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Suppose {Ag}o<o<1 is a scale of Banach spaces generated
from the couple (Ag,A;) by complex interploation. If T is
a linear operator which is bounded on the couple then T is
bounded on the entire scale. Also, associated to the scale is
an operator {}; which is generally nonlinear and unbounded
on A,/ such that the commutator [T,(};] is bounded on 4, /.
Here we extend the construction and produce a sequence
Q9,Q3, ... which are increasingly nonlinear and unbounded but
such that certain combinations with T are bounded. The first
example is [T, Qo] — O[T, Q4].

1. Background and Introduction.

For some time the author and others have explored second order estimates
obtained in interpolation theory. (See, for instance, [RW], [JRW], [CIMR],
[M1], [MS], [K1], and [K2].) Roughly, associated with an interpolation
scale of Banach spaces is an operator 2 which is generally unbounded on
spaces of the scale and which is often nonlinear. However, if T is a linear
operator which is bounded on the scale then the commutator [T', 2] will also
be bounded on these spaces.

It was noted in the final comments in [RW] that in the context of complex
interpolation it was possible to go further, to obtain third order and higher
order estimates. However it was not clear at that time how to organize those
computations and results effectively. It is now clear how to give relatively
compact presentation of those results: the systematic presentation of those
higher order estimates, both in the abstract and in the particular instances
of classical function spaces, is the main content of this paper.

When these ideas are particularized to classical operators on classical func-
tion spaces we obtain results about boundedness of multiterm nonlinear ex-
pressions. The individual terms are unbounded and the final boundedness
is due to a subtle cancellation. (See, for instance, Corollaries 6.1, 6.5, and
6.6.) This is similar to what was found in [RW] and what is found in recent
work on compensated compactness [CLMS]. Here, however, the degree of
unboundedness of the individual terms is greater as is the degree of nonlin-
earity.
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The results on second order estimates are known to be related to recent
work on compensated compactness. For more on that see [M2], [M3], and
[IS]. We suspect that this relation persists for these higher order estimates
but we have no specific evidence.

Here, roughly, are the contents. In §2 we recall what we need of complex
interpolation theory and present the basic construction of our generalized
interpolation spaces Xé"). In §3 we study the norm on XO") and some of its
subspaces. We also describe the norm using the nonlinear operator 2 and
its higher order generalizations. In §4 we prove a duality theorem for Xé"?.
In §5 we prove an interpolation theorem for Xé") and from that we derive
the commutator theorems. In §6 we particularize our general results to the
special cases of weighted L? spaces, L? spaces, and Banach lattices. A brief
final section contains a discussion of possible further research.

My thanks to Mario Milman with whom I discussed these ideas as they
were being developed.

2. The construction of X{™.

We will work in the context of the theory of complex interpolation of families
of Banach spaces as introduced in [CCRSW1] and [CCRSW2]. We now
recall that formalism as presented in [RW]. (For the reader who is not famil-
iar with this extension of classical complex interpolation theory we note that
if we restrict attention to boundary data which is constant on two halves of
the unit circle then by conformally mapping the strip to the unit disk we
recapture the classical complex interpolation theory of A. P. Calderén. The
proofs here adapt to that context.)

We will present our results for families of finite dimensional spaces but
we will not allow factors in our estimates unless they are independent of
the families of spaces being considered, and in particular are independent
of the dimension of the spaces being considered. All that we say extends to
appropriate families of infinite dimensional spaces but the proofs then require
a distracting layer of technicalities. However the details in [CCRSW2],
which, in the language we will introduce here, show how to construct Xéo) in
the infinite dimensional context would extend to allow construction of Xé”)
in that context. (An alternative scheme for working with infinite dimensional
function spaces is in [K1].)

We begin with a family F of N-dimensional Banach spaces parameterized
by the points €,0 < @ < 2, of I, the unit circle. Thus, corresponding
to e we have X, which is normed by || - ||,. Of course we suppose this is
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measurable in . We denote the Euclidean norm on CV by |- |. Set
A= up 1ol
veCN I'UI
v = ing lole
vECN l’l)l

We make the technical assumption

2.1) /r | log(As/as)| d8 < co.

Let HY® be the space of CV-valued holomorphic functions, F', on the unit
disk which have radial boundary values a.e. (also denoted by F) and for
which

||l = esssup [|[F(e”) ||, < co.
Under the assumption (2.1) the correspondence between the functions and
their boundary values is perfect, exactly as for traditional H.

For F € HY write F = Y F(n)z". Pick and fix a positive integer n. Let

X$™ be the vector space (CV)" given the following norm. For wo,v;,...,
vn_l € CN set V = (vg,... yUn—1). Set

(22) Ve =inf{IFI;F € HY,F(j) =v;, j =0,... ,;n— 1}.

The subscript “0”, which we will often omit, is to remind us that we are
working with the coefficients of the expansion of F' about 0. As in [RW] we
could also consider other base points.

A normal families argument shows that the infimum in (2.2) is attained.
It will also be convenient to insure that this extremal function is unique.
One way to do this is to require that

(2.3) for a set of 6 of positive measure the Banach spaces X,
are uniformly convex.

This will be a standing assumption for the rest of the paper. In this case
the extremal function is unique and we denote it by A™(vy,... ,v,-1) =
AM™(V)(z). Hence -
= [la™
Vil = |4 (V)”H? :

We write

(2.4) ADV)E) = Y- (V)2

=0
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Thus

Qj’n(V)z’Uj, ]'—"0,1,,77,—*1
For convenience we set ; = ©;;. (In the absence of (2.3) A™ is not well
defined. However much of what follows remains true if we add “for any
choice of extremal function.”)

3. The description of the norm.

In this section we show how to estimate the norm on X(™ in terms of the
norm in X® and the operators €, introduced in (2.4). Throughout this
section and the remainder of the paper we will write || - || for the norm on
X©):.
llall = llallx@.

Note that X(© is the interpolation space (at the origin) associated with the
boundary data Xj.

Suppose n and k are given positive integers. We wish to define three
maps; the shift S, i, the extension E, ; and the restriction R, x. S, maps
X™ to XK For V = (vg,... ,0p_1) € X™

(31) Sn,k(V) = (0, . ,0,’1)0,. . )vn-—l)-
k

E,  maps X™ to X("*K)_ For V = (vg,... ,vp_1) € X™

(3:2) Epk(V) = (vo,--+ 001, n(V), -, Quik—1,n(V)).
R, maps XK to X(™_ For W = (wp,... ,Wpix—1) € X
(3.3) Rox(W) = (wo, - ,wa_1)-

Proposition 3.1.
(1) S,k is an isometry.
(2) E,x is an isometry.
(3) R, is a contraction.

Proof. To prove (1) it suffices to verify that for V in X ™
ZFAM(V)(2) = AmR(S,, . V)(2).

This follows at once from the fact that |z*| = 1 on I, the definitions, and
the fact that A"+*) (S, V) must be divisible by z*.

To prove (2) first note that A™(V)(z) is a competing function in the
extremal problem defining the norm of E, x(V). Hence
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1Ews ()l < [AR )], = 1Vilxeo-

To obtain an estimate in the other direction we note that,

IBn (W)l = 1A (B (V) g 2 IV [1x0-
The previous line also shows why (3) holds. O

We now recall the notion of twisted direct sum of Banach spaces. Given
two Banach spaces, A and B, and a map Q : A — B (which is not assumed
to be linear) we define the twisted direct sum to be the vector space {(a,b) :
a € A, b € B}. We measure size in this space by

(3.4) (e, b)lle = llalla + |Ib — Qal| 5.

This vector space together with the functional in (3.4) is denoted A o® B.
Note that we are abusing notation in (3.4), || - |l is not actually a norm.
We could give general conditions on © which force this functional to be
comparable to a norm. However when we use the construction we will have

a norm at hand for comparison.
For v € X© set QU (v) = (Qv,...,Q,v).

Proposition 3.2.
XM~ XO o5 XD,

That is, for V = (vg,... ,Up_1) € XV
(3:5)  [Vlixe ~ llvollx@ + [[(vy — Qavo, - .., Va1 = Qaavo) | xn-n-
The constants implicit in “~” in (3.5) can be selected to depend only on n.

Proof. Let W = (vq,... ,v,-1). We need to establish

(3.6) IV lxe ~ Iwollxor + [W = QDo) -
We have, by direct inspection,
(37) V= El,n_l(vo) + Sn-—l,l(W - Q(n—l)(vo)).

Hence

VIl < 1Bs s (0)llxwr + [Sncs (W = 2D (w))]

lx(n) )
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An appeal to Proposition 3.1 (1) and (2) now establishes half of (3.6). To go
in the other direction first note that vy = R; ,—1(V') and hence by Proposition
3.1 (3)

(3.8) ool < IV Ilx -

Finally, using Proposition 3.1 (1) and then (3.7)

”W — Q("_l)('vo)llx(“_l) < |Sn-11 (W - Q(n_l)("’o)) ”
<V = Erna(vo)ll xe

< Vxe + | By -1 (o) || xm -

X ()

Finally, using Proposition 3.1 (1) and then (3.7)
< Vilxe + ol
< 2[[Viixem

Thus the right hand side of (3.6) is dominated by three times the left hand
side and we are done. O

In order to unravel this description we introduce more notation. Given
(voy--- ,Vn_1) € X™ we set

Wo = Yo

wy =v; — Qywp

Wp—1 = VUp-1 — Qlwn_g — . = Qn_l’l,l)o.

Theorem 3.3. -
(o, - -+, Vn—1)llxem ~ D llwj]l.

=0

The constants of comparability depend only on n.
Proof. Proposition 3.2 and induction. O
For n =1 this is the result from [RW]; namely
(@, )llxw ~ llall + [ — Rral.
The next case is

3.9) i, b,0)llx ~ llall + b — Qual| + llc — 21(b — 21a) — Qaall.
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There was another path we could have taken to study X(®. We could
have written

(a) b7 C) = (a'a b, Q2,2( (a7 b) )) + (07 0, Cc— Q2,2( (a'7 b) ))
Starting from this and using Proposition 3.2 we would have found

"(a" b7 c)”X(z) ~ ”(a’ b)”X“) + ”C - Q2,2( (aa b) )”
(3.10) ~ lla]l + 1|6 — Quall + llc — Q22((a, ) ).

This is less satisfactory than (3.9) because in the case of the classical function
spaces we know how to compute {2, = 2, ; but don’t know how to compute
Q5. In fact, comparing (3.9) and (3.10) gives us a first step toward a formula,
for 2 5:

(3.11) Q22((a,b)) = —21(b — 1) — Q2(a) + error

with
[lerror|| < cl|(a, b)[|xc.

This type of error term is not bad as it looks at first glance. Neither side of
(3.11) is O(||(a, b)||x ). Hence an error term which is O(||(a, b)||xa)) means
we have a partial answer to the problem of describing €, ».

A similar, but more intricate, analysis is possible for X for j > 2.

We summarize the first few cases.

Corollary 3.4.

(@, 0)llxr ~ llall + [[Rall
(@, 0,0)llxe ~ llall + Iuall + 12 — Q2)all
lI(a,0,0,0)lx@ ~ [I(a,0,0)llxe@ + [I(=21(Q] — Q) + L2 — Q3)all.

4. Duality.

We denote the ordinary sesquilinear pairing on CV by juxtaposition; if a =
(ay,...,an) and b= (by,... ,by) then ab =3 a;b;.

Given the boundary data X,, 0 < 0 < 27, let X} be the vector space CV
normed to be the isometric dual of the space X, with respect to the pairing
just described. Let X*(® be the spaces constructed from the spaces X; by
the construction in §2. Let A*™, Q3 , and Q be the analogs for these spaces
of the A’s and s of (2.4). We denote the isometric dual of X(™ by X (*.
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For V = (vg,... ,Up_1) € X™ and U = (uo,... ,Un_1) € X*™ we intro-
duce the bilinear pairing

n—1
B(V,U) = Z VplUp—k-
k=0

This pairing lets us regard A € X*(™ as an element of the dual space X (™*.
Because all the spaces being considered are finite dimensional it is easy to
check that this map of X*(™ into X (™* is a bijection which allows identifica-
tion of the two vector spaces. We now want to compare the norms of these
two spaces.

Theorem 4.1.
xX*m) o x (),

That is, there are constants c, which depend only on n so that for any
AeX*M A£0

(4.1) &t < AlLx-o /I Allxo- < ca.

Note: Although the results of the previous sections extend rather me-
chanically to infinite dimensional spaces, this result doesn’t. In particular,
when n = 0 we have a (generalized version of) the classical duality theorem
for complex interpolation. That theorem is well known to require additional
hypotheses in the infinite dimensional case.

Proof. The case n = 0 is the duality theorem for complex interpolation and
is known. See [CCRSW1] or [CCRSW2].
Pick V € X U € X*™

B(V,U) = /A(")(V)(ew)A*(n)(U)(eio)e—i(k—l)o do.

Hence
IB(V, U)| < sup “A(")(V)(ew) I l A*(n)(U)(eio)I .
/] Xg X;:
Hence
(42) 1BV, U)] < IV [lxe |0 x0
which yields
“A“X(")' < ”AI X*(n)
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which is half of what we want.
We now use the notation of Theorem 3.3. Rewriting the equations relating
the v’s and the w’s gives

Vg = Wy
v = Ql’U)() + wq
Vg = szo + Qlwl + we

etc.
Hence
V = (wo, Qwo, .-« , Qn1wo) + (0, w1, Qwy, ... ,Qpowy) +....
Using the notation of Proposition 3.1 and setting
S;j=8nj, E=Eyn1, Rj =R, ;
we can rewrite our equation for V as
(4.3) V = E(w) + RiS1E(wy) + -+ + Ry1Sn1 E(wn—1).

By Theorem 3.3

i ~ nz_:l [[wjl-
=0
Suppose for now that
(4.4) VIl ~ llwn-al
and
(4.5) VI >> llw;ll 7=0,...,k—2.

Pick a € X*© |la||x+ = 1 so that
(46) Wp-10 = ”wn_lllx(l).

That we can do this is insured by the n = 0 case of the theorem which we
noted earlier is already known. (Including the fact that we can take ¢, =1
in (4.1).) Let

A = E(a) = (a,5a,...,Q,_,a).
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Using (4.3)
B(V,A) = E(wo)A+... + R,_1Sp_1E(w,—1)A.
The last term is
,...,0,w,1)(a,,...,9Q}_ja) = w,_,a.

By (4.6) and (4.4) this is comparable to ||V|. For the other terms, using
(4.2), Proposition 3.1, and (4.5)

|R;S;E(w;)A| < || R;S; E(w;)|l|| Al
< flwslillall
<< |Vl

Combining these estimates we find
(4.7) B(V,A) ~ IV
and, by Proposition 3.1,
(4.8) Al = 1.

Next we note that we can obtain (4.7) and (4.8) without (4.4) and (4.5).
Let J be the smallest index such that

(4.9) VI~ llwsll
and
(4.10) WV >> llwsll s=0,...,J -1

We had been looking at the extreme case J = n— 1 but a moment’s thought
shows that there must be some such J, possibly J = 0. Pick a so that
llallx+ =1 and wya = ||wy||. Let

A=(0,0,... ,a,Qa,...,Q_s).

When we go through the previous argument we find

<< ||V]| if j<J
|R;S; E(w;)A|l{ ~ ||V if j=J
=0 i > J

and we finish as before.
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We have shown that the norm of V as a linear functional (on X*(™)
dominates the norm of V as an element of the interpolation space X (™. This
actually completes the demonstration that the norms of X(™ and X*™* are
comparable. Applying this conclusion the family of spaces {X;} gives the
conclusion we want, the comparability of the norms of X*™ and X (™~
(The reason for this particular organization of the ideas was to let us use
the notation of Theorem 3.3.) The proof is complete. O

Question: How do the constants ¢, depend on n? This isn’t even clear
when N = 1 in which case it becomes a question in classical function theory.

5. Interpolation and Commutator Theorems.

For T a linear map of CV to CV we donote by ||T'||¢ the operator norm of 7'
as a map of X, to itself. Let T7(™ be the extension of 7' to (CV)" defined as
follows; for V = (vg, ... ,vp_1) set T™V = (Ty,... , Tv,_1).

Theorem 5.1. Suppose T is a linear map of CN to itself and that
sup, ||T|ls < 1. Then the operator norm of T™ as a map of X™ to it-
self is at most 1.

Proof. Pick V € X™. T (A™(V)(z)) is a (CV)" valued holomorphic func-
tion and by the hypotheses on T

[raA” W), < 42V, -
Hence, by the definition of A™),
[ra® @), < IVixe.
Hence
I(Tvo, Tvs, - . - s Tvn-1)llxe < |[V][xem.
That is, |[T™V|| < ||V, which is the desired conclusion. O

Note: As in [RW] this result can be extended to take into account more -
detailed information about ||T||s as a function of 6 and can be extended to
apply to families of linear maps T'(z) which depend holomorphically on z.

When n = 0 this is the basic theorem of complex interpolation. When
n = 1 we obtain estimates of the form

(T, TH) || x> < [i(a,b)llxa-
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When this is combined with Theorem 3.3 we obtain
ITall + |Tb —  Ta| < c(lla]l + ||b — Q4al]).

We now make the choice b = Q;,a. Making the left hand side smaller we

obtain
ITQa — 4 Ta| < cflall

or, more compactly,
T, ]l < e

This estimate is the main theme of [RW].
We now move on to n = 2. We know

(T'a, T, Tc)||xa < [l(a,b,c)llxe -
We appeal to Theorem 3.3 to interpret the norms. This gives

(6.1) ||Tal| + |Tb — 4 Tal||l + ||Tc — (T — 1 Ta) — QTal|
< c(llall + 116 — Qal| + [lc — Q1 (b — 21a) — Qaal)).

We set b = Q,a,c = Q,a and, making the left hand side smaller we find
(5.2) T, Q] = [T, ]|l <ec.

This is the result mentioned in the comments in the last section of [RW].
(There is a slight change of notation — here we work with the Taylor coef-
ficients rather than the derivatives.)

We will go on to derive a general pattern. However before doing this we
should note that even at this stage by making other choices (i.e. other than
b = Qa and ¢ = ,a) we could obtain other complicated looking and not
well understood interpolation results. For instance by restricting 7 to the
subspace of X(® consisting of vectors of the form (a,0,0) (i.e. by setting
b=c=0in (5.1)), we find T is bounded on a space with norm comparable

to
lall + 1Q1al + [|(22 — Q2)al|.

This is equivalent to noting that 7" maps the subspace of X(® of elements
of the form (a,0,0) boundedly to itself and then invoking Corollary 3.4.

The generalization of (5.2) can be written efficiently if we introduce some
notation. We set

Ko = T
Kl = [Tv Ql]
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K, = [T, Q] - K,y

K, ,= [T, Qn-—l] - QlKn—2 - =0, 0K,

Corollary 5.2. With the hypotheses of Theorem 5.1, K,,_; maps X bound-
edly to itself. That is
1Kn-all <c

with ¢ depending only on n.

Proof. Let V = (v,Qv,...,Q,_1v). Hence TWV = (Tv,TQyv,...,
T,_1v). By the previous theorem

”T(")V” < |V ilxm-

X(n)

By Proposition 3.1 (2) we obtain
Vilxe < cllvll.

We now want to use Theorem 3.3 to estimate the left hand side. Direct
computation using the definitions of the K’s and Theorem 3.3 gives

n—1
Vi~ > 1Kol
=0

Combining these estimates and dropping terms from the sum gives the re-

quired
| Kn-1v]| < cljvl|

as required. O

In the next section we will see how the K; simplify in some cases.

6. Examples.

We will compute the 2,’s for some of the basic examples of complex interpo-
lation spaces. We will obtain the simplest formulas if we work with complex
interpolation families on the strip S = {z € C : |Re(z)| < 1} and then
restrict to I" to get our boundary data. The reiteration theorem for complex
interpolation then insures that the space X(gl) will be the space at 0 from
the original family. We refer to [RW] as well as [CCRSW1], [CCRSW2],
and [K2] for justification of various interpolation theoretic claims, such as
explicit formulas for A, which we make in this section.
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A. Weighted L? spaces.

Suppose we have a measure space (Y, u) and a function W on Y which is
positive a.e. — u. To each point z € S we associate the Hilbert space

L2(Y, W—ZRe(z)u) — {f . / |f|2W—2Re(z) du' < 00} .
Y
Thus our boundary data on I is

X0 — LZ()/’ W-—2cos 0”)
and
X0 = LX(Y, ).

(If we want to insure that all the spaces are finite dimensional we would insist
that u be supported on a finite set. However, as we noted, our results extend
mechanically to the infinite dimensional context.) Given v in L*(Y,u) we
have

A© (v)(2) = '8y

= ZU'@E—‘:‘/)_ZTL.
0 n

Hence

_ (logW)"
Qn(’U) = ———n—!——v.

Let Mv = (logw)v. We have 2, = M™/n!. Thus all of the Q, live in a
comnmuting family of linear operators. This lets us simplify the formula for
K, . It is slightly more convenient to do the computations for operators 7'

which are given by integration against a kernel L(z,y). That is

(To)(a) = | v(u)L(z,v) du(v)
Set b = logw. The integration kernel for K; = TM — MT is

(6.1) (b(y) — b(z)) L(z, y).
We claim that the integration kernel for K, is

() = b)),

(6.2) ~

(z,y).
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We will establish (6.2) by induction. (6.1) lets us start. Suppose we have
(6.2). We know

Kn+1 = [T, Qn+1] - K, - K, —... —Q,K;
1

n - 1 j
= mT T, M =" 7 MK, ;.

j=1
Using the induction hypothesis and passing to the integration kernels we
find the integration kernel for (n + 1)! K4, is

1 n+1 - Do, 1 n+l—j
@) =) = 5 @) g )~ )
=) -0 - 3 (TP - ey

By the Binomial Theorem the sum equals

(b(z) + (b(y) — b(2)))"** = b™*(z) — (b(y) — b(z))"*"
= b"(z) — 0" (y) — (b(y) — b(z))"*.

Hence the entire expression is
(b(y) — b(z))"**

as required.
Hence

1< (n L ;
- —_1Vi A n—j
K, o JE:O (]>( 1YM’TM

1
" nl

... [T, M), M],M],... ,M].

Actually we have only established this for T which is given by integration
against a kernel. However the same combinatoric pattern works in general.

We noted in [RW] that the n = 0 case of this result can be applied to
classical singular integral operators. The same comment applies here and
we obtain the boundednes of the higher commutators which was noted in
[CRW].

Corollary 6.1. Suppose T is a Calderon-Zygmund singular integral oper-
ator which is bounded on L?(R") and that b is in BMO(R"™). Let M, be the
operator of multiplication by b. For each n the operator

LM,,, [My]. .. [M’L’T]]"']

n times
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is bounded on L*(R").

Proof. The theory of Calderén-Zygmund operators insures that if 7' is boun-
ded on L? it will also be bounded on L*(R",e® dz) for all € with || suffi-
ciently small. Hence K, is bounded on L?. O

For n = 0 this corollary insures that for f € L2, Tbf — bT f will be in L2.
Let (-,-) be the inner product on L?. For g which is also in L? we have

collfllllgll = (Tbf — bT £, g)|
= |(fT"g — gTf,b)|.

This estimate is the basis for showing that the map from L? x L? which
takes (f,g) to fT*g — gTf in L' actually maps into the Hardy space H*
which is the predual of BMO (see [CRW] for details). This result is closely
related to recent work on bilinear maps with cancellation ([CLMS], [CG],
[G]). Hence it is of some interest to write down the analog for n > 0. We
will do this for n = 1 but the general pattern will be clear. First we need an
extension of the previous corollary.

Corollary 6.2. Let T and b be the operator and function of the previous
corollary and suppose that d is in BMO(R"). Let M, be the operator of
multiplication by d. It follows that

[Md’ [Ml'n T]]
is bounded on L*(R™).

Proof. This doesn’t quite follow from the previous result. One way to prove
it is to note that Calderén-Zygmund theory insures that for small £; and
g2 T is bounded on the space L?(R",exp(e;b) exp(eod) dz). If we regard e,
as fixed then we have T' bounded on the family of weighted L? spaces given by
letting £; vary. Then, as in the previous corollary, we have [M;, T] bounded
on all the spaces L?(R",exp(e,d)dz). We now use the Corollary again to
obtain the boundedness of [My, [M,, T]]. |

Once we have this corollary we also have the estimate

(d[M,, T1f — [Ms, T)df, )| < cll flllgll-
Hence
(g[My, T1f — f[ My, T]"g,d)| < cll flllgll-

Because we have this for all d in BMO we can conclude that the left hand
side in the inner product is in H'. We have proved the following result.
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Corollary 6.3. Suppose b is in BMO and T is a Calderén-Zygmund
operator which is bounded on L%. Consider the bilinear map B defined on
L% x L? by

B(f,9) = gbT'f — gTbf + fbT*g — fT"bg.

By Corollary 6.1 (with n = 0) B maps into L*. In fact however B maps into
H.

We should make a final comment on Corollary 6.1. There is nothing
particular about L? in the analysis nor about the use of weight functions.
If we are given a general Banach space R and a positive linear operator W
defined on R then we can associate to z € S the space Domain(W ~*) which
is the closure of {f € R: W~*f € R} normed by ||f|| = |[W~*f||g. We will
then have, for v € R,

AO () (z) = W™
and
Qv = L logW)™
nU = m ( 0og ) v.

The previous analysis then gives a formula for K,,. (Of course we are over-
simplifying. We need enough context to insure that Domain(W ~*) is an
interpolation family and enough of a functional calculus to make sense of
logW. Although these are real restrictions, they allow a much broader
range of examples than multiplication by a positive function on L?2.)

B. L?, variable p.

We now look at the scale obtained in the strip S by interpolating between
L' and L*™. We accept the formulas from Section 3D of [RW] and refer to
that paper to see the minor modifications needed to consider the slightly
more general situation of interpolation between LP* and L*2.

We start with a measure space (Y,u) and to each z in S we associate
the Banach space L*(Y,u) with p = %5 If we regard these spaces as the
boundary spaces on I' then they are also the interpolation spaces inside the
disk and, in particular

X = LAY, ).

From Section 3D of [RW] we have, for v € L?

AO®)(2) = v ( |v] )z

[[vll2
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= Ziv (log [v )nz".
n! llll2

Thus

Qv 1 (log ol )"
= —9 .
ool llvll2
In contrast to the previous case, 2, is not linear and the operators €,

Q,,... don’t commute. When n = 1 we conclude that the operator K; is
bounded.

Corollary 6.4. If T is a linear operator bounded on L' and L™ then for
ver o o
v v
T ('u lo ) —Tv (lo )
|7 (v1ee ol ® Tl

Note: It was pointed out in [RW] that this result implies the slightly
cleaner conclusion

‘ < cfjols.

IT(vlog |v]) — Twlog T2 < cl[v]l..

We now move on to n = 2. We have, for any v € L?, and writing || - || for
Il 1l
|v]
Qv =vlog +—-
|v]l

|v|

1 2
sz—v(lo —-—) .
22 =27 %8 o]l

Corollary 5.2 insures.

Corollary 6.5. If T is bounded on L' and L*™ then
(6.3) [T, Q] — [T, )

is bounded on L.

When we write this out in full it is a bit hard to interpret. However we can
gain some additional insight into what is going on by restricting to special
cases. Suppose that T is unitary on L2. For instance we could work with-the
Hilbert Transform of L?(R). (This would require that we work on a subscale
of (L*, L) but that isn’t a problem.) If we aply the operator in (6.3) to a
function f with ||f|] = 1 then, using the fact that ||Tf|| = 1 also, we obtain

(6.4) %T (f(log|f1)*) = Tf (log|T£])* — Qu(T(f log|f|) — Tf log|T ).
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If f is the characteristic function of a set E then f = xg is always 0 or 1
and hence

flog|f|= f(log|f])* = 0.
In that case (6.4) simplifies to

_ %Tf(loglf[)z + (T flog |Tf)

= —-;—Tf(log ITf1)* + Tf log|T f|log(IT 1 log [T f||/||ITf log |Tf]I})-

(6.5) a = —log||Tflog|Tfll

log(IT f log |T£||/ITf log |Tf||l) = log |Tf| + log|log T f|| +

and hence we have the following.

Corollary 6.6. Suppose T is bounded on L? for py < p < p, where
p1 < 2 < py. Suppose T is unitary on L?. Let f = xg for some set E of
measure 1. With a given by (6.5) we have

| 571 tog 7117 + T 108 711 (g g 7111 + )| < c.

We could continue in this way. It is clear that the dominant term of K,
would involve T'f (log|Tf|)". However it is not clear how to organize the
rest of the terms effectively.

C. Lattices

In the previous two subsections we saw that for L? spaces and weighted L?
we had relatively simple formulas for the ;’s. In fact that is true whenever
we work with a scale generated by two Banach lattices (which satisfy certain
additional technical restrictions). We will summarize that here. Before
doing that it is worth noting that many common function spaces which are
not ordinarily presented as lattices can be realized as lattice sequence spaces
by passage to wavelet coefficients.

We refer to [K2] for the technical background and will assume the spaces
we consider are admissible in the sense of that paper. That paper also
presents a version of complex interpolation which can be used as a context
in which to extend our earlier results to infinite dimensional spaces.
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Suppose we are given two admissible lattices Y, and Y; on a common
measure space. The complex interpolation spaces in the sense of Calderén
are the lattices {Y;}o<t<1 on the same measure space with norm

(6.6) lylle = inf{max(||ully,, llvlly; : [yl = u'~*v*, u,v > 0)}.
We construct our spaces on I' from this family;
Xeio = Yacost—1-

In this case Xy = Y1/,. Furthermore the u and v which solve the extremal
problem in (6.6) allow us to construct A (y)(z). The infimum in (6.6) is
attained and if we also suppose that the norms on Y, and Y; are strictly
convex and that u = v = 0 off the support of y then u and v will be unique
and independent of ¢. We then set

0 off the support of y

Mw={

3(logv — logu) on the support of y.
In this case

AW (2) = uexp(A(y)2).
Hence

uly) = — (Aw)"w

It is interesting to note that we can recover all of the Q,,(y) once we know
Y, Qu(y), and Qa2(y).

Finally we point out that the examples of the previous subsections are
covered by this analysis. We don’t know if the fact that all of the Q,(y) can
be recaptured from the first two remains true if the interpolation family is
not generated by a pair of lattices.

7. Questions.

There are a number of natural questions related to this work. Here are two
that seem central. What, if anything, are the analogs in real interpolation of
these results? For n = 1 there are analogs of §2; and there is a commutator
theorem. For n > 1 nothing is known.

The estimates on K,, clearly contain subtle information about operators.
However the information is packaged in a complicated way. Is there a way
to extract that information effectively?
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