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We use integrable lattice models to determine the complete
invariants of a series of new finite depth orbifold subfactors
from Hecke algebras.

Introduction.

Commuting squares are an efficient way of producing subfactors. One can
always ask the question about how to determine the higher relative commu-
tants once a subfactor is produced. The interest in this question is that in
many well-known examples, these higher relative commutants which are fi-
nite dimensional C* algebras if the index is finite, seem to be the right “Quan-
tum symmetry”([2]). In the language of coupling system of Ocneanu([3]),
the question is to determine the flat part of a connection. In [1], we found
a necessary and sufficient for a certain class of connections from orbifold
construction([4]) to be flat. In this paper, we will determine the flat part
of those non-flat connections. The exact meaning of this will be explained
in Section 1. It turns out that the subfactor constructed from those non-
flat connections is the same as a sufactor from a flat orbifold construction,
where one does orbifold with respect to a subgroup of the original abelian
group. (See the theorem of Section 2.) The paper is organized as follows: In
Section 1 we recalled the part of [1] we need as well as fixing the notations.
In Section 2 we proved the main result. This paper is a continuation of [1].

1. Orbifold Constructions in subfactors.

The material of this section is contained in Section 2 of [1] and Section 4 of
[4]. Let G be a connected, simply connected, compact simple lie group with
nontrivial center, i.e. G = SU(N),SO(2N + 1), SO(2N),SP(2N), Es, E;.
Let Z be a nontrivial subgroup of the center Z(G) of G. Let ¢ be a finite di-
mensional representation of G. K € N is a fixed integer(level). In [5], a cou-
pling system associated to ¢ is constructed, denoted by (g4(K), hy(K), B, T).
Here g,(K) is the principal graph constructed out of the fusion graph of
¢,hs(K) is its dual. If K is such that Z(0) € g5**" N h§’*", since the connec-
tion is invariant under the action of the central element (see 2.12 of [1]), one
can apply orbifold method with respect to Z to this coupling system. To get
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a better picture of the orbifold construction, let us take a concrete example,
namely, let us describe the orbifold construction of the Wenzl’s subfactor
as in [4]. It corresponds to the case G = SU(N), ¢ is the fundamental
representation of SU(N), Z is the cyclic group Zy and N|K. Let

Piy = {/\ - z1gi5N—1>‘iAi|)‘i 2 172151‘5N—1)\i sn- 1} ’

where the A;’s are the N — 1 weights of the fundamental representations and
n = k+N. For fixed N, we define A™ as follows. The vertices of A™ are given
by elements of P}, and its oriented edges are given by N vectors e; defined
byei,=A,es=A—A;_1,i=1,..., N—1,ey = —An_;. We define an action
of the cyclic group Zy as follows. We set Ay = %, and label the other end
vertices of the graph A" by A; = Ao+ (n — N)ey, A, = A1 + (n— N)e, ...,
An-1 = An_2+ (n — N)en_;. Define a rotation symmetry p of the graph
by p(A; + > ,cver) = Aji1 + > jCrery1, where the indices are in Z/NZ and
¢t € C. Note that p = id. The connection W (see [3]) which is used to
embed a small algebra into a big one, is invariant under this action. The
vertices of A™ can be colored by N colors in Z/NZ =0,1,...,N — 1 so that
the starting vertex has color 0 and each oriented edges goes from a color k
to a color k+1, k € Z/NZ. A" is A subgraph which has vertices of colors r
and r+ 1, r € Zy. Let

OO,O C 00,1 C 0072 vee — CO,oo

N n N N
CioCCi1CCip... = (i
N N N N
ngo C 02,1 C 02’2 e ™ CQ’DO

N N n N

be the double sequences constructed as in [4]. Since the connection is invari-
ant under the action of the center one can apply p to each C} ,,, as a *-algebra
isomorphism and it is compatible with the inclusions of these algebras. Set
D,, ., to be the fixed point algebra C,,, of under p. We get another dou-
ble string algebras simply replacing D, , by C,,,». The double sequences
constructed here are a little different from that of [3]. The source of the
string is allowed to be any of the 4; j=0,1,2...N-1, where in [3] the source is
always A,. However, the subfactor Cj o, C C)  is the same as the Wezl’s
subfactor which is the subfactor constructed from similar double sequences
but restricts the source to be Ay. This is also clearly explained in [4]. The
reason is the so-called relative Mcduff properties of subfactors constructed
out of the commuting squares. If one takes the projection p corresponding
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to Ay, since p € Cp o, the relative Mcduff property implies Cp o, C Ci o is
isomorphic to pCp p C pC} «p which is the standard description of Wenzl’s
subfactor in [3]. Set D, to be the weak closure of U,, D, ,, in its GNS-
representation with respect to the trace. The subfactor Dy C Dj o is
called orbifold subfactors. By [3], the question of determining the flat part
of the orbifold subfactor including finding those ¢’ € D, such that they
commute with all ¢ € Dy ,,,. Since by the main result of [1], the connection
is flat when N is odd, but when N is even, the connection is flat iff 2NV|K.
When the connection is flat, the higher relative commutants are simply given
by sequences of algebras D,, o, m > 0. If the connection is not flat, the higher
relative commutants are strictly smaller subalgebras of D,, ¢, m > 0 which
commute with all o € Dy ,,. Hence our question is to determine the higher
relative commutants of the orbifold subfactor Dy o, C D;  in the case N is
a divisor of K but 2N is not and N is even. Since the orbifold connection in
this case is not flat, the orbifold subfactor is called a non-flat orbifold and
the question is to determine the higher relative commutants of this orbifold
subfactor. This is exactly the meaning of the title of this paper.

2. The higher relative commutants.

Now we are ready to compute the higher relative commutants. For the sake
of completeness, let us first state the theorem in its general form. Let G
be a connected, simply connected, compact simple lie group with nontriv-
ial center, i.e. G = SU(N),SO(2N + 1),SO(2N),SP(2N), Eg,E;. Let Z
be a nontrivial subgroup of the center Z(G) of G. Let 6; denote the set
of fundamental weights of G associated to Z, and (,) the killing form of
G. In [5], a coupling system associated to ¢ is constructed, denoted by
(94(K), hy(K), B, 7). Here g4(K) is the principal graph constructed out of
the fusion graph of ¢,h,(K) is its dual. If K is such that Z(0) € g5**" Nhg™",
since the connection is invariant under the action of the central element (see
2.12 of [1]), one can apply orbifold method with respect to Z to this coupling
system. Let ¢ be a finite dimensional representation of G. K € N is a fixed
integer(level).

Theorem. Let K,7 be as before. Let M be the least natural number such
that: 1/2M (6,,0,) € Z,V8, € 65 and let N be the least nature number such
that M|N x K. Let ZN be the abelian subgroup of Z generated zV for all
z € Z. Then the orbifold subfactor constructed out of the action of Z is the
same as the orbifold subfactor constructed out of the action of ZN which is
necessarily flat (hence the flat part is easy to determine).

As in Section 1, we are going to use orbifold subfactor of Wenzl's subfactor
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to explain and prove the theorem. The proof of the general case is exactly
the same except possible change of notations.

Let us assume we are given the conditions at the end of Section 1, namely,
N is a divisor of K but 2N is not and N is even. As explained in Section 1,
this is the only interesting case. In this case, the theorem says the orbifold
subfactor with respect to the cyclic group Zy is the same as new orbifold
subfactor with respect to the subgroup Zy/, of Zy which is flat by [1].

Let us first describe this new subfactor in a similar double sequences as
that of Section 1.

Let N = 2Ny, p the action of Zy as in Section 1. Then the Zy/, action is
given by p?™, m=0,1... N;. The orbit of distinguished vertex A, under the
action of p*™, m=0,1... N; are vertices A,,,, m=0,1... N; Let

Coo0 CCo1 CCoz... — Coo

n n n N
01,0 C Cl,l C 01,2 e — Cl,oo
N ] N N
Cg,o C 02,1 C 02,2 e ™ C?,oo

N n n N

be the double sequences as in Section 1, except that the sources of the strings
are restricted to the vertices A,,,, m=0,1... N;. Denote by IA)o,oo C 151,00
the orbifold subfactor under the action of p?. Since the orbifold connection
is flat, the higher relative commutants ﬁ{,m N f)k,oo is given by lA)k,o, k>0.
Take paths o, ' with the same length on the graph Aj without orientation
and with s(a') = Ay, s(8') = Aj, j is even, r(a’) = r(8') = Co, where C
is some vertex of AZ. Let o/ = Y (p* (o), p*(B')). Note that o'’s of
the above form with the length k span D; , k > 0. Similarly another family

of higher relative commutants f);m N ﬁkm, k > 1, are spaned by similar
o'’s, except that one takes paths on the graph A% _, which is dual to Aj.
We will show in the following that the higher relative commutants of the
orbifold subfactor with respect to the cyclic group Zy are isomorphic to
that of 150,00 C IA)LOO which is of finite depth. Hence they are isomorphic
subfactors, thus completing the proof of the theorem.

Let us first determine Dg ,, N Dy . Since the connection is not flat, the
higher relative commutants are strictly smaller subalgebras of Dy o,k = 0, I...
which commute with all o € Dy, k = 0,1.... Let a, § be paths with
the same length on A™ and with s(a) = Ay, s(f8) = Aj, r(a) = r(B) =
By, where B, is some vertex of A". Set 0 = Yo' (6'(),p'(B)). Note
that o’s of the above form span Dy, k = 0,1.... Similarly take paths o/,
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B' with the same length on the graph Ay without orientation and with
s(a) = Ao, s(B8') = A, r(a/) = r(B') = Co, where C; is some vertex of
Az, Let o' (o, B') = Ties (01 (a), p1(B')). A general element o’ € Dy o may
be expressed as: o' = Z[a'|=|ﬁ/|=k)‘a',ﬂ'a'(ala/B’)a where )\, g’s are complex
numbers. We have to study under what conditions we get 0o’ = 0'0. Asin

[4], it is equivalent to the following :

2 __
(1) Z"?)")’aa” ,ﬁ” ,a',ﬂ',s(ﬁl’)zs(ﬁ'):kl)\a” ,ﬁ" _’Eau ,,3” il _ )\a/’ﬁlya/,ﬁl,n’nl’l I = 0
Where (a, ) are fixed paths on A"l € Zy and

p'(a)

A —> - — B

p'(a”)l J"

T 8" mayl = C

4k
Ak p__(:ﬂ) <o — By
A P (B)
+j T —_— Bl

Yo' 8" st = Ciyj

| |
ot (ﬁ”)l ln’

PE(B)
Apypy; — -+ — B
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We need the following Orthogonality lemma to simplyfy the above expres-
sions.

Orthogonality Lemma. Let z,, s Ya, 8,0, be as above. If (o', B") is

different from (o', '), Then:

1 ,ﬁ/l 0

Zn,n"xa" 8" o Yo B = 0,
Zn,n'ya" " Yo 8 = 0,
Z,M:Ia“,ﬁ“ o Ta gy = 0.
Proof. We will use the notations from [5]. The lemma follows from the topo-

logical invariance. In fact, up to nozero constants, >°, T, g o v Uar prmm
is equal to the value of the following diagram (see [5] or [1]):

As in [5], the value of the diagram is invariant under regular isotopy, and
equal to the value of the diagram:

0
: 7 (0)
0 -
s e 0 p]( ) a’ p](a,)
PH(0) |8 P (B)
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If (a”,8") is different from (c/, 3'), the coloring of the above diagram is not
admissible, hence the value is 0. The other two identities follow by the same
kind of argument. Q.E.D. 0

Proof of the theorem. By this lemma, (1) can be simplified to be:
D ar g siryel Y8 Bt g = Yo e[ = 0.
By Lemma 2.20 of [1],
|Zo" g nor = Yo' g7 | =2 — 2Reexp(2mikjha,).

Hence (1) is equvialent to : exp(2nikjha,) = 1, for all j € Zy and for all
(a’,B") such that |A\,» g-| is not zero, Where h,, denotes the conformal
weight of A, (see [5]). Thus k is even.

To summarize, we have shown that Dj .,NDy, o is spaned by: o'(¢/, 8') =

NHPM ), pH(B)), Here o, B' are paths with the same length m on the
graph A} and the source of 3’ is A, with k even and the source of o is
Ao. These algebras are clearly isomorphic to ﬁé,oo N D, as described
in the beginning of this section. In fact, let p be the projection in Cj o
corresponding to those even vertices of the graph Ag, then p commutes with
algebras Dj ., N D oo and pr = 0,2 € Do N Dpy o iff x=0. Moreover,
p(Dé),oo n Dm,oo) = b(l),oo n bm,oo-

Similarly, one can show that D] . N Dy, o is isomorphic to f);m N Do oo
where m > 1. Q.E.D. 0

We end this section with an example and a remark.

Ezample. Let G = SU(2), K=4142, ¢ the spin 1/2 representation. Z =
Z,. We know that the orbifold is not flat. The theorem says the orbifold
subfactor is the same as the original subfactor, that is, the flat part of D,
for odd n is A(;,-3) subfactor.

Remark. Morally speaking, if one starts with G/Z , the question of finding
the flat part reduces G/Z to G/ZN which is the correct gauge group as far
as the Chern-Simons gauge theory is concerned([6]).
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