X6 X7
b %) €Xy + X3 X4
X3
X4 Eaxy
X5 X5 X6 + X7
X6 EaxXg + rx;
X7 efx7

with a = (r+1)/2 and B = (1 —r)/2 and &2 = 0. We can easily
verify that this multiplication is associative.

Let us now consider the structure constant tensor given by this mul-
tiplication table. The inner product of the deformation part of the
structure constant tensor for an algebra with weighted basis-graph (2)
with the deformation part of the structure constant tensor defined in
the multiplication table above is non zero for general values of the
parameters; hence the infinitesimal deformation given by the tensor is
not trivial, and the given algebra is not generic, but, using a theorem
of [DP-Sc2], we know that it is quasi-generic with dimAutA4 = 10.

For algebras with two idempotents, we will now omit the idempo-
tents ey and e; in the presentation of Bj.

2-type n° status candidates By for genericity
(0’2"1’3) (3) xax2:x3€elajela y:yxeeOJela
z€eJey;, zy =x3.

(4) (=) z1,22,z122 €€ ey,
X,xzi1€eyJer, yeeJey;
Z12p =8232Zy, XZp = XZ].

(5) Z1, 22, 2122 €e1Jey,
xX,xzi€edJe, yeeJey;
Z129y = 8252y, X2z9 = 0.

(6) x,y€elJe, z€eJey,
u,zx,zyecelde ; ut=zy.

(7) X, xueceyJe, yecelde,
u,u, yx ceJe.

Note that some of the other weightings contain a trivial loop. Further-
more, Lemma 6 assures that these are the only relevant cases here.
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The weighted basis-graph (3) determines an algebra By which de-
forms to the algebra B,

B:eg,e,el; u,uveet'e;, weejJe and v, wu ceje]
as follows: e’ =e; +e;, x = (1/t)v + (1/tYhwu + ?(e; —e!), y = tu
and z = (1/Hw.

(4) has a first order deformation, but no algebraic deformation,
thus it is quasi-rigid (dimAut = 9). A first order deformation is
determined by the following equations: xz; = &x, z% =¢&zy, 2123 =
yx +e[(s —1)/2s1z2, zi(yx) = el(s — 1)/2s]lyx, (yx)z; = &(yx) and
z1y = &[(s — 1)/2s]y1, where &2 =0.

(5) has a deformation to (4), given by y' =ty.

(6) deforms to the algebra B generated by

B:ey,e),e1; x1,y1€e1J'ey, z1 €ept'er, z1x1, z1y1 € eyJ'e.
by the following formulae: ey = ¢y +¢y, x = X1, ¥y = y1, z = z1,
U= teh—ef) + (1/20) 211,

(7) has the following deformation:

B:ey, ey, e1; xi€e1d'ey, xocet'ey, yi€eyt'er, vee ey,
yix; € ejJ'e ,
given by: ey =ey+ey, u=1t(eg—ey)+(1/2t)v, x=x2+x1, y=y1.

2-type n® status candidates B, for genericity
(0,4,0,2) (8) x,y,xz,yz€eyJey, z,z2ceJey.
(9) xX,y,xz,xz2ceyde;, z,z>ceJe;;
yz =xz2
(10) X, z,xy1,Xy: €eyler,

Vi, V2 €epJer; zyy = Xs.

(11) X, z,xy1, Xy €Eeyer,
yisy2€ede; zyr =Xxy;.

By Proposition 3, we do not need to consider other cases. Other
weightings reduce to the cases listed above by trivial automorphisms.

(8) deforms to the algebra B

B:ey,ej,ef;veellel, u,z,uv, wveetef.
by: e, =ej+ef, x=u,y=w, z=v+1t(e] —ef).

(9) deforms to the algebra B generated by

B:ey,ej,el; veellel, weeldel, u,u,uv € eg'ef;
U v = uv
by the following formulae: e, = ej +ef, x = u;+v, y = uy,
z=1t(e;—ef)+ (1/2t)v.
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(10) deforms to the algebra B generated by

B:ey,ei,ef; w e eJe, ucelel, vi,v,viw € egJ'e;;
VW = Vw
by the following formulae: e; = e + ¢/, x = u+v;, z = vy,
yi=t(e;—ef) and y =w.

(11) deforms to (9) by: y; = tz, y, = tz? and z/ = y. (We
get then xy; = txz, xy, = txz*, Z'y, =y -tz = tyz = txz? ie.
z'y = xy;.)

2-type n® status candidates B, for genericity

(0,3,1,2) (12) y,vteelde, x,u,xyceyJep,

veeJey; y* =vu.

(13) v, y*eelde, x,xy,xy?€eyle,
veeldey; y*=vu.

(14) X,Xy,z1€edJe, zp€eJe,
y,y2eeJey.

(15) (*) x,ysyleeOJela Zeel‘]e()’
zx, zy € eyJey.

(16) X,xy,zi€elde, zy€eJe,
Vv, Z2z1 €e1Jey.

(17) X,Xxy,xze€elde, uce ey,
y,z€eJel.
Any other weighting would contain a trivial loop, therefore would
define an algebra with trivial idempotent-splitting deformation.
The weighted basis-graph (12) determines an algebra By which de-
forms to:
B:ey,ey,el; x1,u €epd'e], vi€elJey, x5 €eyJ'e], viu; €

ei/Jleil
by: e;=ej+ef, x=x1+x3, u=u;, v=v, and y = (t/2)(e{ —e})
+(1/2t)v1u1.

By Proposition 3, we get a deformation of (13) from a deformation
of a 7-dimensional algebra (cf. [DP2], algebra (3)').

(14) and (16) both deform to the following basis-graph:

B:ey,ej,el; u,v,vi€ent'e;, vaeejtey, vivy €ej e,
The deformationis given by e; = ej+e], x =u+v, zy =v;, 22 =0,
and either y = t(e] —e])+(1/2t)zyz; (for (14)) or y = t(e; —e]) (for
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(16)). A deformation of (14) to (12) exists too.

(15) determines a rigid algebra 4, as H?(4, A) = 0 (this result is
given by a computer calculation). We get here one of the two promised
examples, showing the importance of the hypothesis that the deforma-
tion be basic in Proposition 3. The dimension of the automorphism
group is 12.

By Proposition 3, we get deformations of (17) from a 7-dimensional
algebra (cf. [DP2], algebra (3)").

2-type n® status candidates B, for genericity
0,2,2,2) (18) X, xz€eyJey;, y,zy€e e,
z,z2ceJey; yx =z

(19) (x) x,y€eler; z,uceJey;
zx, uy € ejJe.

(20) Xx,xz€eyJe; y,zyeeJey,
z, z2 €e Je;.

(21) X, XxXy1€eyJe; z,yz€eJey;
Vi, V2 €erJe.
(22) X,xz€eyJey;, y,zyee ey,

z,yx €eJe;.

The other possibilities are eliminated either by Proposition 3 or by
applying trivial automorphisms. Weightings containing a trivial loop
are evidently not mentioned.

(19) determines a rigid algebra, because H?(4, A) = 0 (this result
is given by a computer calculation). We get here the second promised
example, similar to (15). The dimension of the automorphism group
is equal to 8.

The weighted basis-graph (18) determines an algebra By which de-
forms to:

B:ey,ej,ef; x1cept'e]; xpeejJ'ey; yy€efJey; yr €epey;
yixi € efJ'ef
by: ey =ej+e], z=1t(e]—e))+(1/20)y1x1, X =X1+X2, Yy =y1+)2.

An algebra B, with weighted basis-graph (20) deforms to:

B:ey,e1; v,v2: € egJey; u,uv € epd'e;; w,vw € e;J'ey;
wu = v?
by: x=tu, y =tw and v = (1/t)z. Note that (20) has a deforma-
tion to the same algebra as (22) defined below, with y = t(e] —e}) +
(1 / 2t )ulvl .
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(21) deforms to:
B:ey,ej,el; weelJel, v,v,vweyl'e, vy €EejJ e
by: e =ej+ef, x=v, y1=w, y2=1t(e]—¢/) and z =v; +v,.
(22) deforms to:
B:ey,e;,ef; uy€eyt'el, uycept'ey, vy, vy €ejJ'ey, uvy €
1 I
el.J e
with e; =ej+e], x=u +uy, y=v1+v;, z=1t{e] —ef).
2-type n® status candidates By for genericity
y status 0
(1,5,0,0) (23) xeeyJey, V,z,Xy,xz,uceyle.

The other possible weightings can not appear, either because a triv-
ial loop produces a trivial idempotent-splitting deformation, or as a
consequence of Proposition 2. We have here a basis-graph of 2-type
(1,2c+ 1,0, 0); thus the algebra By has an idempotent-splitting
deformation, by Lemma 5.

2-type n® status candidates By for genericity

(1,1,4,0) (24) (x) y,y1,)2,¥3,Va€eJe,
x eeylJe, xy € egJey.

(25) y,yx,z,zx,y €eJey, x €eyleg,
w € eyle;.

Applying trivial automorphisms, we can eliminate many other weight-
ings; the remaining cases involve a trivial loop.

(24) determines a rigid algebra (a computer calculation indicates
that the second Hochschild cohomology group is equal to 0). The
dimension of the automorphism group is 10.

(25) determines an algebra By which deforms to

B:e,ey,e); uj,upeel'ey, vi,va€et'ef, useyl'e
with e; = e, eg =ej+ej, x = (t/2)(ey—ey), ¥ = u1+v1, z =uUr+v;
and w =u3.

2-type n® status candidates By for genericity
(1,2,3,0) (26) (x) x,u€eJe, v,y,y €ede,
uv = xy € epJeg.

(27) X €eyJey, v, xyeee,
z, 27, zx €eJep.

Other weightings would involve a trivial loop, therefore the algebra
would be trivially deformable. The remaining cases are eliminated by
trivial automorphisms.
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(26) determine a rigid algebra (A computer calculation indicates
that the second Hochschild cohomology group is equal to 0). The
dimension of the automorphism group is 13.

(27) determines an algebra B, which deforms to

B:e,ey,e); uycey'e, uy,uscel'ey, vicejt'e, vy €el'e)
with e; = e, ey =ej+e, x = (t/2)(ep—ep), y = u1+v1, z =Us+v;
and w = us.

2-type n® status candidates B, for genericity
(1,4,0,1) (28) x€eyJey, z€eJey,
y,yz,Xy,XxXyz €eyle.

Every other weighting, but one, contains either a trivial loop or a
trivial arrow; the non genericity is trivial in the first case, and is a
consequence of Proposition 3 in the second one. The algebra B
determined by (28) deforms to

B:ej, e, ey, veeyJey, u,uvcelJ'ey, w,wveelte
where eg = e; +e;, e, =¢y, x =t(ej—¢€)), y=u+w and z =v
(we get xy=t(u—w), yz=uv+wv and xyz = t(uv — wv)).

2-type n° status candidates B, for genericity

(1,3,1,1) (29) () x,y,xzy€eple;, z€eJey,
xzeeyley, zy € eiJey.

(30) xX,xy,ucelde, veelde,
uv € egJey, y €eyJe.

(31) x€eyley, z€eJey,
y,xy,yz€eJe, y €eJep.

Every other weighting contains either a trivial loop or a trivial arrow;
the non genericity is trivial in the first case, and is a consequence of
Proposition 3 in the second one. The remaining case reduces to (24)
by a trivial automorphism.

As a computer calculation indicates that the second Hochschild co-
homology group is 0, the algebra determined by (28) is rigid, hence
generic, with dimAut=9.

(30) determines an algebra B, which deforms to

By: ey, e, el; z€eyJel, w,u €et'e;, vi €ejte, uv, €
eoJ 'eo
by e =ej+e], x=w+z, y=tlej—e]), u=u; and v =v,.

By Proposition 3, (31) has an idempotent-splitting deformation,
hence is not generic.
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2-type n® status candidates By for genericity
(1,2,2,1) (32) zw € egJey, wz eeJer,
z,zwz €eydey, w,wzw € e;Jey.

(33) x€e€eJey, zeeJe,
y,Xxy€elde, u, zuceJey.

(34) x€eyJey, zyceJey,
y,xy€ee, z,z €eJeg.

By Proposition 3, there is no other case to consider here.
(32) has the following deformations, the first one being of Flanigan’s
type II, the second one of Flanigan’s type I; (see [F1]):

M>(K) x M>(K) — B = M>(K[e]) — By .

Denote by E;;, E,; the idempotents and by E;,, E,; the solid
arrows in B. The actual deformation of 4 to B is given by: z =
tE(» +y12 and w = tE»; +y;; . Remember that y;;, = x1E2 = E;3x;
and y,; = x3E;; = E»1x1. We get then zw = t2e; +2tx; and zwz =
BE) + 3t2y15, wz = t2e; + 2tx; and wzw = 3Ey; + 312y, .

(33) determines an algebra By which deforms to

B:ey,ei,¢ef; x1 € egdy, w € ey, yi,x1y1 € egJ'e;, v €
e;J'eg
by: eg=ej+ef, x=x1,y=y1, z=tle;—e¢{) and u=v+w.

(34) deforms in a similar way; note that the non genericity in this
case is also a consequence of Proposition 3.

2-type n® status candidates B, for genericity
(2,3,0,1) (35 x,x2eeyJey, zceJey,
y,xy,xtyeeldey; yz=x%y.

(36) x,x2eeyJey, zceJe,
V,Xxy,yz€eyle.

The other weightings give us either fiber products of a 6-dimensional
algebra with mixed basis-graph with Scorza(1, 1), or algebras con-
taining a trivial loop, or algebras containing a trivial arrow.

(35) determines an algebra By which deforms to

B: for, fo2, Jo3, fit» fi2s Z € food fors w1 € fud fu1s U2, ZUp €
Jo2J' fi2,
by: e = fos + Jor + Jo1, €1 = fiz + f11, x = (¢/2)(fo2 — Jor) + 2,
Y =uy+u. -
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(36) determines an algebra By, which deforms to
B:ey,ei,el; u, ut eegt'ey, we epJ'er, v, uv € egl'ef
by: ey =ej+e], z=t(e]—ef), y=v+w and x =u.

2-type n9% status candidates B, for genericity
(2,2,1,1) (37) xz,yz€eyJey, zx €eJey,
x,y€eedJe, z€eJe.

(38) x,xteeyJey, zyeeJe,
y,xyeceyle, zyeeJey;, yz=x2

(39) x,x2eceyJey, zv€ede,
y,xy€elJe, z€eeJeg.

(40) x,yuceyJey, z€eJey,
yv,xy€eelJe, uceJey, xy=yz.

(41) x,x2ceyley, z€eJe;,
v, xye€eJe , ueeldey;, yz=xy,
yu = x2.

Other weightings are eliminated, either by Proposition 3 or by the
presence of a trivial loop.

(37) determines an algebra By which deforms to

B:e),e5,e1,el; xy €eyler, xy€ejte, xy €eJe, x5 €

"y,

€ €
with ey = ¢y + ¢, e :fi +ef, x2 = txy, X3 = Xy, X4 = 1X},
X5 = 1x5, Xg = x5+ (1/2)t% (e — €p) .and x7=(1/t°)(e] —ef).

(38) determines an algebra By which deforms to

B:ey, ey, ei; yseeyJ'er, yaceJey, yscejter, ys €eyt'e,
vy €erd e
where eg = ey +ej, x2 = t(eg—ey) +(1/28)ys, X7 =7, X3=Y3+Vs,
X4 =Yas, Xs =Y¢ and xg = t(y3 — ys).

(39) determines an algebra By which deforms to

B:ey,e),e1; uceyey, v,uv € eyJ'e;, w € eyJ'ey, wv €
e J'e;
by: eg=ey+e), x =tef—e))+(1/tu, y=tv, z=(1/Hw. A
deformation of (39) to (38) exists too (Flanigan’s type II, cf. [FI]).

(40) determines an algebra By which deforms to

B:ey,ep,e; vi,viw € ejJ'e;, vy € e;J'ey, vivy € ey,
w € e J'e
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by eg =ej+e), x =tley—ey) +viva, ¥y =vi+ (1/)viw, z=w
and u=v;.
2-types n® status candidates By for genericity
(2,2,0,2) (41) x,x2eceyJey, z,z2€e1Je,
y,xy €elde, yz=xy.

(42) x,x2eeydey, z,z2€eJe,
y,Xxy €ele;.
The other weightings are eliminated either by the one-way bridge corol-
lary or because of the presence of a trivial loop.
(41) determines an algebra By which deforms to
B:ey, ey, e ; u,vu=uwcey'e;, veey e, weete
by e = ey+ey, ep = e +ef, x = tleg—e)) +v, y = u and
z=1tle;—e)tw.
(42) determines an algebra By which deforms to
B:eg, e}, el; u,u>ceyt'ey, v, uv €eyt'e}, wee|t'e
by the following formulae: e; = ej+ef, x =u, y=v, z=w+
t(e; —e{). Note that the algebra we consider here is the fiber product
of a 6-dimensional non generic algebra with mixed basic-graph (cf.
[DP1], p. 62, the algebra (M3)"”’) with K[z]/(z3), which deforms to
K x K[w]/(w?).
2-types nY status candidates By for genericity
(2,1,1,2) (43) x,xt=yzeeyJey, u, ut=zyce Je,
yveeJe, ze€eJe.

(44) x,x2=yzeeyJey, u,u*ce e,
yeeJe, zeeJe.

(45) x,xtceyJey, u,utce e,
yeeJe, zeeJe.
Every other weighting contains at least one trivial loop, defining thus
an algebra with an idempotent-splitting deformation.
(43) determines an algebra By which deforms to
Bo: ey, eq,e,el; veeye, weelle, vweele, wv €
el Jlel
17 €]
by e = e +ey, eg=¢e+el, y=v, z=w, x =tle—ej) +
(1/2tyvw, u = te; —ef) + (I/Zt)wv..
(44) determines an algebra By which deforms to
B:ey,e),el; u,u* € egJ'ey, v € egJ'el, vy € €|J'ey, w €
e;J'e]
1¥ €
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by: e =ej+ef, x=u, y=w+t(e;—e), z1=v; and z, =1;.
(45) determines an algebra By which deforms to
B:ey,eq,e,el; uceley, vi € egl'e}, v, € ejJ'ey, w €

e J'e;

1Y €1

by: eg=¢y+ey, e1 =€ +ef, x= u+tleg—ep), y=w+tle;—ep),

zy = vy, zp = vy. Note that deformations of (44) and (45) to (43)

exist too (Flanigan’s type II, of [F1]).

2-types n° status candidates B, for genericity
(3,2,0,1) (46) x,x%, x3cedey, zceJe,
y,yzeeJe; xy=yz.

(47) (x) x,y,xy€edey, z€eJey,
u,xuceye ;yx =0xy,;
UZ = XU, YU = XU.

Every other weighting falls into one of the following cases: (1) the fiber
product of two algebras, at least one of them having an idempotent-
splitting deformation; (2) a weighted basis-graph containing a trivial
loop.

2-types n® status candidates B, for genericity
(3,1,1,1) (48) x,x2, x3=yzeedey, zyce e,
y€EeJe, ze€eJeg.

49) (x) x,y,xyeeley, uzeeley,
zeeyJe, uceJey; xy=zu,
yX =SXy.

Every other weighting either defines a fiber-product of two algebras,
at least one of them having an idempotent-splitting deformation, or
contains a trivial loop.

(46) determines an algebra By which deforms to

B:ej, e, e; u,uteeyJe), v,uv =vweejJ'e;, wee e
by: eg=¢€'+e", x=u+tle'-¢e"), y=v, w=z.

By [DP1] I11.5.1 Proposition 8 and a computer calculation, (47) and
(49) define semi-rigid (thus generic) families (dim Aut = 7 for both
families).

(48) determines an algebra B, which deforms to

B:ej,ef,e; u,u> = vw € ejJ'ey, v € ehJ'e;, w € e,Je,
wv € e;J'e
by: eg=¢€)+e), x=tlej—e})+(1/Du+u?, y=v, z=w.
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With three idempotents—without cycles. Most of the basis-graphs
appearing here determine algebras which are fiber products of a de-
formable algebra along loopless idempotents either with the arrow al-
gebra T or with the 4-dimensional two reversed arrow algebra. We
will list here only the special cases, again without mentioning the three

THIERRY DANA-PICARD

idempotents ey, e; and e;.
status candidates By for genericity

n°
(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(*)

(%)

(%)

(*)

xcelJe, yeeJe, xy€eyley,
Zy, Z between e; and e, .

X,z,xy€ele, yceder,
z' between e; and e, .

x,y€eJe, zeeJey, zxeeJey,
z’ between e; and e, .

X,xy€ede, yeeJe, z,yz€eJey.

x€edJey, yeede, xyeelJey,
zeeJey, uceeJey;, zu=xy.

x€eJey; yeedJe, xyeelde,
z, 2'66’1162.

Xx,xy€elde, yeeJe, z,zy€erler.

x€eley, v, xyecede, zeeJe,
z' between ¢; and e,; yz = xy.

xX€eJe, yeeJey, xy eeylegp,
yx € ey Je,, z/ between e; and e, .

X,y,xy€eyJey, z between e; and ¢,
z' between e¢; and e, ; yx = sxy
(s different from -1, 0, 1).

z between ¢y and e, z’ between ¢; and e;,
xX,y,xy€ede;yx =sxy (s different
from —-1,0,1).

xy €eJey, x,x' €eJe;, y €eeyley,
z between e; and e;.
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By computer calculations we get that (50) determines three rigid
algebras (dimAut = 10 for two of them, 8 for the third one) and
(61) determines two rigid algebras (dim Aut = 9). By application of
Lemma 1, we get that (59) and (60) determine quasi-generic families,
with dim Aut = 6. A deformation of (58) is described in [Se2]. Fur-
thermore, by Lemma 1, we know that (51), (52), (56), (57) and (58)
are nongeneric.

An algebra By with basis-graph (53) deforms to

B:ey,e,er,e3; ug € €0J’€2, Uy € €0J’€3, U € €2J’€1 , U1 €
€3 J ,€1
by e =e,+e3, z=tey—e3), x=ug+vy, y=u+v;.

Especially interesting is the deformation of By with basis-graph
(54) to M,(K)x M,(K), with matrix units E;; and Ej; (i, j €{0, 1})
as follows: ey = Egg, e; = Eqq +E60, e = Eil , x=tEyg, y=tEy,
z=FE;, u=tEj.

(55) is the fiber product of a S-dimensional algebra with mixed
basis-graph with the 4-dimensional Kronecker algebra. As every 5-
dimensional algebra with mixed basis-graph is deformable, so is (56).
Actually, this algebra deforms the product of M;(K) with the 4-
dimensional Kronecker algebra.

With three idempotents—with cycles.

n%  status candidates B for genericity

(62) xe€eJey, v, xyecele, z€eJe,
vz €eyle;.

(63) xy €eyJey, x €eyley, veede,

zeeJey, xp€eyte;.

(64) xy €eyJey, x €egJey, yeeJey,
vzeeJe,, z€eye,.

(65) x,xteeyJey, v,y ,y" form a triangle.

An algebra By with basis-graph (62) deforms to

B:iey,e1,e,e3; v eede, weelde, vw € eyJey, u€
eiJes
by € =e;+e3, x =tlea—e3), y=v-—u, z=w. (We get
xy=tv+u)and yz =vw.)
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An algebra By with basis-graph (63) deforms to

B: matrix units Eyy, Ei;, Eo1, Ejo; idempotents E,, Ej3; ar-
rows x € EqJ'E>, y € E|,J'E,
by ey =E,ea=E;, eg=FEp+E3;, x=tEy,y=tEpp, z=v.

(64) has a deformation, in a similar way. Finally, by [DP1], Corol-
lary IT1.7.1, (65) defines a non generic algebra.

With four idempotents. There are four possible cases, each of them
including a trivial loop; therefore, all the corresponding algebras are
non generic.

As in [DP2], we denote by p(n) the number of reduced irreducible
components of Alg, and by ¢(n) the total number of irreducible
components, including the non reduced ones. Recall that the num-
ber of irreducible components dominated by algebras with loopless
basis-graph is equal to 136; they are all reduced (for a complete list,
see [DP1]). Adding the results of the present section, we have the
following proposition:

PrOPOSITION 16. Alg, contains at least 164 reduced irreducible
components, each of them dominated by the algebras with weighted
basis-graph either loopless or mixed, in the last case, they are listed in
Appendix 1. Furthermore, there are at least 20 quasi-generic algebras
or families, listed in Appendix 11.

p(8) > 164; ¢(8) > 184.

Appendix I. Generic mixed basis-graphs of dimension 8.

dim Aut 4
x . Yy .
6 x=yQe —y— 0 JVX y=zx Qo —5—> e Xy
<« Z <«
G 2= G =
X L] X L4
7 yGe T—= o O pm—
y y
x xr
U ¢ u
MO — YL YG e o0t
= Xu e ux
D O

(YX=SXY; UZ=XU; YU=XIL) (Yx=5Xy; ux=zu; uy=ux)
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dim Aut 4
x
z
y@ ° (——————a .@MZ
u
xy=zud§' (x=sxy)
. .___‘;_._)(Q; zx .
&~ X
s ——> * T y 5 y@ L (] ]
8 xG oDy o Gw y
xy (R (yx=sxy)
P— Pr—
9 xy(;vo : e — S e xy@)- . e c— o
X X
xy@o__y—éo—ao Xy(;)o_'y—%o(—o
—x
G, :—%’: o Dyz
~5r
X X
10 xy(% . . . xyC;> . o $ .
y y
X 3 X _x__.) Q
_ «° z:.z.__.a ¥ ZX
12 o----%o@yx o%o@yx d 5(};
. y ° y y
—x X o
S — ¥ xz
o(———l—l———.@x):uu . ’ o o: )
e € ¢ (__Z_ AVZ
o 7 xG o QY y G
Grxy  (x=sxy)
___'x_._) —x%
— 5
3 wey G S — wv=xy G ‘:—”:3 .
v v
X X
—r —
e 2 —t
y y
X
) K L]
24 x(; . Qy

y@&  x=sx)
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Appendix II. Known quasi-generic mixed basis-graphs of dimen-
sion 8.

dim Aut 4
L N ] P
5 — F4 o 4
[ ] [ ] [
—> 4 — 4 —> F4
. 5>F L) F . F
6 F4 — S e—>3e e — SF4 5 F4¢e—o¢c—oe
F4 —— e¢—o oc—— F4—e
F4 ¢—— o —>e s —>F4¢—e
z x ¢ Z x
(] ______>§ (] 9}’ OEL ° 9)’
y " Ry i Rxy
(yx=sxy) (yx=sxy)

e ——> Scorza (4, 1) & &< Scorza (4, 1)

7 e ———> Scorza (3, 2) e &—— Scorza (3, 2)
X Z X 3 z
21— > i — 1
9 * ¢ . @ Z . N Q 2
y QR z,z, y G zz,

(22, =52,2,)

(22, =5212;)

NoTATION. F* = K{(x, y)/(x%, y?,yx —oxy), o different from

1, -,0.
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Appendix Ib. Generic mixed basis-graphs of dimension 8.

dim Aut 4 | Idempotents Filtered radical basis Relations
#6 €y, €€ x€eJe, Xz =Xy
Vv, z€eJe
xy €elJe , yz€eye,
#7 €> € » x,x €eJe,, yeele
e, e xy € e Je
#7 €, € x,y,xy€eyley, z€e Je |yx=sxy;uz=xu
u, xu € eyle; yu=xu
7 e, e x,y,xy€ele, z€eJe |zu=xy
ucelJey, uz€eJe yXx = sxy
8 €, €, X,¥y,xy€eyle, VX = SXy
€, € z€eJe
8 €, €, x€ele, y€ele
ucelJe,, veele
xy € gy Je,
8 €€, x,y€ele, z,ucele
zx, uy € e;Je
#9 €, €, x€eyle, v,y €e e
z€ele, xy €eyle
#9 €.e.e |xcelde, v,y €ele
z€eJe, xy€eyle
9 e, € x,z,xyzeeyle, ycele
xy €eyley, vz € ejle
#10 €y € x €eyJe , y€e e
u,veEele, xy€eyle
#12 €€, Xy, Xy, X3 €E€yJe;
x, €eJey,
x,x; € e Je
12 €, €€ X, X, €Egyle
X3, X, €EeJe,
x,x; €EeJe
12 ey, e,e, | M(K)xF*
#12 €y, €€ X5 Xy, X4 €E€gJe;
x; €eJe
X3X|, X3X, € e, Je,
#13 e € X, X, €Egyle XyXy = X1 X3
X3, X4, X5 € €] €,
XX € eyl e,
#19 €, € X, €eyle;, x,x, € gyJe,
Xy, X3, X4, X5 € €,J€,
24 €, €] € X, X, € ¢yle X3X4 = SX45X3
Xy, X4, X3X4 € €y €,

N.B. 1) The parameter s is always different from —1,0, 1.
2) The symbol # means that the dual algebra has to be counted

too.

Total: 28 generic algebras or families.
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Appendix IIb. Known quasi-generic mixed basis-graphs of dimen-
sion 8.
dim Aut 4 | Idempotents Filtered radical basis Relations
#5 e, € x| €eyle XpX3 = S$X3X,
e, e Xy, X3 € €,Je;

X,x; € €, Je;

#5 ey, €5 € X1, Xy X3 € ey e, X4X3 = SX3X4
Xy, X4, X3x, € €, JE; X1 X4 = X1 X3

5 ey, €, e X, €eyle, X4X3 = SX3X4
x, € e Je, Xy X| = X3X,
Xy, X4, X3X, € €1 ]

#6 €y, €, € X1 Xy, X1 Xy € 9] €y XyXy = 85X X,
X3 € gyJe
X, €EeyJe,

6 €y, €€ X, €Eeyle X3Xy = §XyX3
Xy, X3, XXy €€y J€ X, € €/ e,

#6 €y €€ X|, Xy, X1 Xy € )€, Xy Xy = 5X1 X,
X3 € eyJe
X, €EeyJe

#6 €y, €, € x| €eyle X3Xy = SXpX3

) Xy, X3, XyX3 € €, J€)
X, €eyJe;

#6 e, €, X, XX, € egJe; X3Xy = §XyX3
Xy, X3, X X3 € €,J€)

#6 €, € X, €eyle X3X, = SXyX3
Xy, X3, X4, X5 € ] € X4X5 = 1XyX3
X,x3 € ejJe X5Xy = XpX;

#7 €, € x €eyJe; xf = X3X5 + f X4X,
Xy, X3, X4 €€,Je; x§ = HyX3Xy + Xy4Xy
X3X,, X4X, € /€ XXy = H3XyXy

X2X3 = HeX3%p
X3 = HsXyXy + HeXeX)

#9 e, € Xy, Xy X3 € egJ e, XyX = X3X,
x, € e Je, X4X3 = SX3X,
X3, X4, X3X4 € €, J€)

N.B. The symbol # indicates that the opposite algebra has to be con-

sidered here too. We get the basis-graph by reversing the arrows.
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