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This paper is an attempt to understand the 2-plane bundle
case for the converse of the soul theorem due to J. Cheeger
and D Gromoll. It is shown that there is a class of 2-plane
bundles over certain S?-bundles that carry complete metrics
of nonnegative sectional curvature. In particular, every 2-
plane bundle and every S'-bundle over the connected sum
CP"#CP" of CP" with a negative CP™ carries a 2-parameter
family of complete metrics with nonnegative sectional curva-
ture.

A complete noncompact Riemannian manifold with nonnegative curvature
(K > 0) is diffeomorphic to the normal bundle of a closed totally geodesic
submanifold of the noncompact manifold according to a fundamental theo-
rem due to J. Cheeger and D. Gromoll [4]. They also proposed the following
problem: Which vector bundles over closed manifolds with K > 0 carry
complete metrics with K > 07

This paper is an attempt to understand the 2-plane bundle case. For a
class of 2-plane bundles and S*-bundles, we show that there exist families of
complete metrics with K > 0. Our main result is the following

Theorem. Every 2-plane bundle and every S'-bundle over the connected
sum CP"#CP" of CP™ with a negative CP™ carries a 2-parameter family
of complete metrics with K > 0. More generally, let (B,h) be a Hodge
manifold with positive Kahlerian curvature and let M be an associated S*-
bundle over B. Then, there is a two dimensional subspace H? (M), generated
by two integral cohomology classes, in the cohomology group H*(M) such that
every principal S*-bundle and every 2-plane bundle over M supported by an
Euler class in I;ﬂ(M) carries a 2-parameter family of complete metrics with
K >0.

Notice that B can be the product of any number of copies of complex
projective spaces with the scaled Fubini-Study metric. When B = CP",
then M = CP*+ 4 CpP"*.

It is worthwhile to point out that examples of complete manifolds with

K > 0 remain scarce. Indeed, all previously known examples of manifolds
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with K > 0 are of group theoretic nature, while there are only 3 types
of known examples of closed Riemannian manifolds with K > 0, that is, all
compact Lie groups and their universal covering spaces, the connected sum of
2 symmetric spaces of rank one due to J. Cheeger [2], and all those manifolds
obtainable from the previous 2 types by taking product and quotient by
isometric group actions. The basic tool of constructing manifolds with K > 0
remains to be O’Neil’s Riemannian submersion theorem (c.f. [3]).

The metrics constructed in this paper are of a different nature in the sense
that they are not group theoretic. Since the associated principal bundle of
a 2-plane bundle is an S'-bundle, we will first study S*-invariant metrics
with K > 0 on S'-bundles over closed manifolds with K > 0. The desired
metrics with K > 0 on the associated 2-plane bundles are then obtained by
applying O’Neil’s submersion theorem [3] to the product of the Euclidean 2-
plane with the associated principal S*-bundles of the 2-plane bundles. This
approach has been used in constructing metrics of positive Ricci curvature
on S'-bundles by L.B. Bergery in [1].

A connection metric on the total space of a principal fiber bundle over a
closed Riemannian manifold is a metric of the form

g+ s’w?

where g is the pullback of the Riemannian metric on the base manifold, s # 0
is a constant, and w is a principal connection of the fiber bundle.

A harmonic connection on a principal S*-bundle over a closed Riemannian
manifold is a connection such that its curvature form is the pullback of an
integral harmonic 2-form on the base manifold. A harmonic connection met-
ric is a connection metric such that w is a harmonic connection. A harmonic
connection metric is also called a Kaluza-Klein metric by the physicist as
pointed out to the author by professor J.P. Bourguignon.

A harmonic connection not only minimizes the L?>-norm of its curvature
forms by the Hodge decomposition theorem but also pointwise geometrically
optimizes in the sense that the associated harmonic connection metric on the
total space of the S*-bundle is guaranteed to have nonnegative Ricci curva-
ture as long as the base manifold has positive Ricci curvature, as is observed
by L.B. Bergery in [1]. However, the situation of constructing metrics with
K > 0 on the total space of a principal fiber bundle by connection metrics are
much more delicate. We will first derive a necessary and sufficient condition
for a connection metric on a principal S*-bundle to have K > 0 in Section
2, Lemma 1. This lemma indicates that local geometry on the base mani-
fold plays an essential role in constructing connection metrics with K > 0.
Examples are displayed in Section 5, Remark 6, where harmonic connection
metrics on S'-bundles over a simply connected closed Riemannian manifold
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with K > 0 always has negative curvature somewhere. On the other hand, if
sufficient informations for the curvature forms are available, then Lemma 1
may be applied to show that certain connection metrics have K > 0. It is in
this thought that harmonic 2-forms are constructed in Section 4 for a class
of S%-bundles. This enables us to show that certain S'-bundles and their
associated 2-plane bundles over the S2-bundles carry harmonic connection
metrics with K > 0 if a positivity condition is satisfied by the base manifolds
of the S2-bundles. This is carried out in Section 5. The main theorem is
then proved in Section 6.

§1. Preliminary.

In this paper, all manifolds will be smooth closed Riemannian manifolds and
all functions and tensors will be smooth ones unless otherwise indicated.
(M, g) will usually be the base Riemannian manifold of an S*-bundle or a
2-plane bundle. All metrics over 2-plane bundles will be complete.

Some notations are in the order. V will be the covariant differential oper-
ator of the Levi Civita connection of (M, g). ||¢|| the pointwise Riemannian
norm of a differential form ¢ induced by the Riemannian metric g on M. ix
the interior product by a vector X € T'M on differential forms. By a non-
negative curvature we will mean nonnegative sectional curvature and this
will be denoted by K > 0. The sectional curvature K of (M,g) will often
be considered as a function on the Grassmannian bundle GM of oriented
2-planes of the tangent bundle TM. We will also view a 2-form ¢ on (M, g)
as a function on GM, more specifically, for every oriented 2-plane 0 € GM,
set

p(0) = pler, e2)
where e, e, is an oriented orthonormal basis of o. It is easily seen that (o)
is independent of the choice of the oriented orthonormal basis e;,e; and ¢
is a well-defined smooth function on GM.

Consider a principal S*-bundle

S' B2 M

over a Riemannian manifold (M, g). Let w be a connection on the S*-bundle
E, then dw is the curvature form of the connection w. dw is the pullback of
a closed 2-form o on M and o represents the Euler class of the S*-bundle
E, ie.,

dw = P'a.

For convenience, we will identify functions and differential forms on the
base manifold M with their pullbacks by P* on E. Thus we will often write
a for P*a, g for P*g, and etc.



572 DAGANG YANG

Definition 1. A connection metric on E associated with w is a metric of
the form

gs = g + s’w®
where s is a positive constant parameter. w will be called a harmonic con-
nection if dw = P*«a and « is a harmonic 2-form on (M, g). gs will be called
a harmonic connection metric if w is a harmonic connection.
Remark 1. Given a connection on E, one can always modify it by the
pullback of a 1-form on M so that it becomes a harmonic connection on E
by the Hodge decomposition theorem. However, harmonic connections on F
are not unique although their curvature forms are uniquely determined by
the same Hodge theorem. Any two harmonic connections on E defer by a
Gauge transformation, which is geometrically insensitive as one can see from
Lemma 1.
Remark 2. With the connection metric g, on E,

P:(E,g,) > (M,g)

is a Riemannian submersion since the principal S*-action acts on E by isom-
etry. Each fiber of E is a closed geodesic of length 27s.

§2. A necessary and sufficient condition for K > 0.

The following lemma gives a necessary and sufficient condition in order for
(E,g,) to have nonnegative sectional curvature K, > 0 in terms of the
curvature form « of the connection w and the geometry of (M, g).

Lemma 1. The connection metric g on E has nonnegative curvature K; > 0
if and only if

(a) K(o) 2 is’a(0)’

(b) {(Vea)(©)}* < llicall? {K (o) — £ s%a(0)?}

for all unit vectors e in o and all 2-plane 0 € GM. Thus (E,gs,) has
nonnegative curvature K, > 0 if and only if K; > 0 for all 0 < s < sp.

Definition 2. The curvature function K on GM is said to be bounded from
below by « if there exists a positive number € > 0 such that K (o) > 2 a(0)?
for all o0 € GM.

Corollary 2. Suppose that the curvature form « is a parallel 2-form on
(M,g) and K is bounded from below by a. Then (E,gs) has nonnegative
curvature for s sufficiently small.

Definition 3. A Kaehler manifold is said to have positive Kaehlerian cur-
vature if its curvature function K is bounded from below by its fundamental
Kaehler form €.
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Positive Kaehlerian curvature is obviously an intermediate positivity con-
dition in between K >0 and K > 0. It implies both K > 0 and positive
holomorphic sectional curvature since Q(c)?> = 1 if o is a holomorphic 2-
plane. (For Kaehler manifolds, we will follow the convention of [WS].) A
useful property about this positivity condition is that, unlike positive sec-
tional curvature, the product manifold (M; x Ms,g; + g2) remains to have
positive Kaehlerian curvature if both (M, g;) and (M3, g2) do. For example,
the complex projective space CP™ equipped with the Fubini-Study metric
is a Kaehler manifold with positive sectional curvature K > 0 and therefore
has positive Kaehlerian curvature. It follows that the product manifold of
a number of copies of complex projective spaces with the product metric of
the scaled Fubini-Study metrics has positive Kaehlerian curvature while its
sectional curvature is only nonnegative.

Corollary 3. Let (M,g) be a Hodge manifold with positive Kaehlerian
curvature. Let

' —wEDMm
be a principal S'-bundle with an Euler class represented by a constant mul-
tiple of the Kaehler form. Then the harmonic connection metrics g, on E
has nonnegative curvature for sufficiently small s.

Both Corollary 2 and Corollary 3 are immediate consequences of Lemma
1. While Lemma 1 may have been known by many geometers, to the author’s
knowledge, there is no previously known interesting applications available.
For completeness, we present a proof here.

Proof of Lemma 1. Let W be the vertical vector field on (E, g5) such that
sw(W) = 1. For any point z € M and any 2-plane o in T, M, let e, e,
be any orthonormal basis of o and €, € the horizontal lift of ey, e, to
Z € P~!(z), then for any real number 6,

X =% and Y =Sinfe, +Cos0W

are orthonormal and span a 2-plane & in T3 F since P : (E,g;) = (M, g) is
a Riemannian submersion. Furthermore, every 2-plane & in T3 F is spanned
by orthonormal vectors X and Y of this form.

Let R, be the Riemannian curvature tensor of type (0,4) for (E, g;). Then

K,(7) = Cos’ 0 K, (8, W) + Sin® 8 K, (€, 1)
+ 2Siné COSORS(Eo,él,Eo, W)

By O’Neil’s Riemannian submersion theorem,

K. (50,8 = K (o) — gsza(af
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since [€y, €] = —sa(o) W, where e, e; have been extended to local commut-
ing vector fields in a neighborhood of z in M and €, € are the horizontal
lift of ey, e; to local vector fields in a neighborhood of Z in E.

One has by simple computations that

_ 52 . 2
Ks(eO>W) = Z ”Zeoa”

R, (%, €1,80, W) = (Ve,a)(0) -

_5
2
It follows that
32 2 . 2 -2 3 2 2
K.() = 5 005" 6 |licyal* + Sin®0 {K(a) - 35%(o) }
— 5 Sinf Cos @ (V.,a)(o)

and that K(@) > 0 for every 2-plane @ in T:F if and only if both (a) and (b)
are true for every 2-plane ¢ in T, M and every unit vector e, in o. [

Denote by Ric, and Ric the Ricci curvature of the Riemannian manifolds
(E,gs) and (M,g), respectively. Then averaging the sectional curvature
K, (o) yields

Ric,(Y) = Sin’ 9 {Ric(el) - %sz Hielallz}
2
+ fz— Cos? 0 |al? + s Sin6 Cos 6 da(e;)

where ¢ is the codifferential operator of (M, g).

Corollary 4. The connection metric g, on E has nonnegative Ricct curva-
ture if and only if
2
(a') Ric(e) > 5 [licall?
(b)) [ba(e)]® < [lell* {2 Ric(e) — s°[Jicar|*}
for every unit vector e in TM.

In particular, if (M, g) is of positive Ricci curvature, then the harmonic
connection metrics on F have nonnegative Ricci curvature for small s # 0.

§3. S%-bundles and 2-plane bundles associated with a principal
S'-bundle.

Consider a principal S'-bundle S* — F %, B over a Riemannian manifold
(B, h). The S%-bundle M over B associated with the principal S*-bundle F
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is the quotient space obtained from F x S? by the diagonal S*-action on the
product such that it acts on F' by the principal S'-action and on S? by the
canonical rotation which fixes the north and south poles.

By a (harmonic) connection metric on M, we mean the induced quotient
metric of the product metric on F x S?, where F is equipped with a (har-
monic) connection metric and S? a rotationally symmetric metric.

It is more convenient to describe the associated S*-bundle M and its
connection metrics in the following way:

Consider the fiber bundle

[0,7] x ' — [0,7] x F -5 B

with fiber [0, 7] x S*. Then M = [0, 7] x F/~ is the quotient space obtained
from [0, 7] x F by identifying each component of the boundary of each fiber
[0, 7] x S* with a point, furthermore, every smooth connection metric on M

is of the form

hy = h+t* (dr® + f3(r)6?)
where 7 is the variable for the interval [0, 7], 6 is a connection on F', while f
is a smooth function on [0, 7], which is odd at the two end points 0 and ,
positive on (0,7), and f'(0) = —f'(w) = 1. In fact, h, is the quotient metric
of the product metric

(h + $26%) + 2(dr® + f*(r)dB?)

on F x S?, where
~ s2f2(r
P = L0
52 — 12 f3(r)
and s? a constant such that s* > t2f?(r) for all r € [0, x].

Again by O’Neil’s Riemannian submersion theorem, (M, h,) will have non-
negative curvature if both (F,h + s%62) and (S?,dr? + f%(r)dB?) do. In
particular,

hy = h + t*(dr® 4 Sin® r6?)
has nonnegative curvature for ¢ sufficiently small if (F,h + s*>6%) does for
some s # 0.

We will obtain the associated R2-bundle V over B if S? is replaced by
R? in the above discussion. A smooth connection metric on V is still of the
form

hy = h + t*(dr® + f*(r)6?)
where t is a positive constant but f is a smooth function on [0, 00), f is odd
at 0, positive on (0,00), and f'(0) = 1. Such connection metrics h; on V are
always smooth and complete.
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Proposition 5. Let 6 be a connection on F such that df = Q*Q) # 0. The
associated connection metrics h, on the S%-bundle M or the R?*-bundle V is
of nonnegative curvature K; > 0 if and only if there erists a positive constant
N > 0 such that

(a") K(o) > 3t*N2Q(0)*

(") {(Ve2)(0)} < [520? {K (o) — 22N?Q(0)?}

() (f2=N2)f"23f(f) and f71f" <0

for all unit vectors e in o and all 2-plane 0 € GB, where K and V are the
sectional curvature function and the covariant differential operator of the
base Riemannian manifold (B, h), respectively.

The proof of Proposition 5 is similar to the one for Lemma 1 and will
therefore be omitted.
Remark 3. The projection map Q from (M, h;) or (V, h;) onto (B, h) is a
Riemannian submersion. All fibers of (M, h;) or (V, h;) are totally geodesic
submanifolds isometric to

(S%,£%(dr® + f3(r)dB?)) or (R, &(dr’ + f*(r)ds?)).

However, the metric t2(dr? + f2(r)d3?) on S? (or R?) must have positive
curvature if (M, h;) (or (V, h;)) has nonnegative curvature as a consequence
of (¢") in Proposition 5. On the other hand, the product metrics (h+s26%) +
t?(dr? + r%dB?) on F x R? give rise to connection metrics

h+ 8 {dr* + r*(1 + s7%?r?)710%}
on V with nonnegative curvature if (F, h+ s?6?) has nonnegative curvature.

§4. Harmonic forms on S?-bundles.

Although Hodge theory assures the existence of an unique harmonic repre-
sentative in every De Rham cohomology class of a closed Riemannian man-
ifold, there is no general formulae for harmonic forms available unless the
manifold carries a substantial amount of symmetry. A harmonic connec-
tion metric on an S%-bundle or a 2-plane bundle as defined in Section 3 is
symmetric enough to write down certain harmonic forms for them. These
explicit formulae for harmonic forms will be exploited to show the nonneg-
ativity of sectional curvatures of the harmonic connection metrics on the
corresponding S'-bundles in the next section. However, applications of the
construction of harmonic forms for noncompact Riemannian manifolds will
be discussed elsewhere.
Let

$?2 s M-%B
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be an S%-bundle associated with a nontrivial principal S'-bundle
St —F-%B
as discussed in Section 3. So M is parametrized as
M=[0,n]xF/~ .

Let h; = h + t2(dr? + f?(r)0?) be a harmonic connection metric on M and
let
6 = nQ*Q #£ 0

be the curvature form of the harmonic connection 8, where 2 # 0 has been
normalized by the nonzero integer factor n so that {2 represents an indivisible
integral cohomology class on (B, h). (The trivial case df = 0 will be excluded
from our discussion.) We will look for harmonic 2-forms on (M, h;) of the
form

d(u(r)0) = v’ dr A0 + udf

where u is some smooth function of 7 on [0, ]. Notice that d(uf) is a smooth
closed 2-form on (M, h;) if u is an even function at both ends 0 and .

Lemma 6. There ezist harmonic 2-forms of the form d(uf) on (M, h,) if
and only if ||Q|| is a constant function on B. Assume that a®> = n?||Q||? is a
nonzero constant, then for

u(r) =c; shV(r)+cy,chV(r),

d(uf) is a smooth harmonic 2-form on (M, h;) for any constants ¢, and c,
where V(r) is given by

V(r) = at® /Orf(r) dr .

Proof. The smoothness of d(uf) follows from the fact that h, is a smooth
metric on M and V is an even function at both 0 and 7 since f is odd at
both 0 and . The rest is a straightforward verification. O

Remark 4. Let H*(M) be the subring generated by closed smooth 2-
forms of the form d(uf) of the De Rham cohomology H*(M) . Then for
every cohomology class in H*(M), there is a similar formula for its harmonic
representatives.
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Set
Vi(r) = at2/r"f(r)dr

Valr) =at* [ fr)dr = V(1)

A(t) = [sh (2at®)] "
o, = A(t) d(sh V; 6)
ay = A(t) d(sh V5 6) .

It is easy to see that both o; and ay are of integral periods and therefore
are smooth integral harmonic 2-forms on (M, h;). X(a; + o) represents the
pull back integral cohomology class [@*?] and every integral cohomology
class in H2(M) is of the form

p1[Q*Q + g1 [os]

where p;, ¢; are integers. They can be represented by a harmonic 2-form
a = pa; + qag

where p =n"!p, and ¢ =n"'p; + q,. Thus |p —q| =|q:| > 1 unless p = q.
Example 1. Suppose that  is an indivisible integral parallel 2-form on
(B,h). Then ||| is a constant and Lemma 6 applies to produce harmonic
2-forms on the associated S*-bundle (M, h;). In particular, assume that
(B, h) is a Hodge manifold and (2 its fundamental Kahler form so that © is
an integral differential form on B. €2 is then parallel and Lemma 6 applies.
Example 2. Consider the connected sum CP?#CP?, which is the nontriv-
ial $2-bundle over S? associated with the principal S!-bundle St — §% -5
S?%. Thus CP?#CP? can be parametrized by [0,70] x %/ ~. Let w;, wy, ws
be a left invariant orthonormal coframe on S? such that dw, = —2w, A ws,
dws = —2w;3 A wq, and dws = —2w; A w,. Consider metrics on CP2#CP? of
the form

9(f1, f2) = dr® + fi(r)wi + f3(r)w; + w;

where f; and f, satisfy the following 3 conditions so that g(f;, f2) is a smooth
metric on CP2#CP2:
(1) Both f, and f, are smooth functions on [0,7,] and positive on (0, 7).

(2) fiis odd at 0 even at 7y, but f, is even at 0 and odd at 7.
() fi(ro) = £2(0) = f1(0) = = f3(ro) = 1.
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Set

Fi(r) = exp {—2 /Tr/2 f(T) fa(r)? dr}

0

Fy(r) = exp{ 2/TT/2 fa(T) fi(r) ! dT} .

0

Then
Ql = d(Fl (r)wl) and QQ = d(Fg('f‘)Q)Q)

are smooth selfdual and antiselfdual harmonic 2-forms on
(CP2#W, 9(f1, fz)) , Trespectively.
For example, let 1y = /2, fi(r) = Sinr and fo(r) = Cosr, then
g(Sin, Cos) = dr* + Sin’ r w? + Cos’ r wi + w?
is a smooth metric on CP?#CP? and the two harmonic forms are:
Q, =d(Cos’rw;) and Q, = d(Sin’rw,) .

Remark 5. None of the metrics g(f;, fo) on CP?#CP? has K > 0 if both
f1 and f, satisfy the conditions (1), (2), and (3).

§5. Circle bundles with nonnegative curvature.
Now fix a harmonic connection metric
he = b+ ¢* (dr® + Sin” r 6?)
on an associated S*-bundle
S?—M-%5B.
Assume in this section that
dd =n@Q* N #0, a=n| isa constant,
(2 is a parallel 2-form on (B, h). Then
Vi(r) = 2at? Cos® g , Va(r) = 2at® Sin’ g .
According to Lemma 6, both
a; = A(t)d(shV;0) and «, = A(t)d(shV, 0)
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are smooth integral harmonic 2-forms on (M, h;).

Theorem 7. Assume that B is 1-connected and the sectional curvature of
(B, h) is bounded from below by Q. Then every principal S*-bundle and every
2-plane bundle over M carries a two parameter family of connection metrics
h: s with nonnegative curvature if the bundle is supported by an Euler class
in H? (M), that 1is, it can be represented by a harmonic form of the form

a = poy + qay .

Proof. Notice that the 2-plane bundle part of the theorem follows from the
S'-bundle part of the theorem and O’Neil’s Riemannian submersion theo-
rem.

For p = ¢, @ = p(a; +a,) represents the integral cohomology class Q*[np$)]
and the S'-bundle is bundle isomorphic to the product of S? with the S*-
bundle over B with Euler class [npQ], which carries a two parameter (scaling
along the S? factor and scaling along the fiber of the S*-bundle over B) family
of metrics and the nonnegativity of the curvatures follows from Corollary 2.

Set g = hy, let g, = h; , be a harmonic connection metric on the S*-bundle
over (M, g) with an Euler class represented by o = pa; + go,. Let V and K
be the covariant differential operator and the curvature function of (M, g),
respectively.

For p # q, we will demonstrate that there exist t, = to(p,q) > 0 and
So = So(t) > 0 such that for all 0 < ¢ < ¢, and all 0 < s < sq, both
conditions (a) and (b) in Lemma 1 are satisfied.

Since (M, g) is an §%-bundle with a connection metric, its tangent bundle
splits into the direct sum of a 2-plane bundle 7" M tangential to the fiber and
its orthogonal complement 7" M which is the bundle of horizontal vectors,
ie.,

TM =T'Ma&T"'M .

Let o € M and o an oriented 2-plane in T, M. Let X,Y be an oriented
orthonormal basis of o, then

X=X1+X2 and Yzyrl"}‘}/z
split into the sums of a vertical vector and a horizontal vector. Let

e = t“lg, es =cscrW
where W is the vector field on M tangent to the fiber of M and t§(W) =1,
d’f'(W) = 0. Set a; = g(@i,Xl), bi = g(ei,Yl), 1= 1,2
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A routine computation gives

K(0) = R(X3,Ys, X5, Y3) — i—n%ﬂ Sin’ rQ(X,,Ys)?
nZ
4
—3n Cos r(a1by — a3b))2(X,,Y3)
+ t—2(alb2 - a2b1)2
lixall® = ul (r)lix, U + w3 (r)| X, |
a(0) = u Q(Xs, Ys) + us(a1by — aghy)

+ —t*Sin®r ]|i(a2yz—b2X2)Q”2

(VXO[)(X, Y) = gt Sin ”'{’Uq (r)g (iX297 iazYz—bzX;zQ)
+ 3a1u2 (T‘)Q(XQ, }/2) + 2a1n—2a2u1 (T)(a1b2 - G,le)}

where R is the curvature tensor of type (0,4) for (B, h) and

Il

uy (r) = n A(t) {psh Vi(r) + gsh Va(r)}
uy(r) = a A(t) {—pchVi(r) + qgch Va(r)}
SO
I(Vxe) (X, V)|
< %t-?- Sin’r {uf lix, 7 + %u%‘XﬂZ + %uﬂXll?}
X {liaavs-taxa Q" + 180(Xs, Y2)? + 8n~%a* (arby — a2b1)? } .

Since the sectional curvature of (B, h) is bounded from below by €2, there
exists a positive constant € > 0 such that

E(X27 }/vZaX2)Y2) 2 EQQ(X23 )/2)2 :

If one chooses

.1 lp — ql ne’ }
t? < —
= { 2a ' dalgl 7 9n® + 4a’e?

2 t?
L
12(|p| + lq)?

then
[ur| < |ugl
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and
I(Vx)(@)I < llixal” {K(o) - 35%a(o)?} -

The theorem follows from Lemma 1. (|

Remark 6. For p = g # 0, the connection metrics g, = h;; on the
corresponding S*-bundle over M cannot have nonnegative curvature. For
any t,s > 0, for example, let o be the 2-plane spanned by e}, ez, let X = e,
then (V.,a)(0) = ta’>n='u,(r) # 0, while

l[we, | = 0.

Thus K, ,(5) < 0, where 7 is a 2-plane in the tangent bundle of the S*-
bundle spanned by € and SinBe, + Cos 3V for some 3, where €;,€, are
the horizontal lift of e;,e;, and V is the unit tangent to the fiber of the
S'-bundle.

§6. Proof of the main result.

The connected sum CP"™ !4 CP""" is an S2-bundle over CP™ associated
with the Hopf fibration S* — S?"*! L, CP». The fundamental Kaehler
form of CP™ with the Fubini-Study metric is a curvature form of this S*-
bundle. Since every De Rham cohomology class in H?(CP""!# —C—Pnﬂ) can
be represented by harmonic forms of the form a = pa; + qa, as constructed
in Section 4, it follows from Theorem 7 that every S'-bundle and every 2-
plane bundle over CP™"!# CP""' carries a complete smooth metric with
K > 0. Indeed, if M is any S*-bundle over CP™ with structure group the
abelian group S?, it follows that all S*-bundles and all 2-plane bundles over
M carry complete smooth metrics with K > 0.

In general, let (B, h) be a Hodge manifold with positive Kahlerian curva-
ture,  its fundamental Kahler form.

Let

$2—M-%B

be the associated S%-bundle over B. It follows from Theorem 7 that every
principal S*-bundle and every 2-plane bundle over M carries a 2-parameter
family of metrics h; , with nonnegative curvature if the bundle is supported
by an Euler class in H2(M), that is, it can be represented by harmonic forts
of the form

a = pa; + qo

as constructed in Section 4. The proof is completed.
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