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In this paper, we applied Hamilton’s Ricci flow to study the
metric deformation on Riemannian manifolds with boundary.
We proved a short time existence theorem for manifold with
umbilical boundary. We also derived the Simons’ identity for
the boundary under the Ricci flow. And as a corollary, we
show that any three-manifold with totally geodesic boundary
which admits positive Ricci curvature can be deformed to a
space form with totally geodesic boundary.

1. Introduction.

In 1982, R.S. Hamilton [Ham] introduced an evolution equation method
which is called the Ricci flow, and he proved that every closed three-dimen-
sional Riemannian manifold with strictly positive Ricci curvature admits a
metric of constant positive curvature. His work immediately brought many
mathematicians to the study of Ricci flow and other evolution equations
arising from differential geometry such as mean curvature flow, Yamabe
flow, Yang-Mills flow and curve-shortening.A large number of nice results in
geometry and partial differential equations have been obtained since then.
In this work, we study the deformation of a Riemannian metric on a
compact manifold with boundary via Hamilton’s Ricci flow. From the ana-
lytic point of view, Ricci deformation of a given closed Riemannian manifold

(M, 9):
29 =—2Ric
g(z,0) =9 (2)

is a Cauchy problem. Therefore, it is natural to consider boundary value
problems for the Ricci flow. In this paper, we only restrict ourselves to the
Neuman boundary value problem. The Dirichlet boundary value problem
and the mixed boundary value problem will be studied in the forthcoming
papers.

We remark that the boundary conditions for the Ricci flow are quite sub-
tle. By looking at the evolution equations

0
(1.1) 5794 = —2R;;
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one might try to impose ﬂn2_—12 functions on the boundary and expect to
obtain some geometric theorems from the resulting boundary value problem.
It turns out that this is not possible. Unfortunately, we generally do not even
have the short time solution of the boundary value problem mentioned above
due to the fact that the equality

(1.2) ¢"(Ric(g)) = Ric(¢"(9))

holds for any diffeomorphism ¢ on M. Therefore, one should carefully study
the geometry of the boundary in order to set up a well-posed boundary value
problem.

Let (M, g) be an n-dimensional manifold. We adopt the convention that
Latin indices range from 1 to n, while Greek indices range from 1 to n-1.
Now suppose that the boundary M # @. Let h = (h,g) be the second
fundamental form of OM in M. We need the following definition:

Definition. We say that OM is weakly umbilical in M if the identity
(13) hag = )‘gaﬁ

holds on OM, where X is a constant.

In case the constant A = 0, we say that OM is totally geodesic.
Now we are going to state our main result in the paper.

Theorem 1. For any given Riemannian manifold (M,fc}), there is a short
time solution to the following equations:

%gij(xat) = —2R;;(z,1t) zeM
gij(z,0) =§z'j (z) zEM
hap(z,t) = Agap(z,t) T € OM.

Theorem 2. Let (M,g) be a compact three-dimentional Riemannian man-
ifold with totally geodesic boundary and with positive Ricci curvature. Then
(M, g) can be deformed to (M, g,) via the Ricci flow such that (M, g.,) has
constant positive curvature and totally geodesic boundary.

Our proof will be presented in the following three sections. Section 2
will be devoted to showing the short time existence for the Ricci flow with
Neuman boundary data. In Section 3, we derive a parabolic version of
Simons’ identity [Sim]. And we will give our proof of the long time existence
and convergence of the Ricci flow in Section 4.

We remark that Theorem 2 can also be proved by doubling the manifold
and then applied Hamilton’s result on closed three manifold.
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2. Short time existence.

Let (M, 5) be a given Riemannian manifold with weakly umbilical boundary
such that on OM: s .

h=X9,
where 9 is the fundamental form and ) be a constant. We are going to solve
the following system:

%gij(xat) = —2R;;(z,t) TeM
(2-4) 95(2,0) =9, () TEM
hag(z,t) = Agag(z,1t) T €OM

As is well-known, this system is not strictly parabolic. Therefore, we use
DeTurck’s trick (see also [Sc] and [Shi]) to relate system (2.4) to a modified
system which is strictly parabolic with boundary and initial data that satisfy
the necessary “complimentary conditions” (see [Lady]).

Before we introduce the new system, we need the following lemma:

Lemma 2.1. Let § be any background metric on M with Ricci curvature
Ric , then we have

(2.5) —2Ric+2Ric = T(g) — Lxg.

Where X is the tension field of the identity map from (M,§) to (M,g), the
covariant derivative ‘|’ is taken with respect to § and

(2.6) Ti;i(9) = gklgij[kl + Qij,
where q;; involves only the lower order terms.

Proof. We use I‘fj and f‘fj to denote the Christoffel symbols of g and g,
respectively. Then we have

(2.7) Ry =T%, —Th,+ F;’EIFL- - ILTy,
and
(2.8) Rij = f‘fj,k - f‘:i,j + f'iafi] - f‘imf‘fl

where’ |’ denotes the partial derivative and repeated indices are summed.
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Since
k E Pk
B, =Ty — T3

is a well-defined tensor, we have

(2.9) Rij — R;; = Bikj]k - Bl::ci|j + Bllcclej - B],'clBIlci
1 1 1
= ”é’gklgijlkl - 'igklgkllij + 59“(911'“/@ + gijiix) + Qij
where @ is the two tensor that consists only of the lower order terms of g
with coefficients involving § and its derivatives.
Define the vector field such that its components are given by

lal (/18] i
Vi (V5ie),

(2.10) Xk =

Now we can easily finish the rest of the proof.
We would like to mention that the vector field X can also be written as

, 1 . . o
k __ ik ik ab — i k
X —g,i—gg’“g gabli—g](ri‘cj_rij)'

So it is the tension field of the identity map.
Now we are going to solve the following modified system:

(2 gij(z,t) = Tij(z,t) — 2Ri;(x,t) reM
9:5(2,0) =y (z) zeM
(2.11) { hap(T,t) = Agap(z, ) Tz €0M
Onalz,t) =0 z € OM
(X" (z,t) =0 z € OM.

Since OM is a hypersurface in M, we can choose a local coordinate chart

around a given point z € M such that {52} form basis for T,0M and

is transversal to T,0M. Therefore, it is easy to check that

2
zn

ni 8
€n = gnn la %
(g")2 Oz

is the unit vector that is normal to T,0M in a small neighborhood of z.
Hence the second fundamental form of (M, glan) in (M, g) is

gni

1
(2.12) hag = = -
P72 (gt

(Giats + 9igla — Gapli)-
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The given boundary condition g,, = 0 implies that ¢"* = 0 and

1 nn\i
(213) hes = ~5(5™) gasin
By definition, we know that
i N 1
(2.14) X" =ggm* (gki[j - §9¢j[k)
ij ,nn 1
=979 Gnilj — Egijln
1 1
= —igaﬁgnngaﬂln + E(gnn)zgnn]n'
Hence the condition X™ = 0 is equivalent to
_ —29°°gap
Onnjn = W)\
Therefore, system (2.11) is equivalent to
g{gij(x)t) = ﬂ](m,t) - 2R,‘j($, t) zreM
(215) 4 gaﬂln(mat) = —(g%\){gaﬁ(x’t) z € OM
Gnalz,t) =0 z € OM
_ —29°Pga
| Grnin = i T € OM.

Now we see immediately that (2.15) has a short time solution, and so does
(2.11).
Let g(z,t) be a solution of (2.11), then the ordinary differential equations

¢o =1id
determines a one-parameter family of diffeomorphism y = ¢;(z) and
¢t M —-> M
for small ¢, where id denotes the identity map on M and the vector field X
has components X* for k = 1,2, --,n as defined by Lemma 2.1.
Let §(y,t) = (¢;')*(g9(z,t)), then we can easily check that
0 0
2.1 La(y,t) = (7)) (= — Lx(j
(217) 290,1) = 67" (5r9(@.1)) - Ix(@)

= (#;')*(—2Ric(g) + Lxg) — Lx(9)
= —2Ric(g)(y, t).
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Let h be the second fundamental form of (OM, g|sp) in (M, G), then we
have

(2.18) has = ((671)" (h))as = Aas
from the fact that X™ = 0 on M. Therefore, we have proved that (2.4) has
a short time solution. O

3. A parabolic version of Simons’ identity.

In this section, we set up the Simons-type identity which is of its own in-
terest to study other boundary value problems for the Ricci flow. Since
the metric is changing as time evolves, the orthonormal basis that we use
in the study of submanifolds will not be time independent and hence the
moving frame method should be applied carefully. We are going to derive
our evolution equation for the fundamental form of the boundary by using
a non-orthogonal moving frame.

We remark here that the formula that we establish in this section also
applies to any hypersurface in M.

The evolution we consider is 2 = —2Ric(g) + 2c(t)g, where c(t) is any
function of ¢. Let {e;,es,- - -, e,} be any moving frame such that, restriced

to OM, the vectors e;, e,, - -+, e,_1 are tangent to M. By choosing the unit

normal .
n

N g€
€n = 1
(g7)z
we can easily check that
(3.19) has = (") L.
Therefore,
(3.20)
0 0 1 1
—h, — __ nn -3 FTL nn ——I‘l'n
ath 16) (at(g ) ) aﬂ+(g ) 2 af
R 1, -t . . .
= “gmhaﬁ +5(9™) 2 9ni(Jaisp + gpisa — Jagis) + c(t)hap
Rnn gm'

———hag = 7 (Ria;g + Riga — Rag;i) + c(t)hag-

g (g7)2

If we denote R;, = R(é,,e€,), then we have by straight forward compu-
tation:

9

(3.21) W

(Ria;ﬁ + Rigo + Raﬁ;i) = Riap + Rapia — Rop;a-
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So

8 Rnn
(322)  Zhap = _;{{n—'haﬁ — (Raap + Ragia — Rapia) + c(t)hap-

Now for a fixed time ¢, we may assume, without loss of generality, e, = é,
and take {w!,---,w"} as the dual frame of {e;,---,e,}.Then w™ = 0 on OM,.

If we denote R;ji; and K,p,6 as curvature tensors of M and OM respec-
tively, then we have the following structure equations

dw® = —w} AWl
(3.23) R w0 = QY = dw! + wi Awh
dgi; = gzkwj + g]lwi

and
dw® = —wf§ A wP

(3.24) 1Kg 5w A’ = 0% = dw§ + wd Awj
dgap = gavwg + gypwa

where Q’] and ©% are curvature forms of M and M respectively. We know,
when restricting to OM,

(3.25) 0 =dw" = —w) A w®,
so Cartan’s lemma implies: w? = hapw?, hge = hqp and
Hup = haﬁw"‘wﬂ

is just the second fundamental form of oM.
Since De; = w]e; and g(en,e,) = 0, we have

(3.26) 0 = D(g(en,€a)) = g(wie;, €a) + glen, whes)
= wggaﬁ + wy,

hence

(3.27) Wy = ~WnYag

or

(3.28) Wl = —glw = —glhgw.

From the structure equations, we also have

1 1
-R5 sw" W’ —Kﬂ,ﬂ,w”w +wy Awg.

(3.29) .
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Therefore

(3.30) Kg.s = Rg\5 — 9% hashgs + 9% hnyhgs.
Now exterior differentiate

n _ Y
wh = hypw.

We have

(3.31) dw® = —w? AWt + %R’;mwﬂ Aw?

and

(3.32) d(hapw?) = dhag A WP — hagw? Aw?.
Define

(3.33) hapyw” = Dhog = dhag — hayw}h — hp,w3,,

then we have

(3.34) (% nay h,aﬁv) Wwr =0

which implies

(3.35) R4y = havg — hapy

or

(3.36) Roopy = hayg = hapy-

Next, we differentiate
hagyw” = dhag ~ hayw}h — hg w7,
and define
(3.37)  hagysw® = Dhagy = dhagy — hapy ', — hasyw’ — hagst’,.
Then

(338) haﬂ,y,; - haﬂd'y = K%yahna + KZﬂ’yh’Iﬂ'
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Also, by restricting the covariant derivative of R,s,s to M, we have
(339) Rnaﬁ'y;& = Rnaﬁ—y& - Rnan'yh’ﬁé - Rnaﬁnhvé + Rzyﬁ—yhnéy
where R,,4,5 is defined by
(340) Rnag’ygwé = anozB'y - Rm;g,ywi - an;.yw% - Rnaﬁgwi.

Now we have
(3.41) Ahgp = 97&haﬁ76 = g7§(ha7ﬁ5 — Ruapne)
= 976 (h'raﬁé - Rnaﬂ'ﬁ)'
By applying equation (3.38) and the Codazzi equation (3.36), we have
(3.42) hyaps = hysap — Rnyasp + K:’x,@'yhﬂ‘Y + R?yﬂdhna'

So

(3.43)
Ahaﬁ = Haﬁ - 976 (Rn'yaé;ﬂ + Rnaﬁ'y;é) + 976 (Klﬁéhfw + KZﬁtShna):

where the scalar H = g*Ph, is the mean curvature of M.
Using equations (3.30) and (3.42), we then obtain:

(3.44)
Ahaﬁ = Haﬁ - 975 (anaJ;ﬂ + Rnaﬁ'r;é) - (HRnaﬁn + gwhcxﬂanné)
+ 9" (Rl ashng + Rlgshna + 2R05 Ry
+ (W hnp H + Bhogh?, = hygh™hag — hyoh?B5)
We can also derive, by a straightforward computation, that

(345) Raﬂ;n = RnB;a - gvéRnaB'y;d + Ranﬁn;n'

So we have

(3.46)
0
ahaﬂ = _Rnnhaﬁ - Ran;ﬁ + Raﬁ;n - Rnﬂ;a + Chaﬂ

= (“‘Rnnhaﬁ + Ranﬂn;n - Rna;ﬁ) - g’ﬂs-R'rmtﬂ'r#s + Ch’aﬂ
= Ahaﬁ — Haﬁ + HRnaﬂn - 976 (RT’,yatShﬂﬂ + R?Y,sth'na

+2R7¢71ﬁ’7h715) - h’TzlxhnﬁH + h"ynh’mha[j + Ranﬂn;n + Chaﬁ.

211
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We notice that equation (3.46) is derived under the assumption that g,, =
0na at point (z,t) € OM;. Generally, we have:

0

5has = Dhag — Hag + HRaaga — g (B2 oshng + R gshna

yad

+2R% 5, hs) + (|APhag = W hogH) + Rangas + chas,

where |A| is the norm of the second fundamental form.

Beginning with the Simons-type identity established above, we see that
we can compute Rj,qp.4 in terms of the other quantities on the boundary.
And this implies that:

o
Rinis = g*° 57hes + HEa.

Also, by restricting the covariant derivative of R,g to OM, we have
Ripia = Ripa — Ranhap + R'ghya.

So by the Bianchi identity, we can see that

0
Rﬁ = zgaﬂ—a‘t'hag + 2gaBRﬁag + 2Rnﬂh5

Also, R,p.4 can be computed from equation (3.45).

4. Long time convergence of the metric.

We assume in this section that the boundary is totally geodesic. Let us first
list the evolution equations for all three curvature quantities which will be
the basis for the a priori estimates we need for proving the convergence of
the metric. We refer the readers to [Haml]| for details.

0
(4.47) = Riju = ARyjr + 2(Biji — Bijix + Birji — Buj)

ot
— gpq (Rpjkqui + Ripk:quj + Rijleqk + Rz’jkqul) )
where Bijkl = gprgqupiqurksl'

0
(448) aRij == AR,] + 2RikﬂRkl - 2RpiRpj

(4.49) -aa-tR = AR+ 2| Ric|*.
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In order to show the long time existence for the Ricci flow, we certainly
need to calculate the related quantities at the boundary. Since we assume
that h = 0 on M, we have from the Simons-type identity that we derived in
the last section,

(450) Rﬁaﬁﬂ;ﬁ =0.
From Codazzi equation, we know that
(4.51) Rinpy = 0.

Also, from equation (4.51), we have

(452) Rﬁag,ws =0.
Therefore, we have

Ropysin = 0
and
(4.53) Rips =0,

and by a direct calculation and by using the equation (3.45),
(4.54) Ragia = 0.

Also, we can easily see that

(455) Rﬁfz;fl =0
and

(4.56) Rogpriin = 0
(457) Rflfl;ﬁ = O

Therefore, we conclude that the normal derivative of all curvature quan-
tities vanishes on the boundary.

The next lemma, which is similar to the Hopf maximum principle for
functions will be used to prove the long time existence theorem.

In order to state the lemma, we need the following definition:
Definition. Let N,; = p(M;;,9,;) be a polynomial in M;; obtained by
contracting products of M;; with itself using the metric. We say that the
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N;; satisfy the null-eigenvector condition if N;;v*v? > 0 for any v* which is
a null-eigenvector of M;;.

Lemma 4.1. Let (M, g) be a Riemannian manifold such that R;; > —(n —
1)Ag;j. Suppose we have

0

ot
for some constant A > 0,where N = P(M;;, g;;) satisfies the null-eigenvector
condition. If M;j., > 0 with respect to outward normal, and u*VM;; = 0
at any point of minimum eigenvalue of M,;, then the condition M;; > 0 is
preserved under the flow.

Mij = AMij + U,kkaij + Nij

Proof. We need to show that M;; > 0on 0 < ¢ < § where § is small compared
to a constant C which only depends on |M;;|, as we shall see below. The
repeated application of this procedure will yleld the result.

Let M,J M;; + €(0 + t)gi;. We claim that M,J >0o0n0<t<$§ for any
€ > 0. Then letting € — 0 will finish the proof.

If Mij acquires a null eigenvector v* of unit length at some point z, € IM
at time o, i.e.

Mij'l)i =0
for V4. We also denote the parallel extension of v* to a neighborhood of z, as
v'. Let f = M;;v*v’, then f(zo,t,) = 0 Then we know that f is well-defined
in a neighborhood of z, and we have
of

(4.58) € + Af + N;jv'vl.

Define g = f — nv, where 7 is a constant to be chosen later,

T2 (4412 A R2
,Uzea[r+(t to)]_e aR

R is the radius of a small disk B which is centered at (z;,?;) and is tangent
to OM at (zo,to), and r = dist(x,z;). Now let B be a small disk centered
at (2o, to) with radius less than LR. We also denot D = BN B, I' = BN B,
and I' = 0B N B.

Then we have on D that

0 2 N
(4.59) 2 —2a(t — to)e ol +(t=t0)]
ot
(4.60) mzvkmwmﬂmwwq

= [2arAr + 402r?] e=olr "+ (t=t0)%),
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By comparison theorem, we have

(4.61) Ar <

We also notice that 72 > p? on D and |t — to| < p' for some constant
sE<p<Rand0<p <R
Therefore, we see that

(4.62)

(% - A) v S 2(![——2(]1"2 + (n _ 1)(1 + k'r) + R]e__a[,,,2+(t__t0)2]

< 2a[-2ap® + (n — 1)(1 + kR) + R+ < g

for a large enough.
So

0 o
(Eg—t- - A) g > €+ Nijv’vj.
Since M;;v*v?! = 0 by null-eigenvector condition, and

Nij’Ui’Uj 2 —Ced

at (zg,to) for some constant C mentioned before, we have

0
(52 - A) g>0
at (xo,to) if Cé < 1.

So (£ — A)g > 0 in a small neighborhood D’of (o, t).

Also, we know that from the fact that f(zq,t0) =0, f > 0in D — {zg,%},
so f > 1’ on I'. So by choosing n > 0 small enough we have g > 0 on I'.
Similarly, by choice of I, we know g = f > 0 except at (zo,%). Hence the
maximum principle tells us that

g=>0

in D' and the minimum occurs only at the point (z,?,). The Hopf maximum
principle gives

99
(463) gﬁl(zo,to) <0
with respect to the outward normal. So we obtain

of

ov
. —- <n—l(z <0
(4 64) 3n|(1‘o,to) = T]anl( 0,to)



216 YING SHEN

with respect to the outward normal vector to M.
The above inequality immediately implies that

o o
<%M1]) 'UZ’UJI(zo’tO) < 0,

which contradicts our assumption. Hence the proof is finished. g

Lemma 4.1 immdiately implies that the condition ag;; < R;; < Bg;; will
be preserved under the Ricci flow.

Actually, if we assume that the evolution equation has a solution on the
interval 0 < t < T, we have the following lemma:

Lemma 4.2. If eRg;; < R;; < PBRg;; for some constants € and B with
0 <e< % < B <1 att =0, then both conditions continue to hold on

0<t<T.

The proof of this lemma is basically the same as in [Ham]. We apply the
Hopf maximum principle with

Ry
M,J = ,Bgij — RJ

2
E_ k
U ———RVR

iy +25R;;
Ny = (Rt _apm,
where S = |Ric|* and tensor Q;; = 6R*R* — 3RR;; + (R* — 25)g;;.

We only need to check that ukaMij satisfies the requirement in Lemma
4.1. It is easy to see that because the tangential derivative of M;; equals to
zero at its extremun and the normal derivative is zero due to the fact that
R, =0, Ryp.n =0 and R,,, =0.

In the following we are going to establish a key estimate which is called
the ‘Pinching estimate’. We need an evolution equation.

Lemma 4.3. Let f = ij—— then we have

15) 2(yv—1
@65) A = nf+ 2Dy my,f - 2RV Ry~ ViRRP

- (5-37) 19:RP

+—2_@-ys (s - %R2> - 2P]

2
R+
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where P = §> + R(C —T), T = RYR}R% and C = 1Q,; RY.
Hamilton proved that

Lemma 4.4. If R >0 and R;; > eRg;;, then P > €2S(S — 1 R?).
We can choose § > 0 such that 6 < 2¢?, andlet y =2 -6, f = s_—Rini SO

that we have the following

of

L <A kS,
o = f+uVif
where u* = gng_—lzka. Since we have our boundary estimates on the cur-
vature quantities, we know that the maximum of f cannot be achieved for
t > 0, because that will imply that ¥V, f vanish at that extrem point on the
boundary and hence the Hopf maximum principle says that V,,f < 0 which
contradicts our computation that V,f = 0. Therefore, we have proved the
following lemma:

Lemma 4.5. We can find constants § > 0 and C < oo depending only on
the initial metric such that on 0 <t < T we have

S — %Rz < CR?*79.

From Lemma 4.5, we can establish an evolution inequality which is also
derived in [Ham].

Lemma 4.6. Let F = |VR[?/R—nR?*+168(S — :R?). Then for any n with
0 <n < 3 we can find a constant C(n) depending only on n and the initial
value of the metric at t = 0 such that

oF
5 S OF+C).

It is easy to see from the evolution equation for scalar curvature S that

Lemma 4.7. If R > R, at timet = 0 for constant R,;,, then T < '_*21231- .

in

Now Lemma 4.6 immdiately implies mazF; < mazF, + C(n)t and hence
F < C(n) for some constant C(n) depending only on 1 > 0 and the initial
metric. Therefore, we have

(4.66) IVR|* < nR® + C(n)R < nR* + C(n)
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since 7 is arbitrary. We have proved

Theorem 3. For any n > 0, we have constant C(n) depending only on n
and initial metric, such that on 0 <t < T, the following estimate holds

(4.67) VR[> < nR® + C(n).

Similarly, we can also follow Hamilton [Ham] to show the following

Lemma 4.8. The evolution equation

99 _ .
5 = —2Ric

has a solution on a mazimal time interval 0 < t < T. If T < oo, then
maleRijklP —ooast—>T.

In particular, since R? > S, s0 R,,., — 00 as t — T. By equation (4.67),
we know that for every n > 0 we can find a constant C(n) with

1
VR < SR + Cn)
on 0 <t <T. Since lim;_,7 Rypes — +00, we can find Ty with
1
C(ﬂ) S Eangn/gz

for Ty <t < T. Then |VR| < n?R3/2 for t > Ty.

Let z € M such that R(z) = Rz, then any geodesic out of x of length
at most s = %Rmaz1/2 we have R > (1 — n)Rma.. By Meyers theorem, we
know if 7 is small enough then all the geodesics of length greater than s

include the entire manifold M and hence
Rmin Z (1 - n)Rmaw'
Therefore we have proved

Lemma 4.9.

mazx
=1

lim
t—T Rmm

We also quote the following without proof (see [Ham)] for details).

Lemma 4.10. We have

T
/ R, 0dt = c0.
0
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T
/ rdt = oo
0

where r = v% Sy dwe and V; is the volume of g.

Lemma 4.11.

Now the Lemma, 4.5 implies that
1
S/R? — 3 < CR7% 0.

In order to prove the convergence, we need to normalize the Ricci flow
and we study the following normalized evolution equation:
dg

.2
Frie —2R1c+§rg.

It can be easily seen that this normalized equation have solutionon 0 <t < T
with T = oo and
0<ESRminSRmaxSC
eRg;; < Ri; < Rg;;
Rmaz
min

S-iR

lim =0
t—o0

tl—l+lg> R2
Actually, we know that Equation (4.67) also holds for v = 2. We can also

check that there is a constant 6 > 0

4P
o > 4e®Sf/R? > 4e*f /3R > 6 f
and hence f = 19—-—1532”;2 satisfies
Z—J; SAf+urVLf —6f

. k
with u* = 228

The maximum principle enables us to conclude again that
f<Ce™®
and hence

Theorem 4. We can find constants C < oo and § > 0 such that

(4.68) S — %Rz < Ce™’.
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Now we

Corollary 1.

1
Ri]' - §Rgij S Ce_dt.
If we let VR .
F=ID es (st 2)
7 + 168 (S 3R

then we have oF ) 4
— < AF +672R (S - —RZ) — —rF.

ot 3 3
Estimate (4.68) tells us that
%? < AF +Ce ™ — §F

for some C' < 00, § > 0, since R < C and r > R,,;, > € > 0. By the Hopf
maximum principle we have F < C(1 + t)e™t and this proves that

Corollary 2. We can find constants C' < oo and § > 0 such that

Rmam - Rmin S Cenét-

The last two corollaries immediately give us

Corollary 3.

1
Rij — 573Gij S Ce—ét.

3

Therefore we have obtained the pinching of the Ricci curvature and scalar
curvature. Now the rest of the proof for our long time existence follows
exactly the same as in [Ham)].
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