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DOMAINS
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We demonstrate a method to solve Dirichlet problems for
semilinear elliptic equations on certain domains by a combi-
nation of change of variables, variational method and super-
sub- solutions method. We show that Dirichlet problems for
a semilinear elliptic equation have a least one solution as long
as a relationship between the growth rate of the nonlinear
term and the size of the domain is satisfied. The result can
be applied to semilinear elliptic equations with super-critical
growth.

1. Introduction and Results.

Let 2 be a bounded domain in R", n > 2. We consider the Dirichlet problem
for a semilinear elliptic equation

(Do) {—Au = f(z,u) in

u=0 on 05,

where A is the standard Laplace operator, f(z,u) is a local Holder contin-
uous function defined on Q x R.
Throughout the paper, we assume that:

(1) There are positive constants M;, M,, ¢ > 1, such that

|f(z,t)] < My + My|t|]? forall z€Q, t€R.

The main result of paper is

Theorem 1. There is a constant c(n,q) depending only on n and q, such
that if we assume

W ®); n
(2) 19 <eln,g) (MaMi™) ™,
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then (Do) has at least one solution.

When ¢ < 2£2 a result similar to Theorem 1 was shown in (3]. The

method used in (3] is the variational method. When g > 2£2, a direct
variational approach does not work. We shall use a combination of changes
of variables, super- sub- solutions method and variational method to show
the result.

As in [3], since the result requires the volume of the domain Q2 to be dom-
inated by something related to the nonlinear term, we need to distinguish
the result from the triviality of using an implicit function theorem to get a
similar result. Here are a few points. First of all, an implicit function theo-
rem tells us that (Dy) has at least one solution when the size of the domain
2 is small, but usually one will not be able to get an explicit upper bound
for the size of the domain as we do here. Secondly, in the case that M, is
small relative to M;, the bound in Theorem 1 is not necessarily small at all.
Lastly, the bound obtained in the result is invariant under the scaling of the
domain (as explained in [3]).

When f(z,0) = 0 on Q, (Dy) has a trivial solution © = 0. And (1) and
(2) in Theorem 1 are not enough to assure the existence of a nontrivial
solution as indicated by the well known Pohozaev identity [5] for the case
that f(z,t) = [t]"'¢, ¢ > 22 and Q is any ball (see [6] also). To get a
non-trivial solution, additional conditions are needed. Let A, be the first
eigenvalue of —A on ) with Dirichlet boundary conditions. Then we have

Theorem 2. There is a constant c(n,q) depending only on n and q, such
that if

(1) (1) n
(2) 10| < e, q) (MaMi™) 7

(3) limy—o+ Z2L > X, uniformly for z € Q,
then (Dy) has a positive solution.

Remark. Any function f(z,t) will satisfy (3) in Theorem 2 if near ¢ = 0,
t > 0, f(z,t) behaves like ct® for some ¢ > 0 and 8 < 1. Indeed, (3) assures
that (Dy) has a family of very small positive subsolutions. And (3) can be
replaced by any other conditions which assure the existence of small positive
subsolutions for (D).

The ideas of the proofs: since there is no restriction on ¢, one can not
use the variational method directly to solve (Dg). What we shall do is
to combine a change of variable and the variational method to construct
a pair of super- sub- solutions. For the purpose of illustration, we give a
rough sketch of the proof of Theorem 1 here. Let f*(z,t) = max{f(z,t),0},



SEMILINEAR ELLIPTIC EQUATIONS 119

f~(z,t) = min{f(=,t),0}. We look at a pair of quasilinear elliptic equations
(a is a constant to be chosen).

_Au’l = f+($) ul) + au— 1 |V'U,1|2 in Q,
1
(1) u >0 in €
u; =0 on 09
and
- a-1 PR
—Auy = f7(z,u2) + ” |Vu,| in €
2
(2) uy <0 in Q;

uy =0 on 0.

If we can solve (1) and (2) for u; and u,, then uz < u;, and we have a
pair of super- sub- solutions. Thus (D) has a solution (for example, see
Theorem 6.5 in [4]).

Usually it is not a good idea to solve a semilinear equation by looking at a
quasilinear one. But here a change of variable will change the whole picture.
For example if ¢ > 2£2 o > EM, let v = L]u;|* in (1), then v satisfies

—Av = f* (z,(af])¥) () 5" in 9
v>0 in
v=20 on ON.

Thus the change of variable has transformed the quasilinear equation into
semilinear one with sub- critical growth! Now we can use the variational
method and the method used in [3] to get a super- solution u;. A sub-
solution u, can be obtained similarly.

Acknowlegment: The author would like to thank the referee for valuable

suggestions.

2. Proofs.

2.1. Proof of Theorem 1. We may assume that f(z,0) is not identically
zero, otherwise u = 0 is a trivial solution.
Step 1: Existence of a super- solution u;.

We may assume f*(z;,0) > 0 for some z, € (2, otherwise u; = 0 is a
super- solution.
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Let ¢ > max {Kg-_%&—_%l, 1}. The exact value of o will be determined
later. Consider

. —Auy = f*(z,u,) +2 |Vu1|2 in
(3) u; >0 in Q
u; =0 on ON.

Change variable v = |u;|*, then v satisfies

—Av = f+ (z (a|v|)%) @v)=  in O
(4) v>0 in
v=20 on ON.

It is clear that every solution of (4) corresponds to a solution of (3).
Set fi(z,v) = f* (:1:, (alvl)i') |av|b‘;'u. Then f;(z,v) > 0 for all v and is
Holder continuous about v. () implies that for all v

(5) 0 < fu(z,v) < Myjav| = + My|av| 5.
Here we observe that Lg_t%—_ll <2 ifa> ii—_l)é_"—_Zl_ Thus f,(z,v) has sub-
critical growth if a > 5"—‘%”—”22.

Consider the functional

Jo(v) = /|Vv| dx—/Fl z,v)dz, v € H}(Q),

where F,(z,v) = [y fi(z,s)ds.

We shall show that J,(v) has a nontrivial critical point for suitable choice
of a (and under the assumption of Theorem 1). Then the regularity theory
(see [1] ) and the maximum principle imply that the non-trivial critical point
is a positive solution to (4).

For any v € H}(Q2), from (5) we have

2_l
o 20—1 q+2a—1 1 g+2a 1
AFl(x,U)dm < oo — 1 I’Ul a dr+a = q—ﬁ&—:— I’Ul dz.

Then

J(v)>l/|Vv|2da:— az_%M
@ — 2 Ja 200 — 1 1 Q

et2ac1 1 at2a=1
o M == dy.
@ qg+2a-1 2/lel x
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Let q;, go be defined by + o= 2 41222 3nd 1 = MM Using

a 2n a

Holder inequality and Sobolev embeddmg 1nequahty (see (8]

(/ lvlnddw) = < S(n) (/ |Vv[2d:v) ' v € Hy(R),

we have
) > 1 / Volde — 2 §(m) = 0 ( / |Vv|2da:) =
= 2Jq 20— 1 ' a
1 q+2a—1 q+2a—-1 1 2 =
- e T S oy (/ﬂ Vol dm)
Denote (fQ |Vv|2da;)§ = p, we get
]. az——% 2a—1
Jy(v) > =p* — = MO o™
(v) 2 5p° = 5=—5(n n) = M, |7 p
1 q+2cx~ q+2<x 1 +2a—-1
. S— S M, |5 p=5=t
q+2a_1 (n) 2| IZP
1 1 q+2a—1 q+2oz 1
=== —— S M| qz = 2
(5~ gt St T aiei ) o
02—"‘1;' 2a-1 1. 20-1
-~ « Mi|Q|upT=.
o — 75(n) Q7 p

Let p be defined by

-

4 q+2u— q+2a 1 T9-1 PR -

6 = — S Q%= M, 1,
©)  p= (e S ) T,
Then

J, (v)>lp2— i ( = My Q) p

o — 4 200 —
Thus if
(7) }_ 2 S a2—;1: S(n)zaa—lM IQI% zaz1

2’ o1 il

we shall have J,(v) > 0 on (fg |Vu|2dal:)5 = p with p determined by (6).
(7) is equivalent to

2= 5‘7 2a—1
S(n)

a 1
Qlar.
20— 1 it

N
°
R~
v
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Combining this with (6) and definitions of ¢;, ¢;, we have
(8) 0] < e(n,q, @) (M M)

for some constant ¢(n, g, a) depending only on n, ¢ and o. And ¢(n,q,a) is
continuous for ¢ > 1. Now we choose o = EM + 1, denote J,(v) by
J(v). Then there is a constant ¢(n,q) depending only on g, n, such that if

9) 19| < c(n,g) (MpM{™) ™,
we have
J(w) >0 forall ve Hj(Q) with |jv| =p givenin (6).

On the other hand, since f*(z,,0) > 0 and a > 0, we see that f;(z;,v) =
cv!~= for v > 0 small. Hence we can choose v; € H} () such that [|v; ]| < 30
and

Now a standard argument in critical point theory (see [2] or [6]) implies that
J(v) has at least one nontrivial critical point v, (such that J(v,) < 0).

Step 2: Existence of a sub- solution u,.

This part is almost identical to Step 1. We just sketch here.

We may assume f~(z2,0) < 0 for some z, € , otherwise u, = 0 is a sub-
solution.

Let o > max{g";%"—_zl, 1}. The exact value of a will be determined

later. Consider

-1
—AUz = f—‘(.'L‘,'Ulz) + au—qu2|2 in Q;
2
(11) uy <0 in Q
ug =0 on ON.

Change variable v = < |uy|*'u, in (11), then v satisfies

1 (a~1) .
~Bv =~ (z,~(alo)F) () = in O
(12) v<0 in
v=20 on Of.

It is clear that every solution of (12) corresponds to a solution of (11).
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Let fo(z,v) = f* (x,—(a|v|)§) (a|'u|)bfu. Then fo(z,v) < 0 for all v
and is Holder continuous about v. (f) implies that for all v

(13) 02 fole,v) > Mo T T — My | .

Once again we notice that <=t < 242 when o > gq—_%"—_n. Thus fo(z,v)
has sub- critical growth in v if & > 5"—_—%("—_—21
Consider the functional

1 :
L) = 5 [ 1Vof'ds - / Fy(z,v)dz,  ve H(Q),

where Fy(z,v) = [ f2(z, s)ds.

We shall show that I,(v) has a nontrivial critical point for suitable value
o (and under the assumptions of Theorem 1). Then the maximum principle
implies that the non-trivial point is a negative solution of (12).

For v € H}(Q), by (13), we have

21

Q° « 2a—1 1 +2a—1 +2a—1
Fy(z,v)dz < M o5 de + ———— o™= 0, [ o)
[P )de < b [ o) T de + 0 [ o5 e
Thus
1 2 o’ % 2a-1
L(v) > = - M = d
(v)_2/Q|Vv|dm — 1/9|v| 2
1

e L Y a2
q-+ 20 — 1 Q

As we did in Step 1, we choose a = ﬁq—_—lﬂfﬁ + 1. Then there is a constant
¢(n, q) depending only on g, n, such that if |2| < ¢(n, q) (MQM{’—I) _ﬁ, (here
I, (v) is denoted by I(v)),

I(v) >0 forall ve Hy(Q) with |v|]|=p givenin (6).

Since f~(z2,0) < 0 and a > 0, we see that f,(z,,v) ~ cjv|~3v for v < 0
small. Hence we can choose v3 € Hj(2) such that ||v;|| < 3p and

I(’U3) < 0.

Thus I(v) has at least one nontrivial critical point vy.

Step 3: Existence of at least one solution.

Since u, < u; is a pair of super- sub- solutions to (Dy), (Do) has a solution
by Theorem 6.5 in [4]. d
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Remark 1. From the proof we see that the choice of « is not unique.
The choice of a will certainly have impact on the magnitude of the constant
¢(n, q) in (9). Naturally one interesting question is for which value of « is the
constant c(n,q,a) in (8) maximized. It is easy to check that the constant
¢(n, g, o) defined in (8) will tend to zero as @ — 00, so one might think that
¢(n, ¢, @) attains the maximum value when « is small. The smallest value
that o can take is max {5";1%1("—_22, 1} if ¢ # 242, And if ¢ = 22, then a can
take any value arbitrary close to 1 (but greater than 1). It is not difficult to
see that in any case the cgnstant ¢(n,q) in Theorem 1 can be obtained by
choosing a = max { gq—"l)é"—‘zl, 1} in ¢(n, q, @).

The proof of Theorem 1 can be modified to obtain a more general version.
Let F(z,t) = ff)f(:c, s)ds, @ = {z|F(z,t) # 0 for some ¢t > 0}, Q, =
{z|F(z,t) # 0 for some ¢t < 0}, We now impose the growth conditions on
f(z,t) and F(z,t).

(Fy) There are positive constants My, M,, q, > 1, such that

(14) limsup £t < +o00,
t—r4-o00 tn
and
(15) |F(z,t)| < Mi|t| + Mu|t|"**  forall z€Q, t>0.

(F-) There are positive constants m;, ms, g > 1, such that

(16) limsup [f @0l < +o00,
t—r—00 |t|q2
and
(17) |F(z,t)] < myt] + mo|t|®2*  forall z€Q, t <0.

Then we have

Theorem 1*. There are constants c¢;(n,q:), c2(n,qz) depending only on
1, g2 and n, such that if we assume

(1) (Fy) and |94] < ca(m, ) (MaM ) 7™
(2) (F.) and [Q) < Cz(n,Q2)(m2m¢frl)_ﬁ;

then (Do) has a solution.

Proof. The proof here is more or less the same as that for Theorem 1. We
only indicate the necessary changes here.
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Once again, we may assume that v = 0 is not a solution, otherwise there
is nothing to prove.

Let ¢(t) be a smooth function defined by ¢(t) = 0ift < 1, ¢(t) = 1ift > 2,
and 0 < ¢(t) <1on 1 <t <2 Forany small positive constant 0 < § < 1,
set f3(z,t) = fH(z,t) +¢(E)f(x,t) if t > 0 and fs3(z,t) = f+(z,0) if t <O;
fa(z,t) = f(z,t) + p(—L)fH(z,t) if t <0 and fy(z,t) = f~(x,0) if ¢ > 0.
Then f3(z,t) = f(z,t) if ¢ > 20 and f4(z,t) = f(z,t) if t < —24. Consider

-1
—Au; = f3(z,u;) + au—lvu1l2 in €
1

(18) u; >0 in

u; =0 on 099,
and

a—1 .
~Auy = fy(z,uz) + " |Vus,|? in Q;
2

(19) uz <0 in

up =0 on 9ON.

It is clear that any solution of (18) is a super- solution of (Dp) and any
solution of (19) is a sub- solution of (D,). Since u; < u; for any solutions
uy and u; of (19) and (18) respectively, we only have to show that (18) and
(19) have solutions.

Here we shall sketch the proof that (18) has a solution (under the assump-
tion that f*(z,0) is not identically zero, otherwise 0 is a super- solution).
(The proof that (19) has a solution is similar.)

Change variable v = |u,|* in (18), then v satisfies

~Av = fs (=, (o)) %) (alo) =" in
(20) v>0 in
v=0 on Of.

Consider the functional
1
Taa®) = 5 [190Pdo = [ Fi(@,0)ds,  ve HYQ),
Q Q

1 a—1
where Fy(z,v) = Ji fs (=, (als)¥) (als]) =" ds.
Since fs3(z,v) > 0 when v < é:—, the maximum principle concludes that
any non-trivial critical point of J, s(v) is a positive solution to (20).
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Now let us show that J, s(v) has a non-trivial critical point for some small
d and a = max{gﬂ'—l‘lx-'-‘—"—%,l}.

For v > 0,
(z,v) / fa(z, (afs]) =) (a|sl) = ds

-/ {f+ (als)) ¥ ((“'S' ) (a|s|)%)} (as]) 2 ds

= [ 1 (s (alsh¥) (als) =™ ds

+/ ( (a'3'£> ) z, (als)?) (afs)) 5 ds

(a—1)

< [ 1 (o (@lsl)¥) (alsl) “* ds +<(f,m, 008"

0
(av) «
(2,2)2%°D dz + o{f,n, 4:)5°

=F (m, (av)%) (ozv)gsaﬂ_—ll

(av) =
—2(a—1) / F(z,2)22** dz + c(f,n, q1)8°
0

2(a—1)

<F (m, (av)i) (aw) =

(av) ™
2(a=1) [ P, )] de + ol m, 050
0

< (Ml(a'u)i + Mz(av)ﬂail') (av) ™=

(av)a
t2a=1) [ (e + My ) ds ()00
1]

4a—3 q1 + 4o — 3M( v)q]+ia—1

- Ml (ow) 1 +2a—1

2 — +c(fa n, QI)da'

Now as we did in the proof of Theorem 1, it follows that there are constants
¢(n,q,) and p; depending only on n, g;, such that

if Q] <ec(n,q) (Mszl_l)—m )
J() > —c(f,n,q)6" for all v € Hy(Q) with ||v|| = p;.

On the other hand, f*(z;,0) # 0 for some z, € §2 implies that we can
choose a v5 independent of 4, such that ||vs|| < 7p: and J(vs) < 0. Now if
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we choose a § > 0 such that

—C(f, n, ql)(sa > J(’U5),

we see that J(v) has a nontrivial critical point vs such that ||vg|]| < p; and
J(ve) < J(vs) < 0. Thus there is a solution to (18).
The rest of the proof is clear. O

Remark 2. Since conditions (F,) and (F_) are imposed on F(z,t), the
behavior of f(z,t) can be quite different. Furthermore the ¢q; in (14) and
(15) and the g, in (16) and (17)) can be two different numbers. That is,
f(z,t) and F(z,t) can have different growth rates. If this is the case, the
constant c(n,q;) will be changed accordingly. Finally if ¢y < 2£2, we can
take a = 1 in the proof and replace F(z,t) by F*(z,t) = max{F(z,t),0} in
(14). Thus we have recovered the main result in [3].

When f(z,0) = 0, (Dy) has a trivial solution v = 0. Then the main
interest in this case is in non-trivial solutions. On the other hand, the
conditions in Theorem 1 are not enough to assure a nontrivial solution.
Indeed, if f(z,t) = [¢|97'¢ with ¢ > 2£2, the well known Pohozaev identity
[5] concludes that (Dy) does not have any non-trivial solutions for any ball
Q. To get a nontrivial solution for (Dy), we use an additional condition 3) in
Theorem 2. Basically 3) in Theorem 2 assures that (Dy) has a very small

positive sub- solution.

2.2. Proof of Theorem 2. Since limt__,0+ﬂ7:—’tl > A, thereisa d > 0, such
that f(z,t) > M\t for 0 <t < d. Then for any 0 < § < d, uy, = dp(z) is a
sub- solution for (D,), where ¢(z) is the positive first eigenfunction of —A
on © with Dirichlet boundary conditions and max(,cay¢(z) = 1.

Now define
f(z,0) if ¢<0;

Jlat) = {f(w,t) it t>0.

Then f*(z,t) satisfies () with the same constants M; and M, as used by

f(z,1).
Consider
* a— 1 2 3 .
(P*) —Av = f*(z,v) + ” |Vl in Q;
v=20 on OJN.

As we did in the Step 1 of the proof of Theorem 1, (P*) has a positive
solution v > 0 (under the assumptions (1) and (2) of Theorem 2, and we
shall use lim;__,o+ ﬂf—tl > \; to find v; satisfying (10)). In particular v is a
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super- solution for (Dy). Since f(z,t) > 0 for ¢ > 0 small, an application
of maximum principle implies that v(z) > é,¢(z) on Q for some positive
constant 6.

Now fix a 0 < § < d,, then u, = dp(z) < v, and u,, v is a pair of super-
sub- solutions. Therefore (D,) has a positive solution. O

Remark 3. If f(z,t) is C* near t =0 in Theorem 2, we see that (D,) has
two solutions u; > 0 and u, < 0.

Remark 4. It is straightforward to modify the method used here to obtain
similar results for Dirichlet problems for a second order elliptic equations in
divergent form

— 5o (a,-j(m)aﬁz%) = f(z,u) in
u=0 on 99,

but now the constant c(n, q) will depends on the dimension n, growth expo-
nent ¢ and the smallest eigenvalue of the positive matrix (a;;(z)) on .
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