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‘We consider oscillatory singular integral operators with
real-analytic phases. The uniform boundedness from H}, —
L' of such operators is proved, where H}, is a variant of
the standard Hardy space H!. The result is false for gen-
eral C® phases. This work is a continuation of earlier
work by Phong and Stein (on bilinear phases) and the
author (on polynomial phases).

1. Introduction. In [8), Phong and Stein established an H!
theory for oscillatory singular integral operators with bilinear phase
functions. Their H' boundedness result, together with the L? es-
timate for such operators, led to the L? boundedness of oscillatory
singular integral operators with bilinear phases, via interpolation.

Ricci and Stein considered oscillatory singular integral operators
with polynomial phases. They showed that such operators are
bounded on L for 1 < p < oo, and the bound for the operator
norm depends only on the degree of the polynomial, not its coeffi-
cients ([9]). In [1], Chanillo and Christ proved that such operators
are of weak-type (1,1).

In an earlier paper, we extended Phong-Stein’s H! theory for
operators with bilinear phases to operators with polynomial phases.
Let z,y € R*, K(z,y) be a Calderén-Zygmund kernel, P(z,y) be a
real-valued polynomial in z and y. Define T

(1.1) Tf(z) =p.v. / PN K (z,y) f(y)dy.

n

The following theorem is proved in [4].

THEOREM A. The operator T is bounded from H}, to L', and the
bound for ||T'|| depends only on the degree of P, not its coefficients.

The space Hy in Theorem A depends on P and is an variant of
the standard Hardy space H!. The precise definition for H} will be
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given later. As we mentioned above, Theorem A was first proved
by Phong and Stein in the case where P(z,y) is assumed to be a
bilinear form. The space Hj was introduced as a substitute for the
ordinary H' space, since in general the operators T defined in (1.1)
do not map ordinary H! to L*. L? boundedness can be obtained by
using H} — L! estimate, L? — L? estimate, and interpolation (for
details, see [8]).

The H' boundedness for operators with general translation invari-
ant phase functions was considered in [7]. But, the problem seems
to be considerably harder if the phase functions are not assumed
to be of the form ®(z — y). In this paper, we consider oscillatory
singular integrals with real-analytic (non-convolution type) phase
functions and we shall restrict our attention to dimension one. Let
z,y € R ¢(z,y) € CP(R x R), and &(z,y) be real-analytic on
supp(¢). For A € R, we define T):

(12)  Bf@)=pv. [ VR, y)(,9)] 0)dy,

where k(z,y) is a Calderén-Zygmund kernel, i.e. k(z,y) is C' away
from {(z,y) | z = y}, and satisfies

(1.3)
|k(z,y)| < Alz — y|”1, |Vk(z,y)| < Alz — y|~2, for some A > 0;

(1.4) The operator f — /k(:z:,y)f(y)dy

extends as a bounded operator on L*(R).

The uniform boundedness of T on L” is obtained in [6]. The fact
that T are uniformly bounded from L! to LY is proved in [5].

For fixed A and ®, let E = (A, ®). A function a(z) is called an
HY atom if there is an interval I C R, which is centered at zj, such
that

(1.5) supp(a) C I;

1
. < —:
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(1.7) /1 M@0 g (y)dy = 0.

A function f is said to be in Hy if f € L', and f can be written
as

(18) F=X e

for some §; € R and atoms a;(z). The H}, norm of f is given by

(1.9) 1AWl = iﬂf{z 161 | f= Zﬁjaa} -

J J
We have the following theorem on the uniform boundedness of T
from H}, to L.

THEOREM B. Let & be real-analytic, Ty be given as above. Then
there is a constant C > 0 such that

(1.10) IT5fllr < Cliflla,

for f € HL. The constant C is independent of .

The result in [4] implies that Theorem B holds if @ is a polyno-
mial. It should be pointed out that the theorem becomes false if
the phase function is assumed to be merely smooth (see Section 4).

2. Some preliminary estimates. Let P(z,y) be a real-valued
polynomial, k(z,y) be given as in Section 1. The following L?
boundedness result follows from Ricci-Stein’s theorem in [9].

PROPOSITION 2.1. Let
(2.1 Tf(@) = p.v. [ "o k(z,y)1 (v)dy.

Then, T is bounded on L*(R), and ||T||22 is bounded above by a
constant which depends only on deg(P) and A.

Next we state a result which deals with L? estimates for operators
with real-analytic phases.
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PROPOSITION 2.2. Let ¢ € CP(R x R), I C R be a closed in-
terval. Suppose ®(z,y,t) is real-analytic in supp(@) x I. Define
T)\,t-‘

(22)  Buf(@) =p.v. [ M0k(z,1)6(z,9)f(y)dy.
Then, there is a constant C > 0 such that

(2.3) [Txefll2 < Cll fl2,
for A€ R, t € I. The constant C is independent of A and t.

Proof. Since k(z,y) is smooth away from the diagonal A = {z =
y}, we may assume that the support of ¢(z, y) is contained in a small
square which is centered at a certain point in A (by a partition of
unity, if necessary). Without loss of generality, we may assume that
&(z,y) is supported in a small square centered at the origin.

For fixed ty, tp € I, the uniform boundedness of ||T) |22 in A is
proved in [6] (Corollary 1, p. 210). The proof consists of two parts.
One part deals with things that are close to the singularity, where
Proposition 2.1 is used. The other part (away from the singularity)
uses the fact that 9°®/0zdy does not vanish of infinite order. To
prove Proposition 2.2, it suffices to prove that, for given ¢, € I,
there are d > 0, C' > 0, such that

(2.4) Trtll22 < C,
for [t — to| < d, A € R. There are several cases.
Case I.  If there are jy, ko > 1 such that
9otk (0,0, t0)
0o Jyko
then, we may choose d small such that
0P+k (0,0, t) S
Oxiodyko T 27
for |t — to| < d. A quick examination of the proof of Theorem 2 in
[6] shows that (2.3) holds uniformly in A € R, t € (tp — d, tp + d).

Case II.  If 37*%®(0,0,ty)/0x70y* =0 forall j > 1, k > 1, then

82(1)("1"7 Y, tO) —

=cy >0,

(2.5)

(2.6)
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II(a): Suppose that the function 8°®(z,y,t)/8zdy is not identi-
cally zero. Then, there exists a positive integer m, such that

*®(z,y,1)

(2.8) o

(t—to)"F(z,y,t),
where F(z,y,1p) is not identically zero. We let

U(z,y,t) = /z (/Oy F(u,v,t)dv) du

0
and write

(2.9)
/\(I)(.’II, Y, t) = ()‘(t - tO)m)\Ij(x7 Y, t) + ’\(Wl (.’12, t) + W2(y> t))a

for suitable functions W; and W,. The desired result now follows
from the arguments in case I.

II(b): Suppose that the function 8%®(z,y,t)/dzdy is identically
zero, then we have

(I)(J,',y,t) = Wl(z, t) + WZ(ya t)a

and (2.3) follows from (1.4). O

3. Main estimates. Let d > 0, I = [—d,d]. Suppose that
®(z,y,t) is real-analyticon I x I x I, ¢ € C§°(RxR) and supp(¢) C
I'xI. Let k(z,y) be given as in Section 1, T) ; be defined as in (2.2).
We have

LEMMA 3.1. Suppose ®(0,y,t) = 0. Then, there is a constant
C > 0 such that

(3.1) Tl £ C,
for every function a(z) which satisfies

(3:2) supp(a) C [~4, d);

(3-3) llallo < (26)7%;
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8
(3.4) /—5 a(y)dy = 0.
The constant C is independent of A and t.

We begin by describing and proving several facts, and once this
is done we will be ready to prove Lemma 3.1.

LEMMA 3.2 (van der Corput, [10, 12]). Suppose ¢ and 9 are
smooth in [a,b] and ¢ is real-valued. If |¢*)(x)| > 1, then

(35) | [ ¥ (a)da] < et <I¢(b)l + [ |¢'<x>|dw)

holds when
(i) k>2
(ii) or k = 1, if in addition it is assumed that ¢'(z) is monotonic.

LEMMA 3.3 (Ricci-Stein, [9]). Let P(z) = ¥_ya;2’ be a real-
valued polynomial of degree d. Suppose € < 1/d, then

(3.6) /|z|51|P( )| "ede < A, (Z |a,|) .

The constant A, is independent of the coefficients {a;}.

LEMMA 3.4 ([7]). Let ¥ € C*(R), v € C(R) and k be a pos-
itive integer. Assume that U (z)| < B < M for all z € supp(¢).
DefineV = {z | dist(z,supp(¢))) < B}. Let A = sup,¢y, | ¢+ (z)|.
Then, there ezists a constant C, which depends only on A, M,k and
¥, such that

(3.7) lAeiAW(z)w(x)dx' < C)\-e/k/ Iq,(k)(x)l—e(1+1/k)d$
|4

holds for € € [0, 1].

PROPOSITION 3.5. Let m > 1, P(z) be a real-valued polynomial
such that P(0) =0, and a(z) be given as in Lemma 3.1. Let R(z,y)
be a function which satisfies 0™ R(z,y)/0y™ = 0. Let

(38)  Zof(z) = k(@,0) [ MW (z,y)f W)dy;
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(39)  Zf(@)=k(@,0) [ FEFONg(a,y)f(y)dy.
Assume that

(3.10) / | Zoa(z)|dz < Co

|z|>26
for some constant Cy. Then there is a constant C > 0 such that
(3.11) / |Za(z)|dz < C.

|z|>248

The constant C may depend on Cy and dep(P), but is independent
of the coefficients of P.

Proof. We use induction on deg(P). Since a similar argument was
used in [4], we shall present a sketch of the proof only (see also the

proof of Proposition 3.6).
For deg(P) = 0, (3.11) follows from (3.10). Assume that (3.11)

holds for deg(P) < k —1, i.e.

(312) K(,0) [ MeN0O g (. y)a(y)dy| dz < C

|z|>26

for all @ with Q(0) = 0, deg(Q) < k — 1. Now we prove (3.11) for
deg(P) = k. Suppose

P(z) = Az* + Pi_1(z),

where A # 0, P,_1(0) = 0 and deg(Pr-1) < k— 1. Let A =
max{(|]A|6™)~1/%,26}. By (3.12), we have

(3.13)

/26<|a:|<A

< k(z,0) [ 64" — 1]|g(s, dy|d
< Jusciaren [FE0) J le llé(z, y)lla(y)|dy| dz
i(R(x,y)+ Pk —1(x)y™)
* a0 #(z,v)a(y)dy|do

< C|Als™ /| Ll rose
z|<

K(a,0) [ P40, y)a(y)dy| do
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For j € Z , define S; by

5 . .
Sif(@) = xipn(z) [ EFES POz, ) f(y)dy.

By considering S;S} and using the fact that 0™R(z,y)/0y™ = 0,
one can show that (see [4])

IS;ll22 < 061/2“1/4’=2i/2(|A|2jk)~1/4km_

Hence
(3.14)
/IZI>A |k(-’17, 0) Aei(R(z,y)+P(z)ym)¢(z, y)a(y)dyl dz

231 g\ 1/2
<cx ([T %) Il

2i>A \"¥
S C|A|—1/4km5-—l/4k Z (z—j/22j/22—j/4m) < C.
2>A
By combining (3.13) and (3.14), we see that Proposition 3.5 is
proved. ]

PROPOSITION 3.6. Let a(z) be given by (3.2) — (3.4). Suppose
that qo(z,t), ... ,qm(z,t) are real-analytic on I x I, and ¢;(0,t) =0
for 3=0,1,... ,m. Then, there is a constant C > 0 such that

<C,

oM MNT5=) L)oo, v)aly)dy
1
for \€R tel
Proof. Let
(3.16)

Ty:f (z) = p.v. /R““’M(Z;nﬂ qj(z’t)yj) k(z,y)é(z,y) f(y)dy.

By Holder’s inequality and Proposition 2.2, there is a C' > 0 such
that

(3.17) /m(m Ty ca(z)|dz < (2M6)Y2||Thsalls < CMY?,
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where M > 0, C' is independent of A and t.

In view of (3.17) and the fact that supp(Th.a) C I, we may
assume that ¢ is extremely small throughout the proof. Without
loss of generality, we will also assume that d is small (see section 4).

We now use induction on m to prove (3.15). For m = 0, (3.15)
follows from the usual theory of singular integrals. Suppose (3.15)
holds for m — 1, i.e.

(3.18) ”/ReA( qu(z’t)yj) k(z,y)¢(z,y)a(y)dy|| <C.

1

To prove (3.15), we assume that ¢, (z, t) is not identically zero (oth-
erwise there is nothing to prove). For fixed ¢y € I, there is an integer
s > 0 such that

(3.19) Gm(z,t) = (t — t0)’q(z,1),

where 8'q(0,ty)/0z' # 0, for some i > 1. Let | be the smallest such
i. Set o = max{(6™|A(t — to)*|)"/},26}. For |z| > 26, |y| < 8, we
have

(3.20) |k(z,y) — k(z,0)] < Clyllz|™.

Hence
(3.21)

/IIIZ%

/R (ST waw) (k(z,y) — k(z,0))d(z, y)a(y)dy|dz

<c ( L Z—f) ( [ la(y)yldy) <c.

In view of (3.17) and (3.21), to prove (3.15), it suffices to show that

/|:c|>26

First we treat the integral over {20 < |z| < o}. To this end, we
write

(3.22)

k(z, O)‘[Reu(z;r;" qj(x’t)yj)qﬁ(a:, v)a(y)dyldz < C.

(3.23) alz,t) = 3 - 200

v=1

z¥ + Q(x, t),



176 YIBIAO PAN

where |Q(z,t)] < C|z|'. Then we have
(3.24)

/Zéslwlsa
<)
26<|z|<o

i m—-1 . -1 _ s (V) Vom /i
[P a0 o,
R

+ / k(z,0 / iMt—t0)* Q@™ _ 1 duld
SRLCLY A lla(y)|dy|de

< C+ O\t - to)°|6™ /0” oz < C,

k(z,0) /R e“(zﬁ”"(z’t)yj)sb(w, v)a(y)dy|dz

k(z,0)

dz

where we used (3.18), (3.19), (3.21)( for m — 1), (3.23) and Propo-
sition 3.5. Next we treat the integral over {|z| > o}.
Choose 171,72 € C§°(R) such that

m(z)=1 for 1<|z| <2
and
ne(z) =1 for |z|<1.
Let 277 < d and define the operator P; by
(3.25)

Pif(a) = m(270) [ e 8(, y)ma(y/5)1 (4)dy.
The kernel of P;P}, denoted by L;(z,y), can be written as

(3.26)
Li(z,y) =m(277z)m(277y)

[ AT o )0y, ) (2/6) P
By van der Corput’s lemma, we get
(3.27)
|Lj(z,y)]
< Clm(2792)m (277y)|(Mam (2, 8) — gm(y, )~/
= CIA(t — t0)*[7/™m (277 2)m (2 7y) |la(z, ¥) — a(y, 8)[ 7™

i (Z;":O q; (z,t)yj)
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On the other hand, we have the following trivial estimate

(328)  |Li(5,y) < Clm@72)m(@ )] [ Im(z/0)dz

< Colm(277z)m(277y)].
By applying the Malgrange Preparation Theorem ([2]) to ¢(z,t) —
q(y, t) at the point (0, 0, t), we can find functions by (y, t), ... ,b-1(y, t)

and ¢(z,y,t), which are smooth in a neighborhood of (0, O,t ), such
that

-1
329 o) = a0 = o) (2 + (o),

bo(0,t9) = --- = b_1(0,%9) = 0 and ¢(0,0,%)) # 0. Since d is
assumed to be small, we may assume that c¢(z,y,t) > ¢y > 0, and
(3.29) holds for z;y € I, t being close to ¢y. From (3.27) and (3.28)
we get

(3.30) |Lj(z,y)| < COE-V2N\(t — to)|~/4m
(277 z)m (277)llg(=, t) — q(y, t)|/*™.

For fixed y, by Lemma 3.3, we find

(331 [ la(e,1) = aly, )17/ i (27 2)|da

—1/2ml

-1
<C 2yt + Z b, (y,t)2""u” 2 du
lu|<1 V=0
< C29273/Pm,

(3.30) and (3.31) implies that
(3.32)
sup/R |Lj(z,y)|dz < C2j2‘j/2m5(2l_l)/21[)\(t - to)sl‘l/m.
y
Similar estimate holds for sup, [z |L;(z,y)|dy. Hence we have

(3.33)
|1 Pjll2,2 < || P P*“1/2 < C9i29=i/AmgA-V/4 ) (4 _ gys|=1/4ml
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By Holder’s inequality, we find

(3.34) /||> k(x,())-[Rei/\(Z]:ij(x,t)yJ)(b(x,y)a(y)dy i
2i+1 dr 1/2
<cs ([%) 1Pl
sy VY T
< 0(5_1/4l|)\(t _ to)s|—1/4ml Z 2—j/4m < C.
28>0
By (3.17), (3.24) and (3.34), the proposition is proved. ]

We are now ready to prove Lemma 3.1.

Proof. We use ideas that are similar to those used in the proof of
Proposition 3.6.
If 3?®(z,y,t)/0x0y is identically zero, we have

(I’(CE, y>t) = W1($,t) + W2(y7 t)‘
By ®(0,y,t) = 0, we find that Wy(y,t) = —W1(0,¢), and (3.1)
follows from standard argument.
Now we assume that 8?®(z, y, t)/8z0y is not identically zero, and
write

(I)($, yat) = (t - tO)S\II(;(;, Y, t) + @(SL’, 07t)a

where 82¥(z, y, to) /0z8y is not identically zero (see (2.8) and (2.9)).
Define P; by

(3.35) P;f(z) =m(27a) /Rem’(”y’%(w,y)nz(y/5)f(y)dy-
Then, the kernel of P;P} is given by

(3.36)
Li(z,y) =m(277z)m(277y)

: /R eM @@ =2Wat) (1 2)p(y, 2)|n2(2/0) | dz.
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Let £ > 1 be an integer such that o¥*'W(z,0,ty)/0x0y* is not
identically zero (as a function of z). By Lemma 3.4, we find

(3.37)
1Ly(2,5)] S — o) |2 2)m (279)
/ akq,(z, z,t) ~ ak\I/(y,z, ) —e(1+1/k)
|z|<d

0zF 0zk
for € € [0,1]. We note that, although the function

9oy(2) = b(z, 2)$(y, 2) In2(2/6) |

depends on §, the constant C in (3.37) can be taken to be inde-
pendent of &, since ||g|loo and ||¢’||; are finite and independent of
J.

Let

dz,

ok o\
F(CE,y,Z, t) = @—(x,z, t) - B—zT(y’z’ t)'

It is easy to check that F(0,0,0,%)) = 0 and

OF oI :
5}7(%%2%) = W(JE’ z,t) for j>1

Let I > 1 be the smallest integer such that 8'F(0,0,0,%,)/0z" # 0.
By using the Malgrange Preparation Theorem, we get

-1
(3.38) F(z,y,2t) =c(z,vy,2,t) (zl + Z b, (y, z,t)x”) )
v=0

for z,y € I, t being close to ty, and |c(z,y,2,t)] > ¢y > 0 (see
also the argument in the proof of Proposition 3.6). By taking ¢ =
k/2l(k + 1) in (3.37) and using (3.38) and Lemma 3.3, we find

(3.39)  sup /R |L;(z,y)|dz < CIA(t — to)| /2 k419472,
Y

A similar estimate holds for sup, [; |L;(z,y)|dy. Hence we have

(3.40) |1 Pjllaz < CIA(t — to)®| 74k 2/4,
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Let 0 = max{d 2| A(t — t,)*|"Y/1*+1) 26}, we find

(3:41) /,z|>tr Kz, 0)/Rei)‘q)(z,y’t)qs(x’y)a(y)dy dzx
9i+1 dz 1/2
< —_ .
<> ([ %) 1nkaal,
(3.42 < CIA(E— to) ISR 3 90 <

2 >0

It remains for us to show that
(343) | et [F@0) | 2@z, y)a(y)dyldx <c

If o < 24, (3.43) holds automatically. Now suppose o > 2§, we have

(3.44) At — to)*|63E+D < 1,

Let ko = 3l(k + 1) and write

ko

U(z,y,t) =Y qi(z, 1)y’ + Q(z,y,1),
=0

where g;(z,t) = (1/51)87¥(z,0,¢)/8y’, |Q(=, y, t)| < Cly|**!. Since
¥(0,y,t) = 0, we have ¢;(0,t) = 0 for all j. By (3.21), Proposition
3.6 and (3.44), we find

(3.45)

AJSIIISG

<
26< <o

+ CIA(t ~ to)°|

dz

k(z,0) /]R e**@¥i (2, y)a(y)dy

. s k . 7
B(z,0) [ 207" TiZoe0Y o0, y)a(y)dy| do +

1
20<|z|<d ||

5
[ i+ a(y)ldydz < C,
which completes the proof of Lemma 3.1. O

REMARK. The proofs of Proposition 3.5, 3.6 and Lemma 3.1 are
similar in nature. They are proved in the order Proposition 3.5 —



OSCILLATORY SINGULAR INTEGRALS 181

Proposition 3.6 — Lemma 3.1, to make the approximation part of
the proof work. In the L? part of the proof of Lemma 3.1, Lemma 3.4
plays an important role, because one cannot use van der Corput’s
lemma there. The L? estimates obtained by using Lemma 3.4 are
not as precise as what one gets in the case of polynomial phase
( where one may use van der Corput’s lemma). This difficulty is
overcome by first proving Proposition 3.6.

4. Conclusion. Here we shall prove Theorem B. Let T} be given
as in (1.2). It suffices to prove that

(4.1) IThally < C

for every function a(z) which satisfies (1.5)-(1.7). Since k(z,y) is
integrable away from the diagonal A, we may assume that ¢ is
supported in a small neighborhood of A. By using a partition of
unity, we can further assume that supp(¢) is contained in [zo—d, o+
d] X [zg — d, zg + d], for some zy and a certain small number d. We
may assume that zo = 0 (as we did in the proof of Proposition 2.2).
We also assume that ®(z,y) is real-analytic in [—4d, 4d] x [—4d, 4d].

Let I = [z — 6,z + 6], a(z) be a function which satisfies (i)
supp(a) C I; (i) |lallee < (20)7%; (iii) [eP®@¥)q(y)dy = 0. To
prove (4.1), it suffices to consider small §'s, say, § < d (see (3.17)).
Hence we have either |z7| < 2d or Tha = 0. Let I} = [—2d, 2d],
U(z,y,t) =P(x+t,y+t)—D(t,y+1t), ke(z,y) = k(x +t,y+1t) and
¢:(z,y) = p(x +t,y+1t). If welet t = z1, ap(x) = ePEEv+2g (g +
xr), then

(42) Talz+z) = /R eN VI (2, y)di(2, y)ao(y)dy.

We observe that ¥(0,y,t) = 0 and ao(z) satisfies (3.2)-(3.4). By
Lemma, 3.1, there is a constant C' > 0, which is independent of A,
zr and ¢ such that

ITx[ < C

holds. It should be noted that the dependence of k; and ¢, on ¢t does
not cause any trouble here. The proof is now complete.

REMARK. Theorem B becomes false if the assumption on the
real-analyticity of ® is dropped. This can be shown by using a C*®



182 YIBIAO PAN

function constructed by Nagel and Wainger in [3]. We also refer the
reader to [7], where the same issue in the translation invariant case
was discussed. The phase function ®(z — y) used in [7] (where ®
is the function due to Nagel and Wainger) cannot be used in the
current situation. But, if we replace ®(z —y) by ®'(z)®(z—y), then
the argument in [7, p. 290] can be adapted to show that Theorem
B cannot hold for general C* phase functions.
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