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WEIGHTED HADAMARD PRODUCTS OF
HOLOMORPHIC FUCTIONS IN THE BALL

JACOB BURBEA AND SONG-YING LI

Weighted Hadamard products of holomorphic functions
in the unit ball B of C" are studied, and are used to es-
tablish multiplier theorems for spaces of such functions
on B. An interesting feature of such a product of two
holomorphic functions f and g on B is that it is holomor-
phic on the unit polydisk U™. Moreover, if, in addition,
f belongs to the Hardy space H!'(B) and g belongs to
the Bloch space B(B), then the non-weighted Hadamard
product of f and g belongs to BMOA(U"™), the space of
holomorphic functions in U™ with bounded mean oscilla-
tion on the tours (OU)". Refinements of this result, as
well as new charaterizations of spaces of multipliers of
holomorphic functions in B, are also established.

1. Introduction. Hadamard products, their properties and re-
lated coefficient multipliers problems for spaces of holomorphic func-
tions on the unit disk, are well-known and they have been studied by
many authors (see, for example, [5] and the references therein). In
the higher dimensional extension of such a study [7, 8] one encoun-
ters with several natural, and quite interesting, questions concern-
ing multi-index coefficient multipliers problems and the properties
of weighted Haramard products of holomorphic functions of several
complex variables. In this paper we shall address these questions in
their higher dimensional setting by obtaining new charaterizations,
some of which were unexpected, of spaces of multipliers of holomor-
phic functions in the ball, and in so doing we also extend and refine
previously established results.

Before describing these characterizations and their background
we need to set up some basic notation which shall also be used
throughout the entire paper. By H(2) we denote the space of all
holomorphic functions on a domain Q in C*. For z = (21, -+, 2,) €

235



236 JACOB BURBEA AND SONG-YING LI

C' o= (o, - ,0) € L7, we let

= . (= -— o {65] {63
Z“_(Zla"' 7Zn)) A T
lal=a1+ 4 an, al=a!a),

8% = 9M ... gon, 9;=0/0z; (1<j<n),

v:(alaaan)a R—_—ZZ]a], D:1+R7
71=1

and

'ZIoolegjaS)%lzjl’ HZ“ :{IZ112+...+IZ'”|2}1/2'

Moreover, if also, £ = (£, -+ ,&,) € C* we then let

z é = (Z1§17 e 7Zn€n); <25€> = Zlgl + - 'ann;

and thus ||z||* = (z,2), and |2 - €| < |€]el|2]|- With this notation,
B =B, ={z € C":||z|| <1} is the unit ball in C*, U = B; is
the unit disk in C, and thus U™ = {z € C" : |z|e < 1} is the unit
polydisk in C*. We also let S =S, = 0B, and T = 5.

Let €2 be a complete Rheinhardt domain in C*, i.e. z € (2 implies
z-&£€Qforevery £ € U", and let f € H(Q). Then there exists a
unique power series, respresenting f, i.e.

f(z) =) a.z® (2€9Q)
with normal convergence in €2, and with

1o = aa(f) = {3°F(O)} /ol (a€ZD).

It follows that the space H(f2) and, in particular, the spaces H(B)
and H(U™) may be regarded as spaces of multi-index sequences
{aa}, o € Z7%. For ¢ > 0, we consider the multi-index sequence
{wa(q)} of positive numbers (weights), defined by

all'(n+ q)

Tntgtlay (%)

wal(q) =

Let X and Y be two vector spaces of multi-index sequences. A
multi-index sequence {A,} is said to be a multiplier from X to Y if
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{Xaaa} € Y whenever {a,} € X. The set of all multipliers from X
to Y is denoted by (X,Y). A multi-index sequence {)\,} is said to
be a g—multiplier, ¢ > 0, from X to Y if {\swq(g)as} € Y whenever
{an} € X. The set of all g—multipliers from X to Y is denoted by
(X,Y),. In general, however, (X,Y), is not equal to (Y, X),, but
it is so only when n =1 and ¢ = 0, in which case w,(gq) = 1. The
question of finding multipliers in (X,Y) when X and Y are sub-
spaces of H(B) has been considered and studied by several authors
(see, for example, [7, pp. 118, 416], [8] and the references therein),
and this is so, especially when n = 1, where more complete an-
swers can be found. Indeed, recently, Mateljevic and Pavlovic [5]
have shown that for n = 1, B(U) = (H'(U),BMOA(U)),, where
B(B) and H'(B) are the familar Bloch and Hardy spaces, respec-
tively, of functions in H(B), and BMOA(U") is the space of func-
tions in H(U™) with bounded mean oscillation on the torus T™.
The question of extending this result to n > 1 was treated by Shi
[8] who was able to only establish that B(B) = (H'(B),Y), with
Y = B(U™) N {No<p<coH?(B)}, where B(U™) is the Bloch space of
functions in H(U™). In this paper we shall address this higher di-
mensional question and thereby bridging the gap between the strik-
ing result of Mateljevic and Pavlovic when n = 1 and Shi’s result
for n > 1. In particular, it will be shown, amongst other things,
that, in fact, B(B) = (H'(B), BMOA(U")), (see Theorem 5.7) for
every n > 1.

In light of the above question, we found it natural and quite in-
teresting to study the problem of g—multipliers in its higher dimen-
sional setting n > 1 and for any ¢ > 0. In so doing we were also able
to provide extensions and refinements of previous results. A key role
in this study is played by the so-called ‘weighted Hadamard products’
with weights wq(q), @ € Z7, of functions in H(B). The g-Hadamard
products (f * g), of two fuctions f € H(Q) and g € H(), where
2, and €, are circular neighborhoods of 0 € C", is defined as

(f * 9)q( Zwa 9)aa(f)aa(g)z®

and thus (f * g)g = (g * f),- And interesting feature of the product
(f*g), with f and g in H(B) is that it is lying not only in H(B) but
also in H(U™), i.e. H(B) C (H(B), H(U™)), (see Proposition 3.2).
The reverse inclusion is also true, i.e. H(B) = (H(B),H(U")),.
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Indeed, if g € H(2) where Q is a circular neighborhood of 0 € C*,
and if (f * g), € H(U™) for every f € H(B), then we specialize
to f(z) = (1 = (2,€£)) "9, 2 € B, where £ € B. This implies
that the power series aa( )E% 2 has, for every & € B, a normal
convergence in z € U™. In particular, g € H(B) as asserted. When
n =1 and ¢ = 0, the g—Hadamard product reduces to the classical
Hadamard product of two holomorphic functions on the unit disk,
which was also used in the recent work of Mateljevic and Pavlovic
[5]. The higher dimensional product has been also studied by Shi
[8] when ¢ = 0. In this paper we study these products in the more
general setting of n > 1 and ¢ > 0, and in so doing also extend and
refine the results of Shi as well as those of Mateljevic and Pavlovic.

The paper is organized as follows. In Sections 2 and 3, we intro-
duce some relevant spaces of holomorphic functions on U™ and on
B, and establish several preliminary results which will be needed
in the remaining parts of the paper. In particular, we discuss the
spaces AP = AP(B),q > 0,0 < p < oo and the crucial generalized
mean Lipschitz space £(U™). In Section 4, we use duality argu-
ments to identify the spaces (47, H*°(U")), (see Theorems 4.1, 4.2,
4.3 and 4.4). A significant refinement of these identifications, when
p = 1, occurs in Section 5 which contains the main results of this
paper (Theorems 5.1, 5.2, 5.6 and 5.7). In particular, we show that
B(B) = (A, L(U")), = (A}, BMOA(U™)), which implies the result
of Mateljevic and Pavlovic [5], as a special case, when n = 1 and

= 0.

For two complex-valued functions f and g on a nonvoid set A, we
use the notation f ~ g on A to mean that there exists a positive
constant ¢ so that ¢~ g(A)| < |f(A)] < ¢|g(A)] for every A € A.

2. Prerequisites and preliminaries. To deal efficiently with
Hadamard products, it is convenient to introduce some further no-
tation and recall some function theoretic concepts. We let dv =
dv™ denote the usual volume Lebesgue measure on C* and we set
dA = 7= 'dvM). For u € C*, we let D, = (V,T) and thus

n n
Du = Z'&ja], Eu = Zﬂjgj, R = Dz.
= 1=1
By H (M, M,) we denote the class of all holomorphic mappings from
a complex manifold M; into another complex manifold M,. Let (2
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be a bounded domain in C*, and let u € C*. The Kobayashi-Royden
metric F2(z,u) for Q at z € Q in the direction of u is defined by
Fi(z,u) = inf{|a| : a € C\ {0},
af'(0) =, f € H{U,Q), £(0) = z}.

In particular, F is holomorphic decreasing, i.e. if ¢ € H(Q,Q;)
where ; is a domain in C™, then for any z € Q and any u € C*,

FR (4(2), ¢u(u)) < FR(2,u)

where ¢,(u) = (Dy¢)(2) € C™. Let f € H(Q) and z € Q. We
define

(Qaf)(z) = max{(Qaf)(z,u) : u € C" \ {0}},
where

(Qaf)(z,u) = D)) u € C*\ {0}.

F(z,u) ’
The Bloch-norm || f||sq) of f € H(Q) is defined by
1 flls@) = sup{(Qaf)(2) : z € Q}.

The Bloch-space B(2) of Q is defined as B(Q?) = {f € H(Q) :
IfllBy < oo}. In particular, (B(), || - ||sw)) is a Banach space,
provided constant functions are identified with zero. The small
Bloch space By(Q2) = {f € B(Q) : lim,50(Qaf)(z) = 0} is a closed
subspace of B((2).

PROPOSITION 2.1. For ¢ € H(Q,Q) and f € H(Q), fop €
H(Q) with (Qaf © ¢)(z) < (Qq, f)(#(z)) for each z € Q, and

1f o dlls@) < I fllse@)-
In particular, f o ¢ € B(QY) whenever f € B(Q).
Proof. Let z €  and u € C* \ {0}. Then

06z u) = Puf 2@ _ |Ds.w)B()
(Qaf 6)(z,w) = o) e

Iflqb*(u) =0, then (Qafo¢)(z,u) =0 < (Qq, f)(¢(2)). If pu(u) # 0,
then

(Qaf 0 8)(z,u) < Lo NEE)

< i T < @)
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Thus
(Qaf 0 9)(2) < (Qa, f)(8(2))

as desired. Moreover,

| f o Blln@)y = sup{(Qaf o ¢)(z) 2z € Q)
< sup{(Qq, f)(

< sup{(Qq, f)(w) : w € U}

(

= ”f”B 1))
and the proof is complete. O

Let 2 be a complete Rheinhardt domain in C*, and let f be a
function on Q. We define f*(2) = f(z)) and f¢(z) = f(£- 2) for any
€eU". If \is a scalar with |A] <1, we also write f for fy; where
1=(1,---,1) € T". Clearly, f* and Je, €€ U", are functions on
Q such that f*, f, € H(Q) if also f € H(Q2). It is also clear that
fe € H(Q) for each £ € U™ whenever f € H(Q2). Moreover, we have:

PROPOSITION 2.2. Let §2 be a bounded complete Rheinhardt do-
main in C*, and let f € B(Q). Then, f* and fe, £ € U, are in
B(Q2) with || f*|lse) = |fllsw) and || fellse) < Iflls@-

Proof. The assertion concerning f* is obvious from the definition

of || - |l The assertion concerning f; follows from Proposition
2.1 by taking ¢ € H(Q,Q) as ¢(2) =& - z, z € 2, and the proof is
complete. O

PROPOSITION 2.3. Let f € B(B) and £ € B. Then fr € B(U")
with || fellsw=) < [/ lls)-

Proof. Let ¢(z) = -2, z € U". Then ¢ € H{U",B). By
Proposition 2.1, fe = fo¢ € B(U™) with || f¢||sw») = || f o dllswn) <
|| fll8(B), concluding the proof. O

Let u € C*. A simple, and well-known computation, shows that

I]I n
FY (2, u)—lrg]zznl_lsz, zeU",

and

(@ = 2Pl + [z )PP
T ToIP . z€B.

F}?(z,u)z
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It follows that for f € H(U™),

%(QUH D) < pax {1~ 1z )@f)()1}
< (Quaf)(z), zeU",

and so
1
|| fllsw) < sup max {(1- 1z )@ £) (2} < 11 llswn)-

In particular, defining
17 lls = sup D (1= 12" (2) + 120, f (2)]
zeUm j=1

we deduce that

Iflls = £ O]+ Il Fllswn)-

Accordingly, we may express the Bloch space B(U™) as the space
{f € HU™ : ||fllsg < oo}, in which case B(U™) is a Banach space
with the norm || - ||3. Moreover, By(U™) is the B(U™)-closure of the
holomorphic polynomials in z € C*.

In a similar fashion (see [2]) one also shows that for f € H(B),

1/ llscm) A sup(1 — IV ) (@) ~ sup(1 — IR F)(2)];

and thus B(B) = {f € H(B) : ||f|ls < oo} where
1flls = 1£(0)] + sup(1 — IV @)

In this case B(B) is a Banach space with the norm || - ||z, and By(B)
is the B(B)-closure of the holomorphic polynomials in z € C*.

We let 6 : Z — Z, be defined by §(m) = max(m,0),m € Z. For
a= (o, - ,0n) € Z%, we define §(a) = (0(an), -+ ,0(an)) € Z}
and 7(a) = [Tj_,{a; : @; # 0}. In particular, 7(0) = 0 and n(a) =
a;---oyifa; #0foralll < j<n. Wealso let mo(2) = 2%,z € C*.
Let z = (21,---,2,) € C*, and let 1 < j < n. We let 25 =
(21, ,2j-1) € OV if j > 1 and 29 = (2j41, - ,2,) € CJ
if j < n. In particular, (z),2%) € C*'ifn > 1, and if f is a
function defined in a C*-neighborhood N (2) of z then f(z(;), -, 2%)
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is a function defined on N}*(z) = {) € C: (), A, 2¥)) € N™(2)}.
Of course, N™(z) = N (z), f= f(z 29),j=1, when n =1.
Let 2 be a complete Rheinhardt domain in C*, and let f € H(Q)

with
()= Y aaz® (2€9),
where a, = a,(f),a € Z7. We define
(D"f)(z) = 3 m(a)anz’@D

«

and, for s € C,

(D°)(2) = (1 + o) aaz
Note that D™ is a differential operator of order n with D' = d/dz
and that D™ = (14+R)™ for any m € Z. Moreover, if o = Re(s) > 0,
then

(D™ f) (=) = F(l}—) /Ooo fle7tz)e t*"1dt.

By H*(U™) we denote the Hardy space H®(U") = {f € H(U") :
Ifllc < oo}, where ||fllo = sup{|f(z)] : z € U™}. This is, of
course, a Banach space with the norm ||-||. Another Banach space
that we shall consider is the space BMOA(U™) = {f € H(U") :
| f]l« < oo}, the space of functions in H(U™) with bounded mean
oscilation on the torus T™ (see [4, p. 238] when n = 1) normed by

171l = (£ + 1 f13uoa) %, f € H(U™), where

11/ IBnoa
-z - 161 | du(z)
= sup [ (D" - =
geun JUm I ]131 11— zj§j|2 7r

The closure in BMOA(U™) of the holomorphic polynomials in z €
C" gives rise to the space of functions in H(U™) with vanishing mean
oscillation on 7™ and is denoted by VMOA (U™).

To proceed, we introduce two new sectional subspaces of
BMOA(U™) and VMOA(U™). For f € H(U"), we define

I£lIs5 = IF(O)* +

3 L |5[2)(1 = rf?)
su su 0, f(z 2 J dA(z:
;(z(j),z(j))I;Un—l reg Ul ]f( )I |1 _ szlz ( J)
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and we set SB(U™) = {f € H({U") : ||fllse < oo}. The closure in
SB(U™) of the holomorphic polynomials in z € C* is denoted by
SBy(U™). It is clear that SB(U™) and SBy(U™) are closed subspaces
of BMOA(U™) and VMOA (U™), respectively. Moreover, SB(U™) =
BMOA(U™) and SBy(U") = VMOA(U™) when n = 1. Next, for a
continuous function f on U™, 0 < r < 1, and (2(;,2"%) € U™,
1 < j < n, we define

My (r, (Z(j),z(j)) : f) = sup {If(z(j),r)\,z(j))l tAE T}.

We now consider a generalized mean Lipschitz space L(U™) =
{f € HU") : ||fllc < oo} where

I£IZ = lf( )

+) sup / MZ (7, (25, 29) : 8;£)(1 — r?)2rdr.
j=1(z(j),2®))eUn-1

Equipped with the norm || - ||z, £(U™) becomes a Banach space.
Moreover, using the subharmonicity of |0;f|, f € H(U™), on U™
and the Lebesgue dominated convergence theorem, one shows easily
that the holomorphic polynomials in z € C* are dense in £L(U™).
Also, as is well-known, H*®(U™) c SB(U™) € BMOA(U™) c B(U™)
and SBy(U™) C VMOA(U™) C By(U™), with the inclusions being
continuous. We now prove:

PROPOSITION 2.4. The space L(U™) is continuously contained in
SBy(U™), with ||fllse < ||fllc for each f € H(U™).

Proof. Let f € H{U™), z € U",7 € U and 1 < j < n. Then,
using polar coordinates

2 (1= 12
J ot @ ey dalz)

0;f (25,7, 29[’
-2 (£ M) -
<2 "M, (r, (25, 29) : 056 (/ Il—r/\7|"2|d)\|) (1 = r2)rdr

2 (r, (2),29) : 0 /)1 = r|7 )7} (1 = r?)2rdr,
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and thus

/U Ia]f(z)|2 (1 - lzjlz)(l - lle)dA(Zj)

l]. - Zj?lz

1
< | M? y,29) 2 8;f) (1 — r®)2rdr.
__/0 oo(r,(z(J),z ) ]f)( r%)2rdr
This implies that || f|lss < || f|lz and hence £(U™) C SB(U™). Since
SBy(U™) is the closure in SB(U™) of the holomorphic polynomials
in z € C* and since these polynomials are dense in £(U"), the
desired result follows and the proof is complete. O

3. Some prerequisites on the unit ball. Let do be the nor-
malized surface measure on S = OB and let, for ¢ > 0, dv, stand for
the probability measure on B, defined by

1 T(n+gq) _ B
dvy(2) = ;;——f@—(l = [lz*)* dv(z) (2 € B).
As ¢ — 0%, du, tends, in the weak* limit sense, to do which is
also denoted by dvg. For 0 < p < oo and ¢ > 0, we let L} be the
quasi-Banach space LP(dv,) with the quasi-norm || - ||, 4, defined by

g = { [ 15}

For two dv,-measurable functions f and g such that fg € L;, we
define
(f,9) = [ fadv,

Clearly, (, ), also serves as the inner product of Lg. When g > 0, the
space AP = LENH(B) is a closed subspace of L}. The limiting space
A? is identified in the usual way as the Hardy space H? = H?(B)
of functions in H(B). In particular, for f € H(B),

”f”p,o = sup Mp(ra f)
0<r<1

with ;
1/p
My(r, £) = rllpo = { [ fr2)Pdun()}
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and A = H? = {f € H(B) : ||f|lpo < o0} may be identified in
usual way as a closed subspace of Lf. Note also the identity

o= { [ 327, D)}
([ 1 alltr)} (s € HGB)

where dy,(r) = (r"~1(1-r)9"1/B(n, ¢))dr is, for ¢ > 0, a probability
measure on (0,1). Here B(n,q) = I'(n)I'(¢)/T'(n + q) is the usual
beta function of n and ¢ > 0. The above identity is also correct
when ¢ = 0; in fact, for f € H(B), limgy o+ || fllp,e = | fllp,0-

In this paper, unless stated otherwise, we assume that ¢ > 0 is
fixed. If f,g € H(B), then (f,g,)q exists for every 0 < r < 1,
and we define the g—pairing (f,9)q as (f,9)q = Hm,_1-(fr, 9r)qs
whenever the limit exists. Obviously, (f,g)q = (f,9); whenever
fg € A;. We let P, denote the orthogonal projection of L? onto A2.
The latter is a functional Hilbert space on B with the reproducing
kernel K, given by

Ko(2,6) = (1~ (2,€))" " (z,¢ € B).
In particular, for any z € B,

(Pof)(2) = ({f, Kq(+, 2))q (f € Lf,)

or

2) = [ FOK (2 6)dvy(€).

As is well-known (see, for example, [2]), P, extends to a continuous
projection of L} onto A?, 1 < p < 0o, with norm my,(p) satisfying
mq(2) = 1 and m,(p) = m,(p’) where p' = p/(p — 1). In particular,
the dual, with respect to the q—pairing, of A? is isomorphic to A{I".
We also consider the space Iy = I'y(B) of functions f in A2 such
that

1 £lleq = sup {I(f, 9)q| : g € A2 with ||gll1,o < 1}

is finite. Evidently, I, is a Banach space of functions in H(B) with
the norm || - ||., and it serves as the dual of A; with respect to
the g-pairing. In particular, A7° C I’y C Af for every 0 < p < oo,
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and f € Iy if and only if f € H(B) and there exists a constant
¢t > 0 so that |(f, )l < cfllglliq for every ¢ € H(B). More-
over, one shows easily that I'y = P,(Lg°), where for f € P, (L),
1fllsq = min{”f”oo,q :fe LY, Py(f) = f}, and thus P, is a con-
tinuous projection of Lg® onto I'; with norm 1. As is well-known
(see, for example, [3]), I'y may also be identified with the space
BMOA(B), the space of functions in H(B) with (non-isotropic)
bounded mean oscilation on S. Moreover, for ¢ > 0, the space I,
is independent of q, i.e. I'y, = I'y,, with equivalent norms, for any
¢1,q2 > 0 (see [2]). In fact, I'y,q > 0, may be identified with the
previously mentioned Bloch space B(B), and one can show (see [2])
that for any f € H(B)

1£1l5 = sup(1 — [12[1*)*|D* f ()]
z€EB

for each s > 0.
We shall also consider the familar Lipschitz space Ay = A4(B),
s > 0, of functions f € H(B) so that there exists an integer m > s
with
1 Hm,s = sup (1= [lzI)™°*|D™ f(2)] < oo.

Evidently, A, is a Banach space of functions in H(B) with norm
[l + [llm,s which is independent of the integer m > s, provided
constant functions are identified with zero. Moreover, using the
methods of proofs found in [2] one can show that the dual of A2,
0 <p<1, qg>0, with respect to the ¢g—pairing, is isomorphic to
A(m+q)1/p-1)- In particular, for every ¢ > 0, any of the equivalent
norms ||| - |||m,s of As is equivalent to the the norm || - ||, defined by

171, =sup {7, 9)ol : 9 € H(B), lgll st , < 1}

By C(B) we denote the Banach-algebra of all continuous func-
tions on B with the norm || - ||, and by A(B) we denote the clas-
sical ball-algebra C(B) N H(B). Naturally, A(B) may be identified
as a closed subspace of C(B) as well as of A® = H®. Moreover,
As(B) C A(B) for each s > 0. We also let M = M(B) be the
Banach space of all finite complex measures y on B with the total
variation norm ||u||y = [ |du|. For u € M, we define

(ki) = [ Ko(z8)au(e) (2 € B),
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and we let Q, = Q4(B) = {kq(n) : p € M}. It follows that Q, C
H(B) and that k, is a linear operator of M onto ,. We equip §,
with the norm

1fllt.g = inf {[lpll - p € M, ko(u) = F}  (F € Qy),

and thus €, is a Banach space. In particular, k4 is a continuous
linear operator of M onto , whose norm, since k,(dv,) =1, is 1.

Before proceeding with some preliminary results, we make a sim-
ple remark concerning yu € M. Recall that for any measurable
mapping ¢ of B into B, the induced measure pg) = po ¢~ is the
unique measure in M such that

f(f°¢)du = /fdu(¢)

for all f € C(B), and thus, |u(B)| < |lu@llt < ||;L||zr In particular,
lwlls = |lully if & is also non-negative. For & € U, pu¢) denotes
the induced measure y1(4) where ¢(z) = 2-&, z € B. One then verify
easily that

[kg()]e = kq(ﬂ(f))

for every ¢ > 0.

PROPOSITION 3.1. Let f € H(B), ¢ > 0,5 >0, and £ € U".
Then
(1)l fellpg < I fllp,g for any 0 < p < oo;
(i) [ fellvg < 1flls
(i) || fella, < N1 flla,s
(iv) If also f € Qy, then f¢ € Qq with || fellt,g < || fllt.05
(v) Ifalso f € AP, 0 <p < oo, then

lim || f¢ — fllp.q = 0.

£—1

Proof. To prove (i), we observe that the case p = oo is trivial, and
so we assume that 0 < p < co. Let & = (r1€, -+ rpetn),0; €
R,r; > 0 with r = max{ry,---,r} < 1. It follows from the



248 JACOB BURBEA AND SONG-YING LI

subharmornicity of |f|” on B that

el / HG l”dvq)

= [ 15, irm)Pdu()dun)
< [ [V dun()dn)

= [ M2/, pydva()

= £l

which is the desired result. To prove (ii), we may, of course, assume
that f € [';. In particular, f € A} and by (i) for p = 1, also,

fe € AL For g € H(B), (fe,9)q = (f, 9¢)q» and thus

1 £elleg = sup {|(f, 9¢)ql : 9 € H(B), llgllr,e < 1}
But, by definition, and (i) with p = 1,
(£, 96)al < £ llnallgellng < 1Fllgllgllve

It follows that || fellsq < ||fll+q as desired. To prove (iii), we may
assume that f € A;. In particular f € A(B) and so (fe,g)o =
(£, g¢)o for any g € H(B). It follows that

I fella, = Sup{|(f, g¢)ol : 9 € H(B), l|glln/(n+s)0 < 1}

and hence, by definition, and (i) with p =n/(n + s),q =0,

1(f, ge)ol < |1 f1la. || gellnsnrs).0-

This means that || fe||a, < ||flla, and (iii) is proved.

To prove (iv), we assume that f € §,. It follows that f
kq(p) for some p € M, and thus, by the preceeding remark, f,

o
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(kq(1)]e = kq(pe)) € Q. Moreover, again by the preceeding remark,
we have

[1£llt.g = nf {[llly - p € M, f = kq(p)}
> inf {||ully : p € M, fe = [kq(1)]e}

inf{||u||:, TpEM, fe= kq(ﬂ(ﬁ))}

inf{”u(g)“f tpEM, fe= kq(ﬂ(ﬁ))}
inf {||v|ly : v € M, fe = kg(v)}
= | fellt

and the proof of (iv) is complete.

Finally, we prove (v). If f € AP, 0 < p < oo, and £ € "
then, as £ — 1, f¢ — f almost everywhere on B ( pointwise on
B and, when ¢ = 0, also almost everywhere on S), and so, by
Fatou’s lemma, || f||p,q < limg_,; || fe||p,g- But, by (i), limea || fellpq <
| fllp,q @and thus limg_1 || fellp.g = || fllp,q- It follows from a well-known
stronger version of the Lebesgue dominated convergence theorem
that limg_,; || f¢ — fllp,q = 0, and the proof is complete. O

vV v

PROPOSITION 3.2. For f,g € H(B) and any 0 < r < 1, we have

(f %9)4(r2) = (frs g2 = [ 1(r€)g(z - Ddvy(€)

for every z € U™. In particular, (f x g), € H(U™).

Proof. Since 0 < r < 1 and z € U™, f, and g% are in H(B), and
hence the above integral is absolutely convergent. In particular,

F(ré)g( Zaa(f ag(g)ri*led’ 2

and term by term integration with respect to dv, is allowed. Thus,
using the orthogonality of the monomials 7., & € Z7, and the fact

that _
wal0) = (May o)y = [ €€ dvy (€)

we conclude that

[ 1€)g(z D) = S aalNaals)r2)" = (1 # 9)(r2),
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and the proof is complete. O

PROPOSITION 3.3. Let 1 < p,s,t < oo withl+t 1 =p 14571
and let f,g € H(B). Then (f * g)q € H({U™) with ||(f * 9)glltg <
1 fllpqllglls,q- Moreover, if also t = oo, ie. if s =p" =p/(p—1),

then ||(f * 9)qlloo < ||f||pq”g”p - In particular, (f * g)q € H*(U")
if f €AY andgEA?

Proof. That (f * g) is in H(U™) is a special case of Proposition
3.2. To prove the inequality, we let 0 < r < 1 and z € U™. We also
leta=¢tbl=p'l—tlandc!=s1-¢t"! Thenl<a,bc< o0
with a=!+b~'+c™! = 1. By Proposition 3.2 and Holder’s inequality

(% 9)a(r2)] < [1£(rE)lig(z - &)ldvg (€)
= [1FGe)PH/e+1/m]g(z - /4 ¢)

< ([ 196DV rePan,(e)

( / |f(r&)Pduy( f))l ! ( / l9(2 de,,(g))l/c.

If t < 0o, then by Proposition 3.1(i),

1 # 9alrl* < I7Ielallele [ lote - DFIFre) P ©))
It follows from Fubini’s theorem and Proposition 3.1 that

(£ * 9)arlltg < £ lIpgllgll5qn

and since this is true for any 0 < r < 1, the desired result follows

when t < co.
When ¢t = oo, we find, using Proposition 3.1(i), that |(f*g)4(rz)| <

| fllp,qllgllpr,q and so [|(f * 9)glleo < |1 fllp,qllgllp,q- This concludes the
proof. 0O

LEMMA 3.4. Let g € H(B) and define T,(f) = (f * g)q- Then
T, is a linear operator of H(B) into H({U™). Let 0 < p < oo and
let Y =Y (U") be a functional quasi-Banach space of functions in
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H(U™), and assume that Ty(A8) C'Y. Then T, is a continuous lin-
ear operator of AJ into Y, i.e. there exists a non-negative constant

cg = cg(A],Y) so that ||(f * g)glly < ¢4l|fllp,g for every f € A

Proof. The fact that T, is a linear operator from H(B) into H(U™)
is a trivial consequence of Proposition 3.3. To prove the remaining
part of the lemma, we assume that Tj is a linear operator of A}
into Y = Y(U™) and we shall show that T} is closed. To this end
we assume that fy — f in A% and Ay = Ty(fy) — h in Y, and
hence we must show that T,(f) = h. Fix z € U™. By assumption,
he(z) = h(z). Similarly, by Proposition 3.3, |((f — fx) * 9)q(2)| <
1fi = Fllpallglly.g = 0, 7 = p/(p — 1). It follows that

{T,(1)} (2) — h(2)]
S |((F = i) * 9)g(2)] + [ha(2) — h(2)| —= 0,

and hence T,(f) = h, and the proof is complete. O

To proceed, we introduce two special holomorphic functions on
the unit disk U. For a € C and m € Z., (a)m, stands for 1 if m =0
and a(a+1)---(a+m—1)if m > 0. Let a,b,c € C,A € U and

define - ;
F(a,b;c: \) = Zo g‘:n)—!"('g—)?;"l,\m,
and -
Gap(A) = E_:O(m + 1)"’%)—!'3)\'".

As is well-known the hypergeometic function F'(a, b;c : -) satisfies
the Gauss formula F(a,b:c:)) = (1=A)*YF(c—a,c—bjc: \).
Moreover, if Re(c) > max(0, Re(a), Re(c)) then we have the Gauss
theorem, namely F'(a,b;c: 1) =T'(c)['(c—a — b)/T'(c — a)I'(c — b).

Fora € R,q > 0 and z € B, we define

Lag(2) = [ 1= (2, dvy(€).
It follows that

Ioy(2) = F(a/2,a/2n +q: |12]]*),
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and thus I,,(2) = (1 — ||2]1*)"" " *Ly(ntq)-a,e(2). Moreover, for
2 € B I,4(2) > I,4(0) = 1 and , I4(2) < 27*if a < 0, and
Ig(2) < Ig(1) = I'(n+ ¢)T(n + g —a)/{T'(n+gq ——a/2)} if
n+¢q > a > 0. These arguments establish the first two parts of
the next proposition. The proof of the third part may be found in

[2].

ProrosITION 3.5. Let a,b € R and q > 0.

(i) Ifa<n+gq, then [ 4(z) = 1,z € B, with 1 < I, 4(2) < 27%f
a<0 and
[(n+gl'(n+g—a)

1< I(2) < {T(n+q - a/2)}2

when a > 0;
(ii) If a > n+q, then I 4(2) =~ (1 — ||2||*)~(@9, 2z € B, with

I'n+l'(a—n-q)

{Te/2y*

(iil) If a > b, then G,3(A) = (1 — A\)~@DF(X), X € U, where F
is in the Lipschitz class Aq—p(U) with F(0) = 1.

1< (1= o) "o (2) <

PROPOSITION 3.6. Let f € H(B),0<p < o0,q>0, and§ € B.
Then:

@) £ < JIf(R)PIE (2, )P Kq(&,€) 7 dvg(2) with equality if
and only if f is constant on B;

(i) 1£(E)] < {Ko(&: )} | fllpg with equality if and only if f =
MK, ()Y for some constant ) € C.

Proof. We first prove (i) when £ = 0. In this case, since |f|P is
subharmonic on B, we have

FOF < [ 17(/rm)Pdvo(n) = Il

for any 0 < r < 1, with equality if and only if f is constant on B.
This gives the desired result when ¢ = 0. When ¢ > 0, we integrate
both sides of the above inequality with respect to the probability
measure dvy(r), 0 < r < 1. This gives

0 < [ 1£(n)Pdvy(n)
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with equality if and only if f is constant on B. This establishes (i)
when £ = 0. For any other £ € B, we replace f by f o ¢ where ¢ is
a holomorphic automorphism of B with ¢(0) = £, and thus

©F < [ 1f(pn)IPdu,(n)

with equality if and only if f is constant on B. This proves (i) by
observing that

K, (9(0), 9(0))dvy(n) = |Kq(e(n), ©(0))|*dvy((n))

for each n € B.
Finally, (ii) follows from (i) by replacing f with f {K,(-,€)} %",
and the proof is complete. O

We shall also need the following identity for H? = HP?(B) func-
tions. Its proof appears in [1].

PROPOSITION 3.7. Let 0 < p < oo and f € H(B). Then

1150~ 17O
= 2 [ RADPI Pl log Tord(2)
=~ 2nJs g|| ™

This proposition leads to the following lemma:

LEMMA 3.8. Let 0<p <2 and f € H(B). Then

P [ 0= )M RN < 11f - SO,

Proof. Let g = f — f(0) and use Proposition 3.7. This gives

lotgo =5 Hrog ([ 2 pigtreypaste)) o
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By Holder’s inequality, with 2/p > 1 , and Proposition 3.1(i)

[IRg(re)Pdo(e)

Ry(ré)[”
g(ré)

: {/s ’%%%Q'Q'g“f)l”da@)} lg- o ™2
T p/2
< {tiw [ ey rpante |

l9(r&)|Pda (€)

9(ré)

It follows that
ol > 7 [ ~log M2, Ra)dr > p* [ (1~ r)M2(r, Re)dr
P="Jor PP " b PR ’
and the proof is complete. ]

In the next section we shall show, by duality methods, that
(A2, H®(U™)g = Amig)afp-1), 0 < p < 1; (A8, H(U™)) = AR/,
1 < p < o0; (AP, H®(U™)), = Q, and (A, H*(U™)), = T,. The
latter result means that (A4}, H*(U"))y = BMOA(B) and
(Ay, H°(U™)), = B(B) for every ¢ > 0. A significant refinement,
and an extension in the case ¢ > 0, is provided in Section 5. There
it will be shown that, in fact, for any ¢ > 0

B(B) = (A;,c(U")) (43, VMOA(U"))q
:(A;,BMOA(U"))q:( )q (4, ")q.

In particular,
B(U) = (H'(U), B(U))o = (H'(U), Bo(U))o = (H'(U), VMOA(U))o

when n = 1 and ¢ = 0, which is the result of Mateljevic and Pavlovic
[5], mentioned in the introduction.
We conclude this section by establishing the following inclusion

relationships.

PROPOSITION 3.9. Let s >qand1 <p< (n+5s)/(n+q). Then
A1 C Q, C AP, and the inclusions are continuous.

Proof. To prove A1 C §)y, we assume f € A1 and z € B. Since
9(2) = (g9, K,(:, 2))4 for every g € A2, a 81mple density argument
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shows that also f(z) = (f, K,(, 2)),- In particular, f = k,(u) where
dp = fdvg, and thus f € Q with || f|l+,4 < ||fl]1,4, Which is the desired
result. To prove the inclusion Q, C A?, we assume p € M and use
Holder’s inequality and Fubini’s theorem to obtain

kallse = [ 10ka(i)(2) Py (2)
<l / { [ 1Kz O)Pdv(2) } ld)
= 148 [ Tonsais(€)lia(©)]
Since n + s > (n + q)p, Proposition 3.5(i) shows that
Intqpp,s(€) < ¢,

1 -
where ¢ = ¢(n,p, q,s) = {F(lﬁ‘;fl)}:s(’j:;g;lpjggp)} /p, for every £ € B. It

follows that ||kq(1)|lp,s < cllp|lt, and the proof is complete. O]

PROPOSITION 3.10. Let0 < p < 00, 0 < s < min(p,1),0<r <1
and f,g € H(B). Then

I(f * 9)gsrllpg < (1= T)_(nﬂ)(l*s)/s”f”p,q”g“s,q'
In particular, Ay C (A?, A?), whenever 1 < p < oo.
Proof. Let h = (f * g), and £ € U™. By Proposition 3.2,

hr’e) = [ (1€ 2)g(r2)duy(2),

and thus
[(r?€)] < [|Frllvq
where L
F(z) = f(z-§)g(2), z€ B,
i.e. F = feg*. Since F' € H(B) we have, using Proposition 3.6(ii),

1Frlloo < (1= r2)= 0| P, g,
and so by Proposition 3.1(i), since 0 < s < 1,
1F g = [ 1] |Flodv,
< IFlIF 112
(n+q)(1-5)/s
<(1-r7) 1715
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It follows that
(1 = )+ 0=]h(re) ¢
<IIFlse = [19@I1F (- &)lFduy(2),

and thus by Minkowski’s inequality, with p/s > 1, and Proposition
3.1(Q),

(=90 ( [ repang(e))”

< [ls@r ([176 I”dvq(.f)) du,(2)
Ol (| ]

concluding the proof. O

A special case of the last proposition, namely when n = 1 and
g = 0, appears also, as the main result, in Pavlovic [6] with a
different proof. Moreover, the particular inclusion A; C (A5, AP),
for 1 < p < oo, may also be deduced from Proposition 3.3 with

= 1, and thus ¢ = p. For n > 1, this inclusion is not quite
sharp. Indeed, by Propositoin 3.3 with s = 1 and t = p = oo,
A(} c (Ago,Hoo(Un))q C (A?,Ago)q

4. Multipliers of A? into H*(U"). In this section we identify
(AP, H®(U™))q for 0 < p < co. Some parts of these identifications

appear, with different proofs, also in Shi [8] when 1 < p < oo and
g=0.

THEOREM 4.1. Let 1 < p < oo and g € H(B). Then g €
A{I",p’ = p/(p — 1), if and only if (f * g)q € H®(U™) for every
f € AP, Equivalently, (A2, H®(U™)), = A¥'.

Proof. The inclusion A¥ C (AP, H*(U™)), is a special case of
Proposition 3.3. To prove the converse we assume that g € H(B)
and that (fxg), € H®(U") for every f € AP, and invoke Lemma 3.4.
It follows that there exists a constant cg = 0 so that
I(f * 9allo < cllfllpq for every f € AP. Let 0 < r < 1 and
f € Ab. By Proposition 3.2, (f * g)¢(r1) = (£, g5)q and so

[{£:972al = [(f % 9)g(rD)| < NI(f * 9)alloo < 4ll fllp.a-
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It follows by duality that ||g,|lpq = ||g7]lpq < ¢4 for every 0 <
r < 1. In particular, g € A? with ||g|ly, < c,, and the proof is
complete. O

The cases p = 1 and p = oo of the above theorem are contained
in the following two results:

THEOREM 4.2. Let ¢ € H(B). Then g € Ty if and only if
(f*g)q € H®(U™) for every f € A}. Equivalently, (A}, H*(U™)), =
Ty. In particular, (H', H*(U™))o = BMOA(B) and (A;, H*(U")),
= B(B) for every q¢ > 0.

Proof. To prove the inclusion I'y C (A, H*(U™)),, we assume
that ¢ € Ty and f € Al Let z € U". By Proposition 3.2,
(f *9)q(2) = (9, f2)q, and since T'y is the dual of A} with respect to
the g—pairing, we conclude, using Proposition 3.1(i), that

(f % 9)a(2)] < llgllsall 21110
< Nglleall £ llg = llgllell g

It follows that (f * )y € H2(U™) with [[(f * g)gllee < I/l11lgll-a:
as desired.

To prove the converse, we assume that g € H(B) and that
(f *g)g € H®(U™) for every f € A}, and apply Lemma 3.4. Thus,
there exists a constant ¢, > 0 so that ||(f * g)qllec < ¢gl|f]]1,¢ for ev-
ery f € Al. Let 0 <7 < 1and f € Aj. It follows from Proposition
3.2 that

[(£: 972l = |(F * 9)g(rD)| < [I(f * 9)qlleo < Cqll fl1.q-

Let s,t € (0,1) with max(r, s) < t. A direct computation gives

<f7 9 — 9;)11 = (frt‘l - fst-l,gt*>4

and so
|<f7 g: - g:)ql S Cg“frt‘l - fst‘1“1,q-

It follows from Proposition 3.1(v) that the g—pairing (f,g*), =
lim, ;- (f, g7), exists, and thus [(f, g%)e| < gl f|l1,q for every f €
Aj. This implies that ¢*, and therefore also g, is in the dual (4)*
of Al with respect to the g—pairing. Since 'y = (A})*, we find that
g € I'y, and the proof is complete. O
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THEOREM 4.3. Let ¢ € H(B). Then g € Qg if and only if
(f *9)g € H®({U") for every f € AP(= H°°). Equivalently,

(A%, H°°(U"))q =Q,

Proof. To prove the inclusion Q, C (A3°, H*(U™)),, we assume
that g € 2, and f € AP. Let z € U". By Proposition 3.2,

(f * 9)q( /f )9(z - E)duy(§),

and since g € Q, there exists a measure p € M such that g = k ().
It follows from Fubini’s theorem and from the reproducing property
of K, that

(£ 9a() = [ | [ FOKolz & mdu(©)] dutm)

= [ 1©Ko(z - 7.)v,(6)] autn

=/fz-ﬁd#(n),

and 50 |(££9)o(2) < Il Fllmallll ot I *9)allen < I1f logllaly. This
means that [|(f * ¢)4llec < ||fllco,qllg]lt,q» and the desired inclusion
follows. To prove the converse, we assume that g € H(B) and that
(f * g)g € H®(U") for every f € A, and apply Lemma 3.4. In
particular, there exists a constant cg > 0 so that [|(f * g)qllec <

Coll flloo,q for every f € A®. Let 0 <r < 1and f € AP, and define

1) = [ 1(©)g(r)dvy(&).

Since, by Proposition 3.2, H,(f) = (f * ¢)q(r1) we deduce that
|H- ()] < I(f * 9)glloo < ¢gllfllooq- It follows that H, is a contin-
uous linear functional on A% with norm ||H; || < ¢,. In particular,
H, is a continuous linear functional on the ball-algebra A(B) with
norm ||H,| < ¢,. Since A(B) is a subspace of C(B), H, has a
norm-preserving extension H, to C(B). It follows from the Riesz
representation theorem that there exists a unique measure u, € M

with [|ur [l = || = | H; || < ¢, s0 that

= [ 1®du:(©)
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for every f € C(B). Since ||u]lt < ¢, for every 0 < 7 < 1, we
deduce that there exists a sequence {ry} C (0,1) with 7, — 1 so
that p,, converges in M to a measure u € M. It follows that }ET,,c
converges to H, where

A(f) = [ F@due)

for every f € C(B). In particular, limy_, Hy, (f) = H (f) for every
f € A(B), and thus upon taking f = m,, @ € Z%, we obtain

lim H,, (mq) = / £ du(€).

k—o00

laf

Since, however, H,, (7,) = ao(9)7) wa(q) we deduce that

1 [ .
wle) = o [EWO (@),

and thus

) = S aala)s” = [ (£ 7€ aule) e )

a

It follows, since

1 —o
Ko(2,8) = z*E,
ol%4) 2; wa(g)
that g(z) = [ K,(2,€)du(§), z € B, or that g = k,(u) with p € M,
i.e. g € Q,. This concludes the proof. O

Finally, we now deal with the case 0 < p < 1.

THEOREM 4.4. Let 0 < p < 1 and g € H(B). Then g €
Amiqya/p-1) if and only if (f x g)g € H®(U™) for every f € Ab.
Equivalently, (AZ, Hoo(Un))q = A(n+q)(1/p—1)-

Proof. Let s = (n + q)(1/p — 1). Assume that g € A,, f € A}
and z € U™. By Proposition 3.2, (f * g)4(2) = (g, f2)4, and since A,
is the dual of Af with respect to the g—pairing, we deduce, using
Proposition 3.1(i), that

|(f * 9)a(2)] < llglla I FZllp.g < gllallf*llp.g = llgllasll llp.a-
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It follows that A, C (Af, H*(U")),. To prove the converse, we
assume that g € H(DB) and that (fxg), € H®(U") for every f € AP.
Invoking Lemma 3.4, we infer the existence of a constant ¢, > 0 so
that [|(f * 9)qlleo < cyllfllp,q for every f € AP. Let 0 < r < 1,
0<t,t2<1land f € AJ. Then

[(fer> 97)al = [(f * @) (rt1 )| < cqll fllp,gs

and by Proposition 3.1(v)

(i, 97)a = (fes 97l < Nrllasll for = frallpg = 0,

as t; — t3. Consequently, the g—pairing (f, g;), exists with

(£397)al < cqll fllpg

for every f € AP. It follows from duality that g; € A; and [|g;||a, <
¢y for every 0 < r < 1. Equivalently, g, € A, and ||g,||a, < ¢, for
every 0 < r < 1. In particular, using Proposition 3.1(iii), g € A,
and ||g||a,s < ¢4, and the proof is complete. U

5. Multipliers of A; into £(U"). In view of Theorem 4.2, we
have B(B) = (AL, H®(U™)), C (AL, BMOA(U"))q c (4}, B(U"))q,
provided ¢ > 0. The main purpose of this section is to show that
(A;, LU "))q = B(B) for any ¢ > 0. This will be accomplished by
showing that (AJ, B(U”))q C B(B) and that B(B) C (A}, L(U"))q
(see Theorems 5.1 and 5.6 below) for every ¢ > 0.

We first prove the following, and rather crucial, theorem:

THEOREM 5.1. For any g > 0, we have (A;, B(U"))q C B(B).

Proof. Let g € H(B) and assume that (f x g), € B(U") for every
f € AL Since, for example, B(U") is continuously contained in
AYX(U™) = LA (U™)NH(U™), B(U™) is also a functional Banach space
of functions in H(U™). We can therefore invoke Lemma 3.4 to infer
the existence of a constant ¢, so that

I(f * 9)glls < mcyl| flln,g
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for every f € A;. Equivalently, for b = (f x g), with f € Al we
have

sup 3 (1= [2[?) |h(2) + nz;0;h(2)| < ncyl|fllnq-

zeUn j=1

In particular, for 0 <r < 1,
(1= %) X 1a(r1) + nro;h(r1)| < ncyl|flq,
J=1

and thus
(1= 72) IDA(r1)] < cqllfllng.

Fix b> 0 and £ € S and let f = Gpyq,-s((:,7E)). It follows that for
neur
Bn) = (f < 9)(n) = [ 9z 1)Gnsqs ((7,78)) duy(2)
=Y (le| + 1)’aa(g)(rén)®,

and thus
h(n) = (f * 9)(n) = D°gre(n).

In particular,
Dh(rl) = D**1g(r%).

Moreover, using Proposition 3.5(iii), we find that Gpiq-s(A) =
(1 = X)~(+e F(X), X € U, with F € Apyg4s(U). Let ¢o = || F||oo-
It follows, again from Proposition 3.5(ii), that

1£llg < Colnqrog(r€) < (1 —1%)7"
with ¢ = CoF(n + q)F(b)/ {F((n +q+ b)/2)}2. Accordingly,
(1= r?)"H D"y (r%¢)| < cc

for any £ € S and 0 < 7 < 1. This implies ||g||s < o0, or g € B(B),
and the proof is complete. O

We also establish the following crucial estimate:
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THEOREM 5.2. Let f,g € H(B), h=(f*g)o and 1 < k < n.
Then

/o1 M, (r, (20, 2™) : De(Bkh)) (1 = r*)°dr
< £ = FOIR ollg ~ 9(0) e

for all (zx),2%)) € U™, where Dy = 1 + 2,0;. Here 6,1 = 0 if
n>1 and(511:1.

Proof. Without loss of generality, we may assume that f € H(B).
We fix z € U™, and we let A € U". By Proposition 3.2, h € H({U™)
and

hx-2) = [ (- Og(z- E)do(e)
= [ £ Oge(2)do (©).
It follows that
MDA 2) = [ F(A-€)Ohge(2)do(©)
and so, by differentiating with respect to A,
Didih(r-2) = [ &0ef (V- €)Bugg(2)do(€).
Letting F = f — f(0), G = g — g(0) and Hy = D;8;h, we arrive at
H()-7) = /S EOLF(\ - £)0Ge(2)do (€).
It follows from Proposition 2.3 that
B\ )| < [ [P (- €)]19:Ge(2)] do(€)
< (1=1a)" [ IglloF (- )llGellawndo(©)
< (1= 1al?) " liClew) [ 6:18F (- )] do(g),
and thus

(- 2)|(1 = 1) < [Gllacs) [, 6] 10F (- €)1 dor©)
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we now specify A € U" by taking A\; = z; and Aj=1forj#k1<
J < n. This gives

(1 - T‘z) lHk (Z(k), Z,%, Z(k))l
<11Gllas) [ 16! |0 (€0, 216, €| dor(€)

and thus

(1-71My (72, (2(ky, 2®) : Hk)

1
< HGln [, [Rarie) (g )

where for any £ € S, Fie is a function in H(U) defined by

Fey(w) =F (f(k), |§k|w,§(k)) , we U,

and R, is the one-dimensional radial-derivative R, given by R; =

wd—‘fu—. We now use the fact that any £ € S can be represented as

¢ = (§¢) where & = (£1),€™) € By and [P =1 - |I¢]* =
1= [l€m 1> = 1€®|. In particular, for & € S, Fgy = F whenn = 1.
It follows that

1
/ Mozo (7'2, (z(k),z(k)) s H) (1 = r2)3rdr
0

< ”G”W P L (i) ot} o 2

< 2/|G %5 —r {/S Ry Fien ( o ) do(f)}zdr

= 2”G”B(B) {/B | |R1 n(re')| gg) dvgn_l)(é)}zdr
- 2|[G||B(B) ( /B My (r,R1Fer) )dv§”“1>(5'))2dr
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and thus, using Minkowski’s inequality and Lemma 3.8 with n =1
and p =1,

/ M2 s (2(k) z(’“)) : Hy)(1 — r?)3rdr
1 ety oy |
< 211G}z, { L [ /0 ~(1 - )M, RlF(g/))dr] " i 1)(5)}

2
<2061 { [, I1Fer - Fer@lhadi” )}

For n = 1, the last integral reduces to ||F' — F'(0)||l1,0 = || F||l1,0- On
the other hand, when n > 1, Proposition 3.6(ii) shows that for any
é € S, ”F(&I)(O)”l,() = |F(€/)(O)| S ||F(§’)“1,0 and so

L. WFe) = FeyO)lhodo™™(€)

= 2/;9 . ||F(£’)||1,odv1""1)(§')
s </o [F 6w l6nle” é"“’)| )d(n (@)

=2 [ |F(©)ldo(¢)
= 2[|Fl1,0-

It follows that
[ MG, Gy, 29) + H)( = P
< 2477 F |12 ol Glls)
and hence
/01 M2 (r, (z(k),z(k)) : Hk) (1 —r)dr
= 2/ MZ (7%, (), 2%) : Hy)(1 = r?)%rdr
< 427 FIR oGl s)-

This completes the proof. O
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At this stage we wish to show that B(B) C (A, L(U™))o, i.e.
to show that the estimate on h = (f * g)o in the last theorem will
eventually lead to h being in £(U™). To accomplish this we require a
Hardy-Littlewood type estimate for functions in H(U). Toward this
end we first establish the following simple lemma. For 0 < z,y < oo,
we let m(z) = min(z, 1) and €(z,y) = [m(m(y)/z)]"! - 1.

LEMMA 5.3. Let f e HU),0<p<oo,a>0and0<n<r<
1. Then
Mp(raf) < M,,(T,Df)

and

reM2(r, f) — 2°@Pne M2 (n, £) < 29@P)(r — n)*M2(r, Df).

Proof. Let z € U and 0 < s < 1. Since Df(rz) = d(sf(sz))/ds,
we deduce that

rf(r2) = nf(n2) = | D (s2)ds,
n
and thus
Irf(rz) =nf(n2)| < (r — 1) sup [Df(s2)].

If p < 1, then it follows from the Hardy-Littlewood maximal theo-
rem that

rPMp(r, f) = "My (n, f) < (r — )’ My (r, D).

If, on the other hand, p > 1 then Minkowski’s inequality applied to
the above identity gives

rMy(r, f) — nMp(n, f) < (r — n)Mp(r, Df).
It follows that for any 0 < p < 00

rO MO (5, f) — ™ O MO (n, f)
< (r—n)"P M (r, Df).

The first inequality of the lemma follows from this inequality by
letting 7 = 0. The second inequality follows by raising the inequality
to the power a/m(p), and the proof is complete. O
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PROPOSITION 5.4. Let f € H({U), 0 < p < 00,a,q9 > 0 and let
1
= /O M2 (r,Df)(1 —r)*te1dr
and
! a a -1
K(f) = /0 M2 (r, f)r*(1 — r) \dr.
Then K(f) < cKo(f), where ¢ = c(a, q,p) is constant given by

2
c(a,q,p) = _(9_(1__*__(12 {21/q2e(a,p)/q +4. 23(a+q)€(a,p)/q} ‘

Proof. Let § = 2~ [i+e(@r)l/a and define rp, = 1-6™, m=0,1,---.
Then

o Tm+1

K(f) =Y [ My, fyre (1 - r)dr
m=0QYTm
< Z My rm+1,f)7"m+1/ +l(1 — ) dr
é (1-49 Z M rm+1,f)rfn+16"m
m=0

1

5(1 — 6N (Jy + J1 + J3),
where

Ji = Mj(ry, f)ri, T = 2<(ep) z My (rm—1, f)Tm-10"",

and

)
= Z { 7'm+1a ) n m+1 2E(a’p)Mg(Tm—1, f)rgn—l} o™,

By Lemma 5.3,
Ji < M (ry, f) < My(r1,Df)

= 220 ([(0 = r)mdr) Me(r, D)

L a+g-
1 M3 (r,Df)(1 —r)** " dr

e
+ o

IA

6 Jr
Sa-i—q

/0 1 M2(r, Df)(1 - r)*+1dr,
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and so

Also,

Ty = 205 Mo (1 f)r8,0

m=0

< 9¢(a:p) 59 i < e M“( fre(1 - )q'ldr> __qéql_
= ’ (1 — g9)6em
e(a,p) qts a q—1
=2 - 6‘1/ My( — ) dr,
and thus

54
< 9cter) 9% pe( ).
Jo < 200 K (f)

Similarly, again by Lemma 5.3,

T3 < 2€@P) N (11 = 7)) ME (Pmg1, DF)IT™

m=1

= 2¢00P)§=e(1 = §2)2 > " M2 (rpmi1, Df)StO™
m=1
e(a, —-a 2 a‘ + q 5 o T a a+q—1
< 2¢(@P)g=a(1 — §2) e Z] M2 (r,Df)(1-7) dr

(52)0/ Ma( Df)( ,’,,)a+q—1dr,

(a,p) —(2a+q)
< 29%P)(a 4 q)d ey

and so

J. < Qe(a,p)(a+ )—(2a+4)wK (f)
3> q 1 — gatq OV

It follows that
(1 - 2P57) K (f)

§$U—Nﬂh+h)
( )(1 - 5(1) e(a,p 5(1 - 52)0.
LA (o geon T ki

K(f) < g0t 4 +4q {21/q26(ap)/q +4. 23a/q23(a+q)€(ap)/q} Ko(f),
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as desired.

In the next two results, we let

cn = 3- 25701, [on(1 4 210),

LEMMA 5.5. Let f € Ay(= H'), g € B(B) and h = (f * g)o.
Then h € L(U™) with

lh = R0)lz < callf — F(0)l10llg — 9(0)||5(B)-

In particular, B(B) C (A, L(U™)),.

Proof. Fix an integer k, 1 < k < n, and use Proposition 5.4, with

= oo and a = g = 2, for Sh(zp), -, 2®) € H(U), (2x),2®) €
U™!. Note that by Proposition 3.2, h € H(U™). It follows, using a
change of variable, monotoneity and Theorem 5.2, that

1
2 (k)Y . 2
/(; M (r (z(k),z ) .akh) (1 —r*)2rdr
= 3/ M2 3/2 2(k)» z(k)) : 6kh) (1 — r®)ridr
< 9/ Oo Z(k), ) : (9kh) 7‘2(1 —r)dr
< 9¢(2,2, )/ z(k) P )) : ’Dk(akh)) (1 —r)3dr
< 9¢(2,2,00)47 7 IIf FOITollg = 9(0) Iz -
Consequently,

[Ih = h(0)IIZ

n 1 ) . \
= & s M (5 (w0, 2) k) (1= r)2rdy
=1(2(k)>% n

< n322" P (1420 |1 = FO)I3 5 llg — 905y »
O-

and the proof is complete.

THEOREM 5.6. Let ¢ > 0,f € A, g € B(B) and h = (f * g),-
Then h € L(U™) with

IR = h(0)llz < callf — F(O)ll14llg — 9(0)lln(B)-
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In particular, B(B) C (A}, L(U™))q-

Proof. By Lemma 5.5 we may assume that ¢ > 0. For0<r <1
and z € U" we have

(Fr2 902)o(2) = [ fa(E)gra(z - D)o (€)

and thus .
h = » % gr)od
/0 (f *g )0 Vq(T)

where dy, is the previously defined probability measure on (0, 1).
It follows from Lemma 5.5, the triangle inequality, and Proposition
2.2 that

5= hOle < [ 102 * golledra(r)
< en [ 1z = 7O)hollgr — 9(0)lceydve(r)

< aallg = 9O)ls [ 15 = F@ lodia(r)

The desired result now follows by observing that ||f. — f(0)|l10 <
| fv7 — f£(0)l1,0, and that

15 = FO)lha= [ 1fye = FO)lsodua(r)
O

Finally, we prove the following result which was alluded in the
previous sections.

THEOREM 5.7. For any q > 0, we have
B(B) = (A;(B),ﬁ(un))q = (A;(B),VMOA(U"))q
= (A)(B), BMOA(U"))q = (Ay(B), Bo(U™))
= (4;(B), B(U"))q.

q

Proof. Using Proposition 2.4, Theorem 5.1 and Theorem 5.6, we
have

B(B) C (A;,c(U"))q C (A;,VMOA(U"))q
c (45, BMOA(U"))q c (4;, B(U"))q c B(B)
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and
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B(B) C (A;,L(U"))q C (A;,VMOA(U"))q
c (45, B(U™), < (4, BU™), < B(B),

concluding the proof. O
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