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IRREDUCIBLE NON-DENSE A^-MODULES

V.M. FUTORNY

We study the irreducible weight non-dense modules for
Affine Lie Algebra A[ ' and classify all such modules having
at least one finite-dimensional weight subspace. We prove
that any irreducible non-zero level module with all finite-
dimensional weight subspaces is non-dense.

1. Introduction.

ί 2-2\
Let A = I and Q — G(A) is the associated Kac-Moody algebra

over the complex numbers C with Cartan subalgebra H C (/, 1-dimensional

center Cc C H and root system Δ.

A ^-module V is called a weight if V = 0 Vλ, Vx = {v E V \ hv = \{h)υ

for all h G H}. If V is an irreducible weight (/-module then c acts on V as a

scalar. We will call this scalar the level of V, For a weight (/-module V, set

P(V) = {\eH*\Vχ^0}.
Let Q = ^2 ̂ Ψ- It ίs clear that if a weight (/-module V is irreducible

then P(V) C λ + Q for some λ G H*. An irreducible weight (/-module V is
called dense if P(V) — λ + Q for some λ G Jϊ*, and non-dense otherwise.

Irreducible dense modules whose weight spaces are all one-dimensional
were classified by S. Spirin [1] for the algebra A± and by D. Britten, F.
Lemire, F. Zorzitto [2] in the general case. It follows from [2] that such mod-
ules exist only for algebras A^\ C^. V. Chari and A. Pressley constructed
a family of irreducible integrable dense modules with all infinite-dimensional
weight spaces. These modules can be realized as tensor product of standard
highest weight modules with so-called loop modules [3].

In the present paper we study irreducible non-dense weight (/-modules.
We use Kac [4] as a basic reference for notation, terminology and prelimi-
nary results. Our main result is the classification of all irreducible non-dense
(/-modules having at least one finite-dimensional weight subspace. This in-
cludes, in particular, all irreducible highest weight modules. Moreover, we
show that this classification includes all irreducible modules of non-zero level
whose weight spaces are all finite- dimensional.
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The paper is organized as follows. In Section 3 we study generalized Verma
modules M^(λ,7), a is a real root, λ G if*, 7 G C, ε G {+, —} which do not
necessarily have a highest weight (cf. [5]). By making use of the generalized
Casimir operator and generalized Shapovalov form we obtain the criteria
of irreducibihty for the modules M*(λ, 7) without highest weight (Theorem
3.11).

In Section 4 we classify all irreducible Z-graded modules for the Heisenberg
subalgebra G C Q with at least one finite-dimensional graded component.
Irreducible G- modules with trivial action of c were described earlier in [6].
Let δ G Δ such that Z5-{0} is the set of all imaginary roots in Δ. Following

[6] we introduce in Section 5 the category O(a) of weight (/-modules V
ί

such that P(V) C (J {λ; - ka + nδ | k, n G Z, k > 0} where X{ G H% but
2 = 1

without any restriction on the action of the center (unlike in [6] where the
trivial action of the center is required). The irreducible objects in O{ά) are
the unique quotients of (/-modules Mα(λ, V), where λ G if*, V is irreducible
Z-graded G-module. Modules M α (λ,C), with λ(c) = 0 were studied in [7-
9]. If λ(c) ^ 0 and at least one graded component of V is finite-dimensional
then the module Mα(λ, V) is irreducible [8, 9]. In Section 6 we classify all
irreducible non-dense (/-modules with at least one finite-dimensional weight
subspace (Theorem 6.2). It turns out that these modules are the quotients
of the modules of type M^(λ, 7) or Ma(\,V). Moreover, any irreducible Q-
module of non-zero level whose weight spaces are all finite- dimensional is
the quotient of Mε

a{\,η) for some real root a, \ e H*, 7 G C, ε G {+, —}
(Theorem 6.3).

2. Preliminaries.

We have the root space decomposition for Q : Q — H® ^^Gφ^ where dim

Qφ — 1 for all ψ G Δ. Denote by U{Q) the universal enveloping algebra of Q,
by W the Weyl group and by ( , ) the standard non-degenerate symmetric
bilinear form on Q [4, Theorem 3.2]. Let Δ r e be the set of real roots in Δ
and Δ z m be the set of imaginary roots in Δ. Fix a G Δ r e and consider a
subalgebra Q{oί) C Q generated by Qa and G-a. Then G(cx) — si(2) and we
fix in G(oί) a standard basis eα, e_α, ha = [eα, e_α] where [/zα, e±a] = ±2e±a.
We will use the following realization of G'

G = G{cx) ® C[ί, Γι] Θ Cc θ Cd

with [x®tn + ac+bd, y^^ + axc+bid] = [x,y]<g>tn+m + bmy®tπι-b1nx®tn +
nδn^m(x,y)c, for all x, y G &(α), a,b,au W G C. Then H = C/z α θCcθCcί.
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Denote by δ the element of H* defined by: δ(ha) — δ(c) — 0 and δ(d) — 1.
Then Aim = Zδ - {0} and π = {α, 5 - α} is a basis of Δ. Let Δ + = Δ+(π)
be the set of all positive roots with respect to π. The root system Δ can be
described in the following way: Δ = {±α + nδ \ n G Z}U{nδ \ n G Z — {0}}.
We have G±a+nδ - Q±Oί ®tn, n G Z, Qnδ = Cha ® *n, n G Z - {0}. Set
<Wn* = βα 0 ίn, e _ α + n ί = e_α ®tn, n e Z, e m J = /ια 0 f71, m G Z - {0}.
Then [eΛ(5,emj] = 2kδky_mc, [ekδ, e±a+nδ] = ±2e ± α + ( n + f c ) j , [e α + Λ 5 , e_α+m(5] =
δk,-m(ha + A c) + (1 - ίfc,-m)e(fc+m)(5 for any fe, m G Z.

For a Lie algebra ,A, S(Λ) will denote the corresponding symmetric alge-
bra. We will identify the algebra U(H) — S(H) with the ring of polynomials
C[if *] and denote by σ the involutive antiautomorphism on U(Q) such that
σ(ea) = e_α, σ(e*_α) = ea-δ. Set Λ/*+ = ^ ^ , ΛΛ. = ] Γ

3. Generalized Verma modules.

The center oΐU{Q(a)) is generated by the Casimir element za — (ha + I ) 2 -f
Ae_aea. Denote

= Σ ^. ^ - = Σ G-v
φ£A+-{a} φβA+-{a}

Ta = S(ff) ® C [ ^ ] , Eε

a = (H + G(a)) ® Λ^, ε G {+, -} .

Let λ G J7*,7 G C. Consider the 1-dimensional Tα-module C^ λ with the
action (h<g>z2)v\ — h(λ)jnvχ for any h G S(H), and construct an H + Q(a)-
module

It is clear that the module V(λ,7) has a unique irreducible quotient Vχn.

Proposition 3.1.
(i) IfV is an irreducible weight H + Q'(a)-module then V ~ Vχ,7 for some

(ii) Vλ,7 ~ Vx,iΊ, if and only ifη = 7', λ; = λ + n α ; n G Z ; 7 7
l ) 2 /or α// integers £, 0 < ί < n if n > 0 or for all integers t, n < ί < 0
i/ n < 0.

Proof This is essentially the classification of irreducible weight sZ(2)-modules.

D

Let λ G if*, 7 G C, ε G {+, —}. Consider V\,7 as jE^-module with trivial
action of Λf* and construct the (/-module
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associated with α, λ, 7, ε.
The module M^(λ,7) is called a generalized Verma module. Notice that

Vχ,7 does not have to be finite-dimensional.

Proposition 3.2.
(i) M^(λ,7) is a free σ(U(λί^))- module with all finite-dimensional weight

sub spaces.

(ii) M^(λ,7) has a unique irreducible quotient, Lε

a(λ,j).

(iii) M^(λ,7) ~ M^(λ',7') i/αnd on/j/ i/ε = ε', 7 = 7'", λ' = λ-f nα,n E Z
and 7 / (λ(/ιa) + 2£ + I)2 /or all ί E Z; 0 < t < n if n > 0 or /or all
ieZ,n<£<0ifn<0.

Proof. Follows from the construction of Q- module M^(λ, 7) and Proposition
3.1. D

Let Rχ = {(λ(Λα) + 2£ + I)2 | I G Z}. Recall that V is called a highest
weight module with respect to N+ and with highest weight λ E H* iΐ V =
U{G)v, v E Vχ and Vλ-f̂  = 0 for all φ E Δ+(π). Proposition 3.2, (iii) implies
that M^(λ, 7) and L^(λ, 7) are highest weight modules with respect to some
choice of basis of Δ and, therefore, are the quotients of Verma modules [4],
if and only if 7 E Rχ. The theory of highest weight modules was developed
in [4, 10].

Corollary 3.3.
(i) Let V be an irreducible weight Q-module, 0 Φ v E Vχ and λί^v = 0.

Then V ^ L%{\ 7) for some 7 E C.

(ii) Let λ 0 Rχ. Lε

a(X,j) ~ Lζ,(X',jι) if and only if ε — ε', a' — a or
a1 = -a, 7 = y ; λ ' = λ + n α ; n E Z and 7 φ (\{ha) +21 + I) 2 for all
ί E Z, 0 < ί < n if n > 0 or for all ί E Z, n < I < 0 if n < 0.

Proof. Since V is irreducible 5- module, V — U(Q(a))v is an irreducible
£(α)-module and V ~ σ(U(λί^))Vf. Then V is a homomorphic image of
M^(λ,7) for some 7 E C and, thus, V ~ Lε

a(\,j) which proves (i). (ii)
follows from Proposition 3.2, (iii). D

From now on we will consider the modules M+(λ, 7)(= M(λ, 7)). All the
results for the modules M~(λ,7) can be proved analogously. Set z = za.
For λ E ί/**, 7 E C and integer n > 0 we denote by z(n) the restriction of z
to the subspace M(λ,7)λ_n((5_α).

Proposition 3.4. // 7 ^ (λ(ftα) + 2£ + I) 2 for all 0 < t < 2n then
Specz(n) = {(2A;±λ/7)2 | A; E Z,0 < A; < n).

Proof. Denote Vn ~ M(A,7)A_n(5_a), n > 0. One can easily show that
Vn = ea-sVn-! +e-δeaVn-1 + e_α_*e2Vn-i Let K-i = ®K-i(r),τ E C,
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where Vn-ι(τ) = {v £ Vn_x \ 3N : (z(n - 1) - r)Nυ = 0}. Then the sub-
space ea_δVn_ι(τ) +e__ ( 5eαyn_1(τ) + e_α_(^e^Vn_i(r) C Vn is z(n)- invariant
and z(n) has on it the eigenvalues r and (2 ± \/τ) 2 , thanks to the condition
7 φ (λ(/ια) + 2^ -h I ) 2 , 0 < ί < 2n, which implies that z(n) has eigenvalues

, 0< k<n. D

Corollary 3.5. // 7 0 i ϊ λ £/ιen eα and e_α αcί injectiυely on M(λ,7) .

Proof. If 7 0 i?λ then Specz(n) f| R\~nβ — 0 for all integer n > 0 by Propo-

sition 3.4 and, therefore, eα and e_α act injectively on M(λ,7). D

Fix p e H* such that (p,α) = 1, (/9, <5) = 2. Since M(λ,7) is a restricted
module, i.e. for every v E M(λ,7), Qφυ = 0 for all but a finite number
of positive roots φ, we have well-defined action of a generalized Casimir
operator Ω on M(λ,7) [4]:

_φeφv, v E M(λ,7) μ ,

where e_ v E ̂ -^5 (e~ψ, eφ) = 1, φ E Δ + . Set Ω = 2Ω + id.
Let sa E W, 5Q(μ) = μ — (μ, α)α, μ e H*.

Lemma 3.6. i^or α Q-module M(λ, 7)

Ω = [(λ 4- 2p + sα(λ + 2p), λ) + 7]irf.

Proo/. Follows from [4, Th.2.6] and definition of Ω. D

Lemma 3.7. Let n > 0,/3 = δ - a, 0 φ v E M(λ, j)χ-nβ, 7 / (λ(/ιtt) +
2ί + I ) 2 /or α// 0 < £ < 2n and λf+v = 0. ΓΛen /c2

7 = (n(\(c) 4- 2) - A:2)2

/or some /c E Z ; 0 < A; < n.

Proof. It follows from Lemma 3.6 that z(n)υ = 7 ^ and

(λ - nβ + 2p + 5α(λ - n/3 + 2p), λ - nβ) + i = (λ + 2p 4- 5α(λ + 2p), λ) + 7

which implies

V = 7 + 4n(λ(c) + 2).

But, 7' = (2fc ± y ^ ) 2 for some A E Z , 0 < /c < n by Proposition 3.4.
Therefore, P 7 = (n(X(c) + 2) — A:2)2 which completes the proof. D

Corollary 3.8. Let λ E # % 7 E C - i? λ. // A:2

7 ̂  (n(λ(c) + 2) - A:2)2 for
all n, k E Z7 n > 0, 0 < A; < n then Q-module M(λ, 7) irreducible.

Proof. If the (/-module M(λ,7) has a non-trivial submodule M, then M

contains a non-zero vector υ of weight λ — n(δ — a) , n > 0, such that

Λ/OJ"v = 0. Now, the statement follows from Lemma 3.7. D
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Consider the following decomposition of U(Q):

U{Q) = {N-U{G) + W(α)ΛC) ® TaC[ea]ea © TαC[e_α]e_

Let j be the projection of U(Q) to Tα. Introduce the generalized Shapo-
valov form P, a symmetric bilinear form on U{Q) with values in Tα, as follows
(cf. [11]): F{x,y) = j(σ(x)y), x,y G «(<?). The algebra U(θ) is Q-graded:
U{G) = 0 ^ ( 6 0 ^ . It is clear that F{U{G)m, U{G)m) = 0 if 7ft ^ η2. Denote

U{N-)-η = W(.Λ/1) Π#(<?)_„ and let F^ be a restriction of P to U(N-)-η.
For λ € F*, 7 G C, consider the linear map θXyΊ : Tα —>• C defined by

0λ | 7(Λ ® * n ) = Λ(λ)7n for any Λ G S ( # ) , n G Z + .
Set AA, = λ + fcα, A; G Z. Let μ = λ - n(δ - a) G P(M(λ, 7)), n G Z + and

7 / (λ(/ια) + 25 + I) 2 for all integer s, 0 < s < 2n. Then λ 2 n G P(M(λ,7)),
M(λ, 7 )λ 2 n - Cυn and M ( λ , 7 ) μ = U(λΓ-)_n{a+δ)vn. Set f W - F n ( α + Λ ) . We
define a a bilinear C-valued form F® on M(λ,7) μ as follows:

l n , u2vn) = 6>λ2n)7 ( F ( n ) ( u i , ιz2)) , Wi, u2

One can see that dim L(\η)μ — rank F°.

L e m m a 3.9. i/βί λ G ϋP, 7 G C — R\. The following conditions are
equivalent:
(i) M(λ,7) is irreducible.

(ii) i^_n/ ί_α) is non-degenerate for all integers n > 0.

(iii) 0 λ 2 n, 7 (det F ( n ) ) ^ 0 /or α// integers n > 0.

Proof. Follows from the Corollary 3.5. D

Consider in Ta the following polynomials: fm^ = fc2^ — (ra(c + 2) —
fc2)2, gs — z — (ha + 2θ + I ) 2 , 5,77i, k G Z, 0 < k < m. Lemma 3.7 implies
that if θXn(gs) φ 0 for all 5 G Z, 0 < s < 2n and θX2m,Ί{fm%k) φ 0 for all
m,k G Z, 0 < m < n, 0 < k < m, then M(λ,7) λ_ n ( ( 5_α) = L(λ,7) λ_n ( ( 5_α)
and <9λ2n,7 (det F ( n ) ) ^ 0. We conclude that the polynomial det F ( n ) is not
identically equal to zero and has its zeros in the union of zeros of polynomials
fπι,k, 0 < m < n, 0 < k < m, gs, 0 < s < 2n. Therefore, det F ( n ) is a product
of factors of type fm,k and gs.

L e m m a 3.10. Let n, m G Z, n > Q, 0 < m < n. Then fm,k is a factor of
det F^ if and only if k is a divisor of m or k — 0.

Proof. Assume that A; is a divisor of m or k — 0. Set r — 2n+2m+k. Consider
λ G H* and 7 G C - Z such that θXtΊ(fmtk) = θXn(gr) = 0. For integer 5 > 0
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set vs = λ_s = λ - sa. Then θVa,Ί(fmik) = θUsΠ(gr+s) = 0 and ι^(/ια) 0 Z,
which implies that θUs^(g£) φ 0 for alH E Z, ̂  < r + s . Thus, the form i^°s_^'
β — δ — α is defined for all s > 0, 0 < i < n and M{ys, 7) ~ M ( λ r ) , 5 > 0 by
Proposition 3.2, (iii), where M(λ r ) is the Verma module with highest weight
λ r = λ + rα. Therefore, M{vs^)Vs_.β ~ M(λ r )^_ i / 5 , 0 < i < n as Tα-
modules. The operator z(m) has eigenvectors w+, w~ E M(λ r ) z / s _ m / 3 with
eigenvalues 7 + = (λ(/iα)+4(n+m+fc) + l ) 2 and 7" = (λ(/ια)+ 4(n+ra) + l ) 2

respectively. Since θι/3il(fπiik) = 0, then

7* = 7 - h 4 m ( λ ( c ) + 2 ) E {7+,7~}

and

(i/s + 2/>+5α(z/s + 2p),^ 5 )+7= (v8-mβ+2p+sα(i's-mβ+2p),i'8-rnβ)+'γ*.

Let ?/;* G {^^",^7} and z(m)w*s = 7*^*. Then

Ω < - [(i/s - m/3 + 2p + sα(z/s - m/3 + 2/9), ι/s - m/3) + 7 * ] ^

by Lemma 3.6. But, w* E M(λ r ) and

Ωw*s = (2(λr + 2p,λ r) + l ) <

by Corollary 2.6 in [4]. Hence

2(λ r + 2/o, λ r) + 1 = (i/s - ra/? + 2p + sα(z/s - mβ + 2p), ̂ 5 - m/3) + 7*

and

(λ r 4- 2/9, λ r) - (λ r + 2p - r*, λ r - r*)

where r* = mδ — kα if 7* = 7 + and r* — mδ + A α if 7* = 7" . If Λ: divides
772 or A; = 0 then r* is a quasiroot and D = Homg(M(λr — r*), M(λr)) φ 0
[10, Prop. 4.1].

Let 0 φ x E 2λ Then χ(M(Λ r - r*)) Π M(λ r ) I / s _ n / 3 φ 0 and therefore,
0λ2n_β>7(det F^) = 0 for any integer s > 0. It implies that if λ E ίΓ*,
7 E C - Z and 0λϊ7(/m,*) = 0 then <9λ,7(det F^n)) = 0. Thus, f^k is a factor
of det F ( n ) . Conversely, suppose that /n>fc is a factor of det F ^ n \ A; 7̂  0 and
k is not a divisor of n. Let r = 4n + A;. Consider a pair (λ, 7) E H* x (C — Z)
such that 0λ,7(/n>]fc) = #λ,7(#r) = 0 but θXiΊ(fPίq) φ 0 for all 0 < p < n,
0 < g < p (such λ and 7 always exist). Then #λ > 7(det F ( n ) ) = 0 and the
Verma module M(λ r ) has an irreducible subquotient with highest weight
λ r — T*, where r* is one of nδ + kα, nδ — kα. But, this contradicts the
Theorem 2 in [10]. Therefore, fUjk can not be a factor of det F<n) if k φ 0
and k is not a divisor of n.
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Let now 0 < m < n, 0 < A; < ra, A; is not a divisor of m and /m>fc is a
factor of det F ( n ) . Consider a pair (λ,7) G H* x C such that #λ,7(/m,*:) = 0,
θ\,Ί{fP,q) Φ 0 for all p,q e Z, 0 < p < n, 0 < q < p, (p,g) ^ (m,fe) and
θ\n{gs) Φ 0 for all 5 G Z. As it was shown above fmik is not a factor
of det F^ which implies that 0 λ 2 m ? 7(det F^m )) φ 0. Now it follows from
Lemma 3.7 that M{\,η)x_nβ = L(λ,7)λ-n/? and 0λ 2 τ ι ? 7(det F ^ ) φ 0. But,
this contradicts the assumption that fmik is a factor of det F^n\ The Lemma
is proved. D

For n G Z, n > 0 denote Xn = {0} U {fc G Z+ | f G Z}.

Theorem 3.11. £e£ λ G i ϊ* ; 7 G C — R\. Q-module M(λ,j) is irreducible

if and only if k2η φ (n(λ(c) + 2) - A;2)2 for all n G Z, n > 0, k G Xn.

Proof Follows from Lemmas 3.9 and 3.10. D

4. Irreducible representations of the Heisenberg subalgebra.

Consider the Heisenberg subalgebra G — Cc θ ^ Qkδ C Q. It is a
kez-{o}

Z-graded algebra with degc — 0, deg ekδ — k. This gradation induces a

Z-gradation on the universal enveloping algebra U(G) : U(G) = ^ ^

In this section we study the irreducible Z-graded G- modules. The central
element c acts as a scalar on each such module. In general, we say that a
G-module V is a module of level a G C if c acts on V as a multiplication by
α.

4.1. G-Modules of non-zero level. Let G+ = Y^Gkδ, G_ = ^Gkδ Forτ +
k>0 k<0

a G C* = C - {0}, let Cva be the 1- dimensional Gε θ Cc-module for which
Gεva — 0, cva = ava, ε G {+, —}. Consider the G-module

Mε{a)=U(G) 0 Cva

U(GεΘCc)

associated with a and ε.
The module Mε(a) is a Z-graded: Mε(a) — y^Mε(a)i where

iez

i^i = {σ(U{Gε)) ΠUi) ®va.

Proposition 4.1.
(i) The G-module Mε(a) is irreducible.

(ii) Mε(a) is a σ(U{Gε))-free module.
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(Hi) dim Mε(a)i = P(\ i |) where P(n) is a partition function.

Proof, (ii) and (iii) follow directly from the definition of Mε(a). Since α ^ O
one can easily show that for any non-zero u G σ(U(Gε)) there exists υ! G
U{Gε) such that 0 Φ u'uva G Mε(a)0 which implies (i) and completes the
proof. D

L e m m a 4.2. // V is a Z-graded G-module of level a G C* and dim V{ < oo
for at least one i £ Z then

Spec e$e_$ |yC {2raα | m G Z} .

Proof. Let υ G l^ be a non-zero eigenvector of eδe_δ with eigenvalue 6 and
b φ 2ma for all m G Z. Since α ^ 0, if en<^ = 0 then e_n($ι; φ 0, n G
Z - {0}. Denote F = {n G Z - {0,1} | enδv φθ}. We may assume without
lost of generality that j = i and | Y Π Z + | = oo. Elements e# and e_j act
injectively on the subspace spanned by eδv, ek_δv, k G Z. Then, for each
fcE7Π Z+, e^e^ίe^υ) = 6eAίυ and 0 7̂  ek_δekδυ G V̂ . Set w^ = ek_δekδv.
Then eδe^swk — (b + 2ka)wk, k G F Π Z + . This contradicts the assumption
that dim Vi < 00. Therefore, 6 = 27τzα for some m G Z. D

For a Z-graded G-module V and j > 0 denote by V '̂' the Z-graded (7-
module with (V^)i = Vi^ , i G Z.

We describe now all irreducible Z-graded G-modules of non-zero level with
finite-dimensional components.

Proposition 4.3.
(i) Let V be an irreducible Z-graded G-module of level a G C* such that

dim Vi < 00 for at least one i G Z. TΛen F ^ ^ Mε(a) for some
ε G { + , - } ; j G Z .

(ii) E x t ^ M ^ α ) ) ^ M*'(α)) - 0 /or any j G Z, ε,ε' G {+, - } .

Proof, (i) By Lemma 4.2 Spec X |yC {2ma \ m G Z} where X stands for
e^e.tf. Let Vi Φ 0, n be an integer with maximal absolute value such that
2na G Spec X \v. and let 0 φ v G Vu Xv = 2nα?;. Assume that n > 0.
Then efc(5ϊ; = 0 for all k > 1. Indeed, if ekδυ φ 0 for some k > 1 then
-^(ejwf) = ekδXυ — 2naekδv and 2(n + k)a is an eigenvalue of X on
Vί which contradicts the assumption. Therefore, ekδv = 0 for all A; > 1.
Consider the element ϋ — en

δ~
xv φ 0. Then e^δeδv — ekδv = 0, k > 1.

If ejΰ 7̂  0 then υp = e^ί ^ 0, βfĉ p̂ = 0 and, hence e_kδvp φ 0 for all
p > 0, k > 1. This would imply that dim V̂  = 00. Therefore, eδv = 0 and
V — U(G)v ^ M+(a) up to a shifting of gradation. If n < 0 then, clearly,
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V ~ M~(a) up to a shifting of gradation. Suppose that Vi = 0 but, for
example, K-i φ 0. Then efc(5?; = 0 for any non-zero v G K-i for all k > 0
and thus V = U(G)v ~ M+(a) up to a shifting of gradation. This completes
the proof of (i).
(ii) Follows from the proof of (i) and Proposition 4.1, (ii). •

Lemma 4.4. Every finitely-generated Z-graded G-module V of level a G C*
such that dim V% < oc for at least one i G Z /ms α /rnzϊe length.

Proof. If Fj = 0 then statement follows from Proposition 4.3. Let Vi Φ 0, n be
an integer with maximal absolute value such that 2na G Spec e$e_$ \v. and
v be a corresponding eigenvector. It follows from the proof of Proposition
4.3, (i) that V — U(G)v ~ Mε(a) up to a shifting of gradation. Consider a
G-module V — V/V. Then dim V{ < dim V% and we can complete the proof
by induction on dim V^ D

Now we are in the position to establish the completely reducibility for
for finitely-generated G-modules of non-zero level with finite-dimensional
components.

Proposition 4.5. Every finitely-generated Z-graded G-module V of a non-

zero level such that dim V% < oo for at least one i G Z is completely reducible.

Proof. Follows from Lemma 4.4 and Proposition 4.3. D

4.2. G-modules of level zero. The irreducible G-modules of level zero are
classified by V. Chari [6]. We recall this classification.

Let G — U{G)/U(G)c and let g : U(G) —>• G be the canonical homomor-
phism. For r > 0 consider a Z-graded ring Lr — C[£ r,f" r], degt — 1 and
denote by Pr the set of graded ring epimorphisms Λ : G -> Lr with Λ(l) = 1.
Let Lo = C and Λo : G —>> C is a trivial homomorphism such that Λ0(l) = 1,
Λ0(ff(efcδ)) = 0 for all k G Z - {0}. Set Po = {Λo}.

Given Λ G P r , r > 0 define a G-module structure on Lr by:

= A(g(ekδ))fs, k e Z - {0} , ctrs = 0,sGZ.

Denote this G-module by LrA.

Proposition 4.6.
(i) Let V be an irreducibe Z-graded G-module of level zero. Then V ~ L r Λ

for some r > 0; Λ G Pr up to a shifting of gradation.

(ii) Lr\ ~ Lr>^> if and only if r — r' and there exists b G C* such that

= bkA'(g(ekδ)), keZ-{0}.
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Proof, (i) is essentially Lemma 3.6 in [6]; (ii) follows from [6, Prop. 3.8].

D

Remark 4.7. All the results of Section 4, except Proposition 4.1 (iii), are
hold for the Heisenberg subalgebra of an arbitrary Affine Lie Algebra.

5. The category O(a).

Let a E π. Following [6] we define category O(a) to be the category of
weight ^-modules M satisfying the condition that there exist finitely many

r

elements λi,...,λΓ E H* such that P(M) C [jD(λi) where
i=l

D(λi) = {\i + ka + nδ | k, n E Z, A; < 0} .

Notice that the trivial action of c, as in [6], is no longer required. It is clear
that O(a) is closed under the operations of taking submodules, quotients
and finite direct sums.

Denote Ba = Y^Ga+nδ. Then Q = B_α Θ (H + G) θ Ba.
nEZ

Let V be an irreducible Z-graded G-module of level a E C and let λ E H*,
λ(c) = α. Then we can define a B — (H + G) ® βα-module structure on V
by setting: hvi = (λ + iδ)(h)vi, BaVi — 0 for all h E i/, Vi E V^ i E Z.

Consider the ̂ -module

U{B)

associated with α, λ, V.

Proposition 5.1.

(i) The g-module Mα(λ, V) is S(B_a)- free.

(ii) Ma(X,V) has a unique irreducible quotient La(X,V).

(iii) P(Ma(λ, V)) = (D(X) - {λ 4- nδ \ n E Z}) U P(V) C D{X).

(iv) Ma(X,V) ~ Ma,(X',V') if and only if a' E {a + nδ | n E Z} and
exists i G Z 5 ĉ/i £Λa£ λ = λr + iδ and V^ ~ F r as graded G-modules.

Proof. Follows from the construction of Q- module M a (λ, V). D

Now we describe the classes of isomorphisms of irreducible modules in

O(a).

Proposition 5.2.
(i) Let V be an irreducible object in O(a). Then there exist X E H* and

an irreducible G- module V such that V ^ La(X,V).
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(ii) La{\,V) ~ La(X',V) if and only if there exists i G Z such that X =
λ' + iδ and V^ ~ V as graded G-modules.

Proof. One can see that V contains a non-zero element v G V\ such that
Bav — 0. Then V — U(G)υ is an irreducible Z-graded G- module and
V ~ U(B_a)V. This implies that V is a homomorphic image of Mα(λ, V)
and, therefore, is isomorphic to Lα(λ, F) , which proves (i). Part (ii) follows
from Proposition 5.1, (iv). D

L e m m a 5.3. //0 < dim La(X, V)μ < oo for some μ G H* then dim V* < oo
for alii G Z.

Proof. If λ(c) = 0 then V[j] ~ LrΛ for some r > 0, Λ G P r , j G Z by
Proposition 4.6 and, hence dim V̂  < 1 for all i G Z. Let λ(c) = α G C* and
y[i] ^ M ε (α), for any j G Z, ε G {+,-}- By Proposition 4.3, (i), dirnl^ = oo
for all i. If α G Q + (α 0 Q + respectively) then X(ha)—na ^ Z + for all integer
^ ^ ^o ( n ^ ^o respectively) and for some n 0 G Z. Thus, eα_n(je_α+n(5
acts injectively on Lα(λ, V) for all n > n 0 (n < n 0 respectively) which
implies that dim Xα(λ, V)μ = oo. But, this contradicts the assumption. We
conclude that V^ ~ Mε(a) for some j G Z, ε G {+, —} and dim V{ < oo for
all i G Z. D

Theorem 5.4. Let V G O(a) be an irreducible.

(i) [6] IfV is of level zero then V ^ La{X, LΓ IΛ) /^ r ̂ ome λ G H*, λ(c) = 0;

r > 0, Λ ePr.

(ii) If V is of level a G C* αnί/ dim Vμ < oo /or α̂  Zeαs£ one μ G ^(t^)

then V ~La (λ, M ε(α)) /or some X G # * , λ(c) = a, ε G {+, - } .

Proof, (i) follows from Propositions 5.2 and 4.6, while (ii) follows from

Lemma 5.3, Propositions 5.2 and 4.3. D

In some cases we can describe the structure of modules ί/α(λ, V).

Let λ(c) = 0, r - 0, Λ = Λo, LOΛo ~ C. Set M(λ) - M α (λ ,C) .
Notice that M(λ) 2̂  S(B_a) as vector spaces and, therefore, P(M(λ)) —
{λ - nα + kδ \ k, n G Z, n > 0} U {λ} and

dim M(X)x_na+kδ = 00, n > l,dim M ( λ ) λ = dim M(X)x_a+kδ = l,fe G Z.

Proposition 5.5.

(i) Lα(λ, C) ~ M(λ) i/ and only if X(ha) φ 0.

(ii) If X(ha) — 0 ίΛen L a(λ, C) is a trivial one-dimensional module.

Proof. Proposition follows from [7, Proposition 6.2] and is also proved in
[8]. D
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Let λ(c) - a e C*. Set Mε(\a) = Ma(\,Mε(a)). We have

P(Mε(\ a)) = {λ - ka + nδ \ k,n e Z, k > 0} U {\ - εnδ \ n e Z + }

and

dim Mε(\,a)χ_ka+nδ = o o , f c > 0 , n G Z,dim M ε (λ,α) λ _ ε n ( 5 = P(n), n e Z+.

Proposition 5.6. [8, 9] Z,α(λ,Mε(α)) ~ Mε(\a).

Recall, that ^-module V is called integrable if e±a and e±^-a)
 a c ^ locally

nilpotently on V. All irreducible integrable Q- modules in O(a) of level zero
were classified in [6]. In fact, they are the only integrable modules in O(a).

Corollary 5.7. // V is irreducible integrable Q-module in O(a) then V is
of level zero.

Proof. Suppose V is of level α / 0 . Since V is integrable, it follows from
Proposition 5.6 that V φ L α (λ,M e (α)), ε G { + , - } . Then V ~ La{\V)
and for any k 6 Z + there exist i > k, j < —k such that V{ φ 0, V3, ^ 0.
Now the same arguments as in the proof of Lemma 5.3 show that e_α and
es-a a r e n ° t locally nilpotent on such module and, therefore, V has a zero
level. D

Remark. (i) The structure of modules Lα(λ,L r ?Λ), r > 0 is unclear is
general. Some examples were considered in [1, 12].
(ii) Most of the results of Section 5 can be generalized for an arbitrary Affine
Lie Algebra [6, 7, 12].

6. Non-dense ^-modules.

Definition. An irreducible weight (/-module V is called dense if P(V) =

X + Q for some λ G H* and non-dense otherwise.

In this section we classify all irreducible non-dense Q- modules with at
least one finite-dimensional weight subspace. Our main result is the following
Theorem.

Theorem 6.2. IfV is an irreducible non-dense Q-module with at least one
finite-dimensional weight subspace then V belongs to one of the following
disjoint classes:
(i) highest weight modules with respect to some choice of τr;

(ii) L ε

α (λ, 7 ), a € Are, λ G H\ 7 € C - Rx, ε € {+, - } ;

(iii) La(X,LrΛ), a e Δ r e , λ G H\ λ(c) = 0, r > 0, Λ € Pr.
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(iv) Lα(λ,Mε(α)), a G Δ r e, λ G H*, a G C*, λ(c) = a, ε e {+,-}.

Moreover, we can describe the irreducible (/-modules of non-zero level

with finite-dimensional weight subspaces.

T h e o r e m 6.3. Let V be an irreducible Q-module of level α / 0 with all

finite-dimensional weight subspaces. Then V ~ Lε

a(\,η) for some a G Δ r e

;

λ G H*, λ(c) = α, 7 e C, ε G {+, -} .

Remark 6.4. Theorems 6.2, 6.3 imply that in order to complete the clas-
sification of all weight irreducible (/-modules one has to study the following
classes:

(i) Modules of type Lα(λ, V) where V is a graded irreducible G-module
of non-zero level with all infinite- dimensional components.

(ii) Dense (/-modules of zero level.

(iii) Dense (/-modules of non-zero level with an infinite-dimensional weight
subspace.

These classification problems are still open.

The proof of Theorem 6.2 is based on some preliminary results. We start

with the following Definition.

Definition 6.5. A subset P C Δ is called closed if βu β2 G P, βλ + β2 G Δ

imply βι +β2 G P. A closed subset P C Δ is called a partition if PΠ—P = 0,

PU-P = A.

Lemma 6.6. Let P be a partition, P 3 δ, Pre = PΠ Δ r e

; β G Δ r e .
(i) // I Pre Π {β + kδ \k G Z+} |< oo or \ Pre Π {-β 4- kδ \k G Z} |< oo

then Pre = {φ + nδ \nE Z} for some ψ G Δ r e .

(ii) // I Pre Π {/? + kδ \k G Z} | = | Pre Π {-/? + ifeί \k G Z+} |= oo then

P = Δ+(τr) for some basis π of Δ.

Proof. Recall that Δ - {±β + kδ \ k e Z} U {nδ \ n e Z - {0}}. It follows

from [7] that there exist w G W and /?; G Δ r e such that

= {β' + kδ \k G Z} U {H I k > 0}

or

tt F = {βf + n5, - ^ + fcί I n > 0, k > 0} U {kδ \ k > 0} = Δ+(π;)

where π1 -{/?', 5 -/?'}. Then

P = {uT1/? + H I A: G Z} U {H | A; > 0}
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or P — A+(w~1ττ/). This implies the statement of Lemma. D

Definition 6.7. A non-zero element v of a (/-module V is called admissible

ifAf'υ = 0 or Bψv = 0, for some φ G Δ r e , ε G {+, - } .

Lemma 6.8. // the Q-module V contains a non-zero vector v G V\ such

that eφv = 0 and λ + kδ & P(V) for some φ G Are, k G Z - {0} then V

contains an admissible vector.

Proof. We will assume that k > 0. The case k < 0 can be considered analo-
gously. We prove the Lemma by the induction on k. Let k = 1. Then we have
Cφ+mδV = e<5t7 = 0 for all m > 0. If eφ-isv = 0 for all i > 0 then S^υ = 0 and
v is admissible. Let eφ-nδυ Φ 0 for some n > 0 and eφ_iδv = 0, 0 < i < n.
Set i; = e^_n<5?; ^ 0. Then e^-^t; = e^ί = e-φ+(n+ι)sϋ = 0, i < n and, thus,
e^ί = 0 for any φ E P = {φ — iδ, —φ + (n + j + l)δ, (j + 1)5 | i < n , j > 0}.
One can see that P U {—<p + nδ} is a partition and P = Δ + ( π ) — {<p;} for
some (/?' G Δ r e , π = {^',5 — φ'}, by Lemma 6.6. Hence, Af^iv = 0 which
proves the Lemma for k = 1.

Assume now that the Lemma is proved for all 0 < k1 < k and consider
two cases:

(i) There exists n G Z , 0 < n < & such that eφ+iδυ = 0 for all 0 < i < n
but eφ+nδv Φ 0. Then eφ+iδϋ = e_VP+(fc_n)<5ί = 0, 0 < i < n where ϋ = eφ+nδv
and e_φ+(jfe_nμί G Vx+jbj = 0 . If A; — n = 1 or k — n > 1 and e_φ+δv — 0
then Λ/+^ = 0 and v is admissible. Let k — n > 1 and υ ; = e-φ+δv Φ 0.
Then v; G Vv, V ^ ' = 0, λ' 4- (jfe - n - l)δ g P(V) where λ' = λ + (n + 1)5,
y?; = — φ + (k — n)δ and V has an admissible element by the induction
hypotheses.

(ii) Let eφ+iδv = 0 for all 0 < i < k. Since ekδυ = 0 we have eφ+iδv = 0
for all i > 0. If ί m = emδυ ψ 0 for some 0 < m < k then ϋm G V\',
λ' = λ + raί, eφί;m = 0, λ; + (fc — m)δ g P(V) and we can apply induction.
Assume that ϋm — 0 for all 0 < m < k. Then we have eφ+iδv = em($?; = 0,
i > 0, 0 < m < k. If eφ_jδv = 0 for all j > 0 then £ ^ = 0 and v
is admissible. Otherwise, let n be a minimal positive integer such that
v = e^-njv Φ 0. Then e^-^i) = e_φ+(n+k)δv = e^δ = 0, i > 0, j <
n. Assume that e-φ+(n+i)δv — 0. We have e^v = 0 for any φ £ P =
{φ — jδ, —φ + (n + m)5, mδ \ j < n, m > 0}. The set P U {—̂ ? -I- n5} is a
partition, | P r e Π {y? + i ί | i > 0} | = | P r e Π {-y> + i ί | i > 0} | = oo and,
therefore, P = Δ + ( π ) — {φ1} for some φ' G Δ r e , π — {^, δ — φ1} by Lemma
6.6. We conclude that λf^v = 0 and v is admissible. Finally, suppose that
v' = e _ ^ + ( n + 1 ) ^ ^ 0. Then v1 G Vv, e vv' = 0, λ; + (A; - 1)5 0 P(V) where λ'
stands for λ + 5 and, thus V has an admissible element by the assumption
of induction. This completes the proof of Lemma. D
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Proposition 6.9. Let V be an irreducible non-dense Q-module. Then V
contains an admissible element.

Proof. Let λ G P(V) and λ + ψ & P(V) for some φ G Δ. We can assume
that φ G Δ r e . Indeed, let φ = δ. If eaυ — eδ_aυ — 0 for some 0 Φ v E V\,
a G Δ r e then V is a highest weight module with respect to {α, δ — a} and
v is admissible. If, for example, eav φ 0 then λ' = λ + ot G JP(V) and
λ' + ( ί - α ) £ P(V). Hence, we can assume that \ + φ& P(V), <p G Δ r e . Let
0 φ v G Vx. If v1 = eφ_nδυ φ 0 for some n G Z - {0} then e ^ ' = 0, υ' G Vj,
λ = λ + ψ — nδ, λ + nδ 0 P(V) and Proposition follows from Lemma 6.8. If

= 0 for all n G Z then S ^ — 0 and v is admissible. D

Corollary 6.10. // V is an irreducible non-dense Q-module then either
V ~ Le

a(\ Ί) orV ~ Lβ(λ, V) for some a G Are, λ G # % 7 G C, ε G {+, -}
irreducible G- module V.

Proof. Follows from Proposition 6.9, Corollary 3.3 (i) and Proposition 5.2.

D

Now Theorem 6.2 follows from Corollary 6.6 and Theorem 5.4.

Proof of Theorem 6.3. Let μ G P(V). Consider the (?-submodule V —
U(G)Vμ C V. Then it follows from Proposition 4.5 that V is completely
reducible and moreover each irreducible component is isomorphic to Mε(a),
ε G {+, —} up to a shifting of gradation by Proposition 4.3, (i). Denote by
V+ the sum of all irreducible components of V isomorphic to M+(a) and
assume that V+ φ 0 . Let 0 φ v G V+ΠVX, χ G P(V) and V+ΠVx+δ = 0. We
will show that for any a G Δ r e there exists ma G Z+ such that ea+mδv — 0 for
all m > ma. Indeed, let v0 = eav φ 0. Consider the G-modn\eU(G)v0 which
is again completely reducible by Proposition 4.5. If ekδv φ 0 for all k > 0
then υk = e*v0 φ 0 for all k > 0. But, for big enough A:, vk will belong to the
direct sum of irreducible components of U(G)v0 each of which is isomorphic
to M~(a) up to a shifting of gradation. This contradicts Proposition 4.1,
(ii), since e2

δvk — 2k+2ea+(k+2)5V — 2e2<5^. Thus, there exists ma > 0 such
that ea+rncίδv — 0 and, therefore, ea+msv = 0 for any m > ma.

Suppose that χ + δ G P(V). Since V is irreducible there exists 0 φ
u G U(G) such that 0 Φ uv G V^+j It follows from the discussion above
that enδuυ = 0 for big enough n G Z + . The G-submodule V = U(G)uv
is completely reducible by Proposition 4.5 and since V+ Π Vx+& = 0, any
irreducible component L C V such that L Π V +̂(5 7̂  0 is isomorphic to
M~(a) up to a shifting of gradation. Hence, enδϋ φ 0 for any non-zero
v G V Π V^+j by Proposition 4.1, (ii) and enδuv φ 0 in particular. This
contradiction implies that χ + δ 0 - P ^ ) and therefore 7 is a non-dense
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^/-module. Applying Theorem 6.2 we conclude that V ~ Lε

a(λ^) for some
a E Δ r e , λ E ff*, λ(c) = α, 7 G C, ε G {+,-} which completes the
proof. D
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