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AMENABLE CORRESPONDENCES AND APPROXIMATION
PROPERTIES FOR VON NEUMANN ALGEBRAS

C. ANANTHARAMAN-DELAROCHE

We introduce the notion of amenable equivalence between
von Neumann algebras, and study some approximation prop-
erties which remain invariant by this relation. We show for in-
stance that the constant A(M) associated with a von Neumann
algebra M when considering the weak* completely bounded
approximation property is an invariant for this equivalence
relation. As an example, let o be an amenable action of
a locally compact group G on a von Neumann algebra M;
then the crossed product M x G is amenably equivalent to M.

«

Another example is obtained by considering a pair G; C G
of locally compact groups such that the homogeneous space
G/G; is amenable. Then the von Neumann algebras W*(G)
and W*(G;) generated by the left regular representations of
G and G, respectively are amenably equivalent. Therefore, if
moreover G is discrete, we get that G and G; are simultane-
ously weakly amenable with the samme Haagerup’s constants
AG = AG1 .

Introduction

Given a pair M C N of von Neumann algebras, one finds many situations
where there exists a norm one projection E from N onto M, and one may
ask what properties of N are automatically inherited by M in this case,
the most well-known example being the amenability of N. In this paper we
will see that other approximation properties such as the weak™ completely
bounded approximation property ([Haa4|, [C-H]), or the o-weak approx-
imation property of [K] are also preserved. Their common feature is the
approximation of the identity map of N by appropriate o-weakly continuous
bounded maps, and the main problem is that the norm one projection F is
not o-weakly continuous in general.

The existence of E follows easily from the existence of a net (¢;);e; of
o-weakly continuous completely positive contractions ¢; : N — M such that
lim; ¢;(z) = = o-weakly for all z € M. The converse is very likely true, but
we are not able to prove it in full generality (see Cor. 3.9). At least we show
that, when there exists a norm one projection ¥ from N onto M, we may
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find a von Neumann algebra N,, Morita equivalent to N, which contains M
as a von Neumann subalgebra, in such a way that there exists a net (¢;);cs
of o-weakly continuous completely positive contractions ¢; : N; - M with
lim; ¢;(z) = z for all zx € M. This property is enough to prove the above
results of heredity.

This latter relation between M and N is well expressed in terms of corre-
spondences, and we work in this framework throughout this paper. Section 1
contains a discussion of the basic definitions concerning correspondences, as
well as some notation. Let us only recall here that a correspondence from M
to N is a Hilbert space H with a pair of commuting normal representations
7y and myo of M and N° (the opposite of N) respectively, where the rep-
resentations are always assumed to be faithful in this paper. We denote by
Lno(H) the commutant of 7xo(N°). Note that £Lyo(H) is Morita equivalent
to N, and that we get in this way every von Neumann algebra Morita equiv-
alent to N [Rie2]. The notion of correspondence between two von Neumann
algebras M and N was introduced by A. Connes ([Co5], [C-J]) and includes
the concepts of group representations and completely positive maps as well.
It is therefore a rich structure, which has proved to be useful in the study of
a single von Neumann algebra, and in the comparison of two von Neumann
algebras.

The connections between M and N we are interested in here are related to
amenability. Recently, M. Bekka [Bek] has introduced a notion of amenabil-
ity for an arbitrary unitary group representation which unifies several known
notions in this field. In particular a unitary representation = of a locally com-
pact group G is called amenable if the trivial representation of G is weakly
contained in 7 @7 . In a similar way, we define in Section 2 a correspondence
H from M to N to be left amenable if the identity correspondence of M is
weakly contained in the correspondence H ® y H from M to M (there is
also an obvious definition for right amenability, which is not equivalent to
left amenability). When N = C, and H = L?*(M) is the standard Hilbert
space for M, left amenability means that the homomorphism 7 from the
algebraic tensor product M ® M’ into £(H), defined by n(z ® z') = zz' for
z € M,z' € M’', has a bounded extension to the completion M ®;, M'.
Thus M is amenable in the terminology used in [Was]. More generally, let
N be a von Neumann subalgebra of M, and take H = L*(M), viewed as
a correspondence from M to N (called the standard correspondence of the
inclusion). Then the left amenability of H is exactly the notion of amenabil-
ity of M relative to N introduced and studied by S. Popa in [Pol]. Let us
mention that S. Popa has recently introduced another notion of amenable
inclusion [Po2], which is a key concept in the classification theory of sub-
factors, and is different from the one used in this paper.
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Let us recall also [E-L] that a von Neumann algebra M is said to be
semi-discrete if the identity map on M can be approximated in the topology
of simple weak* convergence by normal completely positive maps from M
to M of finite rank, which preserve the identity. In [E-L], Effros and Lance
proved that semi-discreteness is equivalent to amenability and that either
property implies injectivity. In Section 2 of the present paper, these results
are extended to the case of correspondences. We prove that a correspon-
dence H from M to N is left amenable if and only if the identity map of
M is the limit in the topology of simple weak* convergence of completely
positive maps which admit factorizations through matrix algebras M, (N)
with entries in N, as described in Theorem 2.2. We prove also that the
left amenability of H is equivalent to the existence of a net (¢;) of com-
pletely positive maps from Ny, = Lyo(H) onto M, each of which has the
form z > 37 W'zWj, where the sum is finite and the W;’s are bounded op-
erators from L?*(M) into L*(N;) commuting with the obvious right actions
of M. This in turn implies the existence of a norm one projection from IV,
onto M.

In Section 3, we define a correspondence H from M to N to be left injective
if there exists a norm one projection from N; = Lyo(H) onto M. Let us
remark first that Bekka’s definition is also related to ours in the following
way. To every unitary representation 7 of a locally compact group G is
canonically associated a correspondence H, from the von Neumann algebra
W*(G) generated by the left regular representation, onto itself [C-J]. We
check (see Prop. 3.3) that if 7 is amenable, then H, is left injective, and
that the converse is true when G is discrete.

Let H be a left injective correspondence from M to N. Following the
ideas of [Co2] and [Was|, we prove that when M is semi-finite, or more
generally when there is a normal faithful semi-finite weight on M whose
modular automorphism group is induced by unitaries in Lyo(H), then H
is left amenable. When N = C, this is Connes’ result, and when H is the
standard correspondence of an inclusion N C M of finite von Neumann
algebras, this result has previously been obtained by Popa in [Pol].

Moreover, we prove that, given two von Neumann algebras M and N,
the existence of a left amenable correspondence from M to N is equivalent
to the existence of a left injective correspondence from M to N, that is
to the existence of a von Neumann algebra N;, Morita equivalent to IV,
containing M in such a way that there is a norm one projection from Nj.
onto M (see Prop. 3.10). We say that M is amenably dominated by N,
and we write M < N, when such a property occurs. If moreover N< M,

a a
we say that M and N are amenably equivalent and we write M~ N. Let
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us consider for instance a W*-dynamical system (M,G,a) where a is a
continuous action of a locally compact group G into M, and denote by N
the crossed product M x G. The correspondence L?(N) from M to N is left

amenable (Prop. 2.6) and therefore there always exists a norm one projection
from N = Lyo(L?*(N)) onto M. Thus we have M< M x G. If moreover

the dynamical system (M,G,a) is amenable [AD1], we have M~ Mx G

(see Prop. 3.4). It follows in particular that every von Neumann algebra
is amenably equivalent to a semi-finite von Neumann algebra. As another
example, consider now a locally compact group G and a closed subgroup
G,. Following Eymard [Eym]|, we say that the homogeneous space G/G; is
amenable if there exists a G-invariant mean on L*(G/G,). In this case, we
show that W"(G)-a< W*(G,) and thus, obviously, W*(G)rav W*(G,) when G
is moreover assumed to be discrete (see Prop. 3.5).

In many cases, the left injectivity of a correspondence from M to N is
easier to check than the left amenability, but the approximation property
arising from left amenability proves to be a very useful tool in Section 4,
where we are interested in the study of properties which are invariant un-
der amenable equivalence. Of course, we have to look for properties which
are somewhat related to weak forms of amenability, the most interesting
among them being the weak* completely bounded approximation property
introduced by U. Haagerup [Haad4], [C-H], which enables to distinguish the
von Neumann algebras associated with lattices in simple Lie groups. Recall
that a von Neumann algebra M has the weak* completely boundedness ap-
proximation property if the identity map on M can be approximated in the
topology of simple weak* convergence by a net (¢;);c; of o-weakly continu-
ous finite rank operators such that for some ¢ € R*, and for all ¢, one has
l|@illes < ¢ (where ||||cs is the completely bounded operator norm). The best
constant ¢ for the existence of such a net is denoted by A(M). When M
doesn’t have this approximation property we put A(M) = +o00. An analo-
gous property is defined for a locally compact group G, as well as a constant
Ag (see [Haad], [C-H]). When M and N are von Neumann algebras such
that M-a< N, we prove (Th. 4.9) that A(M) < A(N), and therefore A(M)

is an invariant for amenable equivalence. As a consequence, we get for in-
stance that if (M, G, ) is a W*-dynamical system, then A(M) < A(Mx G),
a

and that A(M) = A(Mx G) when the action is amenable. Also, given an

o .
exact sequence 0 = G; - G — G, — 0 of discrete groups, where G, is
an amenable group, we have Ag, = Ag. This result appears in contrast
with Haagerup’s result [Haa] showing that A z2x s(2,2)) = +00, although

Azz = Aspezy = 1.
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1. Preliminaries

For the reader’s convenience, we begin by recalling the basic facts on corre-
spondences that will be needed in this paper. For more details, the reader
may consult [C-J], [BDH], [Riel], [Pol], [Pas]. Let M and N be two von
Neumann algebras.

1.1. A correspondence from M to N is a Hilbert space H with a pair of
commuting normal representations 7y and wyo of M and N° (the opposite of
N) respectively [C-J]. Usually, the triple (H, mps, myo) will be denoted by H.
For x € M,y € N and h € H, we shall write zhy instead of my(z)myo(y)h.
In case of ambiguity on which algebras are acting, we shall write p, Hy
instead of H. The commutants of 7y (M) and 7yo(N°) respectively will be
denoted by L(H) and Lyo(H). In this paper we shall always assume that
s and o are faithful.

The standard form [Haa3] of M gives rise to a correspondence L?*(M)
from M to M, called the the identity correspondence, and denoted by id,,.
We will denote by Jys the conjugate linear isometry of L?*(M) given with
the standard form of M. In this example, we have 7y (z) = Jpyrz*Jpys.

Let us recall first another useful equivalent way to look at correspondences.
Let X be a self-dual (right) Hilbert N-module (see [Pas]). The N-valued
inner product, denoted by (,), is supposed to be conjugate linear in the
first variable and such that the linear span of {(¢,7),€,n € X} is o-weakly
dense in N. The von Neumann algebra of all N-linear continuous operators
from X to X will be denoted by Ln(X) (or £(X) when N = C). Following
([BDH, Def. 2.1}), by a M-N correspondence we mean a pair (X, 7) where
X is as above, and 7 is a unital normal faithful homomorphism from M into
Ln(X). More briefly, such a correspondence will be denoted by X and we
shall often write z¢ instead of m(x)¢.

These two notions of correspondences are related in the following way.
Consider a M-N correspondence X and let H(X) = X ®y L*(N) be the
Hilbert space obtained by inducing the standard representation of N up to
M via X ([Riel, Th. 5.1]). Then the left action of M and the right action
of N defined on H(X) by

z(@h)y=26R@hy, forée X ,hel*(N),z€ M,yeN,

turn H(X) into a correspondence between these algebras.

Conversely, given a correspondence H between M and N, let X(H) be
the space Hompyo(L?(N), H) of continuous N°-linear operators from L?*(N)
into H. Let N acts on the right of X (H) by composition of operators and
define on X (H) a N-valued inner product by (r,s) = r*s for r,s € X (H).
Then X (H) is a self-dual Hilbert N-module ([Riel, Th. 6.5]). Moreover,
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M acts on the left of X(H) by composition of operators, and we obtain in
this way a M-N correspondence.

The maps X — H(X) and H — X(H) are inverse to each other
((BDH, Th. 2.2] and [Riel, Prop. 6.10]), up to unitary equivalence. We
shall not make any distinction between equivalent correspondences. Also,
we shall often identify a correspondence H and its self-dual module version
X (H). It will be useful to note that, when replacing X by H = H(X) =
X ®n L*(N), the von Neumann algebra £y(X) is canonically identified with
Lyo(H), by the map which carries x € Ly(X) onto the element (still denoted
by z) of Lyo(H) defined as follows :

T ®h) = (z€) ®h, for £ € X,he LX(N).

Let us recall from [Riel] that two von Neumann M and N are Morita
equivalent if there exists a M-N correspondence X (or equivalently a cor-
respondence H from M to N) such that M is isomorphic to Ly(X) (or
Lyo(H)). This amounts to saying that there is a type I factor F' and a
projection e in F'® N with central support 1 such that M and the reduced
von Neumann algebra e(F ® N)e are isomorphic.

Let us point out now that most of the familiar techniques used in von
Neumann algebras theory and Hilbert spaces theory apply also when we
work with a self-dual Hilbert N-module X. The ultrastrong topology has
a useful analogue on X called the s-topology (see [BDH, §1.3]). It is the
topology defined on X by the family of semi-norms g, where ¢ is a normal
positive form on N and

2,(n) = @((n,n))"/?, forne X.

1.2. The usual notions in the theory of representations of groups have ana-
logues in the theory of correspondences, that we recall briefly now.

Let H be a correspondence from M to N, and let H be the conjugate
Hilbert space. If h € H, we denote by h the vector h when viewed as an
element of H. Then H has a natural structure of correspondence from N to
M by

yhz = z*hy*, forz e M,yc N,hc H

(see [Pol, 1.3.7]). It is called the adjoint or conjugate correspondence of H.
Notice also that with a M-N correspondence X = X(H) is associated its
adjoint X = X(H). But in general, there is no explicit description of X
from X.

A subcorrespondence of H is a Hilbert subspace K of H, stable by the left
M-action and the right N-action. In the self~-dual version, a subcorrespon-
dence Y of X is a submodule of X closed in the s-topology and stable by
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the left action of M. In this case, we shall say that K is contained in H (or
that Y is contained in X), and we shall write K < H (or Y < X).

Consider now three von Neumann algebras M, N, P, a M-N correspon-
dence (X, 7) and a N-P correspondence (Y, m;). We denote by X @ Y the
self-dual completion of the algebraic tensor product X ® Y endowed with
the obvious right action of P and the P-valued inner product

<§®l’77§1 ®7'1>P = <T” (é?él)N"l >p, for {751 € X,777771 ey.

Then there is a canonical homomorphism from Ly(X) into Lp(X Qn Y),
sending £ € Lx(X) to the map £ ® n — (z€) ® . Moreover this homomor-
phism is faithful when m; : N = Lp(Y) is faithful ((AD3, Lemma 1.5]). By
composition of this homomorphism with 7, we get a left action of M into
X ®n Y which turns X ® 5 Y into a M-P correspondence, called the compo-
sition correspondence of X by Y. Put H = H(X) and K = H(Y'). When an
auxiliary faithful weight v has been chosen on N, A. Connes has shown [C]
how to define the composition H ®, K of the correspondences H and K (see
also [S]). It follows from ([S, Prop. 2.6]) that, up to equivalence, the result
does not depend on the choice of v, so we shall use the notation H @y K
instead of H ®, K. It is easily checked that X(H ®y K) = X ®x Y and
thus there is no ambiguity on the notion of composition of correspondences.

1.3. Let N be a von Neumann subalgebra of a von Neumann algebra M
(and then we will say that N C M is a pair of von Neumann algebras). The
Hilbert space L?(M) has a natural structure of correspondence from M to
N by restricting to N the right action of M. This object, which is crucial in
the study of the inclusion, is called the standard correspondence associated
with the pair N C M and denoted by pL?*(M)y. In a similar way, we may
consider the correspondence yL?>(M)j, from N to M, and by using Jy it
is easily checked that it is equivalent to the conjugate of , L?(M)y. Let us
remark that any correspondence p;Hy is isomorphic to the correspondence
mL?(M) ®p Hy, and to prH @y L*(N) N as well.

Let H be a correspondence from M to M. Then yL?*(M) ®u H ®yp
L*(M)y is the correspondence from N to N obtained by restricting to N
the left and right actions of M on H. It will be called the restriction of H
from M to N.

Let H be now a correspondence from N to N. Then ,L*(M) @y H Qn
L?*(M) ) is a correspondence from M to M. We will say that it is the
correspondence induced by H from N up to M and will denote it by Ind% H.

1.4. Let us recall now that a correspondence H from a von Neumann al-
gebra M to a von Neumann algebra N is nothing else than a representa-
tion of the binormal tensor product M ®yi, N° (see [E-L] for the definition
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of the norm bin). Furthermore two correspondences are isomorphic if and
only if they are unitarily equivalent when considered as representations of
M ®pin N°. Thus every notion which makes sense for representations of C*-
algebras can also be defined for correspondences. In particular the topology
defined by Fell ([Fel, Section 1]) on the space of (equivalence classes of) rep-
resentations of the C*-algebra M ®y;, N° gives rise to the following topology
on the set Corr(M, N) of (equivalence classes of) correspondences from M
to N (as usual this set is restricted suitably in order to avoid paradoxically
huge sets). Let Hy € Corr(M,N),e >0, EC M and F C N two finite sets,
and S = {hy,...,h,} a finite subset of Hy. We define by U(Hy;¢, E, F, S)
the set of H € Corr(M, N) such that there exist ky,... ,k, € H with

| (ki,zk;y) — (hiyzhjy) |<e forallz € E,y € F,i,j=1,...,p.

Then Corr(M, N) is equipped with the well defined topology having these
U’s as a basis of neighbourhoods.

If we regard correspondences as self-dual Hilbert modules, the topology
may be described as follows (see [AD3, §1.12]). Let X, = X(Hp), V a o-
weak neighbourhood of 0 in N, E a finite subset of M, and S = {&,...,&,}
a finite subset of X, be given. We denote by V (Xo; V, E, S) (or, more briefly
V(V, E,S)) the set of correspondences X such that there exist y,... ,n, € X
with

(i, zn;) — (&, z€;) €V forallz e E,i,j=1,...,p.

Then such V’s constitute a basis of neighbourhoods of X, in Corr(M, N).
Moreover, if X, has a cyclic vector &g, it has a basis of neighbourhoods of the
form V(Xo;V, E) = V(Xo; V, E, {&}). Note that in this case, X, belongs to
the closure of X € Corr(M, N) if and only if there is a net (§;) in X such
that lim;(&;, z&;) = (€0, z&) o-weakly for all z € M. If £ € X, we say that
the normal completely positive map = +— (¢, z€) from M to N is a coefficient
of X.

In particular, the identity correspondence of M belongs to the closure of
a M-M correspondence X if and only if there is a net (¢;) of coefficients of
X such that lim; ¢;(z) = z o-weakly for all x € M.

1.5. Let Hy, H, be two correspondences from M to N, and denote by g
and ; the associated representations of M ®;, N°. We say that H, is weakly
contained in H;, and we write Hy < H; if the representation m, is weakly
contained in 7, that is if Kerny D Kerw;. This amounts to saying that
Hy belongs to the closure of the set of finite direct sums of copies of H; in
Corr(M,N) (see [Fel, Th. 1.1]). For instance, the identity correspondence
of M is weakly contained in a M-M correspondence X if and only if there
exists a net (¢;) of completely positive maps from M to M, each of which
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is a finite sum of coefficients of X, such that lim; ¢;(z) = x for all z € M.
Note that we may replace the net (¢;) by a bounded one, thanks to Lemma
2.2 of [AD4] that we recall now.

Lemma 1.6. Let CP(M, N) denote the set of completely positive maps from
a von Neumann algebra M into a von Neumann algebra N, equipped with
the topology of pointwise o-weak convergence. Let F' be a convex subcone
of CP(M,N) such that for ¢ € F and b € N, the completely positive map
x +— b*p(z)b belongs to F. Let ¢ be an element of the closure of F in
CP(M,N). Then there ezists a net (¢,) in F such that ¢,(1) < ¢(1) for all
1, which converges to ¢.

Lemma 1.7. Let M, N, P be von Neumann algebras, and let H, K be two
correspondences from M to N with H < K.
a) For every correspondence L from P to M, we have L&y H < Ly K.

b) For every correspondence L from N to P, we have H®n L < K ®y L.

Proof. a) We will show that in every neighbourhood V(V, E, S) of X (L) @
X(H), there is a finite multiple of X (L) ®) X (K), where V is a o-weak
neighbourhood of 0 in N, E a finite subset of P, and S = {ny,... ,7,} a finite
subset of X (L) ® X (K). We may suppose that each 7, is in the algebraic
tensor product X(L) ® X (H), that is n; = 3, &1 ® ¢} with €& € X (L) and
¢i € X(H). We have then

(i, zn;) = Z(fk ® (i 28l ® ()
Z Cir fkvﬂfz Cl)
k.l

Choose a o-weak neighbourhood W of 0 in N and consider the neighbour-
hood VW, E',S") of X(H) where S’ is the finite subset of X (H) formed
by all the ¢}’s, and E’ is the finite subset of M formed by the (£%,z&]) for
all 7,5,k,l and x € E. By hypothesis, this neighbourhood contains a fi-
nite multiple Y of X (K), that is we may find vectors 7} in Y such that, in
particular
(Cs (k> 281 C) — (75 (s &) T ) €W

for all 4,5,k,l, and z € E. Put n, = Y, €. ® /. Then 7, belongs to
X (L) ®u Y which is a finite multiple of X (L) @y X (K), and obviously, if
W is small enough, we have

(ni, zn;) — (n;,xn;) €V foralli,jandz € E.

In a similar way, we may prove b). 0
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Corollary 1.8. Let N C M be a pair of von Neumann algebras, and H, K
two correspondences from N to N with H < K. Then the induced corre-
spondence Indxl H from M to M is weakly contained in Ind% K.

2. Amenable and semi-discrete correspondences

Definition 2.1. We say that a correspondence H from M to N is left
amenable if idyy < H @y H. We say that H is right amenable if H is left
amenable, that is if idy < H @, H.

Put N; = Lyo(H). Sauvageot has proved ([S, Prop. 3.1]) that H ®y H
is a standard form for N;, and thus we have

mMH®N Hy = yL*(Ny)m = mL*(Ny) ®n, L*(Ny)pm-

Therefore we see that 5 Hy is left amenable if and only if 3, L?(N, )y, is left
amenable, and thus it would be enough to study the case of an inclusion
M C N1 with H = MLz(Nl)Nl.

Following ([Pol, Def. 3.2]), we say that a von Neumann algebra M is
amenable relative to a von Neumann subalgebra N if the standard corre-
spondence pL?(M)y of the inclusion is left amenable. Let us remark that
for a pair N C M of type Il factors, 5 L?(M)y is right amenable, since idy
is contained in yL?(M)y, although pL?(M)y is not always left amenable.

Theorem 2.2. Let H be a correspondence from M to N. Then the following
properties are equivalent :
i) H is left amenable;

il) there exists a net of completely positive maps ¢; : M — M, such
that ¢;(z) converges o-weakly to = for all x € M, where each ¢; is a
finite sum of composed maps o6 : M — M, (C) ® N - M of the
following type: there is an integer n, elements T; € Hompyo(L?(N), H)
and S; € Homp (L?(M), H), 1 <1 < n, such that

7
Oz)=| : |z(T,... ,Tp) = (T72T;) € My(C) ® N for all z € M,
i
Sy I
P(@) = (JuSts. .., IuSp)(ano(z3)) | 2 | €M,
Sndu

fO'I' all x= (IB,']') € Mn(C) ®N.
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Proof. Put X = X(H) = Hompyo(L?(N), H). Then, as it has been recalled
in 1.5 above, idy, is weakly contained in X ®y X if and only if the identity
map of M is the limit in the topology of pointwise o-weak convergence of a
net of completely positive maps of the form z — Y ,(&;, z€;) where the sum
is finite, and the &;’s are in X ® v X. Thanks to Lemma 1.6 we may suppose
that 3°,(&,&) < 1. Furthermore, by the Kaplansky density theorem, given
P1y-- ,pp in MF, € >0, and £ € X ®y X, we may find 7 in X © X with
IInll < ||¢]] and g,,(§ —n) <efori=1,...,p. Then for x € M we have

| pi((€,28)) — @i({n,zn)) | < | wi({§ —n,28)) | + | @i(n, z(€ —m)) |
< [pi((x€, €)' . (€ — )
+ [ ((m, )] gy, (2 (€ — m))
< 2|zl llo: "2 1I€]I-

Thus , it is easily seen that we may take the &;’s above in X © X.
Now, we consider n = 3, Tx® R, € X®X, with T}, € X = Hompyo (L%(N),
H), and Ry € X = Hompp (L*(M), H). We have

(n,zn) = > (Tx ® Ry, sy ® Ri) = Y Ry(TyzT)R:.

k.l k.l

Denote by j : H — H the canonical antilinear isomorphism and put E" =
jRyJy. Then Sy € Homy (L*(M),H), and for y € N, acting on H by
jmno(y)*7, we have

RyyRy = Ju Sy 3yj Sidm = JMSZWNO(?J*)SIJM-

The proof of the theorem follows at once. O

2.3. Let us apply Theorem 2.2 in the case where M C N is a pair of von
Neumann algebras and H = p[L?(N)y. Then T}, € Hompo(L?(N), L*(N)) =
N. If we put R, = JySiJy € Hompo (L?(M), L2(N)), we have, for z € M,

> IuSimno(Ty 2 Ti) SiJy = RiTi TR,
k,l k,l

=W*z2W

with W = ¥, Ty Ry € Hompo (L2(M), L*(N)).
Thus, we get the (less precise but useful) statement that 5, L*(N)y is left
amenable if and only if there exists a net of finite sequences (W7,... , W} ).es

of elements of Homyso (L?(M), L*(N)) such that, for z € M, we have
lim Z W) zW; ==z

1<5<p:
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o-weakly (this could have been easily seen directly since py L2(N) 3y = MmL*(N)

ONLA(N)y).
Proposition 2.4. Let H be a correspondence from M to N and put N; =
Lyo(H). Then the following conditions are equivalent :

i) H is left amenable;

ii) there exists a net (¢;) of completely positive maps from N; to M, of
the form ¢i(x) = 3;(W;)*xcW}, where the sum is finite and W} €
Hom o (L*(M), L%(N,)), such that lim; ¢;(z) = z o-weakly for all z €
M.

Proof. This corollary follows immediately from the observations made in 2.1
and 2.3. il

Proposition 2.5. Let H be a correspondence from M to N and put N; =
Lyo(H). Consider the following conditions.
i) H is left amenable;

ii) there ezists a net (¢;) of normal completely positive maps from Ny to
M, such that ¢;(1) < 1 for all i and lim; ¢;(xz) = = o-weakly for all
T € M;
iii) there ezists a norm one projection from N; onto M.
Then i) = ii) = iii).
Proof. i) = ii) is a consequence of Proposition 2.4 and Lemma, 1.6.

ii) = iii) Denote by £(N;, M) the space of all bounded maps from N; into
M. This space is canonically identified to the dual of the projective tensor
product N;®N,, and on the unit ball of £L(N;, M), the weak* topology
coincides with the topology of pointwise o-weak convergence. Then it is
easily checked that any accumulation point of the net (¢;) is a norm one
projection from N, onto M. O

By a dynamical system (M, G, @), we mean a continuous action of a locally
compact group G on a von Neumann algebra M. In other words, o is an
homomorphism from G into the group Aut M of all automorphisms of M,
with ¢ — a4(z) o-weakly continuous for all x € M. Then we have the
following example of left amenable correspondence.

Proposition 2.6. Let (M, G, a) be a dynamical system and denote by N the
crossed product Mx G. Then pL?(N)y is a left amenable correspondence,

and therefore there exists a norm one projection from Mx G onto M.

Proof. The left and right actions of M on L?(M) will be denoted by m), and
o Tespectively, and ppr and ppo will denote the left and right actions of
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M on L*(N). We will prove that, given z1,... ,Zp,41,... ,y, € M, we have

(1)

<

Z s (Z:) Tago (¥:)

ZPM(Z'i)PMO(yi) :

But L*(M) ® L*(G) is a standard form for N, and for z,y € M and £ €
L*(M) ® L?(G) we have

(om(z)pae (¥)€)(s) = (mar (e () mar (y)E) (s)-

Thus Y, pa(z,)pao(y;) is a decomposable operator, and since

S >

ZWM(as—l (z:))7aro (i)

1

is lower semi-continuous, we get (1). D

2.7. Let us examine now the statement of Theorem 2.2 when N C M is a
pair of von Neumann algebras and H = »L*(M)y. In this case, we have

Sl S HOITIM(LZ(M),LZ(M)) = JMMJM
and we set Ry = JySpJy. Then, for x € M, we get

> JuSi ano (T Ti) S = Y Ry(Ty=Th)R,.

k,l k,l

Moreover, if we take N = C, each T} is given by a vector & in L*(M), and
TizT) = (&, 2€). Therefore we see that L?(M) is a left amenable corre-
spondence from M to C if and only if the identity map of M is the o-weak
pointwise limit of completely positive maps which are finite sums of maps
of the form = — 3, (&, &)mimy, with m, € M and & € L*(M) for all
k. This implies the existence of approximate factorizations through matrix
algebras for the identity map of M, and in fact, using density arguments as
in ((AD4, Lemma 4.3]), we easily see that the two properties are equivalent.
This motivates the following definition.

Definition 2.8. We say that a correspondence H from M to N is left semi-
discrete if the identity map of M is the pointwise o-weak limit of finite sums
of maps of the form o0, with: M - M,(C)®N, ¢ :M,(C)®@N - M
as in the statement of Theorem 2.2. If N C M is a pair of von Neumann
algebras, and H = pL?*(M)y, we shall also say that M is semi-discrete
relative to N.
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2.9. Let us consider again a pair N C M of von Neumann algebras and H =
mL?(M)y, and let us suppose moreover the existence of a faithful normal
conditional expectation F from M onto N. Then X = X (H) is the self-dual
completion of M endowed with the obvious structures of left M-module and
right N-module, and the N-valued inner product (m,m;) = E(m*m;) (see
[ADS, §1.8]), and X = M viewed as a self-dual right M-module and left
N-module. Using the density of M ® M into X ® y X in the s-topology, and
standard approximation arguments as in the proof of Theorem 2.2, we see
that ps Hy is left amenable if and only if the identity map of M is the o-weak
pointwise limit of completely positive maps which are finite sums of maps
of the form z € M — Z m; E(a}za;)m;, with J finite and a;,m; € M for
ijed

ielJ. *

In [Pol], S. Popa posed the question of finding a formulation of the relative
amenability of a pair N C M of II; factors in terms of the existence of
nets of appropriate normal completely positive maps from M to M tending
to the identity. Apart from the answer above , we propose the following
formulation. We shall see that it implies relative semi-discreteness but we
don’t know whether the converse is true.

Definition 2.10. Let N C M be a pair of von Neumann algebras with a
given faithful normal conditional expectation E : M — N. We say that M
is strongly semi-discrete relative to N if there exists a net (¢;);c; of normal
completely positive maps from M to M such that
i) Eo¢;<E forallice€l,
il) ¢; is N-linear and ¢;(M) is contained in a finitely generated right
N-submodule of M;

iii) (¢;(z)) converges o-weakly to z for all z € M.

Proposition 2.11. Let N C M be a pair of von Neumann algebras with a
gwen faithful normal conditional expectation E : M — N, such that M is
strongly semi-discrete relative to N. Then M 1is semi-discrete relative to N.

Proof. Put H = 5 L?*(M)y. As explained in §2.9 above, X = X(H) is
the completion of M endowed with the N-valued inner product (m,m;) =
E(m*m,). Let ¢ : M — M be a normal completely positive map satisfying
properties i) and ii) of Definition 2.10. We shall prove that ¢ is a coefficient of
the M-M correspondence X ® vy X. Then the condition iii) of Definition 2.10
will imply that the identity correspondence of M is adherent to {X ®y X}

Using the orthonormalization of Gram-Schmidt ([Rie2, Lemma 6.7]), we
may find a finite orthonormal sequence y;, ... ,y, in M such that ¢(M) C
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P
Z y;N. Then for z € M we have

=1

$(z) = Z yiB(y; ¢(z)).

Notice that z — E(y;¢(z)) is a right N-linear form from M into N which
is continuous since

[E(y; ¢(2)]"E(y; ¢(x)) < E(¢(x) yy; ()
< llgill* E(¢(z)" p(z))
< loW)lllly: I* E(¢(z"z))
<oy I*E(z"z) = l¢Wlly:ll*(z, z)

(see [Pas]). Therefore this form may be extended continuously to the self-
dual completion X of M and there exists 1, € X such that

E(y:é(z)) = (ni,z) forallz € M.

p

Thus ¢(z) = Y yi(mi,z) = (n,€) withn =3,7: @y} and € = 1® 1. Since
=1

¢ is self-adjoint, we have (n,z€) = (£, zn) for all x € M, and therefore

(E+n,z&+n) = (§z8) + (n,zn) + 2(n, z€).

Put ¢¥(z) = (a,za) with a = %r—zﬂ It follows that ¢ — ¢ is a completely
positive map, and by [Pas], there exists T € Ly (X @y X) N M' such that
#(z) = (Ta,zTa) for all £ € M. This proves that ¢ is a coefficient of
X QN X.

(]

Remarks 2.12. a) The hypothesis F o ¢; < E should be compared
with Haagerup’s result ((Haa3, Prop. 3.5]) showing in particular that in an
injective II; factor M there is a net (¢;) of normal finite rank completely
positive maps with ¢;(1) =1 and 7 o ¢; = 7 for all ¢ (where 7 is the trace),
which converges to the identity. The assumption 7 o ¢; = 7 is not necessary
for M to be injective. We do not know whether the inequality Eo ¢, < E
can be replaced by the condition ¢;(1) < 1 in Definition 2.10.

b) Let N C M be a pair of von Neumann algebras, and let A be the set of
all z € M such that NxN U Nz*N is contained in a finitely generated right
N-submodule of M. Then A is an involutive subalgebra of M containing N.
When M is strongly semi-discrete relative to N, it is easily seen that A is
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o-weakly dense in M. In order to see whether semi-discrete implies strongly
semi-discrete it would be interesting to see whether A is o-weakly dense in
M, when M is only supposed to be semi-discrete relative to N.

We end this section by two results which should be compared to analogous
results of Bekka for group representations ([Bek, Corol. 5.4 and 5.6]).

Proposition 2.13. Let M, N, P be von Neumann algebras, H a left amenable
correspondence from M to N and K a left amenable correspondence from N
to P. Then H @y K is a left amenable correspondence from M to P.

Proof. Since yL*(N)y < K ®p K, it follows from Lemma 1.7 that
mH ®n L*(N)y < vH @y K ®p Ky
and

mH®N Hy = yH QN L*(N) @y Hyr
<uHONK®pK®nHy = u(H®N K)®p (H®N K)u-

Therefore we have

idy < MH@]\/HM < M(H N K) Rp (H®N K)M.
O

Corollary 2.14. Let N C M be a pair of von Neumann algebras such that
mL? (M) is left and right amenable. If H is a left amenable correspondence
from N to N, then Ind%f H 1is a left amenable correspondence from M to M.

Proof. 1t is an immediate consequence of Proposition 2.13 since

IndN H = pL*(M) @y H ®n L*(M) -

3. Amenable and injective correspondences

Definition 3.1. We say that a correspondence H from M to N is left
injective if there exists a norm one projection from Lyo(H) onto M. In the
case where N is a von Neumann subalgebra of M and H = ,L?*(M)y we
will rather say that M is injective relative to N.

We begin by giving some examples of injective correspondences which
come from group theory. Let us recall first the notion of amenability for an
arbitrary unitary group representation introduced by Bekka in [Bek].
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Definition 3.2. A unitary representation 7 of a locally compact group G
on a Hilbert space H is said to be amenable if there exists a state ¢ on L(H)
such that

o(n(s)Tw(s™")) = p(T) foralls € G and T € L(H).

Such a state is called a G-invariant mean on L£(H).

It was shown by Bekka ([Bek, Th. 5.1]) that 7 is amenable if and only if
the trivial representation 1 of G is weakly contained in the tensor product
7 ® T, where 7T is the conjugate representation of G.

Amenable representations are closely related to injective correspondences
as we will see now. Given a locally compact group G, its left reguiar repre-
sentation will be denoted by A, and W*(G) will be the von Neumann algebra
generated by A(G). Recall that to a unitary representation (w, H) of G is
associated a correspondence from W*(G) to W*(G) in the following way
([C-J]): the Hilbert space of the correspondence is H ® L*(G) and the left
and right actions of W*(G) are well defined by

AS)EX(E) = (7(s) @ A(s))E(1 ® A(t)) forall s,t € G, ¢ € H® L*(G).

Proposition 3.3. Let (7, H) be a representation of a locally compact group
G.
1) If © is an amenable representation, the associated correspondence is
left injective.
2) Suppose that G is discrete. Then 7 is an amenable representation if
and only if the associated correspondence is left injective.

Proof. 1) Denote by « the action s — Ad n(s) from G into L(H). By
hypothesis, there is a state ¢ on L£(H) such that poa, = ¢ for all s € G.
Passing to the crossed products, we get a norm one projection from L(H)x G

onto W*(G) (identified with 15 @ W*(G)) (see [AD1, Prop. 2.2]). Let U be
the unitary of H ® L?(G) defined by (U¢)(s) = w(s)é(s) for £ € H ® L*(G)
and s € G. Then U(L(H)x G)U* = LIH)@W*(G), and U(1y @ W*(G))U*
is the von Neumann algebra generated by {7(s)®A(s), s € G'}. The existence
of a norm one projection from L(H) ® W*(G) onto {n(s) ® A(s),s € G}"
means exactly that w- ) H ® L*(G)w-(q) is a left injective correspondence.

2) Suppose now that G is discrete, and that there exists a norm one
projection from L(H) ® W*(G) onto {m(s) ® A(s),s € G}". Denote by 7 the
canonical trace on {7(s) ® A(s),s € G}" (which is isomorphic to W*(G)),
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and for x € L(H), set ¢(z) = 7 o E(z ® 112(g)). Then, for s € G we have
p(zm(s)) = 7o E(zm(s) ® 112(c)) = 70 E[(z ® A(s7))(7(s) ® A(s))]
=7[E(z @ A(s7"))7(s) ® A(s)]
=710 E(n(s)z ® 112(¢)) = p(n(s)x).
O

Let us consider now a dynamical system (NNV,G,«) and let us denote by
@ the action of G on L*(G) ® N obtained by tensoring the action by left
translation on L*(G) and a. We say that (N,G,«a) is amenable if there
exists a norm one projection P : L*(G) ® N = N such that Poa, = a0 P
for all g € G [AD1]. It is in particular the case when G is an amenable
group.

Proposition 3.4. Let (N, G, ) be a dynamical system.
1) If(N,G,a) is an amenable dynamical system, then Nx G is injective
relative to N.

2) Suppose that G is discrete. Then the following conditions are equiva-
lent:

a) Nx G is injective relative to N;
a
b) Nx G is amenable relative to N;
«
c) Nx G is strongly semi-discrete relative to N;

d) (N,G,a) is an amenable dynamical system.

Proof. 1) If H is a standard form for N, then K = L*(G) ® H is a standard
form for M = Nx G, and L(L*(G)) ® N = Lyo(K). Now 1) is obvious

because the amenability of the dynamical system (N, G, «) implies the ex-
istence of a norm one projection from L£(L*(G)) ® N = Lyo(K) onto M
([AD1, Prop. 3.11]).

2) Suppose now that G is discrete. Each element x € M = Nx G has a

unique expression of the form z = Z UusTs, with z, € N, u, unitary, and
seEG
usnut = a,(n) for all s € G,n € N.

a) and d) are equivalent by ([AD1, Prop. 4.1]). Thanks to Propositions
2.11 and 2.5 we know also that ¢) = b) and b) = a). It remains to show
that d) = c¢). By ([AD2, Th. 3.3)), if (N, G, @) is amenable, there exists a
net (h;) of functions from G into the centre Z(N) of N, with finite support,
of positive type with respect to a (see [AD2, Def. 2.1]), such that

hie) <1 Viel
lim; h;(s) =1 o — weakly, Vs € G.
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Denote by ¢; the normal completely positive map from Nx G to Nx G

[e

such ¢;(usz) = hi(s)usz for all s € G and z € N (see [AD3, lgrop. 2.8]). It
is easily checked that (¢;).c; fulfils the conditions of Definition 2.10. O

Let us come now to our last example. By a pair G, C G of locally compact
groups, we mean a locally compact group G and a closed subgroup G; of G.
We choose a measure v on G/G;, quasi-invariant by left translations, and
denote by Ag, the quasi-regular representation of G in L?*(G/G,,~). Recall
that W*(G,) appears in a natural way as a subalgebra of W*(G), and more
precisely that we have W*(G,) = W*(G) N L*(G/G,)', where W*(G) and
L*>*(G/G,) act in the obvious way on L?(G) ([N-T]). It is also useful to note
that L?(G) is a standard form for W*(G).

The homogeneous space G/G; is said to be amenable if (among many
other characterizations given by Eymard [Eym]) the following equivalent
conditions hold :

1) there exists an invariant mean on L*(G/G,);

2) the trivial representation of G is weakly contained in Ag,.
When G, is a normal subgroup of G this means the quotient G/G; is an
amenable group.

Proposition 3.5. Let G, C G be a pair of locally compact groups as above.
i) If the homogeneous space G/G,; is amenable, then W*(G) is injective
relative to W*(G,).

ii) When G is discrete, the converse is true.

Proof. i) The existence of an invariant mean on L*(G/G;) implies the ex-
istence of a norm one projection from the crossed product L>*(G/G;)x G

onto W*(G) (see [AD1, Prop. 2.2]). It is well known that L*°(G/G;)x G is

Morita equivalent to W*(G;). More precisely, there is a canonical isomor-
phism from L*(G/G1)x G onto Lw-(g,)o(L*(G)) which preserves W*(G)

(see for instance [AD5, Lemma 4.4]). This ends the proof of 1).

ii) Let E be a norm one projection from Ly, (L*(G)) onto W*(G),
and let 7 be the canonical trace on W*(G). The restriction of 7 o E to
L>(G/G,) gives an invariant mean on L*(G/G,). 0

Let now H be a correspondence from a von Neumann algebra M to a
von Neumann algebra N. We know that there exists a normal norm one
projection from Lyo(H) onto M if and only if idy, is contained in H ®y H
(see [ADS5, Prop. 2.1]). By Proposition 2.5, we know also that if idss is
weakly contained in H @y H, then there exists a norm one projection from
Lyo(H) onto M. We examine next the converse of this result.
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Proposition 3.6. Let H be a left injective correspondence from M to N.
We suppose that there ezists a faithful normal semi-finite weight ¢ on M
such that, for all t € R, the automorphism of is induced by a unitary of
Lno(H), where 0¥ denotes the modular automorphism group of ¢. Then H
is a left amenable correspondence from M to N.

The proof of this proposition follows the lines of the one given by A.
Connes and S. Wassermann in the case N = C, which shows that an injective
von Neumann algebra is semi-discrete ([Co3], [Was]). Before going into the
proof, let us indicate some examples where the assumption of the proposition
is fulfilled.

First, it is the case for any correspondence pHy where M is semi-finite.
Secondly consider next the correspondence s L?(M)y associated with a pair
N C M and suppose that there is a normal faithful semi-finite weight ¢ on
M such that of (z) = z for all t € R and z € N. For each t, denote by v; the
canonical unitary of L?(M) which implements of. Since v; commutes with
N and Jy, we have v; € Lyo(L?(M)). Finally, let M be a von Neumann
algebra, ¢ a normal faithful semi-finite weight on M, and set N = M 6>3 R

Then the correspondence pL%(N)y satisfies the required property.
The first step in the proof of Proposition 3.6 uses the following key lemma,
due to A. Connes [Co3].

Lemma 3.7. Let M C P be a pair of von Neumann algebras such that there
exists a norm one projection from P onto M. We suppose that a normal
faithful finite trace 7 is given on M. Then, fore > 0 and by,... ,b, € M,
there exists a normal state ¢ on P with

el =7l <& and |[bi,¢]l <6, 1<i<n.

Proof of Proposition 3.6. We suppose first that M is finite, and we prove that
if pHy is left injective, then the identity correspondence of M is adherent
to {H ®y H}. We have to show that, given ¢ > 0 and zy,... ,Zp, Y1, , ¥y
in M, there exists ¢ € H @y H with

I (faxifyj) - (601$i§0yj> |S 3 for i = 1a 7P,j = 17 » 4,

where £, denotes the canonical vector in L?(M, 7). There is no loss of gener-
ality to assume that yi,... ,y, are unitaries. Let n > 0 be given. By Lemma
3.7, we may choose a normal state ¢ on Lyo(H) with ||¢ |y —7]| < 1 and
i, )l <nfori=1,...,q. Using the fact that H ®y H is a standard
form for Lyo(H) ([S]), we may find a unique vector { in the positive cone
(H®y H), such that o(z) = (¢, z€) for all z € Lyo(H) (see [Haa3]). Since
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y;£y? is the vector of (H @y H), associated with the state y,py;, by the
Powers-Stgrmer inequality we get

i€y — EI? < llyawy; —oll <7

and thus ||y,§ — &yl < pfori=1,... ,q.
On the other hand, we know that | (£, z€) — (&, z&) | < nljz|| for all
x € M, from which it follows that

l <€7xz§y]) - <£Oax150yj> ISI <§,$1§yj) - <§szy]§) I
+ | <£axzyj£> - (£Oa$iyjfo> I
< lzlllly;€ = &yl + nllzaysll < Nlzallvm + lzay;lin-

The conclusion follows immediately.

The next step consists in extending this result from the case M finite to
the case M semi-finite. We may write M = [[,(P; ® L(K;)) where P; is
a finite von Neumann algebra, and £L(K;) a type I factor. The techniques
of reduction to the finite case are quite straightforward but lengthy and we
shall omit the proof (see [Was] in the case N = C).

The last step is a reduction to the semi-finite case, thanks to the use of
crossed products. We denote by o instead of 0¥ the modular automorphism
group of M and we set P = Mx R, K = L*(R) ® H. Let mp and w0 be
the left and right actions of M a;d N respectively on H. The canonical left

action 7wp of P on K and the right action 1 @ myo of N endow K with a
structure of correspondence from P to N. Note that for z € M, we have

(mp(2)8)(t) = mu(0-e(2))E()) VE€ K, VLR

Moreover, we have Lyo(K) = L(L*(R)) ® mno(N°)' = L(L*(R)) ® Lyo(H).

Since jHy is left injective, there a norm one projection from £(L?(R)) ®
Lyo(H) onto L£(L?*(R)) ® M, and since R is amenable there exists a norm
one projection from £(L*(R)) ® M onto M x R. It follows that p Ky is a left
injective correspondence and hence left amgenable, because P is semi-finite.
By restriction we get, from the property idp < pK ®n K p, that 3 L?(P)y <
uwK ®n K. Then, by Proposition 2.6, we have idy < pL?(P)y, and
therefore idy < K Qn K-

Let us notice now that there is a canonical identification of

Koy K =(L*(R) ® H) ®y (L*(R) ® H)

with L?(R) ® L*(R) ® (H ®y H), and thus we view the elements of K @y K
as functions with values in the Hilbert space H @y H. The left and right
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actions of P (resp. M) on K ®y K (resp. H ®y H) will be denoted by pp
and ppo (resp. ppr and pyo). For z € M and € € K ®y K we have

[op(2)€](t, 5) = pr(o-o(z))[E(2, 5)]
[opo (2)E] (2, 8) = pao(0—s(2)) € (2, 5)]-

Let ©1,... ,Zk, Y1, - ,Yi be given elements in M. Since idys < y K On K
we have

ZLL‘ JM y, JM ZpP m,)ppo(y,)

where Y, pp(z;)ppo(y;) is the decomposable operator
(t:8) = Y pu(0—o(2:)) pae (05 (1))

Let us fix (s,t) € R x R. Since o_; and o_; are induced by unitaries in

Lno(H), by [Co4] (see also [S, Lemme 2.3]), there is a unitary U of H®y H
such that

ZpM o_i(:))pmo(0_s(4:)) = (Z pa () paro (3/1)) U

and therefore we get

Z pp(z:)ppo(yi)|| = z pu () paro (yi)

and

”ZWM(%)WMO(%) < ZPM(wi)PMO(yi) .

It follows that the identity correspondence of M is weakly contained in H Q@

H. O

Remark 3.8. In fact Proposition 3.6 remains true if we only suppose
that the o,’s belong to the closure G, in the group Aut M gifted with its
usual topology, of the group of all automorphisms of M induced by unitaries
v € Lyo(H) such that Ad v(M) = M. This follows from the observation
that the set of all automorphisms § € Aut M such that

41

(2) 1)) oo (i) Z P (T:)paro (i)

' P (:) paro (0(y:))
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is closed in Aut M.
Unfortunately, (2) is not true for every 8 € Aut M in general.

Corollary 3.9. Let M C N be a pair of von Neumann algebras and assume
that there exists a faithful semi-finite normal weight ¢ on M such that, for
all t € R, the automorphism of is induced by a unitary of N. Then the
following conditions are equivalent :

1) There ezists a norm one projection from N onto M.

2) There exists a net (¢;) of normal completely positive maps from N to
M, such that ¢;(1) < 1 for all i, and im;p;(z) = = o-weakly for all
reEM.

Proof. Apply Propositions 2.5 and 3.6 to the correspondence 5 L*(N)y
O

Proposition 3.10. Let M and N be two von Neumann algebras. The fol-
lowing conditions are equivalent :
1) There ezists a left injective correspondence from M to N.

2) There exists a left amenable correspondence from M to N.

Proof. 2) = 1) follows from Proposition 2.5. Conversely let (H, mp, myo) be
a left injective correspondence from M to N, and choose a normal faithful
semi-finite weight ¢ on M. Consider the correspondence (K, 7y, yno) from
M to N, where K = L?*(R) ® H and

(Yaa (2) 8o (¥)€) (8) = mar(o—e()) o (y)E(2)

forallz € M, y € N and £ € L?*(R) ® H. We see from the proof of
Proposition 3.6 that this correspondence is left amenable. l

4. Amenable equivalence of von Neumann algebras and
applications

Definition 4.1. Let M and N be two von Neumann algebras. We say that
M is amenably dominated by N, and we write M = N, if there exists a left
amenable correspondence from M to N. If M = N and NV = M, we will say
that M and N are amenably equivalent, and wrlte M~ N .

Using Proposition 3.10, we see that we may replace the word amenable by
the word injective in the previous definition. Also Proposition 2.13 implies
that < is a preorder relation and that ~ is actually an equivalence relation.

a a
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Note that the relation M < N means that there exists a von Neumann

a
algebra N;, Morita equivalent to N, containing M as a von Neumann sub-
algebra and such that there exists a norm one projection from N; onto M.
In particular, if M is injective we have M < N for all N.

4.2. Examples of amenably equivalent von Neumann algebras.
a) If N is injective, we have M ® N ~ M for all M: obviously, since there

is a norm one projection from M @ N onto M, we have M< M ® N; on the

other hand, L?(M) ® L?(N) with its obvious left M ® N-action, and right
M-action is left injective and therefore we have M @ N< M.

b) In [Pol, §1.4.3], S. Popa has defined two II, factors M and N to be
w-stable equivalent if there is a correspondence H of finite index between
them. This means that Lyo(H) and £ (H) are finite factors and thus there
exists normal norm one projections from Lyo(H) onto M and from L (H)
onto myo(N). Thus H is amenable. Therefore, w-stable equivalence implies
amenable equivalence, but the converse is not true because, for instance,
property T is preserved by w-stable equivalence but not by amenable equiv-
alence.

c) Let (N, G, ) be a dynamical system. Then we have N = Nx G and if

a
moreover the dynamical system is amenable, we have N~ Nx G (see Prop.
a et

2.6 and Prop. 3.4).
d) Let G, C G be a pair of locally compact groups such that G/G;
is an amenable homogeneous space. Then we have W*(G)< W*(G,), and

if moreover G is discrete, we have W*(G)~ W*(G1). This follows from

Proposition 3.5, and the fact that there exists a norm one projection from
W*(G) onto W*(G,) when G is discrete.

e) Let N be a von Neumann algebra and ¢ a normal faithful semi-finite
weight on N. We denote by M the crossed product N l>:1 R of N by the

modular automorphism group o relative to ¢. Example c) above shows that
Nx R~ N, but here we may assert moreover that pL?(M)y is a left and
a

[

right amenable correspondence. In fact, we know by Proposition 3.4,1) that
mL*(M)y is left injective, hence left amenable, since M is semi-finite (see
Prop. 3.6). On the other hand, jL*(M)y is right amenable by Proposition
2.6.

Let us remark in particular that every von Neumann algebra is amenably
equivalent to a semi-finite von Neumann algebra, and even to a semi-finite
von Neumann algebra M which is isomorphic to M ® R, where R is the
hyperfinite II, factor.

We shall now prove that many weak form of amenability for von Neumann
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algebras are preserved by this equivalence relation. We need first to recall
some definitions and results, mostly due to Uffe Haagerup ([Haa4], [C-H]).
Let T be a bounded map from a C*-algebra A into a C*-algebra B. For

each integer n > 1, we denote by 7T, the map from M,,(A) into M,,(B) such
def

that T,,([a;;]) = [T(ai;)]. Then T is called completely bounded if ||T,, =

sup || T, < +oo.
n>1

Definition 4.3 [Haa4]. a) We say that a von Neumann algebra M has
the weak* completely bounded approzimation property if there exist ¢ € R
and a net of o-weakly continuous finite rank operators (¢;);c; from M to M
such that ||¢;||,, < c for all i and lim; ¢,(z) = = o-weakly for all z € M. We
let A(M) be the infimum of all values of ¢ for which such nets exist. If M
has not this approximation property, we set A(M) = +oo.

b) Similarly, a C*-algebra A is said to have the completely bounded ap-
prozimation property if there exist ¢ € Rt and a net of finite rank operators
(¢:)ier from A to A such that ||¢;]|,, < c for all 7 and lim; [|¢;(z) — z|| = 0
for all z € A. Then A(A) is defined in the obvious way.

4.4. Let G be a locally compact group and A(G) its Fourier algebra, that
is the predual of W*(G). The norm in A(G) will be denoted by ||.|| .

A multiplier m of A(G) is a bounded operator on A(G) given by point-
wise multiplication by a function on G. We say that m is a completely
bounded multiplier of A(G) if the transposed operator on W*(G) is com-
pletely bounded, and then its complete bounded norm is denoted by [|m/|,,, -
Remark that every element u in A(G) is a completely bounded multiplier,
and that we have ||lull,, < |lu|l,. For further details we refer the reader to
[dCH] and [C-H].

Following [C-H], we say that G is weakly amenable if there exists a net
(4:)ier in A(G) and ¢ € R* such that |lull,, < c for all i and lim;u; = 1
uniformly on compacts. We let Ag be the infimum of all values of ¢ for which
such nets exist, and we put Ag = +oo if G is not weakly amenable. It is
proved in [C-H] that the existence of a net (u;);c; as above is equivalent to
the existence of an approximate unit (v;);es for A(G) such that |lv,||,, <c
for all j. This definition may be compared to the well-known result of Leptin
[Lep] asserting that G is amenable if and only if it is possible to find an
approximate unit (v;) for A(G) such that |lv;||, <1 for all j. In particular,
an amenable group G is weakly amenable with Az = 1. The constant Ag
has been computed for all non-compact simple Lie groups with finite centre-
(see [dCH], [Cow], [Haa4|, [C-H] for the computations and further details
on the subject, and in particular the next proposition).

We denote, as usual, by C}(G) the reduced C*-algebra of the group G,
that is, the C*-algebra generated by the left translation operators in L*(G).
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Proposition 4.5 ([Haa4, Th.2.6]). Let G be a discrete group. Then the
following conditions are equivalents :
a) C*(G) has the completely bounded approzimation property.

b) W?*(G) has the weak* completely bounded approzimation property.
c) G is weakly amenable.
Moreover A(Cr(GQ)) = AW*(G)) = Ag.

Lemma 4.6. Let N be a reduced von Neumann algebra of M. Then we have
A(N) < A(M).

Proof. Let e be the projection in M such that N = eMe and denote by F the
map z +— eze from M onto N. Then, if (¢;);c; is a net of o-weakly continuous
finite rank operators on M, as in Definition 4.3 a), (E o ¢;);c; defines, by
restriction, a net (;);c; of o-weakly continuous finite rank operators on
N, with sup; [|4:]|,, < sup;||¢:ll,, and lim; 4;(x) = z o-weakly for all z €
N. |

Lemma 4.7. Let N and M be two von Neumann algebras. Then we have
A(M ® N) < A(M)A(N).

Proof. We may suppose that A(M) < +oo and A(N) < +oo. Given € > 0,
by convexity arguments we see that there exist nets (¢;);cr and (¥;);es of
o-weakly continuous finite rank operators on M and N respectively, with

sup||¢illoy, < A(M) +e,  suplleill, < A(N) +e,

and

lim(lpod; —pl| =0, lim|pod; —¢||=0 forallp€ M,,3 € N..
) 7

By ([C-H, Lemma 1.5)), for (i,j) € I x J, there is a unique o-weakly
continuous map, denoted by ¢; ® 9;, from M ® N onto itself, such that
(¢: @ ¢;)(z @ y) = ¢i(z) ® Y;(y) for z € M and y € N, and we have

ll#: ® %l y < llbill ey 195l -
Obviously, ¢; ® 9; has a finite rank, and for ¢ € M,,9 € N,, we get
lim[l(po ) @ (Po9;) —p @Yl = 0.

Since M, ® N, is norm dense in the predual of M ® N, it follows that
(¢; ® 9;):; converges to the identity map of M ® N in the topology of
o-weak pointwise convergence. Then we have

AMQON) < (A(M) +e)(A(N)+¢e) foralle >0,
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and thus A(M ® N) < A(M)A(N). O

It does not seem to be known whether A(M @ N) = A(M)A(N) in general
(see [C-H], last remark).

Lemma 4.8. If N; and N, are two Morita equivalent von Neuman algebras,
we have A(Ny) = A(N3).

Proof. Since N; is isomorphic to a reduced von Neumann algebra of N, ® F
where F is a type I factor, it follows from Lemmas 4.6 and 4.7 that A(N;) <
A(N;). In the same way we get A(Ny) < A(Vy). O

Theorem 4.9. Let M and N be two von Neumann algebras such that
M= N. Then we have A(M) < A(N).

Proof. Let H be a left amenable correspondence from M to N, and put
N; = Lyo(H). Then N; is Morita equivalent to N and we have (see §2.1)

idy <= MH®n Hy = mL*(Ny)y = mL*(Ny) ®n, L*(Ny) -

Since A(N;) = A(N), and writing N instead of N;, we are reduced to prov-
ing that, when M is a von Neumann subalgebra of N with »L*(N)n left
amenable, then we have A(M) < A(N). Using Proposition 2.5, we know
that there exists a net (¢;);c; of normal completely positive maps from N
to M, such that ¢;(1) <1 for all 1 € I, and lim; ¢;(z) = = o-weakly for all
T €EM.

On the other hand, given ¢ > 0, let (4;) jes be a net of o-weakly continuous
finite rank operators on N, with sup; ||4;]|, < A(N) + ¢, and which tends
to the identity map of NV in the topology of pointwise o-weak convergence.
Let us denote by 6; ; the map z — ¢; o1, (z) from M into M. Obviously ; ;
is o-weakly continuous with finite rank, and we have

16:.51lcy < Neilley I5llcy < IA(N)I| + €.

Let n > 0,2y,... ,2, € M,1,... ,0, € M, be given. Forl =1,...,r
and m=1,...,s we have

l01(0:(Tm) — Tm) | < |@i[hi(¥(@m) — Tm)]| + |@1(Bi(zm) — Tm)| -

First, we may choose i such that | @;(¢i(zm) — Zm) | < n/2 for all [ and m.
Then, we may choose j such that | [¢; (¥ (Zm) —Tm)]| < 1/2 for alll and m.
It follows that the identity map of M is the pointwise o-weak limit of a net
(0,) of o-weakly continuous finite rank maps on M, with ||6,||,, < A(N)+e.
Thus we have A(M) < A(N). O
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4.10. Let us now list some immediate consequences of the previous theorem.
a) Suppose that M is a von Neumann subalgebra of N such that there
is a norm one projection from N onto M. Then we have M < N and

therefore A(M) < A(N). Note that the only difficulty in this result is
that the projection is not supposed to be normal.

b) Let M C N be an inclusion of finite IT; factors with finite index [V :
M]. Then A(M) = A(N) (see §4.2 b).

c) Let (M,G,a)deadynamical system. Then we have A(M) < A(Mx G),
and A(M) = A(Mx Q) if moreover the dynamical system is supp%sed
to be amenable (seoé §4.2 c).

d) Let G, C G be a pair of locally compact groups such that G/G, is an
amenable homogeneous space. Then we have A(W*(G)) < A(W*(G,)).
If moreover G is discrete, we have A(W*(G)) = A(W*(G,)) (see §4.2
d).
In particular, if 1 - G; - G - H — 0 is an exact sequence of discrete
groups where H is an amenable group, we see that A = Ag,. This result
should be compared to the following example. Let G be the semi-direct
product of G; = Z? by H = SL(2,Z) under the natural action of SL(2,Z)
on Z*. Then U. Haagerup has shown [Haa4] that Ag = +o00, although G,
and H are weakly amenable with Ag, = Ay = 1.

It would be interesting to see whether A = Ag, for any pair of locally
compact groups G; C G such that G/G, is an amenable space. This would
require of course a direct proof, not using the von Neumann algebra setting.
Let us note that Haagerup proved the equality A¢ = Ag, when G, is a
lattice in G.

Almost exactly as in the proof of Theorem 4.9, we may show that the
approximation properties described below (Def. 4.11, 4.12, 4.13) are trans-
mitted from a von Neumann algebra N to any von Neumann algebra M
such that M < N, and therefore are an invariant of amenable equivalence.

We will only ;ketch the proof for the last one.

Recall first that a linear map T from a C*-algebra A to a C*-algebra B
is said to be n-positive, where n is an integer > 1, if T,, : M,,(4) = M,(B),
defined by T),([a;;]) = [T'(as;)] is positive.

Definition 4.11. We say that a von Neumann algebra M has the weak*
n-positive approzimation property if there exists a net (¢;) of o-weakly cen-
tinuous n-positive, finite rank operators from M to M such that ¢;(1) =1
for all 7 and lim; ¢;(z) = = o-weakly for all z € M.

This property is stable by amenable equivalence. In [dCH] it is proved
that the von Neumann algebras of the free groups have the weak* n-positive
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approximation property for all » > 1 and therefore it is also the case, for
instance, for W*(SL(2,Z)).

The second approximation property which can be shown to be stable by
amenable equivalence is the following one, recently introduced by J. Kraus
[K] in connection with the slice map problem.

Definition 4.12. Let M be a von Neumann algebra and K an infinite
dimensional Hilbert space. We say that M has the weak* complete pointwise
approzimation property (CPWAP) if there is a net (¢,) of o-weakly contin-
uous finite rank maps from M to M such that, for all x € M ® L(K), we
have lim;(¢; ® 1.(k))(z) = = o-weakly.

It is easily seen that if M has the weak* completely bounded approx-
imation property, then M has the CPWAP, but the converse is not true
(see [K, Example 2.11]). Kraus also proved that not every von Neumann
algebra has the CPWAP. In [H-K], it is shown that the class of discrete
groups whose von Neumann algebra has the CPWAP is closed under taking
semidirect products. Since CPWAP is invariant by amenable equivalence,
we obtain here that, whenever G; C G is a pair of discrete groups such that
G/G, is an amenable homogeneous space, then W*(G,) has the CPWAP if
and only if W*(G) has the same property.

We come now to our last example of approximation property which is
invariant under amenable equivalence. For group von Neumann algebras,
it is a property which appears for the first time in the work of Haagerup
[Haa2], and is now known as Haagerup’s approzimation property.

Definition 4.13. We say that a von Neumann algebra M satisfies the
compact approzimation property if there exists a net (¢;);c; of o-weakly con-
tinuous completely positive maps from M to M such that

i) for all z € M we have lim; ¢;(z) =z  (o-weakly);

ii) for all ¢ € L?*(M) and i € I, the map z — ¢;(z)€ is compact from the
normed space M to L?(M).

Remark 4.14. Obviously, the above property ii) does not depend on the
choice of a standard form L?(M) for M. Moreover it is enough to check it
for ¢ in a total subset of L>(M). Let for instance & be a vector in L*(M)
such that M'¢, is dense in L?*(M). Suppose that z — ¢;(2)& is compact.
Then for all y € M’ the map = — ¢;(z)y€s = ydi(z)&o is compact. Therefore
in this case it suffices to check property ii) only for £ = &,

Definition 4.15. a) Let M be a finite von Neumann algebra equipped with
a normal faithful trace 7 on M. We say that M satisfies Haagerup’s approz-
imation property if there exists a net (¢;) of o-weakly continuous completely
positive maps from M to M such that

1) 7To¢i(z*x) < 7(z*z) for all z € M;
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ii) lim; ||¢s(z) — z||, = 0 for all z € M;
ili) each ¢; induces a compact bounded operator on L?(M).
b) Let G be a discrete group. We say that G satisfies Haagerup’s approz-
imation property if there exists a net (p;); of positive type functions on G
such that

i) lim; p;(s) =1 for all s € G.

ii) each (; vanishes at infinity.

Proposition 4.16. Let G be a discrete group, and denote by T the canonical
trace on W*(G). Then the following conditions are equivalent:
a) W*(QG) satisfies the compact approzimation property;

b) W?*(G) satisfies Haagerup’s approzimation property;

c) G satisfies Haagerup’s approzimation property.

Proof. The proof may be found almost entirely in [Cho}]. Put M = W*(G).
To show a) = c¢) take a net (¢;);cr as in Definition 4.13. For ¢ € I, let ;
be the function s — 7(#;(A(s)) A(s)*) defined on G. Then (p;);c is a net of
positive type functions on G such that lim; p;(s) =1 for all s € G.

Consider ¢ : M — M such that T, : z — ¢(z)¢, is a compact operator
from M to L?*(M) and put ¢(s) = 7(¢(A(s)) A(s)*) for s € G (where &,
denotes the canonical vector in L?(M) = L?(M,7)). It remains to check
that ¢ vanishes at infinity. Given € > 0, let T': M — L?(M) be a bounded
finite rank operator with ||T, — T'|| < €. Since we have

| (s) = (A), TGN | < IT(A(s) =T, <e, forall se,

it is enough to prove that s — (A(s),T(A(s))) vanishes to infinity. But this
is obvious because {\(s), s € G} is an orthonormal basis of L?(M) and T is
a bounded finite rank map.

For the equivalence between b) and c) see [Cho].

b) = a) Let (¢;) be a net as in Definition 4.15. Since the injection M —
L%*(M) is bounded, we see that £ — ¢;(z)¢, is a compact map from M to
L?(M). Then property ii) of Definition 4.13 follows from Remark 4.14. On
the other hand property i) in Definition 4.13 is an immediate consequence
of ii) in Definition 4.15. a

Proposition 4.17. Let M and N be two von Neumann algebras. We suppose
that N has the compact approzimation property and that M is amenably
dominated by N. Then M has also the compact approrimation property.

Proof. As for the proof of Theorem 4.9, we show first, by straightforward
arguments, that the compact approximation property is invariant by Morita
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equivalence. Thus we may suppose that M in contained in N in such a
way that there exists a net (¢;);c; of completely positive maps from N to
M satisfying conditions ii) of Proposition 2.4, with N, replaced by N. Let
(1;);jes be a net of o-weakly continuous maps from N — N converging to
the identity map, and such that z — %;(z)¢ is a compact map from N to
L*(N) for all j € J and £ € L*(N). We have to check that z — ¢; 01, (z)¢ is
a compact map from M to L?(M). But this is obvious since each ¢; is a finite
sum of maps of the form z — W*zW with W € Homppo (L*(M), L*>(N)).

Remark 4.18. We may show, as in [Rob], that a type II, factor with prop-
erty T' cannot have the compact approximation property (see also [C-J]).
Therefore such a factor cannot be amenably dominated by a von Neumann
algebra with the compact approximation property.
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