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The main goal of this paper is to develop a construc-
tive factorization method for a bimeromorphic morphism
between smooth germs of complex analytic spaces of di-
mension 3 provided is composition of blowing- ups with
smooth, closed and irreductible centers. The factoriza-
tion is determined by the irreductible components of the
morphism's exceptional divisor. This result may be used
for instance to prove the invariance of the characteristic
pairs of quasi-ordinary singularities.

1. Notation and terminology. In the following Z will be a
smooth complex analytic space of dimension 3, π — τr\ o . . . o τrn :
Z(n) —> Z will be a chain of blowing-ups, E(i, i) the exceptional
divisor of each τr2; E(i,j) the strict transform of E(i,i) by τr1+1 o
. . . o TΓj, and Eτ = E(i, n).

Let S be a surface in Z, let us call Si to the strict transform of
52_i by π? and m(S,i) to the multiplicity of 52_i along the center
of 7ΓZ. If D is a divisor of Z, then Dι will be the pull back of D by
TΓ.

We will call a local blowing-up of a analytic germ (Z, p) to the
morphism

(TΓ) : ( Z ' , v r - 1 ( p ) ) - > ( ^ P )

induced over the germ of Z' along the closed analytic subspace
π~ ι(p) by a composition π : Z' -* Z of blowing-ups.

A good local blowing-up will be a local blowing-up (π) = (TΓI o
. . . o πn) such that for all i the center of πz is an irreducible smooth
and closed subspace with normal crossings with E(j,ί), Vj < i.

Two blowing-up's chains π = TΓIO. . .oπn : Z' —> Z, δ = δγo.. .oδn :
T —> Z are called equivalent if does exist a permutation σ, and
β : Zf —> T in such a way that π = ft o δ, and ft(EΊ) — Tσ^, lacing
E\ + . . . + E7I, T\ + . . . + Tn the exceptional divisors of π and δ. Two
local blowing-up (TΓ), (δ) of the germ (Z, p) are equivalent if they
have equivalent representatives π, δ.
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2. Quadratic transformations.

LEMMA 2.1. Let TΓI o . . . o πn : Z1 —> Z be a chain of blowing-up
with irreductible centers. If for each j φ i is π(Ej) φ π(Ei) and if
π~ι(π(En)) is a divisor of Z', then π is equivalent to another chain
whose first transformation is the blowing-up with center π(En).

Proof Follows easily from the commutativity of the factors as a
consequence of the hypothesis. D

Let D = Σi€/ mi^i be a divisor of Z (rrii φ 0 and E{ φ Ej
if i φ j ) 3 D will be called A-divisor of Z if no non zero divisor
Σiei niEi is principal. For instance the exceptional divisor of a
chain of blowing-up is an A-divisor.

PROPOSITION 2.2. Let S be a surface of Z, Y a closed subspace
of Z, DzS the associated divisor to S, and m the multiplicity of S
along Y. If Dz is linearly equivalent to an A-divisor D, π : Z(l) —ϊ
Z is the blowing-up of Z with center Y', and E is the exceptional
divisor ofπ, then Dι — rnE is an A-divisor and is linearly equivalent
to DZ(i)Sχ.

Proof. If D is an A-divisor then Dι is an A-divisor, because the
property of being principal for a divisor is stable by blowing-up's
pull back, then being D — DzS principal because D and DzS are
equivalent, (D — DzS)f is principal, and:

(D - DZS)< = D< - (DZSY = (D* - rnE) - DZ(X)S{

then Dz(\)S\ and Dι — mΈ are equivalent. D

We will call tree of the chain of blowing-up π = TΓI o . . . oπn to the
set {Eτ : 1 < i < n} together with the arrow (Ei,Ej) for all (i,j)
such that the center of π7 is contained in E(i,j — 1). We will call
ordered tree of π to the tree of π jointly with the weight i in each

THEOREM 2.3. Let π = π\ o . . . o πn : Zf —> Z be a chain of
bloumg-ups, S a surface of Z, and, D an A-divisor. If D and, DzS
are equivalent then the A-divisor:

Df - Y aΊEt- m(S,7i)+ Σ (iim(E(i,n-l),n)
\<i<n
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is equivalent to Dz(n)Sn'

Proof We are going to prove the theorem by induction over n.
If n = 1 the theorem is Proposition 2.2.
Let n > 1 and let us suppose that the asertion is true until n — 1,

therefore there is an A-divisor (jDn_i)* — Σ κ κ n - i f l ^ f e n ~ 1)>
equivalent to Dz(n-i)Sn-ι, then by Prop. 2.2 the divisor [(Dn^ιY —
Σι<i<n-ιaiE(hn ~~ 1)]* ~~ m ^ 5 a n d Dz(n)Sn are equivalent. We
conclude the proof because

i, n - I)}1 = Eτ + m[E(i, n - l),n]En.

Π

With the above notation we will say that

\<%<n

is the divisor associated to S by π.

COROLLARY 2.4. Let π : Zf -+ Z a chain of n quadratic transfor-
mations whose centers are contained in the sucesive strict transform
of a surface S. Let Σi<i<naiEi> ^ιe A- divisor associated to S by
π, with the TΓJ 'S ordered in such a way that a\ < . . . < an, then there
is a chain of quadratic transformation δ\ o . . . o δn equivalent to π
such that for each Ei = E(i,n), E(i,i) is the exeptional divisor of

δx.

Proof. Being all the transformations quadratic, for each pair of
components of π there are two possibilities:

(a) The center of the first one is contained in the center of the
second.

(b) We are in the situation of Lemma 2.1.
In case (a) the inequality follows, and in case (b) by Lemma 2.1

the factor's order don't make any difference. D

3. Combinatorial blowing-up. A chain of blowing-up π =
TΓI o . . . o πn : Z(ή) —> Z is said to be a combinatorial blowing-
up if there are smooth and irreductible surfaces {A", Y, Γ} of Z,
with normal crossings, in such a way that the center of every com-
ponent 7r2+i of π is the intersection of some surfaces of the family
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{Xi,Yi,Ti,E(i,j) : 1 < j < i}. In the case under consideration we
will say that {A", Y, T} are the surfaces associated to π.

A combinatorial blowing-up π will be called special if for every z,
1 < i < n, the center of π^+i is contained in E(i, i).

THEOREM 3.1. Given a special combinatorial blowing-up π there
is an algorithm to decide the tree ofπ.

Proof. Let {X, Y, T} surfaces associated to π, and Σi>\ (ii,\Eu

Σj>i bitιEi, Σi>i CitιEi, respectively the associated divisors to A", Y,
T by π.

In view of Theorem 2.3 E{ is the exceptional divisor of π-\ if and
only if for all j is :

Let £Ί the exceptional divisor of πi, then there are two posibili-
ties:

(a) If α^i + δii + c^i = 3 then πi is a quadratic transformation.
(b) If αi?i + &i5i + ci5i = 2 then 7Γχ is a monoidal transformation.
Moreover if a l f l = 1 (resp. 614, ci?1 = 1) the center of τx\ is

contained in X (resp. in Y, T).
There is at least one of these surfaces which contained the center

of τri and the center of π2 is not contained in the your strict trans-
form (this one is X if o^i = 1 and b\^ = 1 (resp. c^i = 1) then for
all i is α^i < δ î (resp. a^i < c^i)) in this situation the associated
divisors by π 2 o . . . o π n to £"(1,1), Y\, T\ respectively are:

= Σ bί^Ei ~ δM Σ α^i^
z>2

CiλEi - cl,l Σ αi,l

By repeating this process with these divisors instead of the trivial
ones we get the desired construction. D

Let us write a(i,j) = 1 when (Ei, E3) is an arrow of the ordered
tree of a chain of blowing-ups π, and a(i,j) = 0 if that does not
happen.
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By Theorem 2.3 the associated divisor to S by π is :

cτEτ

\<i<n

with a = m(5, z) + Ej<i 9a(ji, z).
Then we have 771(5,1) = multiplicity of π~1(S) on £Ί, and induc-

tively we may calculate m(S, i).
Let J be a coherent ideal of Z, and 7Γχ o . . . o ττn be a chain of

blowing-up. We define by induction π*°(J) = J, and for i > 0

where δ(i) is the multiplicity of π*^~^(J) along the center of
and /(Zj, (£?(i, i)) the ideal sheaf of E(i, i) in Z{.

L E M M A 3.2. Let τ\\ o . . . oτr n : Z ( n ) —yZbea good local blowing-

up. Provided we know

(i) The ordered tree of TΓI o . . . o π r (r < n)

(ii) Mi <r the ideal Ji such that π*^~^(Ji) define the center O/TΓJ.

Γ/ien ί/ e may explicitly calculate:
(a) Mi <r the divisor D{ associated to E(i, i) by π z +i o . . . o π n

(b) Mj<i<r the divisor Djτ associated to E(j, i) by T Γ ^ O . . .o?rn

(c) For α/i surface S of Z', Mi < r the divisor DiS associated to

Si by πι+i o . . . oτrn.

Proof We assume that I (a) is the ideal sheaf of E(a, a) in Z(a)
and 6(2,7) ~ multiplicity of π^J~ι\jι) along the center of π3

(a) We may calculate inductively the divisors Ό\ as follows:
Ό\ is the divisor determined by τr*( Ji) and the divisor determined

by 7r*(«Λ) is [ Σ J < 2 b(i,j)Dj] + A because V5, 0 < 5 < z

( π 5 + 1 o . . . o π 0 * ( π * 5 ( J j ) - ( π s + 2 o . . . o π n ) * ( / ( 5 + l ) 6 ( i ' 5 ^ ^ ^ ^

then:

.) =[(π2 o . . . o πnj ' ί/ίl)^' 1 ))] [(π3 o . . . o πn)*(/(2)

• . . . . [to o .. . o πn)*(/(i - l ) 6 ^- 1 ) ) ] . [(TΓi o . . . o π
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(b) Let us prove these points by induction:

... o

(c) It is enough to show inductively that

DiS = Dz{n)π-ι(S) -

these formula is true because:

A - i S = fa o . . . o πny
ι(St^) = (πι+ι o . . . o τrn)-] (πΓ1(Sf

ι-1)) =

= (τri+i o . . . o πn)~1(m(S', i)E(i, i) + Si) — m(S, i)Dι + DiS

and the formula follows. D

PROPOSITION 3.3. Let π — TΓI o . . . o πn : Z(n) - ^ Z(0) = Z be a

local blowing-up, if we know the ordered tree of ττ\o ... oτr(ι, then we
have \/i < d an ideal sheaf Ji such that π*ι~λ (Ji) is the ideal sheaf of
the center of πim

Proof. By induction over i.
(a) For i = 1, Jγ is the ideal of π(£Ί) in Z.
(b) Let i > 1 and let us suppose that the assertion is true for

r < i.
For all r < i there are a finite set of generators of J r , G(r), such

that m(5, r) = 1, 7rz(5, ί) = 0 VS e G(r), Vί > r.
If we construct a finite set H(r) of surfaces of Z such that:
(i) Vί, r < t < i, V5 e ϋΓ(r), m(5,ί) depends only on t

(ii) The ideal sheaf of Z(ή) generated by the local equations of

is equal to the one generated by the local equations of

{D/Λtl)Tn + D,T : m(TJ) - 1 } .
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Then one has that:

center of TΓ* =
SeH(r)

To get H(r), Vr, we begin with a finite set H(i) of surfaces of Z
which verifies (ii), then inductively H(r) is obtained from H(r + 1)
as follows: if

δ(r) = max{m(5, r) : S e H(r + 1)}

then

H(r) = {5 T ( J ( r ) ~ m ( 5 ' r ) ) : 5 G # ( r + 1), T G G(r)}.

With this construction J{ is the ideal generated by H(0). D

REMARK 3.4. The assertion of Proposition 2.3 is also true for

{τrz : 1 < i < d} \J{ftc} when we know:
(a) The ordered tree of TΓI o . . . o πd

(b) Vz, i < d the arrows (E^ Ec)
With the additional condition Vj, d < j < c> (Ej,Ec) is not an

arrow. The proof is the same as Proposition 2.3.

THEOREM 3.5. Given a combinatorial local blowing-up π, we may
determine the ordered tree of a local blowing-up πf equivalent to π.

Proof Let X, V, T surfaces associated to π, and let Dx =
Σι>ia>i,ιE\ (resp. Dy = Σi>\KιEί> Dτ = Σi^iCi, !^) be the
associated divisor to the surface X (resp. y , T). Then we may
choose the first component E{ by releasing an index i in such a way
that

(a) maxjα^i, 6^1, c2?i} = 1.
(b) aiΛ + biΛ + cZji = 3, or aiA + bιΛ + ciΛ = 2 and π~1(π(Ei)) is

a divisor.
In the first case TΓI is a quadratic transformation, in the second

one is monoidal.
Let us call A(l) the tree {E\} and let us suppose now that we

know the tree A(r) of Έ\ O . . . o τrr.
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By Lemma 3.2 we know the divisors:

DrY =

Then Ed is the (r + l)-th component if d satisfies:

(a) max{α i ϊΓ+i, &»,r+i, Q,r+i, s(j,r,d) : j < r} = 1

(b) α2 ) Γ + 1 + 6ijΓ+i + CiϊΓ+i + 5^ s(j, r, d) = 3

^ is a quadratic transformation); or

(πd is a monoidal transformation), and τr*(Jd) is inversible, where
Jd is the ideal which corresponds by Remark 3.4 to the ordered
tree {E{ : 1 < i < r}\J{Ed} with the arrow (Ei,Ed) if s(i,r,d) =
l. D

4. The general situation.

THEOREM 4.1. Given a good local blowing-up π we may deter-
mine the ordered tree of a local blowing-up π' equivalent to τr; and
the class (monoidal or quadratic) of each component.

Proof. Let Σie/(i) ^i, be the exceptional divisor of π, and if π[ o
... o πf

r is determined, let DrS = J2iei(r)dr(S1i)Ei the associated
divisor to SV by π (3.2.c).

Let us call P(l) the quotient set 1(1)/ = by the relation:

i ΞΞ j if for every surface 5 of Z is α°(5, i) Φ 0 4=> α°(5, j) φ 0

this is equivalent to i = j if π(J5j) = π(Ej).
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I ΐ j ' e P ( l ) l e t A ( l J ' ) = { ι e 1(1) : i e j ' } .
Let f G P{ΐ) and t G ,4(1,/), by Th. 2.3 Et will bo the first

element of {E% : i G A(1J')} if Vz G A(l,j ') is α° (5 ,^) < α°(S,£;),
for every surface 5 of Z such that 1 ^ C 5.

Let, W G P( l) , £ φ / ) be the first element of {Eτ : i G A(l,&')},
then if / verifies that :

(a) π~ι(E\(j')) is a divisor.
(b) For all k\ such that π~λ(τϊ(Eι^'))) is a divisor, is τr(Eχ^)) <]L

Then -EΊ(/) will be the divisor corresponding to the first factor of
π' and we will change this j r by 1' and call E\ = E\^).

Let us assume that we know the ordered tree of π[ o . . . o τr(;

and the sets ^ ( t ; , / ) , / G P ( Ϊ ). Let Q(i; + 1) the quotient set
(A(v,v') - {v(v)'})/ — by the relation:

i - j if for every surface S of Z is αv(5,z) / 0 < ^ av(SJ) φ 0.
Then P(?; + l) = (P(υ) - {^})UQ(^ + 1)

Let / G P(v + 1), A{υ + 1,/) = {z G /(υ + 1) : i G / } . By
Theorem 2.3 JE^+I)^-/) is the first element of {Eτ : z G J4('U + 1,/)} if
Vz G A(τ; + 1,/), and for every surface S of Z is α?;(5, (t> + l)(j')) <

αv(5,z)
We extend the ordered tree of π[ o . . . o π'υ, {Eτ : 1 < i < υ} to

: j ' G P(v + 1)} Uί-E'i : 1 < ^ < ^} by adding the arrows
) if the multiplicity of D\ at ^v+ijy/) is 1.

By Remark 3.4 we assign to each JS^+i)^/) the ideal e/^H-ijy).
There is at least one E^υ+i)^) such that

(a) π*(J(?;+1)(J/)) is an invertible ideal of Z1.
(b) J(r,+i)(fc') ζί ^+1)0')^ V/c7 ^ j 7 .
Then we may take as π^+ 1 the blowing-up corresponding to this

The codimension of center of each π[ is calculated inductively by
the following lemma (see [6]). D

LEMMA 4.2. [6]. Let {x\,X2,X3} be a local coordinate system on
(Z, p) centered at p. Let π = πio.. .oττn : Zn --> Z be a local blowing-
up, and Yi the center of'τr; (i = 1,... , n). If D — Σi<r βiEt(r-i), is
the divisor of Zr_χ determined by (TΓI o . . . o τrr_i)*(rfxi Λ dx2 Λ dxs)
and d is the codimension ofYr, then the divisor of Z(r) determined
by (TΓI o . . . o πr)*(dxι Λ dx2 Λ 6̂ X3) z«s:
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— 1 + 2 ^ βι ' mult/) ^i(r-l) ^r(r)
?,<r L ι<r

5. Quasi-ordinary singularities. Let S be a surface of Z, and
p an quasi-ordinary singularity of S. We call canonical blowing-up
of (5, p) to a local blowing-up (π) = (TΓI o . . . o τrn) : (Zn, τr_i (p)) —>
(Z, p) such that Vz, 1 < ? < n, π2 is permissible, i.e. if 5^_i
have permissible curves then πt is a monoidal transformation with
permissible center for 52_i.

We call canonical resolution of (5, p) to a canonical local blowing-
up such that:

(a) (Sn,π~ι(p)) is regular.
(b) ( S ^ T Γ ^ P ) ) have normal crossing with the components of

exceptional divisor of (π).
The set of normalized characteristic pairs of (S, p) determine the

canonical resolutions of (5, p) (see [3]). Moreover if (π) is a canon-
ical resolutions of (5, p) we may know the ordered tree of every
canonical resolutions equivalent to (π), and the class of their fac-
tors. With this information we determine the first pair of (S^,pz),
and the set of normalized characteristic pair of (5, p) because:

If (π o τr;) is a canonical local blowing-up of the quasi-ordinary
singularity (T, p), then:

(1) We know the formulaes which establish relation between the
set of normalized characteristic pairs of strict transform of (T, q),
(see [3]).

(2) The transform of the first characteristic pair is eqivalent to
(1/ra, 0), (m 6 N), if and only if nf is monoidal and the multiplicity
of T along the center of π is multiple of the multiplicity of strict
transform of T along the center of πf.
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