
Pacific
Journal of
Mathematics

CHARACTERS OF SUPERCUSPIDAL REPRESENTATIONS OF
SL(n)

FIONA ANNE MURNAGHAN

Volume 170 No. 1 September 1995



PACIFIC JOURNAL OF MATHEMATICS

Vol. 170 No. 1 1995

CHARACTERS OF SUPERCUSPIDAL REPRESENTATIONS
OF SL(N)

FIONA MURNAGHAN

Let Θπ be the character of an irreducible supercuspidal rep-
resentation π of the special linear group SLn(F), where F is
a p-adic field of characteristic zero and residual characteristic
greater than n. In this paper, we investigate the existence of
a regular elliptic adjoint orbit Oπ such that, up to a nonzero
constant, Θπ (composed with the exponential map) coincides
on a neighbourhood of zero with the Fourier transform of the
invariant measure on Oπ. When such an orbit Oπ exists, the
coefficients in the local expansion of Θπ as a linear combina-
tion of Fourier transforms of nilpotent adjoint orbits are given
as multiples of values of the correponding Shalika germs at Oπ.
Let q be the order of the residue class field of F. If n and q — 1
are relatively prime, we show that there is an elliptic orbit On

as above attached to every irreducible supercuspidal π. When
n and q — 1 have a common divisor, necessary and sufficient
conditions for existence of an orbit Oπ are given in terms of
the number of representations in the Langlands L-packet of

1. Introduction.

Let d(π) be the formal degree of π. Our aim is to determine the conditions

under which there exists a regular elliptic element Xπ in the Lie algebra of

SLn(F) such that

(1.1) Θπ(expX)=d(π)μo(xir)(X)

for all regular elements X in some neighbourhood of zero in the Lie algebra.
Here fio(x*) denotes the Fourier transform of the orbital integral associated
to the AdSLn(F)-orbit Oπ = O(Xπ) of Xπ. An AdSXn(F)-orbit O is said
to be nilpotent if it consists of nilpotent elements. Harish-Chandra ([HC2])
proved that there exist constants co(π) such that

Θπ(expX)=
O nilpotent
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for regular elements X in some neighbourhood of zero. If (1.1) holds, the
coefficients in Harish-Chandra's expansion have the form

(1.2) co(τr) = d(π) TO(X*), O nilpotent

where Γo is the Shalika germ associated to the orbit Ό.
In an earlier paper ([Mul]), under the assumption p > n, (1.1) and

(1.2) were proved for all irreducible supercuspidal representations of GLn(F).
As shown by Howe ([H]) and Moy ([Mo]), the equivalence classes of irre-
ducible supercuspidal representations of GLn(F) correspond bijectively with
the conjugacy classes of admissible characters of multiplicative groups of de-
gree n extensions of F. If θ is such a character, π# denotes an element of
the corresponding equivalence class of representations. An irreducible su-
percuspidal representation of SLn(F) is a component of the restriction π'θ of
some 7Γ0 to SLn(F). Moy and Sally ([MS]) studied the decompositions of
the representations π'θ.

Moy and Sally realized certain (not necessarily irreducible) components
of π'θ as representations induced from finite-dimensional representations of
open compact subgroups. The inducing data for one of these components W
is the restriction of the inducing data for πθ to SLn(F). If Xπθ is the element
of the Lie algebra of GLn(F) appearing in (1.1) for π — πθ, set

Th

where In is the n x n identity matrix. §2 is devoted to proving (Proposi-
tion 2.6)

Λ(l)"1 / fθ{k'Ύe^Xk)dk= ί φo(tτSθ Adk-χ(X))dk,
JK JK

where /# is a particular matrix coeffient of π, ψ0 is a nontrivial character of
F, K is a certain open compact subgroup, and X is any nilpotent element
in the Lie algebra of SLn(F). Many results in §2 are proved by modifying
similar results in §3 of [Mul].

In Theorem 3.2, using Proposition 2.6 and results of Harish-Chandra, we
show that (1.1) holds for π = π9, g in GLn{F), with Xπ = Adg(Sθ). It
then follows that (1.2) also holds (Corollary 3.5). Necessary and sufficient
conditions for the representations π9 to be irreducible are determined in
([MS]). When these conditions are satisfied, the irreducible components of π'θ
are all of the form W9 ([MS]), and thus (1.1) and (1.2) hold. These irreducible
components make up an L-packet of supercuspidal representations, and the
associated Xπ's make up a set of representatives for the orbits within the
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stable orbit of SQ. These results are summarized in Corollary 3.6. If n and
q — 1 are relatively prime (recall that q is the order of the residue class field
of -F), the representations πg are irreducible for all admissible characters θ
([MS]), and therefore (1.1) and (1.2) hold for all irreducible supercuspidal
representations of SLn(F).

The case where W is reducible is considered in §4. The irreducible compo-
nents of π'θ still form an L-packet of supercuspidal representations, and we
can associate the stable orbit of S$ to this L-packet. However, as proved in
Theorem 4.5, if π is an element of the L-packet, (1.1) does not hold for any
Xπ. As shown in §3, appropriate direct sums of elements in the L-packet
(that is, the representations πg) satisfy (1.1) and (1.2) with Xπ in the stable
orbit of Sβ.

Suppose n is prime. Although (1.1) may not hold, modulo determination
of the values of the Shalika germs on the regular elliptic set, the coefficients
co{π) appearing in the local character expansion of an irreducible supercus-
pidal representation are known for all nilpotent orbits O. For details, see
remarks at the end of §4. In this case, Assem([As]) has obtained explicit
formulas for the functions fio-

Results of type (1.1) and (1.2) have also been proved for supercuspidal
representations of the unramified 3 x 3 unitary group ([Mu2]) and other
classical groups ([Mu3]).

2. Preliminary results.

Let n > 2 be an integer which is prime to the residual characteristic p of F.
Let G = GLn(F) and Gι = SLn(F). To each admissible character θ of a
degree n extension of F, Howe ([H]) associated a finite-dimensional represen-
tation κθ of an open, compact mod centre subgroup Kθ of G. The induced
representation π# = I n c ^ K>Θ is irreducible and supercuspidal. In this way,
Howe defined an injection from the set of conjugacy classes of admissible
characters of degree n extensions of F into the set of equivalence classes of
irreducible supercuspidal representations of G. Moy ([Mo]) showed that this
map is a bijection. That is, every irreducible supercuspidal representation
of G is equivalent to some π#.

Prom this point onward, we assume that p is greater than n. The main
result of this section, Proposition 2.6, is the analogue of Proposition 3.10 of
[Mul] for a certain (not necessarily irreducible) component of the restriction
of πθ to G'.

Let E be a finite extension of F such that the degree of E over F is prime
to p. We shall write OE for the ring of integers in J2, pE for the maximal
prime ideal in O#, and wE for a prime element in OE. Let NE/p and tτE/p
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be the norm and trace maps from E to F.
Fix an additive character φp of F having conductor p^, that is, φp \ pF = 1

and φF I Op Φ 1. In later sections, Fourier transforms will be taken relative
to the additive character ψ0 of F defined by φo(x) = ΦF{Ή%)- Set φE =
ΦF ° tτE/F.

If θ : Ex —>> C x is a continuous quasi-character of Ex , the conductoral
exponent /JS(0) of 0 is the smallest non-negative integer i such that 1 + p%
is contained in the kernel of θ.

Let θ be an admissible character ([H] or [Mo]) of the multiplicative group
of a degree n extension E of F. In §3 of [Mul], an element of E was
associated to each such θ. In this paper, we call that element XQ, For
completeness, we restate the definition here.

Lemma 2.1 ([H]). There exists a unique tower of fields

F = Eo C Ex C C Er = E

and quasi-characters χf <^χ,..., φr of Fx, Ex,..., Ex respectively, with φ8

generic over Es_ι and such that

θ=(χo NE/F)(ΦI ° NE/El) ---φr.

The conductoral exponents are unique and satisfy

fE{Φι°NE/El)> '> fE{Φr).

For the definition of generic, see [Mo], [MS] or [Mul]. Set

\fEΛ{Φs)+n-V
i(s) =

n

Because p > n, the function x H* φs (Σ0<m<n-i χm/m}-) is a character of

pι^*\ 5 = 1,..., r — 1. Thus there exists cs G Es such that

If fε(Φr) > 1? cr is defined as are c x,. . . ,cr_i. If fεiΦr) = 1> cr is taken to be
a root of unity in OE such that cr + PE generates OE/PE over O ^ ^ / p ^ ^ .
cs is not defined the same way as the element cs of [MS], though it does
satisfy the definition in [MS]. XQ is given by
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Lemma 2.2 ([Mul], Lemma 3.4). E = F[XΘ}.

Thus Xθ is a regular elliptic element of g.
Let Ms = EndEaE+. For i > 0, set

This definition is extended to all integers via Λe

8

3+ι = ΐZ7#3*4*, where es is
the ramification degree of Es over F. p°E is understood to mean OE

Let j s = / ^ o Λfe,^). If j , > 1, set is = js/2] and m s = [(j, + l)/2]. If
j r = 1, set i r = mr = 1. Define

_ ( )( ) ( Λ r o i ),

ϋΓ̂  is defined similarly, except with ΐ5 replacing m s. In [Mul], the notation
K'θ was used instead of Kg. However, in this paper, A1 denotes AπG',
where A is a subset of G. The inducing subgroup for 7Γ# is KQ — ExKβ.
KE = (*AQ)X ιs a n ° P e n compact subgroup of G. If C is an open subset of
K'E and g' is the Lie algebra of G', set

= [ ψo(tτ(X Adk~ι{Y)))dk, I ^ G f i .

Here, tr denotes trace. As in [Mul], given X in Q define

eκE\i + Adk~ι(X) eκθ)

eκE\ι + Adk-^x) eκθ).

It is easily seen from our description of Λl in §3 of [Mul] that det(l +
C 1 + PF Because p does not divide n (p > n), given a; € 1 + PF5 there

exists a unique y € 1 + P F such that yn = x ([Ha], p. 217). Given h € 1+-4J,
let d(/ι) be the scalar matrix y times the identity matrix, where y € 1 + PF
is such that yn = det Λ"1. Thus det d(/ι) det h = 1. Viewing ^4^, m > 1, as
a subset of *4J, define

Let λί be the nilpotent subset of g. Since a nilpotent matrix has trace
zero, Λf is also the nilpotent subset of g'.

Lemma 2.3. Assume X G ΛΛ
(1) Ifjr>l, thenI{Xe,X;K'E) =
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(2) Ifjr = l andXeΛl then l(Xθ,X;Kf

E) =I{XΘ,X-Hf

x).
(3) Ifjr = l andXφAl then 1(XΘ,X;K'E) = 1(XΘ,X;H°X').

Proof. The proofs of Lemmas 3.7-9 of [Mill] can be modified slightly to
obtain a proof of this lemma.

First, assume that r = 1. In this case Kθ = 1 + A™1. X E Ao - A^+1

for some integer i. If i > m 1 ? then H'x — K'E. If j x = 1 and i = 0, then
Hχf — K'E. Therefore, we assume that i < m x if j λ > 1, and i < 0 if
j i = 1. Since H'x = 0 if jΊ > 1, and Hx' — 0 if j λ — 1, we must show that
1(XΘ, X\ K'E) = 0. Let ί = [(jΊ - i + l)/2]. At this point, in [Mul], an extra
integration over 1 + AQ was introduced. Since 1 + AQ is not a subset of K'E,
we introduce an integration over the subgroup B^ of K'E. 1(XΘ,X; K'E) is a
nonzero multiple of

[ ί φo

It suffices to show that the inner integral vanishes for all k E KE. Given
6 G BQ, write b = d(h)h, h E 1 4- AQ. Since d(h) is a scalar matrix,
AdίA*)- 1 ^) - AdCA / i ) - 1 ^ ) for all k E if^. Therefore, the inner inte-
gral equals

/ o (tr (X, Adikh)-1^))) dh,

which, as shown in the proofs of Lemmas 3.7-9 of [Mul], equals zero.
Assume r > 2. When i > 1, this case is argued as in the proof of

Lemma 3.7 of [Mul], except that the integrals over KE and 1 + A™, for
appropriately chosen ra, are replaced by integrals over K'E and B™. Since
b E B™ has the form d(h)h for some h E 1 + A™ and d(h) is scalar, the
integral over B™ equals the integral over 1 + Λ.™, and thus has the vanishing
properties required to prove the lemma. The proof for i < 0 is obtained the
same way as Lemmas 3.8 and 3.9 of [Mul]. D

The next lemma will be used in the case j r = 1.

L e m m a 2.4. Let ψ be a nontrivial character of a finite field F. Let G —
GLm(F) and G1 = SLrn(F), m > 2. Suppose that \ | denotes cardinality,
and tr is the trace map on the Lie algebra of G. Let S, resp. X, be a regular
elliptic, resp. arbitrary, element of the Lie algebra of G. Then

Proof. It suffices to show that
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is independent of the choice ofyeG. E = F[S] is a degree m extension of F.
Since the norm map N^/p fr°m E x to F x is onto, there exists a G E x such
that NE/F((X) = dety. Identifying a with an element of G which commutes
with 5,

φ{tτ(SAd(xy)-1(X)))=:φ(tτ(Ada(S)Ad{ay-1χ-1) (X)))

Because det(αy~1) = NE/F(a)dety~1 = 1, ay""1 can be absorbed into the
sum over x G G*'. D

Suppose π^ = 1U^ΘKQ. Let p# be the character of /̂ .̂ Define /^ : G —>

by

{ /OOOE) if X G ifβ,

0 otherwise.

The representation

is a supercuspidal representation of G' and is a component of the restricton

of 7Γ0 to G1 ([MS]). The restriction of f$ to G' is a matrix coefficient of π.

Define

(2.5) SΘ = XΘ-

where / n is the n x n identity matrix.

Proposition 2.6. Let X eλf. Then

Proof. Because tr X = 0, and X# and 5^ differ by a scalar matrix,

1(XΘ,X',K'E) =

Thus in the statement of the proposition Sβ can be replaced by Xθ.
The proof of this proposition is a slight modification of the proof of Propo-

sition 3.10 of [Mulj.
The representation κθ is a tensor product (χ o det) ® κx ® ® κ r. p5,

1 ^ s < r, denotes the character of κs.

As observed in [Mul], if X E ΛΓ, then

expX G jRΓβ 4=Φ expX G Kβ
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Thus

/β(l)"1 I fθik-'expXtydk^pβil)-1 f Pβ(k-ιexpXk)dk.
Jκ'E JHX>

Case 1: As shown in [Mul], if X G Λί, then

Pθ(expX) _ ίΦo(tr(XθX)), if expX e tfβ,

\ i f

Therefore

Λ(l)"1 / fθik-'expXtydk^ ί A(tr(Xθ Adk-'
Jκ'E JH'X

= 1(XΘ,X;H'X)=1(XΘ,X;K'E).

The last equality is Lemma 2.3(1).
Case 2: j>'r = 1. The representations κ s, 1 < ŝ < r — 1 and κ r are considered
separately.

A certain cuspidal representation of the finite general linear group

is used to produce the representation Kr. Lemma 2.4 shows that the Green
functions attached to elliptic Cartan subgroups are the same the finite gen-
eral linear and special linear groups. As shown in Proposition 3.10 of [Mul],
if x G λί is such that expX G Kβ, then

pr(expX)

A (l)

By Lemma 2.4, we may replace (calA^_xJ with (calA^_λ) ΠG' in the above

integral.
For 1 < i < r — 1, define

Ks = (1 + Air_x) •••(!+ A];+1) and Ls = (1 + A8'_ι) • (1 + ̂ o1)-

Set Lo = {1}. As was shown in [Mul], if X G λί is such that expX G Kθ,

7i+^ 1^F(tr(c.AdΛ- 1(X)))rfΛ

if expX G ϋΓβ(l + ATJJL,-! U ( ^ - ϋΓβLθ),

0 otherwise.
Ps(l)
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Arguing as in the proof of Lemma 2.3,

/ φF (tr (cs Adh~ι(X)))dh= ί ψF (tr (c. Ad6"1 (X))) db.

Let X β Λί. If X G Λl and expX G Kθ - Kθ, then expX G KSLS -
Ks(l + A™lι)Ls_-ι for some 5, so ps(expX) = 0. Thus /^(expX) = 0. All
remaining X E λί such that exp X EKQ satisfy one of the following:

(i) X e Λl and expX eKθ _
(ii) XeΛl-Λl and expX e # , .

For these X,

(27) ^ μ
PW J{(°r-l) ΠG')

r - 1

/ 1 d/i.

To obtain the second equality argue as in [Mul] (following equation (3.14)).
Here

r - l

s-\

is a subgroup of K'E. It follows from (2.7) that for X G λί Π .4J,

ί fθ(k-1expXk)dk = pθ(l)-1 f
Jκ'E JH

= ί ί φoitiiX
JH'χ JLΘ

dhdk

The last equality holds because H'x is invariant under translation by Lθ. A
similar equality holds for X G λί Π (AQ — w4J), except with Hx replaced by
H%. If X G Λf and X g 4̂g, then /^(fc"1 expXfc) = 0 for all *r G JSΓ̂ , and
fί^' = 0. Apply Lemma 2.3(2) and (3) to complete the proof. D
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3. The character off asa Fourier transform.

Let θ be an admissible character of the multiplicative group of a degree n
extension E of F. Define

GE = EXG' = {x G GI detz G NE/F(EX) }.

As in §2, π denotes the supercuspidal representation of G' defined by

Then ([MS])

(3-1) π,|G'= φ Ψ,
geG/GE

where πg(x) = π(g~1xg)7 x G G\ g G G. Two of the main results, Theo-
rem 3.2 and Corollary 3.5, are proved for the representations τrp, g G G/GE-
As a consequence (Corollary 3.6), (1.1) and (1.2) hold for the irreducible
components of πθ \ G' whenever there are exactly \FX

 /NE/F(EX)\ such com-
ponents.

Given / in C^°(g'), the space of locally constant, compactly supported,
complex-valued functions on g', let / be the function in C^°(g') defined by

f(X)= ί φo(tτ(XY))f(Y)dY.

The Haar measure dY on g' is assumed to be self-dual with respect to Λ
Given X in g', O(X) denotes the AdG'-orbit of X. If μo(x) is the distribu-
tion given by integration over the orbit O(X), the Fourier transform fio(x) is
given by μO(X)(f) = μo(x)(f), f in Cc°°(g'). Let g'reg be the regular subset of
g'. Recall ([HC2]) that μo(x) can be realized as a locally integrable function
(also called μo{x)) on g' which is locally constant on g'reg. If a representative
of an orbit O is not specified, the notation μo and fio will be used for the
corresponding orbital integral and its Fourier transform.

Fix a Haar measure dx on G1. If X is a regular elliptic element in g', the
measure on O(X) is normalized to equal dx. Formal degrees of supercuspidal
representations are computed relative to dx. Haar measure on any compact
group is normalized so that the total volume of the group equals one.

Let g' * be an open Ad G-invariant subset of g; containing zero such that
exp : g'* -> G' is defined and exp(Ad#(X)) = xexpXx'1 for x in G and X
in g'*. Fix an integer I > 1 such that g(p£) C A^1. Choose an integer i large
enough that, if Vπ = g(p%
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{*, n(l + e(F/Qp))/(p-n + l)}.

Theorem 3.2. Let Sθ be as in (2.5). Then, ifgeG and X G Adg(Vn) Π

βreg>

Θ¥ 9(expX) = d{ΊP) μo(Ad g(sβ))(X)-

Proof. By definition of τfp,

and d(W9) = cί(τr). Also

βreg, Y G fl'

Therefore, it is sufficient to prove the theorem for g = 1.
Let ίίo be any open compact subgroup of G'. As shown in Lemma 4.1(1) of

[Mul], Harish-Chandra's integral formula for μO(sθ)(X) ([HC2], Lemma 19)
can be rewritten as:

(3.3)

μo(St)(X)= ί ί ί φoitri
JG> JKO [JK'E

= / ( τ{sθ,kά{kx)-ι{X) ,κ B)dkdx,
JG JKo

Since fβ \K'Θ is a matrix coefficient of π, Harish-Chandra's integral formula
for θψ, ([HC1, p. 60]), can be rewritten as ([Mul], Lemma 4.1(2)):

(3.4) θ^(expX) = ^ r ί f
M l ) JG' JKo K'E

fθ{(kxh)-1(expX)kxh)dh\dkdx,

J

Fix x € G' and k G K'B. Then there exist Y € M and Z € K such that
= y + Z. This follows from (see Lemma 4.2 of [Mul])

Ad a;"1 (flip4)') C JV + flip*)', as G G', < > 1.

As shown in the proof of Theorem 4.3 of [Mul],

fβih-1 exp(Y + Z)h) = Mh-^expYW, h € K'E.

It follows from trΛJ C pF and wFΛ^ = Jg~e, e = e(E/F), that tr .4^ C
pKm-i)/β]+i_ A g a c o n s e q u e n c e of WpχB e A^h+1 and 2 G 4 \ we have
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XΘZ e WplΛl tτE/FXθ = tτXθ e p[pjl/e]+1 and tr Z e p[^jl~1)/e]+1. There-
fore,

ψo(tτ{S0Z)) = ψo(tr(XθZ))ψo(tτE/F XβtrZ)-1 = 1.

Thus
φo(tv(Sθ(Y + Z))) = ψo(tτ(SθY)).

We can now apply Proposition 2.6 to the inner integrals in (3.3) and (3.4),
completing the proof. D

Let (λί)1 be the set of nilpotent AdG'-orbits in g'. Suppose π is an
admissible representation of Gf of finite length. If O G (Λ/y, cσ(π) denotes
the coefficient of μo in Harish-Chandra's local character expansion of π at
the identity ([HC2]):

Θπ(expX) =

for X e Q'reg sufficiently close to zero. For 0 E (Λί)', let Γo : g'reg -» R be
the Shalika germ corresponding to O ([HC2]).

Corollary 3.5. Let g EG. TΛen

(π^) = d(Ψ)Γo(Adg(Sθ)), O 6

Proof. As follows from Lemma 21 of [HC2], there exists an open neighbour-
hood V of zero in g' such that:

The corollary is now a consequence of Theorem 3.2 and the linear indepen-
dence of the functions μ o, O e (Λf)' ([HC2]). D

An irreducible supercuspidal representation of G1 is a component of πθ \ G',
for some admissible character θ of i? x , where E is a degree n extension
of F ([MS]). Each πθ decomposes with multiplicity one upon restriction
to G1 ([T]). An L-packet of supercuspidal representations of Gr consists of
the irreducible components of the restriction of an irreducible supercuspidal
representation of G to G' ([GK]).

Suppose θ is such that j r = 1. Since φr is a character of Ex which is
trivial on 1 + p#, φr may be viewed as a character φr of E x , where E is the
residue class field of E. Let Nι be the kernel of the norm map from E x to
Ex_j. As in [MS], we define φr \ Nx to be regular if the number of distinct
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conjugates of φr \ Nx under the action of the Galois group of E over EΓ_! is
equal to [E : Er_χ].

Corollary 3.6. Let π be an irreducible supercuspidal representation of G1'.
Choose θ such that π is a component of ΈQ \ G'. Suppose one of the following
conditions holds:

(ί) jr > 1,
(ii) j r = 1 and φr \ Nι is regular.

Then there exists a regular elliptic XΈ E gf such that
(1) Θπoexp = d(π)μo(χπ) on some open neighbourhood of zero intersected

withQf*ng'reg,

(3) The L-packet ofπis{π9\ge G/GE}. (1) and (2) hold for π9 with

Xπ9=Adg(Xπ).

Proof. As proved in [MS], conditions (i) and (ii) are necessary and sufficient
for each of the representations f s , j G G/GE, to be irreducible. In that case
(see (3.1)), the representations πg are the members of the L-packet of π, and
(1), (2), and (3) are restatements of Theorem 3.2 and Corollary 3.5. D

Remark 3.7. Moy and Sally showed that if n and q — 1 are relatively prime,
then, whenever j r = 1, ^r|iVi is regular ([MS],Cor. 3.15). Therefore, (1)
and (2) hold for all irreducible supercuspidal representations of Gf when n
and q — 1 are relatively prime.

Two elements Xι and X2 of g' are stably conjugate if there exists g in G
such that X2 — Adg(Xχ). The stable orbit Ost(X) of X in g' consists of the
set of stable conjugates of X. Given 0, since E = F[Sβ] and Sβ £ Q'reg,

Ost(Sθ) = UgeG/GEO(Adg(Sθ)).

To the L-packet of supercuspidal representations of G' consisting of the com-
ponents of πθ I G', we associate the stable orbit O8t(Se). Of course, the choice
of θ is not unique. However, as discussed in §4 of [MS], any two choices for
theta must satisfy certain conjugacy conditions. Corollary 3.6 deals with
those L-packets which contain \FX/NE/F(EX)\ — \G/GE\ representations.
In this case, the representations in the L-packet correspond to the AdG'-
orbits in the associated stable orbit via Corollary 3.6(3). If an L-packet
contains more than \FX/NE/F(EX)\ representations, we do not have such
a correspondence. The elements if the L-packet are the irreducible compo-
nents of the representations π 5, g in G/GE- This case is discussed in more
detail in the next section.
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4. The case π reducible.

Let π be an irreducible supercuspidal representation of G'. Choose an ad-
missible character θ such that π is a component of ΈQ \ G*. Let E be the
associated degree n extension of F. Define

Here, ~ denotes equivalence of representations. Set π'θ = πθ \ G'. By [T]

g€G/G(π)

In this section, we assume that the L-packet of TΓ contains more than
\F*/NE/F(EX)\ representations. That is,

(4.1) \G/G(π)\ > \F*/NB/F(EX)\.

This is equivalent to the representation π being reducible ([MS]). The pur-
pose of this section is to prove that Θπ o exp is not a multiple of the Fourier
transform of a semisimple orbit on any neighbourhood of zero (Theorem 4.5).
In order for (4.1) to hold, it is necessary that n and q — 1 have a nontrivial
common divisor (see Remark 3.7).

Let i G j ' . We assume that the measures on the orbits in the stable orbit
Ost(X) of X are normalized so that

μo(x)(f9) =

Here f'{X) = /(Ad^pO), X € β'.

Lemma 4.2. co(π9) = cAdg-i.o(π), O G (λf)', g eG.

Proof. The above compatibility conditions on the measures on Ό and Ad p O,
O e {M)', imply that

/WoPO = μoiAdg-^X)), X e fl^

The lemma follows from a comparision of the local character expansions of
π and πg and the linear independence of the functions /ϊσ, O G (Λ/')', on
neighbourhoods of zero intersected with βj.e5 . D

Given O G (Λ/")', let C?st be the stable orbit containing Cλ C?sί is an
AdG-orbit in g'. Define a measure μOat on O8t by:
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Lemma 4.2 holds for any smooth admissible representation of G' of finite
length. Therefore, since (π'θ)

9 ~ π'θ for all g in G, the coefiicients co(π'θ)
coincide for all orbits O contained in a stable orbit Ost. Let cOat(πβ) denote
their common value. Then

<UexpX)=
O.tCλf

for X in g'τeg sufficiently close to zero.

Lemma 4.3. Choose g € G such that π is a component ofπ9. Let O € (Λf)'
(l)IfAdg O = O for all g G GE, then

(π) = d(π)To(Adg(Sθ)).

(2)IfAdg O = O for all gβG, that is, O = Ost, then

Proof. (1) Since π'θ decomposes with multiplicity one, π9 also decomposes
with multiplicity one. Thus ([T])

xeGE/G(π)

Applying Corollary 3.5 and Lemma 4.2,

(wη = d(ψη To(Adg(Sθ)) =
x€GE/G(π)

-i o(π) = \GE/G{π)\co(π)
xeGE/G(π)

to obtain (1).
(2) Assume O = Ost. By linear independence of the Fourier transforms

of nilpotent orbits, and Lemma 4.2,

geG/G(π) geG/G(π)

D

Remark. As (4.1) was not used in the proof, Lemma 4.3 holds for all
irreducible supercuspidal representations of G'. In general there exist O E

y which are stable under AdG#, but not under AdG.
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Let (Λfreg)' denote the set of regular (maximal dimension) nilpotent Ad G'-
orbits in g'. Define w(π) to be the number of orbits O in (Nreg)' such that
Co(π) is nonzero.

Lemma 4.4. The L-packet of π contains w(π)~1\Fx/(Fx)n\ representa-
tions.

Proof Up to a positive constant depending on the normalization of the mea-
sure on O E (Λfregy, co(π) equals the multiplicity with which some Whit-
taker model occurs in π ([Ro]). As shown in Remark 2.9 of [T], for each O E
(Λfreg)', there exists exactly one g E G/G(π) such that co(π9) φ 0. The de-
terminant map factors to an isomorphism between G/FxGf and Fx/(Fx)n

and {Mreg)' is the disjoint union of the orbits kάg O, g E G/FXG' ([Re]).
Thus

g£G/G(π)

By Lemma 4.2, w(π9) — w(π). Therefore

D

Theorem 4.5. Assume that (4.1) holds. cί(π)~1Θ7r o exp | V̂  Π fl^ep is not
of the form fio(x) I V Π Q'reg, for any X E Qf

reg and open neighbourhood V of

zero in Q' .

Proof. Suppose that Θπ o exp and \fio{x) coincide on V Π g'reg for some
constant λ and neighbourhood V, where X E Qf

reg. Then

co{π) = XΓo{X), θ£(λf)'.

(To see this, argue as in the proof of Corollary 3.5.) Since C{0}(π) =
d{π)T{0}{X) φ 0, ([HC2]), λ = d(π). Also, X is elliptic, because Γ { 0 }

vanishes off the regular elliptic set ([HC2]). Let L be the degree n extension
of F such that Lx is isomorphic to the stabilizer of X in G.

By Theorem 6.3(i) of [Re], if O E (KegY and g E G,

[ 0 otherwise.

Suppose det^ E NL/F(LX). By Lemma 4.2,

= co(π),
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Since there exists an O G (λfregY such that co(π) φ 0 ([T]), w(π) =
\NL/F(Lx)/(Fx)n\. Thus, given the relation between w(τr), |G/G(π)| and
| F x / ( F x ) n | described in the proof of Lemma 4.4,

For # such that det# G NL/F(LX), the relation

= d(π) ΓO(X)

, O E (Keg)',

together with the fact that there is exactly one g € G/G(π) such that cσ(π9)
is nonzero ([T]), implies that g E G(π). We can now conclude that

GW = { j e G | detgeNL/F(Lx)}.

Choose O G (ΛίregY such that co(τr) ^ 0. Fix x £ G such that TΓ is a
component of πx. Then

geGE/G(π) g€GE/G(π)

the final equality resulting from ΓAdp-Lσ W = 0 whenever g G GE ~ G(π)
(because detg £ NL/F(LX)). By Corollary 3.5,

Since d(πx) = \GE/G(π)\d(π),

Repka ([Re]) computed Γ^ on the regular set in G'. Lifting the Shalika
germs from the group to the Lie algebra, and substituting the values of
ΓO(X) and To(Aάx{Sθ)), we obtain

(4.6) \NL/F(OΪ)/(O$)n\ (qn/eL - l)qn'^ \η(X)\"l/2

= \NE/F(EX)/NL/F(LX)\ \NE/F(Ox)/(Oxr\

. (qn/eE _ χ)qn/(2eB)
 /

Here η : greg -> C is the discriminant function ([HC2]), and eL and eE are
the ramification degrees of L and J2 over F, respectively.
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NL/F(LX) is a subset of NE/F(EX) (G(π) C GE). Since NL/F(LX) con-
tains an element of valuation n/eL and the valuation of any element of
NE/F{EX) is a multiple of n/e#, e^ is a divisor of eE. As a consequence,

JV*/F(O | ) = (OΪY* C (O£)e« = iVL/F(O£) C NE/F(O%),

so (O^) e t = (O£)eE. Thus

Therefore (4.6) becomes

eL (qn^ - \)q

n'^) \η(X)\1/2 = eB{qn'eB - l)<f/(2e=> \η(Adx(Sθ))\^2.

and qn'2eE\η{kάx(Sθ))\1'2 are powers of q. Because 9 is a
power of p, p > n, and eL and e# divide n, ê , and e^ are relatively prime
to q. Therefore (4.6) implies

T h a t is,

eE/eL = ( g n / e E - ΐ)-ι(qn/eh - 1) = 1 + qn/eE + •••+ ί »( β *- e ' )/( β *«*) > n ,

which is impossible. D

R e m a r k s . Suppose n = I is prime (not necessarily dividing ς — 1). Let TΓ
be any irreducible supercuspidal representation of G'.

(1) If O € (ΛO1 - (X-es)', then Ad g • O = O for every gζG ([Re]). Thus,
by Lemma 4.3,

co(π) = d(π)Γo(Sθ) = dWdK)"1^. W).

Lemma 4.3(2) was first observed by Assem([As]) in the case where π'θ has ί
irreducible components.

(2) The elements of an L-packet containing ί representations correspond
to G/GE (Corollary 3.6), and, if π belongs to the L-packet,

co(π) = d(π)To(Adg(Sθ)) , Oe (Me,)',

where g is a representative of the corresponding coset. If ί divides q—1, there
exist L-packets containing ί2 representations ([MS]). As noted in ([As]), the
elements of such an L-packet correspond to the orbits in (λίreg)\ each π being
identified with the unique O € {Mreg)' such that co(π) is nonzero (up to a
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constant depending on normalization of μo this nonzero coefficient equals
one ([Ro])).

(3) Modulo determination of the values of Shalika germs, (1) and (2) com-
bine to give the values of the coefficients Cσ(π), O € (ΛΓ)', for supercuspidal
representations of SLι(F).

(4) The functions fio, O € (Λf)'j were computed by Assem ([As]). Thus,
whenever the coefficients CQ(TΓ) are known, substitution of Assem's formulas
into the local character expansion of π yields a formula for the character Θπ

on a neighbourhood of the identity element.
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