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MAXIMAL SUBFIELDS OF Q(3)-DIVISION RINGS

STEVEN LIEDAHL

In this paper we determine the Q(i)-division rings which
have maximal subfields of the form E(i), where E/(Q is cyclic
and i = /—1. These are precisely the Q(i)-division rings having
maximal subfields which are abelian over (). More generally
we determine the Q(i)-division rings having maximal subfields
which are Galois over (. We show that a division ring D
contains such subfields if and only if the same is true for the
2-part of the Sylow decomposition of D.

1. Introduction and Preliminaries.

Let K be a field, and let D be a finite-dimensional K-central division ring.
The dimension [D : K] = m? is a square, and one defines the index of D
by ind(D) = m. The maximal subfields of D are precisely those subfields
which contain K and which have degree m over K. In case D has a maximal
subfield L which is Galois over K, there exists a 2-cocycle f: G x G — L*
such that D is isomorphic to the crossed product algebra (L/K, f). This
is proved in the chapter on simple algebras in [Hers|, and we will assume
familiarity with the results given there. It is well known that if K is a
number field, then D has a maximal subfield which is cyclic of degree m
over K. In [Alb], A.A. Albert posed the following rationality question: if F
is a subfield of K, does there exist a cyclic extension E/F of degree m such
that FK is a maximal subfield of D? He showed that such E need not exist,
but considered conditions on ind(D) and [K : F] under which such E could
be found (e.g., Proposition 6, below).

The results of the present paper are motivated by this question in the
special case K = Q(i), F = Q. If E/Q is a cyclic extension of degree m
such that F(i) is a maximal subfield of a Q(7)-division ring D, then E(i)
is, in particular, an abelian extension of (). It turns out that, conversely, if
D has maximal subfields abelian over @, then it has one of the form E(i);~
where E/Q is cyclic. This raises the question of whether a Q(i)-division
ring has maximal subfields which are cyclic, abelian, or even Galois over
(). We determine the Q(7)-division rings having such subfields in our main
theorems 7, 8, and 12, according to the local indices of D. To define these,
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let K be any number field, let p denote a finite or infinite prime of K, and
let K, denote the completion of K at p. Then K, ®x D is a matrix ring
over a K,-division ring D,, and we define ind,(D) = ind(D,) = m,. The
K-division ring D is determined uniquely up to K-isomorphism by its Hasse
invariants inv,(D) = r,/m, € Q/Z, where (r,,m,) = 1. For their definition,
we refer to [A-T] and especially to [Rein]. The invariants satisfy

(i) 7,/m, =0 for all but finitely many p,

(i) rp,/m, =0or 1/2if p is real, r,/m, = 0 if p is complex, and
(iii) Ep(rp/mp) =0.
Moreover, given fractions r,/m, in Q/Z satisfying (i), (ii), and (iii), with
the nonzero r,/m, satisfying (r,,m,) = 1, there is a unique K-division ring
D such that inv,(D) = r,/m,, and one has ind(D) = l.c.m. {m,}. If L is a
finite extension of K then L®k D is a central simple L-algebra. Its invariant
at a prime p dividing p is given by inv,(L ®k D) = [L,, : K] - inv,(D). Let
Br(K) denote the Brauer group of K, and denote the Brauer class of D by
[D]. Let Res denote the restriction homomorphism from Br(K) to Br(L)
induced by D - L ®g D.

We recall the splitting behavior of rational primes in Q(7). The primes
p =2 and p = p,, are the only ramified primes; they have unique extensions
to Q(7). A prime p = 1 (mod 4) has two divisors g, $ in Q(z) which are
conjugate under the action of Gal(Q(7)/Q) on the set of primes of Q(z). The
primes p = 3 (mod 4) remain prime in Q(z).

Finally, we will need a description of the Galois extensions of degree ef
of a local field F such that the ramification index e is prime to the residue
characteristic p of F'. Accordingly, let F' be a finite extension of @,, let ¢
denote the number of elements of the residue field of F. Let T/F be the
unramified extension of degree f. Choose a prime element 7 of F' and a
root of unity ¢ € T of order ¢ — 1.

Theorem 1 ([Alb, Has]). Assume e, f, and i are integers such that ¢/ =
1 (mod e), e|i(q — 1), 0 <i < ¢/ — 1, and (e,p) = 1. Then the field K =
F({,mk) defined by 7§, = (*np is a Galois extension whose Galois group is
generated by elements x,y with defining relations z¢ = 1, y/ = zt, y~lzy =
z9. Conversely, each Galois extension of F having degree ef and ramification
index e is obtained in this manner by a choice of integer i satisfying the
congruence conditions above.

This paper is based on part of the author’s U.C.L.A. doctoral dissertation,
which was written under the kind supervision of Professor M. Schacher, and
which was supported by a U.S. Department of Education Dissertation Year
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Grant.

2. Maximal Subfields.

We shall give necessary and sufficient conditions for a Q(¢)-division ring
to have maximal subfields which are cyclic, abelian, or Galois over () in
terms of the local indices ind, (D). Assume D is a Q(%)-division ring for
which the class [D] lies in the image of Res : Br(Q) — Br(Q(:)), with
[Q(7) ®¢g A] = [D] for some Q-division ring A. Then either Q(i) ® A = D
or Q1) ®g A = M,(D) and ind(D) = £ ind(A). In the first case, if L/Q is a
cyclic maximal subfield of A, then L(7) is a maximal subfield of D and is an
abelian extension of (). By contrast, it may happen in the second case that
no maximal subfield of D is Galois over (). These cases are distinguished in
the following proposition.

Proposition 2. For a Q-division ring A, the following are equivalent:
(i) QG) ®g A is a Q(i)-division ring,
(i) V-1¢A4,
(i) If ind(A) = 2¢ - m, m odd, then 2! divides ind,(A) for a prime p =
1(mod 4).

Proof. (i) = (ii). If v/—1 € A then Q(i) ® A contains Qi) ® Q(i) =
Q) @ QIX]/(X?*+ 1) = Q(H)[X]/(X? + 1) = Qi) ® Q(i), which contains
zero-divisors.

(ii) = (i). The regular representation gives Qi) C M,(Q), therefore
R(1) ®g A C My(Q)®g A = My(A). If Q) ®g A is not a division ring then
Q1) ®g A = M,(D) contains a copy of M,(Q) centralized by Z(Q(i) ®q
A) = Q7). By [Hers, Thm. 4.4.2], M>(A) = M,(Q) ®¢g C, where C is the
centralizer of M,(Q) in M,(A). Then C is a central simple Q-algebra, so
C = A and there is an embedding Q(i) C A.

(i) & (iii). The index of D = Q(i) ®¢ A equals the l.c.m. of the indices
ind, (D). So Q(i) ®¢g A is a division ring iff 2! divides ind,(A)/[Q (%), : Q)
for some p iff 2¢ divides ind,(A) for some p split completely in Q(3). 0

It is known from [Schl] that if A is a Q-division ring which is a crossed
product algebra for G, then each Sylow subgroup of G is metacyclic, i.e., a
Sylow subgroup P has a cyclic normal subgroup N such that P/N is cyclic.
This important property is preserved by Res : Br(Q) — Br(Q(¢)) in the
following sense.

Proposition 3. If the class [D] lies in the image of Res : Br(Q) — Br(Q(z)),
and if D is a crossed product algebra for a group G, then G is Sylow-
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metacyclic.

Proof. Let L/Q(Z) be maximal subfield of D, assume L/Q(¢) is Galois, and
let P be a Sylow p-subgroup of Gal(L/Q(i)). We claim P is contained in a
decomposition group of L/Q(i) at a prime of Q(z) not dividing p. This will
imply P is metacyclic by Theorem 1. By [Schl, Prop. 2.6], P is contained in
Gal(L,/Q(i),,) for at least two primes p of Q(i). If p=2o0r p =3 (mod 4),
the claim follows from the fact that p has a unique extension to Q). If
p =1 (mod 4) and p divides p, then inv,,(D) = invs(D). Since 2 is prime
to p, the element inv,(D)+inv;(D) of Q/Z has order a multiple of | P|. Then
Y inv, (D) = 0 implies | P| divides the local index of D at some prime v other
than p, . This implies that a copy of P is contained in Gal(L,/Q(7),) as
desired. UJ

Proposition 3 reflects the statement above about )-division rings as crossed
products. However the proposition is easily false if Q(7) is replaced by an
arbitrary number field. For instance, let p be an odd prime, let K/Q be
a cyclic extension of degree p in which p splits completely. Let D be the
unique K-division ring whose invariants are 1/p? at each of the p* divisors
of pin K, and 0 elsewhere. Let G be the nonabelian group of order p* and
exponent p. Since G is generated by two elements, it follows easily from
[Sh] and [Neu2, Main Thm.] that D has a G-Galois maximal subfield L/K.
This D lies in the image of the restriction map. For if A is the ()-division
ring whose invariants are 1/p® at p, —1/p® at some prime of degree p?, and
0 elsewhere, then K ®g A = D.

We have used the fact that a class [D] in the image of Res : Br(Q) —
Br(Q(i)) has equal invariants at conjugate primes. This property actually
characterizes the image in the present case. We omit the easy proof of the
following proposition, which uses only the fact that Gal(Q(i)/Q) is cyclic.
The case of a finite Galois extension is slightly more complicated, and is
treated in [Mac, p. 330].

Proposition 4. The image of Res : Br(Q) — Br(Q(%)) consists of those
classes [D] such that inv,(D) = invs(D) whenever p is conjugate to o over

Q.

With Proposition 4 we describe those @(7)-division rings which may be
defined over Q:

Proposition 5. Let D be a Q(i)-division ring of index 2 -m, m odd. Then
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there exists a Q-division ring A such that D = Q(i) Qg A if and only if

(i) invy(D) = invy(D) for all primes p, conjugate over Q, and

(ii) ift > 1, then 2! divides ind,(D) only if p divides a rational prime
p =1 (mod 4).

Proof. If D = Q(1) ®¢g A is a division ring, then the invariants of D are equal
at conjugate primes, and 2¢ is the highest power of 2 dividing ind(A), so 2¢
divides ind,(A) for some prime p. If ¢ > 1, then (ii) follows from the fact
that [Q(7), : @Q,] = 2 unless p = 1 (mod 4). Conversely, if (i) holds then
there is a Q-division ring A such that [Q(¢) ®g A] = [D] by Proposition 4,
and ind(A) > ind(D). If (ii) is assumed, then the 2-part of ind,(A) is at
most 2¢ for all rational primes p. Therefore ind(A) = 2¢ - m = ind(D) and
Qi) ®g A = D. l

We begin our study of maximal subfields of Q(i)-division rings with a
determination of those division rings having a maximal subfield which is a
cyclic extension of Q. Suppose D has index 2¢ - m, m odd, and assume D
has such a maximal subfield. Then ¢ = 0 according to the fact that Q(i)/Q
cannot be embedded a cyclic extension of degree 4. We show that conversely,
a (1)-division ring of odd index has a maximal subfield which is cyclic over
Q. This is immediate from:

Proposition 6 ([Alb, Thm. 24]). Let K and F be number fields with [K :
F] = q, and assume K/F is Galois. If D is a K-division ring of index n
prime to q, then there is a cyclic extension E/F of degree n such that EK
is a mazimal subfield of D.

Proof. Let S be the set of primes of F' which lie under primes of K where
ind, (D) > 1. By the Grunwald-Wang theorem ([A-T, Chap. 10]), there is a
cyclic extension E/F of degree n such that [E,, : F,] = ind, (D) forallp € S.
Then [EK : K| = n. Since K/F is Galois, the degrees [K,, : F,] are divisors
of g. Therefore K, and E,, are disjoint over F,, and [(EK),, : K,] = ind, (D)
for all p such that ind,(D) > 1. This shows that EK splits D, and is a
maximal subfield of D. O

Remarks. 1. The assumption that K/F be Galois was omitted in [Alb], but
is shown to be necessary by the following example. We take F' = ). Since~
the 3-adic field (); contains no primitive 5-th root of unity, the only cyclic
extension of Qs of degree 5 is unramified. Let L/Q be a Galois extension
with group S; such that L, is unramified of degree 5 at a divisor of 3. Let
a € L be such that [Q(a) : Q] = 7 and L is generated by the conjugates of
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a over Q. We may assume « is chosen so that L, = Q;(a). Let K = Q(«)
and let D be a K-division ring of index 5 such that ind,(D) = 5, where
p lies under the prime p of L. Then K, = L, is unramified of degree 5
over Q3. Any cyclic extension E/Q of degree 5 such that EK splits D must
have the property that [E, : Q3] = 5 at the unique divisor of 3 in E, and
[(EK), : K,] = 5 at the unique divisor of p in EK. But then E,/Q; is
unramified, hence (EK), = K,, and EK cannot split D.

2. The following related question is considered in [Sch2]. If D is a
K-division ring, K a number field, it is well known that D has a cyclo-
tomic splitting field L C K(u,) for some n (see [A-T, p. 57]). Thus
[D] = [(L/K, f)] for a cyclotomic extension L of K. It had been conjectured
that L could be chosen to be a maximal subfield of D, so that similarity
could be strengthened to an isomorphism D 2¢ (L/K, f). This conjecture
is disproved in [Sch2] (counterexamples over Q(i) are given below). It was
stated in [Sch2, Thm. 2] that this conjecture is true if K/Q has degree
g prime to n = ind(D). The proof given there is valid if K/Q is Galois,
but the K-division ring D of the preceding remark is a counterexample to
the conjecture, hence also to [Sch2, Thm. 2]. Indeed, if L C K(u,) is a
maximal subfield of D, then K N Q(u,). = Q implies L has the form FK,
where E C Q(p,) is cyclic of degree 5 over ). By Remark 1, D has no such
subfield.

According to Proposition 6, if ind(D) = m is odd, there is a cyclic ex-
tension E/Q of degree m such that E(i) is a maximal subfield of D, and
E(i)/Q is clearly cyclic. We have proved

Theorem 7. A Q(i)-division ring D has mazimal subfields which are cyclic
over Q if and only if ind(D) is odd.

Next we determine the Q(z)-division rings having maximal subfields which
are abelian over (). The problem is easily reduced to the case of 2-power
index as follows. According to [Hers, Thm. 4.4.6], let D = D; ®¢q;) Ds,
where ind(D;) = m is odd, and ind(D,) = 2!. If D, and D, have maximal
subfields L, and L,, respectively, then the composite L, L, = L; ®g(;) Ls is
a maximal subfield of D. If L, and L, are abelian over (), then so is L;L,.
Conversely, if D has a maximal subfield L abelian over @, let M be the fixed
field of the Sylow 2-subgroup H of Gal(L/Q), and let K be the fixed field
of the complement of H. Then M(:) splits D;, K splits D,, and these are
abelian over Q.

According to the above decomposition of D, we define four sets of primes
as follows:
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S" = the finite set of primes p of Q(z) such that ind,(D,) > 1,
S = the restrictions to @ of primes in §',

S3 = primes p € S such that p =3 (mod 4),

T = primes in S; such that ind,(D;) = 2*, p a divisor of p.

Theorem 8. Let D be a Q(3)-division ring of index 28 -m, m odd. Ift =1,
then D has mazimal subfields which are abelian over Q. Ift > 2, then D
has mazimal subfields which are abelian over Q if and only if T = 0.

Proof. As shown above, we may assume D has 2-power index. Assume ¢ = 1.
By the approximation theorem, let £//Q be a quadratic extension such that
[E,:Q, =2foreachp€ S,and V-1 ¢ E, ifp=2o0r p=3 (mod 4).
Then [E(3),, : Q(i),] = 2 for each p € §’, so E(3) splits D.

Next assume ¢t > 2 and that D has a maximal subfield L abelian over
Q. Then [L : Q] = 2!*1. Let o denote complex conjugation restricted to
L. Then v/=1 € L implies ¢ has order 2, and we let M denote the fixed
field of 0, [M : Q] = 2°. If ind,(D) = 2%, and p divides a rational prime
p =3 (mod 4), then [L, : Q(3),] = 2%, L, = M(3),, and M, N Q(i), = Q,
with [M,, : Q,] = 2. The unramified quadratic extension of Q, is Q(), so
M,/Q, is totally and tamely ramified. Therefore M, = Q,(a), & a root of
X2 —n for some prime element 7 of Q. Then M, /Q, is Galois, so ps: C Qp,
which contradicts v—1 ¢ Q,.

Conversely, assume ind(D) = 2!, ¢t > 2, and T = §. By the Grunwald-
Wang theorem ([A-T, Chap. 10, Thm. 5]) let E/Q be a cyclic extension of
degree 2! with the following properties:

(i) Ly = Qy(¢C +¢™1), ¢ a primitive 2¢72-th root of unity, and

(i) L,/Q, is unramified of degree 2* for odd primes p € S.

Though we are in the special case of the Grunwald-Wang theorem
[A-T, Thm. 5, Chap. 10] if ¢ > 3, this choice of L, permits its use by
[A-T, Lemma 8, p. 104]. Then E(i)/Q(:) has degree 2*, has local degree
2!=1 at divisors of primes in S congruent to 3 (mod 4), and has local de-
gree 2! over all other primes in S. So E(i) is a maximal subfield of D and
Gal(E(1)/Q) is abelian. Ll

Ezample. If D is the Q(7)-division ring of index 4 with invariant 0 at all
primes except inv,(D) = 1/4, inv,(D) = —1/4, where p and g are the
divisors of 3 and 7 in Q(7), then D has no maximal subfield abelian over ). In
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particular, no maximal subfield of D is contained in a cyclotomic extension of
Q(i). Thus we have additional counterexamples to the conjecture considered
in [Sch2].

As a corollary to the proof of Theorem 8, we answer the rationality ques-
tion for Q(7)/Q stated in the introduction.

Corollary 9. A Q(i)-division ring of index n has mazimal subfields of the
form E(i), where E/Q is cyclic of degree n, if and only if D has mazimal
subfields which are abelian over Q).

We now consider maximal subfields which are Galois over ). As in the
abelian case, the existence of such subfields depends only on the local indices
of the 2-component of Dy ®q;) D, at divisors of rational primes congruent
to 3 (mod 4). We are now at a disadvantage in that if L D Q(i) 2 @ is
Galois, a Sylow 2-subgroup of Gal(L/Q) need not be a normal subgroup,
and there need not exist a complementary subgroup of order m. It will turn
out that some choice of L/Q yields a Galois group with these properties.

In order to show that the existence of maximal subfields of D Galois over
@ does not depend on ind,, (D) at the prime divisor of 2, we are required to
solve certain 2-adic embedding problems. We define the following groups:

Dyivs = (x,yl:z:?t =1Ly =1Ly zy=a"1),t>1
Que = (z,yl2* = 1,97 =2,y oy =57"),t > 2
SDyerr = (z,ylz* = 1,92 =1,y oy =217 ), ¢ > 3.
The presentations of the dihedral and quaternion groups as metacyclic groups
are unique, but the relation y? = 1 in the presentation for the semidihedral

group may be replaced by 42 = 22 '. We let X denote the subgroup gener-
ated by z, and similarly Y = (y).

Lemma 10. Fort > 1, Q2(i)/Q2 has an embedding in a dihedral extension
of degree 2'¥1. For t > 3, Q,(i)/Q2 has an embedding in a semidihedral
extension of degree 21*1.

Proof. Let K denote Q2(:). Then K has the prime element 7 = 1 —¢. For
j > 1, let U’ denote the group of units of K which are congruent to 1 modulo
77, In the direct decomposition

K* = (r) x UY,

U! is invariant under automorphisms from Y = Gal(K/Q,) and is therefore
a right multiplicative module for the group ring Z,[Y] of Y over the 2-adic
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integers. We claim U'! has a normal basis, i.e., that there is a 1-unit  such
that every 1-unit has a unique expression of the form :6°6°Y, where 0 < a < 3
and b,c € Z,. Let 8 =1 — 24, 8Y = 1+ 2i. To prove the claim it suffices
to show that the l-units 7,1 — 2¢,1 + 2¢ generate a set of representatives
of each of the quotients U7 /U7, for then they generate U itself and the
module structure is completely determined. Since K/Q; is totally ramified,
each U7 /U*! has order 2, so it is enough to produce a nontrivial element of
each level. In fact:

i =1 — 7 generates U'/U?,
—1 =1 —in”? generates U*/U?,
—1(1 — 2i) = 1 + inw® generates U°/U*,
5= N(1—2i) =1~ 7" generates U*/U®.

It follows from [Has, Chap. 15, §5] that (1 + in°)?" generates level 3 + 2v,
and (1 — 7*)>" generates level 4 + 2v. This proves the claim.

The relations #¥ = 1 + 4 = 4w show that the subgroup of K* generated
by m,4 is Y-invariant, with the submodule generated by 6 as Y-invariant
complement. Therefore if we let I' be the subgroup of K* generated by
(K*)*,m,i, then K*/T" is Y-isomorphic to the group ring Z,[Y] of ¥ over
Z2'Z.

By local class field theory there is a unique abelian extension L/K such

that Nj, g (L*) =T, and one has the reciprocity isomorphism
rii s KT — Gal(L/K).

The Y-invariance of I implies that L/Q, is a Galois extension. Here Y acts
on K*/T" on the right via the Galois action and Y acts on Gal(L/K) via
the conjugation ¢ — 77'o7, 7 a lift of y to Gg,, and the map r; , com-
mutes with these actions ([Neu3, Prop. 2.8]). This makes r; ; : Zo:[Y] —
Gal(L/K) an isomorphism of ¥Y-modules. The exact sequence 0 — Zy [Y] —
Gal(L/Q,) = Y — 1 is therefore split.

In the dihedral case, the conjugation ¥y 'zy = 7' makes X a Zy[Y]-
module. It is a quotient of the free module Z»[Y] by the map which sends
1 — z. Let L C L be the fixed field of the kernel of this map. Then
1 - X — Gal(L/Q;) — Gal(K/Q,) — 1 is split exact, and L/Q, is a
dihedral extension of K/Q,. In the same way, L contains a semidihedral
extension of K/Q,. O

We next consider cyclic extensions L/Q(i) of degree 2! for which L/Q is
Galois and Gal(L/Q) = G is dihedral or semidihedral. These groups have
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unique cyclic subgroups of index 2, and we identify Gal(Q(7)/Q) with G/X.
Let G, = Gal(L,/Q)) be the decomposition group of G over a rational prime
p =3 (mod 4). Then v/—1 ¢ Q, implies that the restriction to G, of the
canonical map G — G/X is surjective, i.e., G, and X generate G. This puts
some restriction on the isomorphism types of subgroups which may occur as
decomposition groups at such primes. We now determine these. The same
remarks apply to extensions of the form L/M(i)/M, where p is a divisor of

p such that /-1 ¢ M,,.

Lemma 11. For t > 2, a subgroup H of Do for which HX = Dyiv1 s
isomorphic to one of Dat+r, Davy... Dy, or Cy. Fort > 3, a subgroup H of
SDyetr for which HX = SDyey1 is isomorphic to one of SDgi+1, Do, . .. , Dy,
Qs .. ,Qs,Cy, or Cs.

Proof. Let H be generated by z2 and a preimage 2’y of o in the exact

sequence
1-XNH—-H— (o) > 1,

where o has order 2. If 1 = 0 then H = Dje+1 or SDyit1. We assume ¢ > 1,
then z/y sends z2° to £72° by conjugation. In Dyet1, 27y has order 2, so H
is dihedral of order 2| X N H|, unless H N X = (1) and H = C,. In SDjye+1,
(z7y)2 = 297", so 7y has order < 4, with equality if and only if 5 is odd. If
j is odd then (27y)? = 2 and H is quaternion of order 2|X N H|, unless
[ XNH|=2and H = Cy. I j is even then z7y has order 2, and H is dihedral
of order 2|X N H|, unless X N H = (1) and H = C,. 0

Definition. For a prime p = 3 (mod 4), we denote by d, the greatest
integer d such that p = —1 (mod 29).

One has 2 < d, < oo. For p = 3 (mod 4), Theorem 1 implies Dye+1
occurs as a Galois group over @, iff p = —1 (mod 2*) iff t < d,, and SDy+1
occurs iff p = =1+ 27! (mod 2*) iff t = d, + 1. For t > 3, we will refer
to the following conditions on the sets of primes S; and 7" defined prior to
Theorem 8, and the indices ind,, (D,):

(a) each prime in T is congruent to —1 (mod 2*). If p € S5 then
ind, (D) < 2%.

(b) each prime in T is congruent to —1 + 2~ (mod 2¢). If p € S;, then
= —1 (mod 2') = ind,(D,) < 271,
p# -1 (mod 2) and p #Z -1+ 2" (mod 2') = ind, (D) < 2%.

We now prove our main theorem.
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Theorem 12. Let D be a Q(i)-division ring of index 2! - m, where t > 0
and m is odd. Then the following statements hold:
(i) D has mazimal subfields cyclic over Q if and only if t = 0.

(i) D has mazimal subfields abelian over Q if and only ift <1 or T = 0.

(iii) D has mazimal subfields Galois over Q if and only if t <2 or T =0,
or T # 0 and condition (a) or (b) is satisfied.

Proof. Assume D has a maximal subfield L Galois over (), and assume
t > 3. Let o denote complex conjugation restricted to L, let H be a Sylow
2-subgroup of G = Gal(L/Q) containing o, and let M C L be the fixed
field of H. Then [M : Q] = m = [M(3) : Q(i)] and Gal(L/M(i)) is a Sylow
2-subgroup of Gal(L/Q(3)). If p € T then G, = Gal(L,/Q,) contains H,
where p is some divisor of p in L, and o is identified with an element of
H = H, = Gal(L,/M,). In addition, [L,, : M(i),] = 2* shows M (i) ®q) D2
is an M (z)-division ring of index 2! having L as a maximal subfield.

The unramified quadratic extension of M, is M(i),. Therefore L7, the
subfield of L,, fixed by o, is a totally and tamely ramified extension of M,, of
degree 2'. It follows that L? = M (a), a a root of X 2 _ 7 7 a prime element
of M. The normal closure of L?/M,, contains py:, and t > 3, so Ly /M, is
not normal. But py C L, and M, (p2)/M,, is unramified, so poc C M (7).
If ¢ denotes the number of elements of the residue field of M,,, it follows that
2 equals the least positive integer f such that ¢/ = 1 (mod 2!). Since ¢
equals p raised to the odd power f(M,/Q,) = residue degree of M,/Q,, we
have p = ¢ (mod 2!), and p = —1 or =1+ 2! (mod 2*). Theorem 1 shows
H, has a presentation (z,y|z¥ =1, y* = 27, y 'y = z?), where j = 2 or
2t=1. But o € H,, restricts to a generator of Gal(M (i), /M,), so we take y
to have order 2, j = 2t. Then H = Dyi+1 or H = SDy:+1 according as each
prime in T is congruent to —1 or —1 + 2t~! (mod 2%).

Suppose p = —1 (mod 2!) for all p € T, so that Gal(L/Q) has a Sylow 2-
subgroup H = (z,y|2? =1, 4> =1, y 'zy = 2~ !). We show that condition
(a) is satisfied by the indices ind, (M (i) ®q;) D2) = ind, (D). Let p € Ss, p
a divisor of p in L such that H, = H NG|, is a Sylow 2-subgroup of G, and
H,, has fixed field M,,. Then Q(),,/Q), is proper, so H, Z Gal(L,/Q(i),). In
particular, H, ¢ Gal(L,/M(i),), so vV/—1 & M,, and H is generated by H,
and X. Then H, is among the groups listed in Lemma 11. In particular, H,,
has order at most 2%*! by Theorem 1, which implies ind,, (M (¢) ®¢q;) D2) <
24». This proves that (a) is satisfied. If p = —~1+2¢~! (mod 2¢) forallp € T,
then H = (z,y|z* = 1,32 = 1,y 'zy = 27 *27"). If p = —1 (mod 2%
and p € S, then Lemma 11 and Theorem 1 show H, may be dihedral (or
quaternion) of order at most 2¢, so that ind,(D;) < 2'~'. If p is congruent
to neither —1 nor —1 + 2!=! (mod 2') then similarly ind,(D,) < 2¢. This
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proves that (b) is satisfied.

Conversely, let D = D, ®¢q;y D, as usual. Suppose L, is a maximal subfield
of D, which is cyclic over ) according to Theorem 7. If L, is a maximal
subfield of D, which is Galois over @, then L, L, is a maximal subfield of D
which is Galois over Q). So we assume D = D, has index 2¢, and ¢ > 2 by
Theorem 8.

Suppose first that ¢ = 2. If py,...,p, are the rational primes in S, then
the splitting field L of f(X) = X* — p; ---p, has Galois group Dg over @,
L/Q(3) is cyclic of degree 4, and [L(7), : Q(i),] = 4 at the critical primes,
so L is a maximal subfield of D which is Galois over Q.

Now let ¢ > 3 and assume a nonempty set T which satisfies condition (a).
We embed Q(7)/Q in a D,e+1-extension L with prescribed behavior at the
primes p € S as follows. By Lemma 10, there is an embedding of Q»(7)/Q-
in a dihedral extension L, of degree 2'*'. If p € T, the splitting field L,
of f(X) = X* — pis a Dysi-extension of Q(i),/Q, by Theorem 1. More
generally, if p € S3 then Q(¢),/Q, embeds in a dihedral extension L, /Q, of
degree 27, where r = min(d, + 1,t +1). If p € S and p = 1 (mod 4), let
L,/Q, be unramified of degree 2. These local prescriptions are consistent
by Lemma 11.

If the nonempty set T satisfies (b), we embed Q(:)/Q in an SDses:1-
extension L/Q with the following localizations. By Lemma 10, there is
an embedding of Q,(7)/Q- in a semidihedral extension L, of degree 21, If
p € T, the splitting field L, of f(X) = X? — pis an SDys1-extension of
Q(1),/Qp by Theorem 1. If p € S and p = —1 (mod 2¢), then Q(3),/Q,
embeds in a dihedral extension L, of degree 2'!. For all other p € S;,
Q(7),/Q, embeds in a dihedral extension L, of degree 2%*'. If p € S
and p = 1 (mod 4), let L,/Q, be unramified of degree 2!. These local
prescriptions are consistent by Lemma 11.

We now solve the embedding problem, with prescribed local solutions,
given by the exact sequence 1 - X — G 3Y — 1, where Y = Gal(Q(i)/Q)
and G = Dy+1 or G = SDy+1. Let Gg denote the absolute Galois group
of @, and let ¢ : Gg — Gal(Q(7)/Q) be the canonical map. Observe that
the group extension is split for either choice of G. It follows that there is
trivially a weak solution to the embedding problem, i.e., a (not surjective)
homomorphism 9 : Gg — G such that jo = ¢. For g=—1 or —1 + 271,
the conjugation y~'zy = 27 makes X a Gg-module. Also Gg acts on X' =
Hom(X, pip) by f*(z) = f(z°7' )%, z € X, 2 € Gg. Let T" denote the fixed
field of the kernel of this action. If o4, for ¢ odd, denotes the automorphism
of Q(us:) defined by sending a primitive 2¢-th root of unity to its g-th power,
then one may easily check that 7" equals the fixed field of o_; in the dihedral
case , and T" equals the fixed field of 0_;,5:-1 in the semidihedral case. These
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fixed fields are cyclic extensions of Q. If G' denotes the Galois group of 7"/Q,
then G’ is cyclic, in particular the decomposition groups G, for p € S are
cyclic. It follows from [Neul, Kor. 2.5, Kor. 6.4(b)] that there is a G-Galois
extension L of Q(z)/Q such that the completions of L at divisors of primes
p € S coincide with the given fields L.

Since [L,, : Q(4),] is a multiple of ind,, (D) for each p € S', we have shown
that L is a splitting field of D, and is a maximal subfield of D which is a
Galois extension of Q. O

We have two corollaries from the proof of Theorem 12.

Corollary 13. Assume D has mazimal subfields L Galois over Q, but no
mazimal subfields abelian over Q). Then the Sylow 2-subgroups of the Galois
groups Gal(L/Q) are all dihedral or all semidihedral. In this case, L may
be chosen to be the composite of a cyclic m-extension of Q with a dihedral
or semidihedral extension of Q(3)/Q.

Corollary 14. Let D = D; ®q(;) D2, where ind(Dy) is odd, ind(D;) = 2°.
Then D has mazimal subfields cyclic, abelian, or Galois over Q if and only
if the same is true for D,.

Ezamples. 1. If D is the Q(i)-division ring of index 8 with invariant 0 at
all primes except inv,(D) = 1/8, inv,(D) = —1/8, where p and q are the
divisors of 3 and 7 in Q(¢), then D has no maximal subfield Galois over
Q. By Proposition 4, [D] belongs to the image of Res : Br(Q) — Br(Q(%)).
For instance, the @-division ring A with invariant 0 at all primes except
inv3(A) = 1/16 and inv,(A) = —1/16 satisfies Q(i) ®g A = M, (D).

2. Let py,p,,ps be distinct primes of Q(z) which divide rational primes
congruent to —1 (mod 16) and let p be the divisor of 3 in Q(i). Let D be
the Q(7)-division ring of index 16 having invariant O at all primes except
inv,(D) = 1/8, inv,, (D) = —1/8,1/16, and —1/16 for j = 1,2,3. Then
ds = 2 and ind, (D) > 4 show that condition (a) is not satisfied, and D has
no maximal subfield Galois over Q. In terms of the proof of Theorem 12, if
L/Q is any Dg,-extension of Q(7)/@Q, then [L, : Q3(%)] < 4, so ind,(D) < 4
would be implied by the existence of such a subfield.
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