SYMMETRIC MINIMAL SURFACES IN R?

Youyu XU

Volume 171 No. 1 November 1995



PACIFIC JOURNAL OF MATHEMATICS
Vol. 171 No. 1 1995

SYMMETRIC MINIMAL SURFACES IN R?

Youyu XU

Contents
1. Introduction 275
2. Preliminaries 276
3. Construction of symmetric minimal surfaces 282
4. Examples of symmetric minimal surfaces 287

1. Introduction.

A minimal surface in R® is called symmetric if its isometry group G is not
trivial. Here we define G to be the group of orientation preserving intrinsic
isometries on the minimal surface. The catenoid is an example of a sym-
metric minimal surfaces with isometry group G = SO(2)xZ,. The purpose
of this article is to answer the following question: What group can be the
symmetry group of a minimal surface in R3?

In [CMW], Choi, Meeks and White proved that, if a minimal surface
has a catenoid end, then any intrinsic local isometry of the minimal surface
may be extended to a extrinsic isometry; thus an element in the symmetry
group can be extended to a rigid motion of Euclidean space. As a corollary
(Corollary 2.2), one has: If M is a minimal surface in R® with finite total
curvature and embedded ends, and at least one of its ends is catenoidal, then
the symmetry group of M is a closed subgroup of SO(3). This corollary
shows that for minimal surfaces with catenoid ends, intrinsic and extrinsic
symmetry are identical. Again, since we only consider orientation preserving
isometries, reflection symmetries will be ignored.

Therefore the question is: Given G a closed subgroup of SO(3), is there
a complete immersed minimal surface in R® whose symmetry group is G?
Jorge and Meeks [JM] constructed a family of minimal surfaces whose sym-
metry group is the dihedral group D,, (n > 2). Barbanel [B] and Lopez [L]
found examples of minimal surfaces with trivial symmetry group and with
symmetry group C, &£ Z,.

We will prove the following main theorem (Theorem 4.9): If G C SO(3)
is a closed subgroup. and G % SO(2), SO(3), then there is a complete
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genus 0 minimal surface with finite total curvature and embedded ends,
whose symmetry group is G. We use a method which is similar to the
representation of minimal surfaces in terms of “spinors” in [KS] and [S].

The author would thank Rob Kusner for his helpful comments and sug-
gestions during the revision of the article. The author would also thank
Martin Traizet for his help in generating the minimal surface graphics in
this article, using Jim Hoffman’s MESH program from the G.A.N.G. Center
at University of Massachusetts, Amherst.

2. Preliminaries.

Let M be a complete minimal surface with finite total curvature and embed-
ded ends. Schoen pointed out that (cf. [Sc]) each end of M can be expressed
as a graph, after properly choosing the coordinate in R3, with

b1$1 + b2$2

72 72

+0(r?),

z3(z1, z2) =a log r+

where a > 0, and 72 = z? + z2.

We can compactify the surface by adding a point to each end. The result-
ing closed Riemann surface is denoted by M*. Let g be the genus of M*.
Then the total curvature of M is

(M) = /M KdS = —4n[(k — 1) — g],

where k is the number of the ends [JM].
One has the following result on the rigidity of the minimal surfaces:

Lemma 2.1 (H. I. Choi, W. H. Meeks and B. White{lCMW]). If M is a
minimal surface in R® and M contains a compact minimal annulus A whose
boundary curves lie on opposite sides of a plane P, then any isometry of M
can be extended to a Euclidean motion in the ambient space R®. Thus the
symmetry groups of such minimal surfaces are closed subgroups of E(3), the
Euclidean group of isometries of R3.

From [Sc] one can see that, when the minimal surface is of finite total cur-
vature and with each end embedded, then all its ends must be either planar
or catenoidal. Let Aut(M) denote the group of all orientation preserving
isometries of M. As a corollary of the above lemma, one has

Corollary 2.2. If M is a complete minimal surface of finite total curvature
with each end embedded and with at least one catenoid end, then Aut(M) is
a subgroup of SO(3).

We next develop an effective way to work with Aut(M) in case M* is
the Riemann sphere S? = CU oo = CP'. We will use 2 = 2 € CU oo for
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the meromorphic coordinate, where [2; z,] are homogeneous coordinates for

CP', and we often use ZZ Z] € PSL,(C). It

is well known that all Mobius transformations form a group M isomorphic

€ SL,(C) to represent + [CCL

to PSLy(C), in the following sense: A = + [z 2} € PSLy(C) corresponds to
the Mobius transformation u(z) = ezt b.
cz+d :

Let f(z) be a meromorphic function on S%. There are two homogeneous
polynomials of the same degree, p(z;, 2z2) and ¢(z;, 22), relatively prime to
each other with g(z;, z;) # 0, such that

p(Z;[, 22)
q(Z1, 22)

1) fz) =

Denote by S,53(C) the set of all 2 x 2 symmetric complex matrices. Define
a linear isomorphism ® : G — 8,,,(C) by

T .
(2) =z — —T1 — 1T I3

xz I3 Ty — il’z '
Furthermore, let
(3) B(z) = — det(®(z)) = 22 + z3 + 3.

An element of SO(3;C) is a linear transformation in C* which preserves
B(z). For any A € SL,(C), we define an action of A on S,42(C) as

X = AXAT, for X € 8,42(C).
This is a linear action on Szx2(C), and
(4) det(AX AT) = det(X).

Thus we have a homomorphism A : SL,(C) — SO(3;C) so that ®(h(A)z) =
A®(z)AT, for any z € C* and A € SLy(C). It is not hard to prove that

ker(h) = {[1 1} , [_1 B 1} } By studying the stablizers of elements in

Sax2(C), one may see that h is surjective. Thus h induces an isomorphism
h: PSL,(C) — SO(3;C).
Let R* = {z € C | T = z} be the real subspace of C*. Then

(5) SO(3) = {g € SO(3;0) | gk =R’}.
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Note that

—w, w
Q(R3)={[ ' 3] | Wi = wy, W3 = ws; wy, W, ngC}.

w3z Wy

Thus one can see that A € h~1(SO(3)) if and only if A = [—a_ﬁ_ g} , where

I

la|?> + |8*> = 1, that is A"1(SO(@3)) = SU(2). Let z = |z,| € 8%, A =
Z3

[Z 3} € SU(2). Let z = ad +;w2 be the complex coordinate of z under the

— T3
. o e, Xy t+izh ,
stereographic projection. Then if 2’ = = where ' = h(A)z, then one
]

b
may find that 2’ = et 7 Thus one sees that the action of SO(3) on S? is

cz+
equivariant with the action of SU(2) C SL,(C) under h.
Furthermore, since the symmetric space

50(3;C)/SO(3) = SL,(C)/SU(2) = B

is the 3-dimensional hyperbolic space, any compact subgroup of SO(3;C)
induces an action on H?. By Cartan’s theorem (cf. [Or]), this group action
must admit a fixed point in H?. Thus, we have:

Any compact subgroup of SO(3;C) must be conjugate to a subgroup of
S0(3).

Let ¥ € M be a Mobius transformation. A meromorphic function f(z)
is said to be y-invariant if f(y o z) = yo f(z). If f(2) is y-invariant for all
v € G C M, then f(z) is said to be G-invariant. On the other hand, given
a meromorphic function f(z), we denote its symmetry group by

Aut(f) ={yeM | foy=1of}.

Note that when Aut(f) = PSL,(C) we have f(z) = z.

Since M = SO(3;C) = PSLy(C), any Mobius transformation -y corre-
sponds to a pair of linear transformations on C?, defined as v* and y~, with
v+t = —4~. A homogeneous polynomial p(z;, z;) is said to be y-invariant if
there are constants c,+ = te¢,- such that p(y* (21, 22)) = ¢,+p(z1, 22), and
p(v (21, 22)) = ¢y-p(21, 22). A l-form 6 in C* is said to be vy-invariant if
there are constants ¢/, = £c - such that vt = c\+0, and 7770 = ¢ 0.
The following lemma by Doyle and McMullen can be used to find all mero-
morphic functions on S§? which are invariant under a given group G C M.
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Lemma 2.3 (P. Doyle & C. McMullen[DM]). A homogeneous 1-form 6
in C? is y-invariant if and only if there exist two y-invariant homogeneous
polynomials p(z1, z2) and q(z;, z;) which satisfy degp = degq—2 = deg0—2
and ¢,(7y) = c4(7) for any v, and

6= p(Zl, 22)(Z1d22 - ngzl) + dq(Zl, 2'2).

Corollary 2.4. A meromorphic function on S? is y-invariant if and only if
it has the form
oz, 2)z +q.,(21, 22)
f(Z) - )
p(zla Zz)Zz - qZ1 (z17 ZZ)
where p and q are two y-invariant homogeneous polynomials satisfying degp =
degq — 2, and ¢, = c,.

p(ZI, 2’2)

Proof. One only has to see that f(z) = —ﬁ is y-invariant if and only
q\z1, 42

if the vector field X;(z1, z2) = p(z1, zz)-i + q(z, 22)'—8‘— satisfies
(9271 822

(6) ’)’*Xf = C.,Xf

for some ¢, € C; and (6) is satisfied if and only if the 1-form 0(z;, 2;) =
q(21, 2z2)dz, — p(z1, 22)dz, satisfies v*0 = c,0. By Lemma 2.3, one gets the
corollary. O

For G C M, any homogeneous polynomial p(z;, z;) or 1-form @ is called
G-invariant if it is y-invariant for all v € G.

To get a meromorphic function f(z) with finite Aut(f) one can use Corol-
lary 2.2. Let G = Aut(f) and consider the orbifold §?/G. Let = : S* — S?/G
and ¢ € S?/G. Then

g2, 22) = H (¢221 — C122)

[¢1, C2lem—1(¢)

defines a G-invariant homogeneous polynomial. Conversely, it is not hard to
see that any G-invariant homogeneous polynomial is a product of such gy¢’s.
Ezamples of Homogeneous Invariant Polynomaials:

C, (The Cyclic Group of Order n). C, is generated by the Mébius trans-
formation z — €2™/"z. The orbifold S?/C, has two cone points [0] = [1, 0]
and [oo] = [0, 1]. Thus

@ ooz 7) = 71, @1, 2) =~
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and for all other ¢ = [(1, (2],

(8) qqi(z1, 22) = (21 — (23

D,, (The Dihedral Group of Order 2n). D, is generated by the Mébius
transformation z — €*™/*z and z ~ g The orbifold S?/D,, has three cone
points: [0} = [0, 1], [1] =[1, 1] and [ws,] = [¢%, 1]. Thus
9) Q[o](zl, 23) = 212, 4{1](21, %) = 27 — 23, q[wzn](zly z) =27 + z3,
and for all other ¢ = [(1, (3],
(10) qi)(21, 22) = (GF27 + (T25) (T2 — (T'27)-

Ay (The Tetrahedral Group). A, contains 3 elements of order 2 and 8
elements of order 3. They are

2 —z, ZF> -, zv—)—l
z
and
zH(_l)k(ﬂ:1+z)z—(1—z) H(_l)k(1+z)z—(i1—z)’ k=0, 1.

(1 +i)z+ (1 —19)

V3-1
2

(1+4d)z+ (£1—4)’

The orbifold S?/A, has 3 cone points [0] = [0,1], [v] = [ , 1 +’i],

E—————l—, 1 —z]. Thus

and [w] = [ 5

(11) qo)(21, 22) = n122(2f — 23),
qpj(21, 22) = 2+ 2\/§izfz§ + 23,
qu)(z1, 22) = 2§ — 2V/3iz222 + 23,

For all other ¢ = [¢;, (2],

(12)
qq(21, 2) = ({27 - G2)(G - GAB) (G + G (A +23) -

—(C¢] — & — 2G) 22y — (] — (3 + 2i6160) 21 23 )

Sy (The Octahedral Group). S4 contains A4, and 6 more elements of order
4 which are obtained by adding one more generator z — €%z to those of A,.
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The orbifold $2/8S, has 3 cone points [0] = [0, 1], [v] = [V3—1, 1+i],[u] =
[\/5 - ]-, 1]
(13) (I[O](ZI; 22) = »’lez(zi1 - Z;)

qi(21, 22) = 20 + 142125 + 23,

Qru(21, 22) = 2% — 332725 — 332 25 + 23°.

As (The Isocahedral Group). As has generators p, 7 and o with orders 5,
2, 3, respectively.

z
4r 2n
(%~ 1)z + (1 ¥
o: z+ (e . )ztf es,,..
(1—eFi)z+ (eFi — e~ F)

The orbifold has 3 cone points [0] = [0, 1], [v] = |3 + v/5 — 1/30 + 6v/5 }
and [i] = [, 1]. Then
(14)
gio) (21, 22) = z122(2° + 112025 — 2,°),
(21, 22) = 22° — 22821°25 + 4942{°2,° + 22827 2,° + 23°,
@iy (21, 2) = 23° + 52221°25 — 1000527°2,° — 100052;°23° — 52227 22° + 23°.

3. Construction of symmetric minimal surfaces.

Let M be a minimal surface in R® with finite total curvature, z be a local
coordinate on M, M be the universal covering of M. It is well-known that
there are 3 holomorphic functions on M, ¢.(2), & = 1, 2, 3, so that the
immersion of M in R? is given as

(1) o4(2) = o+ Re | T he(Q)dc,

and
#3(2) + $5(2) + ¢5(2) = 0.
$3(2)

$1(2) — ida(2)
By Corollary 2.2, Aut(M) C SO(3). For any p € Aut(M), let A,

h=t(p) = [Z ZJ € SU,(C) where h : SLy(C) — SO(3, C) is defined in

Moreover, g(z) = is the Gauss map of M.

az+b
cz+d

Section 2, and p,(z) =
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__Suppose M has genus 0, and let E be a finite set of point on S%2 = M* =
M. A global coordinate z : M — S? \ E is called an equivariant coordinate
if for any p € Aut(M), there is z, € R® such that

(2) p-z(2) = z(1y(2)) + 2,

where z(z) is the minimal immersion defined in (15), z, is a point in R®?
depending only on p. We have

Lemma 3.1. For any minimal surface conformally equivalent to S? \ E,
there exists an equivariant coordinate.

Proof. The coordinate z : M — S? can be extended to M* — S%2. If
p € Aut(M), then p, = zo0 po 27! is a Mdobius transformation of S?. Thus
z o Aut(M) o 27! is a subgroup in M. By the discussion in Section 2, it is
conjugate with Aut(M). Thus z induces z : M*/ Aut(M) — S?/ Aut(M).
So we have p - z(z) — z(p,(2)) = z,. 0

Thus we always assume that z is an equivariant coordinate on M. From
(16) we have
p - dz(z) = prdz(z).

Let
F(z) = [f;,(—¢1(<)—z‘¢z(<))d< 15, #(Q)d¢ ]
J26s(Qd¢ [L(81(0) —ida(Q))dc ]
e (=1 (2) — igha(2)) (2)
_ | (=¢1(2) — is(2))dz ¢s(2)dz
"F‘Z"[ p3(2)dz <¢1(z)—i¢z(z)>dz]'
We have

Lemma 3.2. For any p € Aut(M),
A,dF(z) AT = pdF(2),
where A, = h™'(p) € SL,(C).

Proof. Note that

i) - 3 (e 2

> E—E—df> = -;—(‘I)(Z)dz +Wd7),

and note that h™'(p) = A,. Then from (16), the definition of h and the
definition of dF, one gets the lemma. O
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Now we are going to construct symmetric minimal surfaces with Aut(M)
being a prescribed subgroup of SO(3). Let g(z;, 23) be a homogeneous
polynomial invariant under the action of G C SU(2),

a b 6 b
Q1 (21, 22) = q(glzl ZZ)’ 42(21, 22) = ‘1(2122 ZZ)'
_(12(21, Zz)

Then by Corollary 2.2, g(z) = is a G-invariant meromorphic

(11(21, 22)

2(2, 1
function on S?, where z = 2—1 Let n(z) = Z;Z’ 13 dz. Then it can be seen
2 ’

that
pan(z) = (cg(2) + d)’n(2),

for any A € G. Hence by the straightforward computation we get

. @@ @@ o,
Proposition 3.3. Let dF(z) = [n(z)g(z) n(z) ], then fe yA€QG,

A-dF(z) - AT = u,dF (2).
To “kill the periods” of the minimal surface, i.e., to guarantee that the

holomorphic immersion 1 : M — C® can be projected to R® with image M
being of finite total curvature, we have

Lemma 3.4. If dF € F(T(O’ 1)52 ® ngz(C)),

o1 (2)dz az(z)dz
dF(2) = [ag(z)dz a2(z)dz]

where ay,(2) are meromorphic functions on S?, det{(dF(z)) = 0 but dF(z) #
0, then

Res, a;(z) Res, as(z) 3
Res(:ag(z) Res, ay(z) € 3(K’)

Res, dF = [
for any zy, i.e.,

—Res, a1 (z) = Res, 05(2), Res, a3(2) = Res, as(z),

if and only if Re(® 1o F) : S —» R® is a complete minimal surface with
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as(z)

az(z)’

finite total curvature c(M) = —4w deg

Proof. Let

#i(2) = 5@ (@) - ax(2)),

$:(2) = S(e1(2) + aa(2),
$3(2) = a3(2).

Then it is not hard to see
$1(2) + ¢3(2) + ¢5(2) =0
and
2[I61(2)" + 22 + [85(2)°] = len(2)* + le2(2)[* + 2les(2)[* > 0.

Re [} #$:1(¢)d¢
Thus z — Re(® ' o F(z)) = | Re [ $2(¢)d(| is a complete minimal immer-

Re f:; $3(¢)d¢

sion with the induced metric
1
ds® = 3 [61(2)1> + |$2(2)” + |h3(2)[*] dzdz.

The minimal surface has a finite total curvature if and only if for any loop

C on §?,
Re § $4(Q)dC =0,
C

for k = 1, 2, 3, i.e, for any {;, € S?, Res, #i(z) € R. Thus Res, dF €
®(R®). When these conditions are satisfied, the total curvature c¢(M) =
— [3r 9°(dS) where g is the Gauss map. Thus ¢(M) = —4nm, where m =
deg 3(2) : O

as(z)

Lemma 3.5. If dF € T(T® V5% ® S3,2(C)) satisfies
dF(z) # 0 and det(dF(z)) =0,
and there is G C SU(2) such that for any A € G,

A-dF(z)- AT = pdF(z),
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and let ;, ..., ¢, are poles for dF, and pg acts on them transitively, then
Res, dF € ®(R*), j =1, ..., n, if Res_ dF € ®(R®).

Proof. For any (j, let A; € G such that p,,(¢1) = ¢;. Then
Res dF = Res, . dF = Res pj dF = Res, AdeA]T = A]-RescldFA;‘-r.

Since A; € h™'(SO(3)), A; preserves ®(R*). Hence Res dF € @(R%).
O

Lemma 3.6. Let q(z1, 2z2) be a homogeneous polynomial invariant under

the action of G, let i(z1, z) = BL(Z‘I;’:‘Z‘%‘)U @21, 22) = aQ(glz; Z2)’ 9(z) =
¢s(2) _ gz 1)
é1(2) — ida(z)’ n(z) = @ (z, l)dz. If ¢o, Gy ooy Cn are zeros of q(z, 1)

and G contains a nontrivial subgroup which fizes (o, then Res,,dF € ®(R?)
where

Proof. Without loss of generality, we may assume (o = 0. If we assume that

g(1, 0) # 0, then g(z;, 23) = Az; H z1 — (jz2), A € C. Then

21, 2 1 d 1 21, 2
q (= 2):_+ . and ¢ (2 2___2
‘J(Z1, Z3) 2L oA — (22 Q(Zla Z3) zy — Cazz
Hence
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Now suppose H C G is a subgroup which fixes 0. Then H is generated by

m—1
2n . . 1 . .

Mo : po(z) = em*z. Since Z —=— =0, and {¢;, ..., ¢,} are invariant

k emty
under the action of H, Z C = 0. Thus

k

ResodF = [ 0 ‘"] .

-n 0

Now if ¢(1, 0) = 0, then

q(z1, 22) = 212 H = (j%2)-

Hence

a1(z1, 22) _ 1 +n_1 1 . and g(21, 22) _ _1__2 Gi
q(z1, 22) 2 oA — (22

Then by the similar procedure, one sees

0 —
ResydF = l‘” 0”].

4. Examples of symmetric minimal surfaces.

Now we can construct symmetric minimal surfaces with finite total curvature
and all ends embedded.
Ezamples for G = C,, (The Cyclic Group of Order n > 3). Let

q(z1, z) = z1(2] —1"23)

where r > 0 is to be determined. Then

q1(21, z2) = (n+ 1)2 —r"27, and (21, z3) = —nr’z 2L,

Let
a(z, 1) _ (n+1)" =1

a(z 1) [er - k]

fi(z) =(z—r)
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and (2 1) .
f2(2)=(z—7‘)q2 2, - _ nr .
9(z 1) l:n_lrn—k—l k]
,;, z
Then . .
L) =1, far) = =1, filr) = =, pytr) = 25
Thus since
1) = iz,
2 — 1 2
n(2)9°(2) = (z_—r—)2f2 (2)dz,
1) =~ hM )z
one has
Res,n(z) = 2=,

Res,n(2)g*(z) = —r(n - 1),
Res,n(z)g(z) = 1.

1
Zi I By Lemma 3.5, Res ,,_dF € ®(R®).

Lemma 3.6 shows that RespdF € ®(R®). Thus by Lemma 3.4, n and g
define a complete minimal surface with n + 1 ends and its total curvature
c¢(M) = —4nm, and Aut(M) D G = C,,. Furthermore, consider the zeros of
q(z, 1), one knows that when n > 3, Aut(M) = G.

By Lemma, 3.4, one has r =

Proposition 4.1. Let M be one of the minimal surfaces constructed as
above, then Aut(M) = C, (n > 3).

Proof. From the construction one can easily see that C, C Aut(M). To see
that the symmetry group is exactly C,, one notes that when n > 3, if G
(a closed subgroup of SO(3)) contains C,,, then G will either be the cyclic
group C,,, dihedral group D,, (where m is a multiple of n), or, in case n = 4,
the octahedral group Sy, or in case n = 5, the isocahedral group As. By
counting the number of ends, one may exclude C,, (m > n), S; and As. To
see the D,, is not the symmetry group, one has only to observe that the axis
of rotation of C,, is the z3 axis which is also the axis of an end (corresponding
to z = 00). But z = 0 is not an end. O
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Ezample for G = C3 (The Cyclic Group of Order 3) Let
9z, ) =2(2 — %) (2 - %),

where 0 < r < s are to be determined. Then

q1(z1, 23) = 728 —4(s® + 72323 + s3r325,
@21, 22) = —3(s® + )21 22 + 65°r°z 25,
Let
iz, 1) 728 —4(s® +1%)2° + $°r®
fi(z) = (z )= 3 N
q(z, 1) 2(2% + sz + s%) (28 — r?3)
_ @z, 1) =3(s*+1r%)2° 4+ 65°r°
fa(z) = (z =) q(z, 1) ~ (22 + sz + s2)(28 — r3)’
Then

5g3 — 2r3 §3 — 493

fi(s) =1, fa(s) = —s, fi(s) = S = 19)’ f2(8) = ——-
Thus, like in the previous example, since

1 2(2)dz
n(z) = (_z_:})—zfl( )dz,

2(2) = — 1 g2 2)dz
W5 (e) = s RN

1D9(e) =~ h @)z,

one has
5s% — 2r3
Res,n(z) =2 5y
s3 —4r8

Res (2)g*() = —2s 55—,

s3—r
453 + 2r3
3 g3

Res,n(z)g(z) =

Similarly, one also has
5r3 — 23
(= s3)

73 — 443

Res,n(z) =2-

Res,n(2)g*(z) = —2r e
4r® + 253

Resrn(z)g(z) = T3 _ 33 :
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By Lemma 3.4, r and s should satisfy

1) 553 —2r® % —4r3 5r3 —2s® 13 —4s°
s(s®—r3) S5t — 8

To find r and s, we let o = g, then 0 < o < 1, therefore
r?(o® —4) =50° - 2, s*(1 —40%) =5 - 20°.
Let

,0°—4 50°-2
1—402 5—203%

h(c) =0
It is not hard to see that h(o) = 0 has a solution ¢ in [0, \a/g) Let

3 3
s 0°—4 g 900° —2
T ———————-403,and S =t oo

Then r and s satisfy (17). (Numerically, one can find that r = 0.68673 and
s ~ 2.34565.) Again by Lemma 3.5, Res ,, dF, Res z%E;dF € O(R3),

se

(k=0, 1, 2). By Lemma 3.6, ResodF € ®(R?®). Thus by TLemma 3.4, n and
g define a complete minimal surface with 7 ends and its total curvature is
c¢(M) = —24n. Furthermore

Proposition 4.2. Let M be the minimal surface constructed as above. Then

Proof. One sees that C3 C Aut(M). Since an orbit of A4 must contain
either 4, 6 or 12 elements, but M has 7 ends, A, is not the symmetry group.
Similarly one may exclude S; and As. Also as in the proof of Proposition
4.1, one may exclude D,,. It is easy to see that C, is not the symmetry
group when n > 3. O

Remark. Rob Kusner [Ku] suggested that a simpler example, with 4
ends and C; symmetry can be constructed with a different method. (He also
suggested a simpler 4 ended example with D, symmetry than the one given

below.)
Ezamples for G = D,,. (The Dihedral Group of Order 2n, n > 2.) Let

q(z1, z2) = 27 — 23

Then
q:1(z1, z2) =n2l ! and  go(z1, 23) = —n2i .
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n2z2n—2
= d
n(z) (zn 1)2 z?
1
9(z) = -3
w—1 _ . o~ 1
Let po(w) = ————, 7 = pon, §(w) = pg" © g © po(w), then the poles of

7(w) are on the imaginary line z = 0, symmetrically distributed about 0.
Furthermore, 0 is a pole for 7j(w). By Lemma 3.6, ResodF € ®(R3). By
Lemma 3.5, Res ,,, dF € ®(R’). So this is a minimal surface with n ends
and its total curvature ¢(M) = —4(n—1)m. And whenn > 2, Aut(M) = D,,.

Remark. These minimal surfaces with Aut(M) = D, were originally
constructed by Jorge and Meeks in [JM].

Proposition 4.3. Let M be one of the minimal surfaces constructed as
above, then Aut(M) = D,,, n > 2.

Proof. One easily sees that D, C Aut(M). As in the proof of Proposition
4.1 and 4.2, one can exclude A4, S; and As. One can exclude D,, (M > n)
by counting the number of ends. O

Another Family of Ezamples for G = D,,. (The Dihedral Group of Order
2n, n # 2,4.) Let
q(z1, 23) = z125(27 — 23).

Then

n+1

a1(z1, ) = (n+1)202 — 271, and  qa(z1, 23) = 207 — (n+ 1)z,27.

_[(n+1)2z" -1 ?
o) = [ e
=2+ (n+ 1)z

Using a method similar to that in the previous example, we have Res ,,, dF €

B(R%), k =0, ..., n—1. By Lemma 3.6, ResodF, Res..dF € ®(R®). So this is
a minimal surface with n+2 ends and its total curvature ¢(M) = —4(n+1)~.
Aut(M) = D,, when n > 2. '

Proposition 4.4. Let M be one of the minimal surfaces constructed as
above, then Aut(M) = D,,, (n # 2, 4).

The proof is similar to the proof of Proposition 4.3.



SYMMETRIC MINIMAL SURFACES IN R3 291

Ezample for G = D,. (The Dihedral Group of Order 4.) Let
921, ) = mzm(zf — 2)(21 — r°2)(r*2] — 23) (2] + 5°23) (%27 + 23),
where r, s > 0 are to be determined. The set of zeros of q(z;, 2,) on S? is

Z={0, 00, 1, =1, r, —r, 71, —r71 si, —si, s7Y, —s7'i}.

q(z1, z25) 2z 2z—-1 2z+41 z—r z+4r
T + r + 1 + 1 + S + S
rz—1 rz+1 z—4is 2z+is sz—1i sz+1i

(21, z) l_*_ 1 1 1 1

q2(21, 22) =1 1 1 T T
= P =14 - _
q(z1, 22) z+1 z-1 z47 2z-—7
1 1 18 18 ) 1

- + - — + - -
rz+1 rz—1 z+1s z—1is Ssz+1 Sz—1

By Lemma 3.5 and Lemma 3.6, ResodF, Res.dF, Res;dF, Res_dF €
®(R%). On the other hand,

Res_n(z) = 3 + i + ar’ + r + 47
N T 21 -1 1248 g2p241°
4 4 4s® 4
2 _— — —
Res n(z2)g°(z) = —r [3 r2_1 ri_1 + 2+ s2 + $2r2 + 1] ’

r?4+1 rt41 r?-5%2 s%*?-1
R =2 .
es.n(D)ola) =2 |5 + T + G + 5]

And
Res, n(z) = —i P——*— 4s + 4s drts 45" ]
WM2) = s s241 r24s%2 2241 st-—1)°
4 472 4 4
2 — —
Res.-."?(z)g (Z) = s [3 + s2+1 + r2 4 g2 + s2r2 +1 st — 1] ’

s2—1 s2—-1r2 r2s2-1 s‘*—l—l]

. =2
Res,n(@)9(2) = 2|55 + s+ yas A

Let
hi(r, s) =2r [Res,n(z) + Res_n(z)g? (z)]

3 672 1 1
=_1_2 221_2 [ _ ]
2( T)+r2—1+r( s) r24+s2  s2r241]°
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ha(r, 5) =2is [Res,,n(z) + Res,n(2)¢" 2)]

Sy 2 +2(1—7‘2)32[ 1 1 ]
2 s2—1 2452 s2r241)°
By Lemma 3.4, r and s must satisfy
(2) hi(r, s) =0, and hy(r, s) =0.

One can apply Brouwer’s Fixed Point Theorem to show there is a pair of
(r, s) which solves (18). (Numerically, r = 0.43300 and s =~ 0.63947.) Then
by Lemma 3.5 and Lemma 3.6, one has Res dF € ®(R®) for all { € Z. By
Lemma 3.4, therefore, this represents a complete minimal surface with 12
ends and total curvature ¢(M) = —44~.

Proposition 4.5. Let M be the minimal surface constructed as above. Then
AUt(M) = Dg.

Proof. Clearly D, C Aut(M). Note that the ends of the surface correspond
toz=0, oo, 1, -1, r, —r, 81, —st, E, ~ 2. Thus the surface will only allow

S

the isometry that is a rotation of order 2 about the axis either passing 0 and
00, or that passing 1 and —1, or that passing ¢ and —i. Thus Aut(M) =
D,. (|

Ezamples for G = A;. (The Tetrahedral Group.) Using gp,)(21, 22) in (11)
as q(z;, 2,), one may obtain a minimal surface with 4 embedded ends and
total curvature ¢(M) = —127. One may get

q1(z1, 2) = 4(22 + V3iz22), and  qu(z1, 2) = 4(V3iz2z + 2).
And
(2) = _VBiz2 41
nE = 23 +/3iz’
2
5 )
n(z) = [ 4=+ V/30) ] dz

24+ 2322 + 1

Lemma 3.5 and Lemma 3.6 assure that Res dF € ®(R®) for all ¢ the poles
of n(z). Then by Lemma 3.4, we obtain the minimal surface.

Proposition 4.6. Let M be the minimal surface constructed as above. Then

Proof. Clearly Ay C Aut(M). Since the ends correspond to

z=v2e¥ —2e¥i 2% —/2e¥ 1,
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forming a set which is not invariant under the action z — e%*, so Sy is not
the symmetry group. O

Ezamples for G = S;. (The Octahedral Group.) We may use the homo-
geneous polynomials in (13) to give 3 complete minimal surfaces with em-
bedded ends. Like before, one needs to apply Lemma 3.5 and 3.6 to get
that Res dF € ®(R®) and then use Lemma 3.4 to prove they are complete
minimal surfaces.

Let g(z1, 22) be qo)(21, 22) in (13), we get

— 4 5 — 4 4
q1(21, 22) = 52122 — 23, and  qz(21, 22) = 2] — 52125.

Then
524 —1 12
n(z) = [—————( = 1)} dz,
—2° 4+ 52
9e) = =1

This will give a minimal surface with 6 ends and the total curvature ¢(M) =
—20m7.
Let g(z1, 2;) be qq)(21, 22) in (13), Then

q1(z1, 22) = 82] + 562323, and gy(21, 22) = 56225 + 82].

Therefore
() = [ 82" + 56 ]2 i
TO= | d 14 +1]
(2) = - 724+ 1
) = T
gives a minimal surface with 8 ends and the total curvature c¢(M) = —28m.

Let g(21, z3) be q[u] (21, #2) in (13), like the above

() = 1221 — 26427 — 1322°7°
T = 212 2338 — 3324 + 1
(2) = 1128 + 2224 — 1
IE) = 9057 — 1148
will give a minimal surface with 12 ends and the total curvature ¢(M) =
—44m.

dz,

Proposition 4.7. Let M be one of the minimal surfaces constructed as
above. Then Aut(M) = S,.

Proof. This directly follows since S, is maximal in SO(3). O
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Ezamples for G = As. (The Icosahedral Group.) Using the homogeneous
polynomials in (14), one may find 3 complete minimal surfaces with Aut(M) =
As. one needs to apply Lemma 3.5 and 3.6 to get that Res dF € ®(R®) and
then use Lemma 3.4 to prove they are complete minimal surfaces.

Using gjoj(21, 22), one has

1121 +662° — 112

d
211 41126 — 2 %

”e) = |

21 4+ 662% — 112
9%) = "oy e -1
This defines a complete minimal surface with 12 ends and the total curvature
c(M) = —44n. (See Figure.) If one uses gj,)(21, 22), one has

219 — 1712M + 2472° + 5724 ]2 i

n(z) = [zzo — 228215 + 494210 + 22825 + 1
(2) = 57215 — 247210 — 17125 — 1
g\z) = 219 — 171214 + 24729 + 5724°

This represents a complete minimal surface with 20 ends and the total cur-
vature ¢(M) = —76m. Using gp;j(21, 22), one has

229 4 34522% — 667021 — 33352° — 872* ]2 .

n(2) = | 55 1 52255 — 10005, — 1000551° — 52275 7 1
) = —872%5 + 3335220 + 6670210 + 3452° — 1
9V8) = 29§ 345,21 — 6670210 — 333529 — 8724

This gives a complete minimal surface with 30 ends and the total curvature
c(M) = —116m.

Proposition 4.8. Let M be one of the minimal surfaces constructed as
above. Then Aut(M) = As.

Proof. This directly follows because Ajs is maximal in SO(3). a

Remark. When Aut(M) = G C SO(3) is one of the Platonic groups,
i.e. one of D,, A4, Sy or As, as pointed out by Rob Kusner [Ku], we
can geometrically construct the Gauss map of M in the following manner:
Take a (triangular) fundamental domain F of S2/G on S?, where G is the
natural Z,-extension of G in O(3). Then choose one of the vertices v of F
to be an end. Let v; and v, be the other 2 vertices of F', and a; and a; be
their antipodal points. Thus v, a; and a, form another (nonconvex) triangle
P D F. By the Riemann mapping theorem, there is a holomorphic map
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g which maps F onto P, such that g(v) = v, g(v;) = a; and g(v;) = a,.
By Schwartz reflection, g can be extended to a map S? — S2, which is the
desired Gauss map of M*. (Note the the degree of g depends upon which
vertex is chosen to be v.)

In summary of the above discussion, we get the following theorem

Theorem 4.9. If G C SO(3) is a closed subgroup, G % SO(2), SO(3), then
there is a complete genus 0 minimal surface M with finite total curvature
and all ends embedded so that Aut(M) = G.

Proof. We have already constructed the minimal surfaces with symmetry
group being one of C,, (n > 2), D,, A4, S; and As. For the cases where the
symmetry group is either 1 or C,, see [B] or [Lo]. O

Remark. One knows that there is no complete minimal surface with
embedded ends having Aut(M) either SO(2) or SO(3). Indeed, if Aut(M) D
S0O(2), then M must be a minimal surface of revolution. However, the only
complete minimal surface of revolution is the catenoid for which Aut(M) =
SO(2)xZ,. (Enneper’s surface does have intrinsic symmetry group SO(2),
but its single end is not embedded, and in particular, not catenoidal, so the
[CMW] symmetry extension theorem does not apply.)
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