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The purpose of this paper is two fold. The first one is
to construct a continuous new family of irreducible (some of
them are unitarizable) modules for Toroidal algebras. The
second one is to describe the sub-quotients of the (integrable)
modules constructed through the use of Vertex operators.

Introduction.

Toroidal algebras 7(y are defined for every d > 1 and when d = 1 they are
precisely the untwisted affine Lie-algebras. Such an affine algebra G can be

realized as the universal central extension of the loop algebra ¢ ®Cjt, ']
where G is simple finite dimensional Lie-algebra over C. It is well known

that G is a one dimensional central extension of G ®C[t,¢~']. The Toroidal
algebras 7j4 are the universal central extensions of the iterated loop algebra

G ®C[, - - - t31] which, for d > 2, turnout to be infinite central extension.
These algebras are interesting because they are related to the Lie-algebra of
Map (X, G), the infinite dimensional group of polynomial maps of X to the
complex algebraic group G where X is a d-dimensional torus.

For additional material on recent developments in the theory of Toroidal
algebras one may consult [BC], [FM] and [MS].

In [MEY] and [EM] a countable family of modules (also integrable see
[EMY]) are constructed for Toroidal algebras on Fock space through the use
of Vertex Operators (Theorem 3.4, [EM]). However they are reducible and
not completely reducible. In §5 we observe that the Fock space is a direct
sum of certain b(A)’s. In (5.10) to (5.12) we prove that each b(\) admits
a filteration by an increasing sequence of modules such that the successive
quotients are all isomorphic to V' defined in §5. In (5.9) we prove that
each V admits a filteration of decreasing sequence of modules such that the
successive quotients are all irreducible. In our main Theorem 5.6 we will
describe the irreducible modules as certain iterated loop modules twisted by
an automorphism of 7.
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512 S. ESWARA RAO

We now describe the contents of the paper.

In §1 we construct an iterated loop algebra of Kac-Moody Lie-algebra
G and construct a family of completely reducible modules (Theorem (1.8))
using methods similar to [E]. In §2 we prove that some of the above modules
are unitarizable (Proposition 2.3). In §3 we specialize these results for G
finite dimensional (Theorem 3.3) and for G an affine Lie-algebra (Theorem
3.6) to get irreducible modules (some of them are unitarizable modules)
for 7;q). The modules considered in Theorem 3.6 are the first examples of
irreducible modules for ;5 where part of the centre acts non-trivially. It
should be mentioned that it is the unitarizable modules (and also integrable
modules) which lift to the group.

In §4 we recall the construction of Vertex Operators and the Fock space.
We also construct certain automorphisms of 775 which are necessary in §5.

1.

Let d and k& be positive integers. Let G be a Lie-algebra and let G, = &G
be k copies of G. Let A = A; = C[ti',---t'] be Laurent polynomial
ring in d variables. Then G4 = G ® A is a Lie-algebra with Lie structure
(X ®a,Y®b =[X,Y]®ab,X,Y € G a,b € A.

Let n = (ny,ns, - - ng) be a d—tupple of integers and let

t = g . e

For 1 <i <k let g¢; = (a;(1),---a;(d)) be a d—tupple of non-zero complex
numbers. Let af = al*(1)---al*(d) be the product. Consider the Lie-
algebra homomorphism

$:G4 =G
X @t (Xat, - ,Xa}).

It is elementary to check that ¢ is not surjective if and only if a;(¢) = a;(¢)
for some ¢ # j and for all £. First prove it for d = 1 and then using
Vandermonde determinant for general d.

Define derivations d;,d; - --dg on G4 by [d;, X ® t2] = n; X ® t* and note
[d;,d;] = 0. Let D be the linear span of dy,d,, - - - dq and let Ga=G®A®D.

For any Lie-algebra G, let U(G) denote the universal enveloping algebra.
Note that A,G4 and U(G,) are obviously Z¢ graded algebras.

1.1. From here onwards we will assume that G is a Kac-Moody Lie-algebra.
Fix a Cartan subalgebra h of G.

Let ¢ : U(h,) — A be a Z? graded homomorphism. Let A, be the image
of 1 which is a Z? graded subalgebra of A.
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Ay can be treated as an ﬁA— module by the v action,
h @247 = op(h @ t2).42

1.2. Lemma. A is an irreducible ﬁA— module if and only if homogeneous
elements of Ay are invertible in A,.

Proof. Assume the homogeneous elements of A, are invertible in A,. To
prove irreducibility it is sufficient to prove that given elements t2 and ™ there
exists X in U(h,) such that X.t2 = ¢ By assumption t2~2 belongs to A,.
Since A, is the image of 1 there exists X in U(h,) such that ¢(X) = t22
and clearly X.t% = ¢(X)t2 = ¢™.

Now for the converse let t* belong to A,. First note that 1 belongs to
Ay. There exists X in U(h,) such that 1(X).t2 = 1 by irreducibility of A,.
Then clearly ¥(X) = ¢™2 and we are done. O

1.3. The purpose of this section is to construct irreducible modules for Ga.

Let V(A;),--- V(M) be irreducible highest weight modules for G with
highest weights A;, Ao, -+ A\x respectively. Then clearly V = ®V(});) is an
irreducible module for G;.

1.4. Also V can be treated as an irreducible G 4-module via the Lie-algebra
homomorphism ¢. But it is not a Z?— graded module. That is, it cannot
be extended to G 4.

Consider V4 := V ® A which will be given G 4 module structure.

(1.5) X @t2(v @ 12) = p(X @ t7)v @ t2T2
di(vett)=nvRt: (X € GveV).

We denote the G, module by (Vy4, 7).
Let ¢ : U(hy) > Abe h@t2— Z)\i(h)gy 2 be a Z%— graded homomor-

phism of algebras.

1.6. We believe that the conditions for ¢ to be surjective are sufficient to
prove that A, is irreducible, but we could not prove that. Instead we will
give a continuous family of examples where A, = A. In particular for these
examples A, is irreducible.
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1.7. Assume 1 < ¢ < d,a;(¢)/a;(¢) is not a k—th root of unity. Then
by Lemma 4.4 of [CP] the following Z—graded algebra homomorphism is

surjective for all /,
U(h® C[tlﬂ tzl]) - C[tla tZI]

k
h @ty = > A(h)al} (£)t}.

j=1
Hence A, contains C[t,,t; '] for all £. So that A4, = A.

From here on we will assume that A, is irreducible h,— module.
We will also note 1 and the module (V4, 7) depends on the choice of A's and
a; (@)'s

For any v € V let v(n) = v®1®. We will now prove that (V4, ) as defined
in (1.5) is a completely reducible G , — module.

1.8. Theorem. Let G C Z? be such that {t2,m € G} is a set of coset
representatives of AfA,. Let v = v; @ --- ® vy where each v; is a highest
weight vector of V(X;). Then

(1) Vi = ®mecU(v(m)) as QA- module where U(v(m)) is the G4 submod-
ule generated by the vector v(m).

(2) Each U(v(m)) is an irreducible gA_ module.
In particular (V4,m) is an irreducible G4 -module whenever A = Ay,.

Before we prove the theorem we prove some lemmas.

1.9. Lemma. Any non-zero Q~A— submodule of V4 contains v(m) for some
m.

Proof. Consider the map S : V4 — V defined by S(w(m)) = w (extend
linearly to V). Then clearly S is a surjective G4- module map (it is not a
G 4-module map).

Claim. S(W) =V for any non-zero Ga module W of (Va, 7).

Since V is an irreducible G4 -module and S(W) is a submodule of V, to
see the claim it is sufficient to prove that S(W) # 0. But that is clear. Since
W is a Gs-module it therefore contains vector of the form w(m),w € V and
S(w(m)) = w # 0. This proves the claim.

Now let w in W be such that S(w) = v where v is the vector defined in
the statement of the theorem. Since S is a h— module map, w and v are
the same weight. {v(m ) m € Z¢%} are the only such weight vectors of Va
and hence w = ZC v(m?) for some complex numbers C; and some m’ € Z.

But W is a G4 module so is (Z%graded) and it follows that v(m') belongs
to W. O
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1.10. Lemma. The following are true.

(1) v(m) € U(hy)v(n) if and only if t2 2 € A,.

(2) v(m) € U(gA)U(QZ if and only if t2 2 € A,

(3) U(Ga)v(m) = U(Ga)v(n) if and only if 1272 € Ay.

(4) N = U(Ga)o(m) N U(Ga)o(n) # {0} if and only if t22 € A,

Proof. (1) Clear. (2) The “if” part follows from (1). For the “only if” part
write G = N~ ®@ h® Nt where N* is sum of positive root spaces and N~ is
sum of negative root spaces. Now note that U(G4)v(m) = U(N;)U(h,)v(m)
which follows from the fact that U(NJ1)v(m) = 0 and the Poincare-Birkhoff-
witt theorem. Now it is easy to see by a weight argument that v(m) €
U(Ga)v(n) implies that v(m) € U(h,)v(n). So by (1),(2) is complete. (3)
follows from (2). (4) Assume N # {0}. By Lemma (1.9) there is a k such
that v(k) € N. Hence by (2) t2 ™ tk2 ¢ A,,. But t27% € 4, and therefore
tm2 ¢ Ay. Converse follows from (3).

Proof of the Theorem 1.8. (2) Let W be a non-zero Ga submodule of
U(Ga)v(m). Then W contains v(n) for some n (by Lemma 1.9). So that
U(Ga)v(n) € W. But by Lemma (1.10), t¥@m2 ¢ A,. Now by Lemma

1.10 (3) it will follow that U(Ga)v(n) = U(Ga)v(m). In particular W =
U(Ga)v(m).

(1) Let w(m) € Vy,w € V,m € Z% Since V is irreducible G,— module

(see 1.4) there exist X € U(G.) such that (X)v = w. Write X = > X,

nezd
where [d;, X,| = n; X,.
Consider - m(X,)v(—n +m) = ¥ p(Xa)v(m) = o(X)v(m) = w(m).
Hence we have proved that

(1.11) VaC Y U(Ga)v(m).
mez4
We also have by Lemma 1.10 (3)
(1.12) Z U(Ga)v ZU Ga)v(m).
meZd meG

In view of (1.11) and (1.12), to see (1) of the Theorem we only have to
prove that the sum of RHS in (1.12) is direct.
For that it is sufficient to prove that for all m € G.

(1.13) UGav(m)n Y U(Ga)v(n) = {0}.
neG,m#n
Suppose (1.13) does not hold for some m € G. Then

UGavim) S S UGa)v(n)

neG,m#n
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(since U(G4)v(m) is irreducible). Since all modules under consideration
are h ® D— modules v(m) has to be linear combinations of v(k) where
v(k) € U(Ga)v(n),n # m and n € G. But this is not possible since none
of the k can be equal to m by Lemma 1.10 (2) and the choice of G. This
proves that the sum at RHS in (1.12) is direct and that completes the proof
of the theorem.

2.

In this section we will prove that modules constructed earlier for G 4 are
unitarizable subject to some conditions on A’s and a;(¢)’s.

We will start with
2.1. Definition. A conjugate-linear anti-involution of a Lie-algebra G’ is a
map D : G' — G’ such that

D(X +Y)=D(X)+D(®Y),D(AX) = AD(X)
forall X, Y € G'and A € C.
Such maps are also called forms.
2.2. Definition. A G'— module V is said to be unitarizable with respect

to conjugate linear anti-involution D of G’ if there exists a positive definite
hermitian form (,) on V satisfying,

(Xv1,v9) = (v1, D(X)vy)

for all v;,v, € V and X € G'.

Let w be a conjugate-linear anti-involution of G. Then w, = @,w is
conjugate-linear anti-involution of Gy. Define @ on G4 by WX (n) = w(X)(~n)
and w(d;) = d; and verify that it extends uniquely to a conjugate-linear anti-
involution.

Let V(X;) be highest weight unitarizable G— module with respect to w.
Then it is a standard fact that V = ®V(});) is a unitarizable G, — module
with respect to wy.

2.3. Proposition. (Vy, ) is a unitarizable G4— module with respect to @
if | ai(€) |=|a;(€) | for alli,j and £.

Proof. Define an automorphism O : G4 — G4 by O(X(n)) =| a7*" | X(n).
Then the following diagram commutes.

Gs > G
(2.4) w | L wyg-
Ga qS:)O G
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2.5. Hence we have w0 O oW = wy o @. Also we have g o O o WX (k)
=| ai* | p o WX (k).
Let (,) be a positive definite hermitian form on V satisfying

(26) (X’Ul,’Ug):('Ul,’ka'UQ),XEgk,’Ul,'Uz eV.
Define a positive definite hermitian form on V, by

| a7 ™| (v1,0) if m =n

0 otherwise.

(v1(m),v2(n)) = {

The following can be easily seen.

(1) (mdivi(n),va(m)) = (v1(n), 7divy(m))
_ {0 ifn#m

n; (Ul (ﬂ)a ) (E)) ifn

m

(2)(r X (k)vi(n),v2(m)) = (vi(n), ToWX (k)v2(m)) = 0 if k+n #m

Let v,v,€e VX e€G,k,ncZlandm=Ek+n
Consider

(r X (E).v1(n), v2(m)) = (X (k)v1)(k + 1), v2(m))

=] a;* ™ | (0 X (k)v1,v) (by def)

| a2 | (v, wepX (k)vs) (by 2.6)

| a; 2t | (v1, p0Q0wX (k)vs) (by (2.5))
= | a; ™| (v1, 0w X (k)v2) (by (2.5))

= (v ( ), (pow X (k))va(n))(by def)

= (v (n), 7wX (k)va(n — k)) (by def of =).

It now follows that V4 is unitarizable as C; 4- module.

3.

517

We will now use the results of Section 1 and 2 to produce irreducible unita-

rizable modules for Toroidal algebras.

First recall the construction of a Toroidal algebra 74 from Section 2 of

[MEY].

Tiq) = GQADN 4 /d 4 where § is finite dimensional simple Lie-algebra and A

is a Laurent polynomial ring in d variables. Q, := Q,/d 4 is central in 74

. Q
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is a linear space spanned by d(¢™)t® with the relation d(¢2)t2 + d(t2)t™ = 0.
The Lie-algebra structure on 7y is defined as

(X (m),Y (n)] = [X,Y])(m +n) + (X, Y)d(™)t™

where (,) is a Killing form on G.
Let d;,d,,- - - d4 be derivations on 74 defined by

[di, X (m)] = m; X (m), [d;, d(#™)tY] = (m, + n;)d(t™)t%, [d,, d;] = 0.

Let D be the linear span of dy,ds, - - - d4. Then Tj4) := 7¢y@® D is a Lie-algebra

and 2, is an abelian ideal.
3.1. Let w be any conjugate-linear anti-involution of G and let w be a

conjugate-linear anti-involution of G4 as defined in Section 2. Extend @ to
7~'[d] by
W.d(PR)E = d(tR)t 2

We also note that 74/ Q4=G4. Let S denote the quotient map. So that
any G 4— module can be treated as 7q module via S.

Now let (V();), 7,) be the highest weight module for G. Let V = ®,V(\,)
and V4 =V ® A. Then (Vy, ) is a Tjg— module in the following way.
(3-2)7X(m).(v; ® - @u)(n) = LaF (1 @ @ i(X)v, ® - ® vy)(n + m)

d, (v ®@ - Q) (n) = ni(v; ® -+ @ vy )(n)
ﬂﬂd.VA = 0.

This is precisely the definition given in Section 1.
As earlier let 1 be the Z?— graded algebra homomorphism from U(h,) —
A given by h(m) — Y A,(h)ai*t™. Denote the image by A,.

3.3. Theorem. (1)(I}A,W) is a completely reducible Ty~ module if Ay is
irreducible as h ® A— module.

(2) (Va,m) is irreducible as Tjg—module if a,(£)/a;(£),i # j, is not a k—th
root of unity.

(3) If V(X;) is unitarizable highest weight module for G with respect to the
form w and | a;(¢) |=| a;(£) | for all i,5 and £, then (V4,m) is unitarizable
Tjgj— module with respect to W.

Proof. (1) and (2) follows from Theorem (1.8) by taking Kac-Moody Lie-
algebra G to be the finite dimensional simple Lie-algebra G.
(3) Follows from Proposition (2.3). 1

The special case where d = 1 and w is a compact form of G is due to [CP].
The case d = 1 and w any form, including twisted affine Lie-algebras is due
to [E].
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3.4. Let G be finite dimensional simple Lie-algebra and let
G =G ®Cltyy, t;h] & Cc

be the corresponding nontwisted affine Lie-algebra. Let G = G @ Cd where
d is a derivation. Consider the Lie-algebra G4 and observe that the center
Q! of G, is spanned by {c(m),m € Z?}. Let A! = A4y, be the Laurent
polynomials ring in d + 1 variables. Clearly G,/Q! =~ G4i. Let ¢ denote
the quotient map from G, — G4 which is clearly a central extension. Since
T[4+1) 1S the universal central extension of G 41 (see Proposition 2.2 of  MEY]),
there exists a homomorphism ¢! : 7441 — G4 such that ker ¢! is central.
It is not difficult to write down the homomorphism (see (5.4)) and then one
can see that the ker o' consists of homogeneous elements with respect to the
Z*— grading. Hence we can extend the homomorphism ¢! : F411) = Ga

by sending d; + d;(1 < i < d) and dygy; — d. Also any G4 - module can be
treated as 7j441) via @' 5

3.5. Now let (V();),7;) be an highest weight module for G and let V =
®;V(\;) and V4 = V® A. Then (V4,n') is a Tjg41)— module in the following
way.

WIX(m)(vl - ®'vk)(ﬂ) = Zafni('l)l R & Ti(X)‘Ui R vk)(ﬂ'.""m)
(v, ® - v) () = ni(v, ® - @ v (n) (1 < i < d)
”ld(vl ®- - ®uv)(n) = Z(vl R @ T(d)v; ® - ®vi)(n)

mtker 'V, =0
for all X € G,v; €V and m,n € Z4.

This definition is precisely the one given at (1.5) by taking the Kac-Moody
Lie-algebra G to be the affine Lie-algebra G.

Let h be a Cartan subalgebra of G and let 3 be Z%—graded algebra ho-
momorphism from U(h,) — A given by h(m) — 3 \;(h)ai*t™ and denote
the image by A,.

3.6. Theorem. (1)(V,,7) is a completely reducible Tjqy1; module if Ay is
an irreducible h ,—module.

(2) (Va,m) is irreducible as a Tg41)— module if a;(€)/a;(£),i # j is not a
kth root of unity.

(3) If V(\,) is a unitarizable highest weight module for G with respect to the
form w and | a;(¢) |=| a;(£) | for alli,j and ¢, then (Va,7') is unitarizable
T(a+11— module with respect to w.

Proof. (1) and (2) follows from Theorem (1.8) by taking the Kac-Moody
Lie-algebra G to be the affine Lie-algebra G.
(3) Follows from Proposition (2.3).
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3.7. Remark. (1) The modules considered in Theorem (3.3) and (3.6) for
Toroidal algebras are different. In the first case the full centre acts trivially
where as in the second case a part of the centre acts non trivially.

(2) These are the first known irreducible module for Toroidal Lie-algebras
where part of the center acts non trivially. The faithful modules constructed
in [MEY] and [EM] through the use of vertex operators are all reducible.
We will prove towards the end of the paper that the modules constructed in
[MEY) and [EM] admits a filteration such that the successive irreducible
quotient modules are isomorphic to the one considered here upto an auto-
morphism of the Toroidal Lie-algebra.

4.

In this section we briefly review the construction of Fock space and the vertex
operators that act on it. The theory is due to Frenkel-Kac [FK]. For further
details one may also consult [FLM]|, [GO] and [MEY]. We will closely
follow the notation from [EM]. We will also construct some automorphisms
of Toroidal Lie-algebras.

4.1. Let @ be root lattice of the type ADE and let oy, s, - o, be a Z-
basis. Let A= (a;;) be the cartan matrix and a;; = (o; | o). Let T' be
a free Z- module on generators a;, @y, @y, 01,02, - 0p_1, di,day--dp_1.
Let (. | .) be a Z—valued symmetric bilinear form such that (; | §;) = (d; |
d;) = (i | 6;) = (i | d;) = 0,(6; | dj) = &;; and (o, | ;) = a;;. Let Q be
the sublattice generated by a;,as,---ay, 0, d,_;. Here n is any positive
integer.

Let t =CQ®zI',h=C®zQ and h= CQz (). We will define a Heisenberg

A

algebra structure b= @t(k) ® Cc where each t(k) is an isomorphic copy of ¢
and the isomorphism is by a — a(k). The Lie-algebra structure is defined
by

[a(k), B(m)] = k(a | B)dksm,oc-

A
Let a= ®rezh(k) ® Cc. Define b = @y4,t(k) ® Cc Cb and b, = @kiot(’“)'

Similarly define a,a, by replacing ¢ by h and a by replacing ¢ by h.

The Fock space representation of b is the symmetric algebra S(b—) of b—
together with an action of b on S(b—) defined by the following:

c acts as 1, a(—m) acts as multiplication by a(—m),m > o
a{m) acts as the unique derivation on S(b—) for which b(—n) — 6,, _,m(a |
b).(a,b € t,m,n > 0).

S(b—) affords an irreducible representation of b. However S(a—) does not
afford an irreducible representation of g since the form is degenerate on h.
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A vector ¢ in @ is called a null root if § = n10; + nady + -+ + ny_10,1
for some integers n,. Note that (0 | §) = 0.

Following [EMY] we let € : Q x Q — {£1} be a bi- multiplicative map
satisfying

(1) (e, @) = (—1)(@le)
(2) e(a, Ble(B, @) = (—1)1F)
(3) (e, 8) =1,

where a, 3 € @ and § a null root. Extend € to a bimultiplicative map of
Q@ xT' = {£1} and form the vector space C[I'], with C basis {e”,v € T'}.
Then C[I'] contains the space C[Q] similarly defined. Following Borcherds
[B] make C[I'] a C[@] module by defining

e®.e’ =e(a,v)e*(a e Q,yeT).

Let M C S(b—) be any a— submodule (with respect to the Fock space
action). We define V(I', M) = C[T'|®c M. Of particular interest in the sequal
will be V(T', S(a—)) and V(T', S(b—)) which we simply denote by V(I') and
V (T, b) respectively. We extend the action of @ on M to a on V (T, M) by

a(m)(e” @ u) =€ @ a(m)u,m # 0
a(0)e”®u = (alv)e” ®u.

Vertex operators: Let z be a complex valued variable and let a € Q.

Define ]
Ty(a,z) = —Z—a(n)z‘".

n
>

n<o

(a|ex)

Then the vertex operator for a in @ is defined as X (e, 2) =z 2 expT(e, 2)
where exp T(o, z) = exp T- (a, z)e®2*(?) exp T, (, z) and the operators z*(®)
is defined by

2407 @y = 2@ 7 g 4.

X(a, z) can be formally expanded in powers of z to give

X(a,z) = ZXn(a)z“"

nez
and the moments X, (&) = 5= [ X (a, 2)z"% are operators on V(I', M).
Let A be a root system and let X, « GA, h Gﬁ be a Chevalley basis. Let
r = (r,re, - rhq) € Z" ' and T = (r,r,) € Z™ Let 6, = 70y + - +
’rn——ldn—l-
We will now recall the main Theorem 3.14 of [EM].
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4.2. Theorem. The Lie-algebra generated by operators X, (a + 6),

(@ €A,m € Z and § a null root) on V(T',b) is isomorphic to the Toroidal
Lie-algebra 11,). The isomorphism is given by

Xr(a+6)—» Xo®t ,a €

T* (dr) —h®t"

T (6,) =t dl (1<i<n—1)
X, (8,) t’tn ldt,

where t7 = t]'¢}? - - - t7~ and

T9(@) = 5 [ +9(2)X(a7) : Zam.

4.3. Here we construct certain automorphisms 74 which are needed in our
main result in section 5. Let SL(d,Z) be the group of matrices of order d x d
with integral entries and determinate 1.

Let A = (a;;) isiss be an element of SL(d,Z). Let r = (ry,72,---r4) and

s = (51,82, 84) be such that r;,s; € Z. Let ez = (0,---,1,---0) where
1 is at the ith place. Let ArT = m7T, AsT = nT and Ael = a(:)” where
m = (my,my,---mg),n = (ny,ns,---ny) and a( ) = (ah,azz,---adi) and T
denotes the transpose. We now define an automorphism of 7;4 again denoted
by A.

AX(r) =X(m)

A(d(t)t2) = d(t=)tm.

It is straightforward to check that A is an automorphism of 714. We will

now extend it to 7g. Let (d},d},---d})T = A~'(dy,ds,- - ,dg)”. Define
A(d;) = d} and check that it defines an automorphisms of 7{g).

Remark. A does not quite preserve the natural Z%—gradation of (4.

5.

The purpose of this section is to describe the subquotients of V(I') = C[I'| ®
S(a—). We will follow the notation of §5 of  MEY].

Let A € I and define V()\) := e**?®S5(a—). Note that V(T) = ®aer/oV (A).
Each V() is a cyclic 75— module with generator e* ® 1. Towards the end
of the section we will exhibit a decreasing filteration of modules and describe
its successive irreducible quotients.

Fix A € T and let W()\) := W = e*? ® S(a—). This is a module for
the non-twisted affine Lie-algebra G,s; =G QC[t,,t,,']® Cc generated by the
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operators X, (a),a €A. But we know by Frenkel-Kac theory [FK] that this
is an irreducible level 1 representation of G,s5. Let V = V(A).
The following Lemma is trivial to see.

5.1. Lemma.

V= 63"1,112,'~-le>0,1:20 61'1 (_nl) e 6'ik (-nk)e)d-Q ® S(Q '—)'

Let M = @, ny,mp 0050 0ir (—101) -+ 65, (—11) e} T2 ® S(a —).

By Lemma, (5.1) it is easy to verify that M is a 7j,)— module.

We will recall the following Lemma (5.2) of [MEY], which though stated
for the n = 2 case there, is true for any n.

5.2. Lemma. Let A € T, let ¢ be a null root, let N = (A | ) and let m € Z.
Then

e(0,N)e* ® 8 n(6),m+n<0
Xn(8)e* ®1=2e(6,\)e* @1, m+n=0

0,m+n>0
where the operators S,(0) are defined by expT_(6,2) = ZSp(é)z”.
p=0

5.3. Set 7; = X_n,(d;) where N; = (X | ;). We note that 7F = X_yn, (k6;).

Let 7@ = 7™ ... 77" and let

W @t = rmW = ML mitQgs(g —).

Lemma. V/M =W ® Aj,_1) as Vector spaces.
Our aim is to describe V/M as a 7j,j— module.

5.4. Note that Gury ® A1) =G ®A & 5. Cec®tm.
See Section (3.4) where we considered sfcelf a Lie-algebra.
Define a Lie-algebra homomorphism ¢! : 7y, —)Ga 7f ®Apn_1) by
1) ¢! is Id. on g QA
0ifm, #0
2) o (t™t;7'dt;) =<0ifm,=0,1<i<n-—1

c®t™if m, =0and i =n.
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5.5. Let (V,n) be an irreducible highest weight module for G,;;. Then
Ve An_1) admits an action by G,5; ® A[,—y) in the following way,
X(m)v(n) = Xv(m + n),(X € Gogs,v € V).
Now we extend the module action to one of 7, via the surjective homo-
morphism ¢!. That is

Xo(m) = ¢'(X).v(m).

It is easy to see that V @ Ajn—1) admits a natural Z"~1- gradation and is
graded irreducible as a 7j,;— module. In other words 7, irreducible (one
can apply Theorem 3.6(2) taking d+ 1 =mn and k = 1).

We can twist the module action of 7j,) by an automorphism A considered
in (4.3), so that (V ® Aj,_1), Aoyp'or) is a 7, irreducible module.

With the notations in (5.3) we have the following result.

5.6. Theorem. V/M is isomorphic to (W ® Aj,_1}, Aop'on) as 7y, — mod-
ule where A = (b;;) and b; = 1,b;, = (A | 8;),1 < i <n—-1b; =0
otherwise.

We need some lemmas before we give a proof of the Theorem.

5.7. Lemma. The following equality holds as operators on V/M.

_JO0ifn#o
(1) 0m(n) = {(A | 6) if n =0

0ifn+ (| 6g) #0
2 i+ (A | 6g) = 0

(3) Xal@ + bm) = X (36m) (6m) Xt (16 (@) = Xinr () ()T, 0 EA.
(4) T (0m) = h(n+ (A | 0m)) X—(rj5) (9) = B(n + (N | 6)) 7™, b €.

(2) X (0m) = {

Proof. First observe that é,,(n) and X,,(d,,) are central operators on V' and
hence are determined on the generator e* ® 1.

1. By definition 6,,(n)e*®1 = 0 for n > 0 and §,,(0)e*®1 = (A | o)’ 1.
Hence 0,,(n) on V/M is zero for n > 0 and (X | d,) for n = 0. For
n<0,0,(n)e*®1 =e*®6,,(n) € M and hence d,,(n) is zero on V/M.

2. The case n+ (A | dm) > O follows from the Lemma (5.2). Also for the
case n + (A | 6,) < 0, note that

X.(6m)e* ®1 € M (by Lemma 5.2).

Hence X,(d,,) is zero on V/M. Now let n + (A | é,,) = 0. First we

will note that it will follow from the definition of vertex operators that
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X(a+ B,2) = X(o,2)X (B, 2) whenever (a | ) = 0. Hence we have
the following:

Xn(0m) = > Xy (mydy) -+ X, (M0 1)

kitko+-tkn_1=n
= Z Xk, (mydy) - Xy, (mp_10,_1) (by Lemma5.2).

ki4+ke+- - Fkno1=
n,k, + mi(A]d;) <0

But 0 =n+ (A | 6p) = Z(ki + m;(A | 6;)) < 0. It follows that

ki4+m;(A|4;) =0 for all 4. Now by Lemma 5.2 (2) we have X, (m;(\ |
;)) = 7,™. Hence X, (0,,) = T2

3. Since (a | dy) = 0,a €A we have

= X6, (@) X_(rj6,0) () o0 V/M (by(2))
= Xni(aps,) (@) 7 (by (2)).

4. The proof is similar to (3). We only note that

Tr’:(‘sm) = Zh(” — k) Xn(0m) (by def).

k

O

Proof of the Theorem 5.6. We will first describe the 7,,)— module (W ®
Apn_y), Aog'om).
XFk) = (X @t o) + k).

0ifr, + 50+ (A 6pqs) #0

) = e it ot (3 5 =0

This follows from definition of A, ¢! and .
We will now compute the action of 7, on V/M using Lemma (5.7) and
then verify it to be exactly as above. That will complete the proof.

(a) X.(F)w(k) =X, (a+ 4, )w(k) (by Theorem 4.1)
= Xr.+(zs,) (@)w(r +k) (by Lemma 5.7 and Notation at 5.3)

= 1(X, @t " )w(r + k) (by [FK]),
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(b) h(F).w(k) =T! (o + 6, )w(k) (by Theorem 4.1)
= h(r, + (A | 6,))w(r + k) (by Lemma 5.7 and Notation 5.3)
m(h @t )w(r + k) (by [FK]),

(©) d(E)-Ew(k) = (T4, (Orss) + TaXrnten (6r+))w(k) (by Theorem 4.1)

=0, (Tn + S0+ (A | bpys))w(k +1 + )
+ 72X 45, (0r4+5)w(k + 1+ s) (by Lemma 5.7 and Notation at 5.3)
_ (AN 6)+r)wk+r+s)ifr,+s,+(A]|dp45) =0

0 otherwise

(follows from Lemma 5.7 (1) and 5.7 (2)). O

5.8. Remark. Note that the derivations d;,ds, - - -d,_; act on V as d;(0).e*®
a = (A | d;)e* ® a and remain the same on the quotient V/M. Also note
that A™'d; = d} = d;(1 <1 < n—1) (see 4.3). Hence the isomorphism in
the theorem preserves the natural Z"~! gradation.

5.9. Remark. Let Viy = @>n0;, (—n1) - - - 6;, (—7)e* 9 ® S(a—) whichis a
T(n} Submodule of V. Further V.=V, 2 V; D V, D --- is decreasing sequence
of Tj,— modules. Consider Vy/Vyi1 = @6;(—n1)- - &y (—nn)e*e®
S(a —) as 7j;— module. Then for a fixed 4,4, --- ,iy and ni,ny,--- ,np,
F = §;,(—m) - diy (—nn)er? ® S(a —) is a 7, submodule of Vy/Vyy.
It is also easy to see that F' = V/M as 7j,)— module. In other words there
exists a filteration of 7[,; submodules of V' such that the successive quotients
are Z™ '— graded irreducible and isomorphic to V/M.

5.10. Recall dy,d,, - -d,_1 from Section 4. Let N > 0 and let
WN = ®0SkSNdi1 (—7’7,1) L. dik (—nk)V.

Clearly V.= W, C W; C W, C ---. We will first prove that Wy is a 7,)—
module. Since X,(a) generate 7, as a Lie-algebra (see Theorem 3.14 of
[EM]) it is sufficient to prove the

5.11. Lemma. For a,m,k and for all v in V

X (@)d;, (—ny) -+ - di, (—ng)v € Wy

Proof. By induction on k. Clearly this is true for £ =0. For k£ =1,
Xm(a)dil (—nl )U = di] (_nl)Xm (a)v + (a I dil )Xm—nl (a)v



FILTERATION OF A LOOP MODULES 527

(by 3.8 (1) of [EM]). Clearly d;, (—n;)X,(a)v € W; and X,,_,,(a) € W, C
W,.. Hence we are done.

We will now assume the Lemma for all £,1 < ¢ < k and prove it for
£=k+1.

Consider

Xm(a)di (—n1) - - diyyy (=141 )0
= E 171 + dil (—nl) T dik+1 (—nk-f'l)Xm(a)U
1<j<k+1

where T; = d;, (—ny)--- [Xm(a),d;, (—n;)]-- - di,,, (—ng41)v. For 1 < j <
k+ 1, we have kK + 1 — j < k and by induction hypothesis we have

(| dj) Xnon; (@) iy, (—nj41) -~ iy (—T0k41)0 € Wi

Hence T; € Wy, C Wi1. (See 3.8 (1) of [EM]). This completes the proof of
the Lemma. O
From the above we also have

(5.12) Xp(a)di (—m1) - diyy, (—nata)v =
di, (—ny) - - dispy (=niy1) Xm(@)v in Wiy, /W

Further Wy, /W, = @d;,(—n1)---d;,,,(—nk+1)V and from (5.12) each
di, (=) - - - d;,,, (—nk41)V is a submodule of Wy, /W, isomorphic to V.
Put U;>oW; = b()\) and remember each W; depends on V and V in turn
depends on .

5.13. Remark. (1) The full Fock space V(T', b) = ®xcr/0b(A) as 7p,j— mod-
ule.

(2) Each b(\) admits a filteration by an increasing sequence of modules
whose successive quotients are isomorphic to V' (see above).

(3) Each V above admits a filtration by a decreasing sequence of modules
such that the successive quotients are irreducible (see Remark 5.9).

6. Acknowledgements.

This paper is dedicated for those courageous people who believed in me and
helped me in my most testing year 1984-85.

References

[B] R. Borcherds, Verter algebras, Kac-Moody algebras and the Monster, Proc. Natl
Acad. Sci. USA, 83 (1986), 3068-3071.

[BC] S. Berman and B. Cox, Enveloping algebras and representations of toroidal Lie-
algebras, Pacific J. Math., 165 (1994), 239-267.



528

[CP]
[E]

(EM]

[EMY]

[FLM]
[FM]
[FK]
[GO]

[KMPS)

[MEY]

[MS]

S. ESWARA RAO

V. Chari and A. Pressley, New Unitary Representations of Loop Groups, Math.
Ann., 275 (1986), 87-104.

S. Eswara Rao, On Representations of Loop Algebras, Communications in Algebra,
21(6) (1993), 2131-2153.

S. Eswara Rao and R.V. Moody, Vertexr Representations for N-Toroidal Lie-algebras
and o generalization of the Virasoro algebra, Comnmun. Math. Phys., 159 (1994),
239-264.

S. Eswara Rao, R.V. Moody and T. Yokonuma, Lie algebras and Weyl groups arising
from Vertex operator representations, Nova J. of Algebra and Geometry, 1 (1992),
15-58.

I. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Mon-
ster, Academic Press, Boston, 1989.

M. Fabbri and R.V. Moody, Irreducible representations of Virasoro-toroidal Lie
algebra, 159 (1994), 1-13.

I. Frenkel and V.G. Kac, Basic representations of Affine Lie-algebras and dual
resonance models, Invent. Math., 62 (1980), 23-66.

P. Goddard and D. Olive, Algebras, lattices and strings, Vertex operators in Math-
ematics and Physics, Publ. Math. Sci. Res. Inst., 3, Springer-Verlag, 1984.

S. Kass, R.V. Moody, J. Patera and R. Slansky, Representations of Affine Algebras
and Branching Rules, University of California Press, Berkeley, 1990.

R.V. Moody, S. Eswara Rao and T. Yokonuma, Toroidal Lie-algebras and Vertez
representations, Geom. Ded., 35 (1990), 283-307.

R.V. Moody and Z. Shi, Toroidal Weyl groups, Nova J. Algebra and Geometry, I
(1992), 317-337.

Received May 20, 1993 and revised February 16, 1994.

TATA INSTITUTE OF FUNDAMENTAL RESEARCH
Homi BHABHA ROAD

BoMBAY - 5

INDIA

E-mail address: Senapati@tifrvax.bitnet



PACIFIC JOURNAL OF MATHEMATICS
Founded by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)
EDITORS

Sun-Yung Alice Chang (Managing Editor)
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

F. Michael Christ Robert Finn Martin Scharlemann

University of California Stanford University University of California

Los Angeles, CA 90095-1555 Stanford, CA 94305 Santa Barbara, CA 93106

christ@math.ucla.edu finn@gauss.stanford.edu mgscharl@math.ucsb.edu

Thomas Enright Vaughan F. R. Jones Gang Tian

University of California University of California Courant Institute

San Diego, La Jolla, CA 92093 Berkeley, CA 94720 New York University

tenright@ucsd.edu vir@math.berkeley.edu New York, NY 10012-1100
tiang@taotao.cims.nyu.edu

Nicholas Ercolani Steven Kerckhoff

University of Arizona Stanford University V. S. Varadarajan

Tucson, AZ 85721 Stanford, CA 94305 University of California

ercolani@math.arizona.edu spk@gauss.stanford.edu Los Angeles, CA 90095-1555

vsv@math.ucla.edu

SUPPORTING INSTITUTIONS

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF MONTANA

NEW MEXICO STATE UNIVERSITY UNIVERSITY OF NEVADA, RENO
OREGON STATE UNIVERSITY UNIVERSITY OF OREGON

STANFORD UNIVERSITY UNIVERSITY OF SOUTHERN CALIFORNIA
UNIVERSITY OF ARIZONA UNIVERSITY OF UTAH

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF WASHINGTON
UNIVERSITY OF CALIFORNIA WASHINGTON STATE UNIVERSITY

UNIVERSITY OF HAWAII

The supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners
or publishers and have no responsibility for its contents or policies.

Manuscripts must be prepared in accordance with the instructions provided on the inside back cover.

The Pacific Journal of Mathematics (ISSN 0030-8730) is published monthly except for July and August. Regular sub-
scription rate: $215.00 a year (10 issues). Special rate: $108.00 a year to individual members of supporting institutions.

Subscriptions, orders for back issues published within the last three years, and changes of subscribers address should be
sent to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable
from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

The Pacific Journal of Mathematics at the University of California, c¢/o Department of Mathematics, 981 Evans Hall,
Berkeley, CA 94720 (ISSN 0030-8730) is published monthly except for July and August. Second-class postage paid
at Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of
Mathematics, P.O. Box 6143, Berkeley, CA 94704-0163.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS at University of California,
Berkeley, CA 94720, A NON-PROFIT CORPORATION
This publication was typeset using AMS-LATEX,
the American Mathematical Society’s TEX macro system.
Copyright © 1995 by Pacific Journal of Mathematics



Matching theorems for twisted orbital integrals
REBECCA A. HERB

Uniform algebras generated by holomorphic and pluriharmonic functions on strictly
pseudoconvex domains
ALEXANDER 1270
Quantum Weyl algebras and deformations of U (g)
NAIHUAN JING and JAMES ZHANG
Calcul du nombre de classes des corps de nombres
STEPHANE LOUBOUTIN
On geometric properties of harmonic Lip,-capacity
PERTTI MATTILA and P. V. PARAMONOV
Reproducing kernels and composition series for spaces of vector-valued holomorphic functions
BENT @RSTED and GENKAI ZHANG
Iterated loop modules and a filtration for vertex representation of toroidal Lie algebras
S. ESWARA RAO
The intrinsic mountain pass
MARTIN SCHECHTER
A Frobenius problem on the knot space
RON G. WANG
On complete metrics of nonnegative curvature on 2-plane bundles
DAVID YANG
Correction to: “Free Banach-Lie algebras, couniversal Banach-Lie groups, and more”
VLADIMIR G. PESTOV
Correction to: “Asymptotic radial symmetry for solutions of Au + e* = 0 in a punctured disc”
KAI SENG (KAISING) CHOU (Ts0) and TOM YAU-HENG WAN

409

429

437

455

469

493

511

529

545

569

585

589

0030-8730(1995)171:2;1-G



	
	
	

