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Given a topological dynamical system Σ = (X, σ) for a home-
omorphism σ on a compact space, we define the topological
full group [Zσ] with respect to the action σ. We then clarify
the relations between normalizers in the transformation group
C*-algebra A(Σ) and those homeomorphisms in the group [Zσ].
The result implies the general isomorphism theorem between
transformation group C*-algebras keeping their subalgebras
of continuous functions.

Introduction.

Let A(Σ) be the transformation group C*-algebra associated to a topological
dynamical system Σ = (X, σ) on a compact Hausdorff space X with a home-
omorphism σ. In the present paper, under a relatively mild condition for
the dynamical system Σ, topological freeness, we shall clarify the structure
of normalizers in A(Σ), that is, of those unitary elements of A(Έ) whose ad-
joint automorphisms leave C(X), the algebra of continuous functions on X,
invariant. As in the case of measurable dynamical systems for non-singular
free actions, the analysis invokes the suitable definition of the topological full
group [Zσ] with respect to the given homeomorphism σ. With this notion, we
shall show (Theorem 1) the C*-version of the correspondence between nor-
malizers and those homeomorphisms belonging to the group [Zσ], together
with the result to show when the C*-subalgebra generated by C(X) and a
normalizer coincides with the whole algebra A(Σ). The theorem then natu-
rally induces an isomorphism theorem for transformation group C*-algebras
keeping their subalgebras of continuous functions.

Prom the point of view of operator algebras one would be tempted to
discuss the problem under more general actions such as actions of countable
discrete groups, but we are mainly interested in the interplay between topo-
logical dynamics and theory of C*-algebras. Since then essential ingredients
of the problem are used to be appeared in the present context, we restrict
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our discussion to the case of the topological dynamical system for a single
homeomorphism.

It must be noticed that the present paper stems from stimulating conver-
sations with C. Skau, for which the author expresses his deep gratitude.

The author is also indebted to the referee for his valuable comments for
improving the author's first draft.

1. Preliminaries.

For the topological dynamical system Σ = (X, σ), we impose no countability
condition on the space X. Let a be the automorphism of C(X), defined
by ct(f)(x) = f(σ~1(x)). We regard a also as an action of the group of
all integers Z and denote sometimes by {C(X),Z, α}, the C*-dynamical
system. The transformation group C*-algebra A(Σ) is then defined as the
C*-crossed product C(X) xaZ with respect to the action α, and since we are
treating a Z-action, it coincides with the reduced crossed product C(x)xarZ.
Write δ and E as the generating unitary element of A(Σ) and the canonical
faithful projection of norm one of A(Σ) to G(X) respectively. We write a
representation of A(Σ) always as π = πxu where π = π\C(X), the restriction
of 7Γ to C(X), and u = π(tf). It is then not so much confusing, as in the
case of the action α, to mean u also a unitary representation of the group
Z. For a point x 6 X, we denote Oσ(x) the orbit of x with respect to σ.
By the sets Per(σ) and Aper(σ) we mean the set of all periodic points and
that of all aperiodic points for Σ. We call a system Σ = (X, σ) topologically
free when the set Per(σ) is of the first category, or equivalently Aper(σ)
is dense in X. In a dynamical system the set JPer(σ) plays an important
role but in usual dynamical systems such as the ones on compact manifolds
those sets of periodic points are often at most countable. Thus, they are all
topologically free systems in our sense. Since however this concept may not
be widely recognized, we should collect here those relevant results that we
need for our discussions. We refer the article [8] or [9] for them.

Recall that a dynamical system σ is topologically transitive whenever any
pair of open sets [/, V in X meets each other after some iteration of the map
σ, that is, σnU Π V Φ φ for some integer n. It then can be shown that a
topologically transitive system on an infinite compact space is necessarily
topologically free.

Theorem A ([8, Theorem 4.3.5]). For a dynamical system Σ = (X, σ) the
following three assertions are equivalent:
(1) Σ is topologically free,

(2) A closed ideal I of A(Σ) is nonzero if and only ifIf\C(X) Φ {0},

(3) C(X) is a maximum abelian subalgebra of A(Έ).
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Next, consider a representation π = π x u and let Xπ be the spectrum
of the C*-subalgebra π(C(X)). As {τr,u} is a covariant representation of
{C(X),Z, α}, the automorphism Adu on π(C(X)) induces a homeomor-
phism σπ and we obtain a dynamical system Σ π = (Xπ^σπ). We call this
system Σ π the derived dynamical system by the representation π = π x u or
by the covariant representation {π,u}. It is then worth to notice that the
system Σ π can be identified with the restricted dynamical system {X^σ^}
for an invariant closed subset X'π of X defined by TΓ'^O) = k(X'π), the kernel
of X'π, and the restriction of σ to X'π, σ'π, through the isomorphism

C(X'π) S CiXyπ'HO) = π(C(X)) = C(Xπ).

Theorem B ([9, Theorem 5.1] or [8, Theorem 4.3.1]). Let π = π x u be a
representation of A(Σ) and suppose that the dynamical system Σ π = (Xπ,crπ)
is topologically free. There exists then a projection of norm one εn from
π(A(Σ)) to π(C(X)) such that

8* o if = π o E.

As immediate consequences of this result we can conclude that in this
situation:
(a) π is an isomorphism if and only if π is an isomorphism,

(b) π(A(Σ)) is canonically isomorphic to the transformation group C*-
algebra A(Σπ).

We notice that every infinite dimensional factor representation (hence in
particular irreducible representation) satisfies the above condition (cf. [Tl,
Proposition 4.3.2]). In fact, in that case the system Σ π turns out to be
topologically transitive and moreover the space Xπ is an infinite set.

Now we call a unitary element υ of A(Σ) a normalizer (of C(X)) if the
automorphism Adv leaves C(X) invariant. Let r be the homeomorphism
of X induced by Adv and write Σ τ = (-Y,τ). We denote by A(v) the C*-
subalgebra of A(Σ) generated by C(X) and v. Denote by Oσ(x) and Oτ(x)
the orbits of a point x for σ and r respectively.

Lemma 1. For every point x, we have that τ(Oσ(x)) = Oσ(x).

Proof. Let A(ΣT) be the associated transformation group C*-algebra for the
dynamical system Σ r with the generating unitary element δτ. There exists
then the canonical homomorphism q from A(ΣT) to the C*-subalgebra A(v)
for which q(δτ) = v and q brings the embedded image of C(X) into A(ΣT)
to C(X) in A(Σ). For the evaluation functional μx on C(X) at the point
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#, let φ be a pure state extension of μx to A(v) and φ a further pure state
extension of φ to A(Σ). Put ψ = φoq, then it may also be regarded as a pure
state extension of μx to the C*-algebra A(Σr). Let {if, if = τrxw,r/}be the
GNS-representation of ^4(Σ) by the pure state φ with the canonical map η
of .A(Σ) into H. The GNS-representation of A(ΣT) by <£> is then compatible
with this structure. Namely, denoting by {Hφ,πφ,ηφ} and {Hφ,πφ,ηΦ} the
GNS-representations of ^4(Σr) and A(υ) by ψ and φ respectively we have
that ηφ = Vφ ° q and ηφ(A(Στ)) is considered as a subspace of r;(^4(Σ)) as
well as its completion Hφ = HΦ in the space H. As it is then shown by
[9, Proposition 4.3] or [8, p. 86], the unit vectors

en = η(δn) and fn = ηψ(δn

τ) = ηφ(vn) = η{υn)

form complete orthonormal bases in H and Hφ where n is ranging over all
integers if x is aperiodic for both maps σ and r, 0 < n < p for en if x is
p-periodic for σ and 0 < n < pf for fn if it is p'-periodic for r. Moreover for
a continuous function p, we have that

π(g)en = g{σn{x))en and πφ(g)fn = π^(ί?)/n = g(τn(x))fn.

Now suppose that r(x) does not belong to Oσ(x), then for any n (0 <
n < p when x is p-periodic) τ(x) Φ σn(x) and we get a continuous function
g such that g(τ(x)) = 1 and g(σn(x)) = 0. It follows that

en) = (π(g)fuen) =

= (fuπ(g)en) = (fug(σn(x))en) = 0,

that is, the vector /i is orthogonal to the complete orthogonal basis {en}
in H, a contradiction. Namely, τ(Oσ(x)) C Oσ(x) and similarly we get the
inclusion τ"1(Oσ(x)) C Oσ(x). Hence, τ(Oσ(x)) = Oσ(rr). D

2. Topological Pull Groups and Structure of Normalizers.

Lemma 2. Ze£ x be an aperiodic point for σ . Then the following assertions

are equivalent, where we keep the same assumptions for v and r as above;

(1) τi(x)=σn(x),

(2) ηiv1) = λ(x)η(δn) for some complex number λ(x) with \λ(x)\ = 1
(and consequently η(vj) and η(δm) are orthogonal to η(δn) and η(vl)
respectively for any integers j Φ i and m Φ n).

(3) \υ*ι(—n)(x)\ = 1 where v*ι(—n) is the (—n)-th Fourier coefficient of
v*1 in A(Σ) (and consequently v*ύ(-n)(x) = 0 and v*t(-m)(x) = 0 for
any integers j φ i and m φ n respectively).
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Proof. Note first that in this case the pure state expression of μx to A(Σ) is
unique, and the extension φ in the proof of Lemma 1 must coincide with the
state μxoE (cf. [8, Theorem 3.3.7]). Thus we can use all relations appeared
in the above proof together with the equality φ = μx o E. We shall prove
the Lemma in a way; (1) =Φ> (2) =Φ- (3) =» (1).

Assume now that ττ(x) = σn(x) and write

V(^) = Σ λ"e" for

If k Φ n, then σ*(α;) ^ σn(x) and there exists a continuous function g such
that gir^x)) = #(σn(α;)) = 1 and ff(σfc(x)) = 0. It follows that

(η(v%ek) - (^(^

Hence,
»?(«*) = λnen - λ n r7(n and |λn | = 1.

Next, assume the assertion (2), then

φdv* - \{x)δn)*(vi - \(x)δn))

= φ(2 - λ{x)υ*ιδn - λ(x)δ*nυi)

= 2- \{x)E{v*^n){x) - J{x)E(δ* V )

= 0.

Hence
λ(a;)i; *(-n)(x) + X(x)v*l{-n)*(x) = 2

and since \v*j(—n)(x)\ < 1 we have that \υ*ι(—n)(x)\ = 1.
On the other hand, since the vector η(vj) (resp. η{δm)) is orthogonal to

η(δn) (resp. η(v1)) if j φ i (resp. m^n)

υ*j(-n)(x) = (η(δn),η(vj)) = λ ^ ) ^ ' ) , ^ ) ) = 0,

(resp.tΛ-mXa;) = (»7(ίm), »/(«*)) = 0).

For the implication (3) ==> (1) we have any way an equality, r^x) = σk(x)
for some fe by Lemma 1. If k φ n here, taking the continuous function
g such that g(τi(x)) = ρ(σfc(a;)) = 1 and g(σn(x)) = 0, we easily reach a
contradiction as in the same way as the implication (1) =Φ (2). Namely,

(τ?(</),en) = (π(2)77(</),en) = (η(υ%π(g)en) = 0
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whereas
\(η(v%en)\ = |JB(ί*V)(*)| = K(-n)(x)\ = 1.

This completes all proofs. D

Now we define the topological full group with respect to the homeomor-
phism σ.

Definition. For a dynamical system Σ = (X, σ) the topological full group
[Zσ] with respect to σ is the group of homeomorphisms r such that there
exists a continuous function n : X —> Z defined as τ(x) = σn^x\x).

Note that if τ(Oσ(x)) = Oσ(x) for all x € X, the above function n(x) is
defined uniquely on the set Aper(σ). Hence, when the system is topologically
free this continuous function n(#), if it exists, has to be unique for each
homeomorphism r G [Zσ].

We denote by U(C(X)) the group of all unitary elements in C(X).

Lemma 3. Let Σ = (X, σ) be a topologically free dynamical system, then
any homeomorphism r in [Zσ] defines a normalizer v of C(X) in A(Έ) up
to U(C(X)), whose adjoint automorphism Adυ coincides with the one aτ

induced by r on C(X).

Proof Let {rifc|l < k < k(τ)} be the range of the continuous function n(x)
for r and define the sets

X(τ,n) = {x e X\n(x) = n}.

The family {X(τ^nk)}k^Il then turns out to be a finite family of disjoint
open and closed sets. Let p(τ, k) be the characteristic function of X(τ,nk)
and put

k(τ) k(τ)

v = £ *nfcί>(τ, k) = £ an* (p(r, k))δnk.
k=l k=l

We assert that v is a normalizer of C(X) in A(Σ) satisfying Adv = α r on
C(X). In fact, consider the sets

Y{τ,n) = {xβ X\n{τ-\x)) = n}.

We see then

and ank(p(r, k)) is the characteristic function of Y(τ,nk). Hence

k(τ) k(τ)
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On the other hand, one can verify that

because there exists no aperiodic point x in X(τ,nk) such that σnk~nl{x) G
X(τ,nι) if k φ I and the set X(τ,nk) Π Aper(σ) is dense in X(τ,nk) by our
assumption for Σ. Therefore,

k(r) k(τ)

k=l k=l

and

υ*υ =

k(τ)

Σp{τ,k) = 1.
k=l

Finally for any function g in C(X),

k(τ)

vgv* =

*(r)

The fact that υ is determined up to U(C(X)) follows from part (3) of The-
orem A. D

For the rest of the discussion we provide the following observation.

L e m m a 4. Let X be a compact Hausdorff space. If {Fn}neZ is a closed
covering of X, then

where F° means the interior of Fn.

Proof. Suppose that X does not coincide with the closure of \Jnez ^n- There
exists an open set U whose closure is still contained in the complement of
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^. We have that

ϋ = {J(Fnnϋ)
n

hence by category theorem there exists a set F n o Π U with nonempty interior
in the space U. Therefore, Fno Π U must also contain an interior point in the
whole space X, a contradiction. D

Now let U(A(Σ)) be the group of all unitary elements of A(Σ) and de-
note N(C(X),A(Σ)) the subgroup of all normalizers of C(X) in U(A(Σ)).
We note that for a topologically free dynamical system the group U(C(x))
becomes a normal subgroup of N(C(X), A(Σ)) by part (3) of Theorem A.
The following theorem then determines the structure of N(C(X),A(Σ)) in
this dynamical system where X is an arbitrary compact Hausdorff space.
The assertion (a) of the theorem was proved before by Putnam for minimal
dynamical systems on the Cantor sets [7, Lemma 5.1 and Theorem 5.2].

Theorem 1. Let Σ = (X,cr) be a topologically free dynamical system. If
v (Ξ N(C(X), A(Σ)) we denote by τυ the homeomorphism of X induced by
Adv.
(a) The map v € N(C(X),A(Σ)) -> r " 1 G Homeo(X) induces an isomor-

phism between the factor group N(C(X),A(Σ))/U(C(X)) and [Zσ\.

(b) The C*-subalgebra A(v) coincides with A(Σ) if and only if σ belongs
to [ZTv], the topological full group with respect to the homeomorphism
rυ.

If Σ is free, that is, Aper(σ) = X the latter condition holds provided that
σ(OTv(x)) = OTυ(x) for all xeX.

Proof. Part of (a). By Lemma 1, τv(Oσ(x)) = Oσ(x) for every point x.
Therefore we can define the function n(x) on the set Aper(σ) by τυ(x) =
σn(χ)(x). We assert that it has a continuous extension to X. Define the sets,

X(rυ,n) = {xe X\rυ(x) = σn{x)}.

We have then

X= \JX(τv,n)

and by Lemma 4 the space X coincides with the closure of the disjoint
union of open sets {Uk} where Uk means the nonempty interior of the set
X(r, njfe). In this situation, each set Uk is separated from the set Uẑ jk Uι by
the continuous function v*(—nk)(x) in such a way that

\υ'(-nh)(x)\ = 1 onϋfe,
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whereas
v*(-nk)(x)=0

Iφk

For, by Lemma 2 the function v*(—nk)(x) takes such values on Uk Γ\Aper(σ)
and Uι Π Aper(σ)(l φ k) which are dense in Uk and Uι respectively. Thus
each set Uk turns out to be open and closed. Let p(τ, k) be the characteristic
function of Uk. We have then for any function / in

v*fυp(τ,k)=p(τ,k)δn»*fδ n*

Hence,

and vp(τ,k)δnk* belongs to C(X) by part (3) of Theorem A. Choose an
element Y^Ln fιδ

i such that

v-γ.0 < 1

and suppose there exists an integer n* with |njt| > n. We have then,

l = \\vp(τ,k)δ"**\\

E

This is a contradiction, and the family {Uk} must be a finite family, say
k = 1,2,...k(τ). Hence

*(τ)

x=\Juk.

It is then obvious that the function n(x) defined as n(x) = nk on Uk is the
continuous extension of our previous function n(x) on Aper(σ).

Conversely as seen in Lemma 3 each homeomorphism r in [Zσ] determines
a normalizer v of C(X) in A(Σ) up to the unitary group U(C(X)). Therefore
we have the conclusion.

(b) Suppose that A(v) = A(Σ). Then for every point x the pure state
φ and φ in the proof of Lemma 1 coincide each other, together with their
representation spaces Hφ and H. Hence applying the same arguments there
we easily see that the strict inclusion Oτ(x) C Oσ(x) never occurs in this
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situation, that is Oτ(x) = Oσ{x). Next we notice that the projection of
the norm one from A(Έ) to C(X) is unique. In fact, if E' is an another
projection of norm one to C(X) the state μxoE' gives also a state extension
of μx and

μx o E — μx o E1 for an aperiodic point x

because the state extension of μx to ^4(Σ) is unique (cf. [8, Theorem 3.3.7]).
Namely

E{a)(x) = E'{a){x) on Aper(σ) for every a G -A(Σ),

whence E(a) = Ef(a). Thus the projection E may also be regarded as the
canonical projection of norm one in the crossed product A(υ) identified with
A(ΣTv) by remarks after Theorem B, and E(υn) = 0 if n φ 0. Therefore
we can proceed the same arguments as in case (a) exchanging δ and v and
conclude that there exists a continuous function m(x) defined as σ{x) =
rm^(x), namely σ <E [Zτ].

For a converse, it suffices to notice that we can proceed our arguments in
the same way as in the proof of Lemma 3 based on the set

X(σ,m) = {x G X\m(x) — m}

exchanging the role of δ and υ and show that δ is a finite linear combination
of powers of v over C(X). In fact, putting w = ΣkυTnkP(σik) (finite sum)
following the decomposition along with the range of m(x) where p(σ, k) is
the characteristic function of the non-empty set X(σ, ra^) we can see that w
is a unitary element of A(Σ) such that Adw = Adδ on C(X). It follows from
part (3) of Theorem A that w*δ is a unitary function u in C(X) and δ = wu
belongs to A(υ). Finally suppose that Σ σ is free and σ(OTv(x)) = OTv(x) for
all x. Then the system ΣTv becomes also free and we can define the sets,

X(σ,m) = {xe X\σ(x) = τm{x)}

without ambiguity. It follows by Lemma 2 that

\υ*m(-l)(x)\ = 1 on X(σ,m) and v*m(-l)(x) = 0 on X(σ,m') if m' ^ m.

Therefore, the family {X(σ,mk)} of nonempty sets becomes a family of
disjoint open and closed sets whose union coincides with X. Hence the
function m(x) defined as mk on {X(σ,mk)} is necessarily continuous. This
completes the proof. D

In connection with the statement of part (b) of theorem 1, it would be
worthwhile to notice Boyle's result [1, Theorem 2.6] from which we have
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the following corollary. Note that for a homeomorphism τ in [Zσ] we have
already continuous function n(x) for which τ(x) — σn^(x).

Corollary. Let Σ = (X, σ) be a topologically transitive dynamical system
on a compact metric space X. Then the C*-subalgebra A(υ) coincides with
A(Έ) if and only if τv is flip conjugate to σ.

In [1, Theorem 2.7] Boyle has also analysed what happenes about flip con-
jugacy between r and σ if we only assume the boundedness for n(x) instead
of continuity. When r(Oσ(x)) = Oσ(x) for every point x we can anyway
define the function n{x) on the set Aper(σ) and may extend it sometimes to
a bounded function on X. The following example illustrates a gap between
boundedness of n{x) on Aper{σ) and continuity of n(x) on the whole space
X in the present situation. Let Σ = (T2, σ) be the topologically free dynam-
ical system on the 2-dimensional torus T2 induced by matrix I I . Let r

be the homeomorphism defined as σ on [0, | ] x Γ and as σ"1 on [|, 1] x T.
Then

where n(x) may be defined as 1 on (0, \ x T) and as — 1 on (|, 1) x T. Here
we see that Oτ(x) — Oσ(x) for every point x and there exist no normalizer in
A(Σ) corresponding to the homeomorphism r because of the lack of contin-
uous extension of n(x) to T2. In fact, since T 2 is connected Theorem 1 says
that the only normalizers in A(Σ) are those elements {λδn\n e Z, |λ| = 1}.
This is also the case for the irrational rotation algebras on the torus. The
above dynamical system is however not topologically transitive. We remark
that two transformation group C*-algebras A(Σσ) and A(ΣT) are not isomor-
phic but there exist no isomorphism between them keeping their subalgebras
of continuous functions because the maps σ and r are not flip conjugate.

3. Isomorphism Theorem.

In the interplay between topological dynamics and theory of C*-algebras
it is one of the most basic problem to determine when two transformation
group C*-algebras are isomorphic in terms of topological dynamical systems.
In connection with the Krieger's theorem for measurable dynamical systems
of non-singular ergodic transformations and associated von Neuman factors,
the concept of topological orbit equivalence is perhaps a good candidate
to handle this problem. In fact, recent results by Giordano, Putnam and
Skau [4] show that we have forwarded into this direction. Namely they
have given complete descriptions about conditions for isomorphic relations
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between transformation group C*-algebras and for those isomorphisms keep-
ing their subalgebras of continuous functions as well when the systems are
minimal dynamical systems on the Cantor set ([4, Theorem 2.1 and 2.4]).
It seems to be however still a long way to reach the general isomorphism
theorem.

Meanwhile, the above theorem leads us to the following general isomor-
phism theorem of transformation group C*-algebras keeping their subalge-
bras of continuous functions.

Theorem 2. Let Σσ = (X,σ) and Στ = (Y, r) be topologically free dynam-
ical systems, then the algebras ^4(Σσ) and A(ΣT) are isomorphic each other
keeping their subalgebras C(X) and C(Y) if and only if there exists a home-
omorphism h from X to Y such that h(Oσ(x)) = Oτ(h(x)) for every point
x in X (topological orbit equivalence) and both homeomorphisms h~ι or oh
and hoσoh~ι on X and Y belong to [Zσ] and [Zτ] respectively, that is, there
exist continuous functions m(x) and n(x) on X such that

h(σ(x)) = rm^(h(x)) and τ(h(x)) = h(σn^x)(x)).

Proof. Suppose that Φ is an isomorphism from A(Σσ) to A(ΣT) such that
Φ(C(X)) = C(Y). Then the homeomorphism h : X -> Y induced by Φ is the
one such that Φ(f)(h(x)) = f{x) for every / G C(X) and x G X. Put υ =
Φ " 1 ^ ) for the generating unitary δτ of A(ΣT) and f = h~ι or oh. We then
easily see that v is a normalizer of C(X) associated to the homeomorphism
f and A(υ) = A(Σσ). Hence, by part (b) of Theorem 1, f belongs to [Zσ].
Similarly we see the homeomorphism ho σ o h~ι on Y belongs to [Zτ].

Conversely if we have such a homeomorphism h from X to Y we see that
f = h~x or oh gives rise to a normalizer v such that (vfυ*)(x) = f(r~1(x))
for / G C(X). Moreover, we have that

σ { x ) = f m ( x ) ( x ) f o r e v e r y x e X

hence by part (b) of Theorem 1 the C*-subalgebra A(v) coincides with
A(Σσ). On the other hand, from remark (b) followed after Theorem B the
A(v) is isomorphic to A(ΣT). This completes the proof. D

When Σσ and Σ r are topologically transitive dynamical systems on com-
pact metric spaces, the statement of the above theorem can be strengthened
in the following way again by Boyle's theorem cited before (cf. also Corollary
of Theorem 1).

Corollary. Let Σσ = (X,σ) and Στ = (Y,τ) be topologically transitive
dynamical systems on the compact metric spaces X and Y. Then A(Σσ)
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and A(ΣT) are isomorphic each other keeping their subalgebras C(X) and
C(Y) if and only if σ is flip conjugate to r.

This result has been proved in [4, Theorem 2.4] for minimal dynamical
systems on the Cantor sets.
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